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•	Error Estimates for the,Explicit Finite Difference Method 
Solving the Stefan Problem  
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•

	

	Die Arbeit beschäftigt sich mit ciner klassischen Differenzenmet'ode zur Lösung der em- 
- dimensionalen Zwei-Phasen-Stefan-Aufgabe. Unter Vorausstzungen an die Daten, die eine 

Regularitat derTemperatur u und der freien Grenze s von	 . 

U E iV211(2.) n L(O, T; W 2 1 (1?)) und SE 1174 1 (0, T) 

sichern, werden 2-Konvergenzordnungen von 0(h) für die Näherungen von , u und s be-
wiesen. Zusatzlich wird ein Beispiel mit schwächerer Regularität betrachtet. 

B pa60Te uCCJ1eyeTcn flBHb111 MCT0j HOIIe'IHaIX pa3HocTeft ThJ1H otu1oMepiIol1 ByXa3Hoi 
3aa4u CTeaiia. flpii npeJnoiIoxeinanx 0 aaHHb1X o6ecneusaioussx raaHoeTb reMnepa-

U i1-CnO6ogHofl FHfl[L1 S BiiJ 

u E W2 1 "(QT) d L(O, T; 1V21 (Q)) is s E 1V4 1 (0, T)	 - 

oHa3biBaeTcH nOpFlAOK TO4IIOCTH 0(h) B uopsie L2 urn annpoicusaiisit peiijeHmtk u ii s. 
KpoMe roro, paccMaTpHnaeTcn npsistep 6oiiee cia6oft peryiinpnocm. 

The paper deals with a well-known finite difference method for solving the one-dimensional 
two-phase Stefan problem. Under assumptions on the data which assure a regularity' 

U E W2" 1 (QT) nL,(O, T; W21 (Q)) and s E W 4 1 (0, T) 

of the temperature ii and the moving boundary . .3 L2-con.rergence rates. 0(h) for the approxi-
mations of u and s are derived. Additionally, a case of much weaker regularity is considered. 

• 1. Introduction 

This paper is concerned with the , explicit finite difference method firt described 
in [2] fOr the general enthalpy problem: Considering the special case of the' one-
dimensional two-phase Stefan problem, we give error estimates both for temperature 
and moving boundary. 

Sections 2, 3 and 4 contain the problem, the method and regularity results, re-
spectively. The error estimates are derived in Section 5 using the ideas of our previous	-, - 

• papers [5-7]. The result-on the moving boundary is based on a new proof and 
allows to deal with the case of nonconsistent initial and boundary temperature. 
This is the subject of the final Section 6.'.	•	-	 )
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2. The problem 

Let be D = {x: 0 <x < 11, r = {O, 1}, QT = Q x (0, T) and	= Tx (0, T). We
consider the two-phase Stefan problem 

(CU)g -.0 = 0	((x, t) E Or and + s(t)), 
u = g(x,t)	((x, t) E 
u = 0 and 2s, = [ui]	(x = s(t), t E (0, T)), 
u	u0 (x) (x E Q, 't = 0),	8 = s (t = 0) 

with the notation [v(x)] =v(x± 0)	v(x - 0). and the following specifiation on
the data and coefficients: 

J c1 if .X < s(t) g1 (t)if x = 0 
1c2 if x> s(t), 	if x = 11 

where c1 , c21 so E Q are positive constants, g and u0 are functiops defined and 
bounded Ofl rT and Q, respectively. For definiteness we suppdsc that g1 > 0 and 
U2 <0(tE (0,T)),uo >0(x <se) andu0 <O(x>s0). 

If the pair (u, s) is a solution of problem (S), then u and 

•	 H = a(u) + 2v,. where v E 0(u)  
with

11	ifu>O 

	

Ic 1u ifu0	 I 
a(u) =	-	 0(u) = [0, 1] if u = 0 

	

c2u jfu<O,	 - 	if u<O, 
satisfy the 6quations 

H - u = 0 . ((x, t) .E QT),1 
U = g(x, t)	((x, t) € T ) ,	 (E) 

•H =110 (x)	(x€Q;t=O)J 

where H0 =a(u0) + Ày0 and v0 € 0(u0). The functions H and v are called enthalpy 
and liquid fraction, respectively.	 - 

A weak solution of problem (E) is a pair (H, u) of functions H € L2 (QT). and 
u € W2 1 °(QT), connected by relation (2.1) and satisfying both the boundary condi-
tion u = g and the integral identity 

	

(H ± u 4)) dxdt =f H0 (x)(x,0)dx	.	 ( 2.2) 

for all test functions 4) € W2 11 (Q 1. ) vanishing on TT and for x € Q, t = T. 
More results on problems (S) and (E) and their interrelation can be found in the 

recent monograph [4]. 

3. The finite difference method	 •	. 

We define the following sets of grid points: 

•	 w={x=ih,i=1,...,N—!,Nh=1},	y=f',	=auy, 

= {t	n, n = 1, ..., M, Mr	T},	T = (0 x w,,	YT = y XU), 

/
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-and denote the approximations of u, H, ti and s by y, w, r and , respectively. Further - 
we make use of the scalar product 

(y, w) =f hy(x) w(x) + --	hy(x) w(x) 

and the following norms: 

IIII = (y, y)112'	HY111	(Jy l, 1),	-IIy I	= sup IYWI, 
XEW 

	

= ( L' hy2(x))112,	IYIlw = (	t IIy(t)Il9" 1) 

XEWU{1}	 - 

' Algorithm 3.1: We choose r = xh2, 0 <x c0/3, where c0 = mm ( Cl, c2 } and 
set y = u0 (x E ZZ), w = H0 (x E w)and = so at time t =0. We suppose , tb, i, . 
(i:e. the values of y, w, r, at time level t) to be-known. At time t = t + r E v, we deter-
rninew,y,v,asfollows 

wj -	= 0	(x E (U),  

	

(w-2)1c1 iftA	 •0 

y = 0	if w E (0,A) (x € (o), y= 13 ,2g (x € y),. 
w/c2	-it w0	 0 

-	
- J(w_'a(y))/A if x E to	- (v' 1)_ 2 ) 
- 1 0 (y )	if x E 

.We define	 0 

X+ (t) = max {x € co: w(x,t) > A},	x(t) = Min Ix E co: w(x,t) <0}. 

Corollar y 3.2: We have x(t) + h12	(t)	x(t) —112 (t € w,). 

Lemma 3.3: We have h ^ x - (t) =.i+ (t) 5 2h (t € co,), in particular, alany time - 
t E co, one of the following eight relations is valid: 

b) x = x - 2h = = - 2h,	f) .x + = - h = = --
c)x=x—h==-2h,	-g)x=x—h=+h=-f 

d) x =x—h=5 —h= —2/i, h) x=x —2h==r—h. 

	

Pro; of: The assertion is obvious for t = 0. We suppose thatit is true at time!	-( 
and verify it for t = £ + -r E w,. The maximum principle applied to scheme (3.1) 
yields w'(x) > A (x <) and w(x) <0 (x > T). If	-	= 2h-then we obtain 

= (1 - 2x/c 1 ) (t) - A) + x( —h) ± A> A and w() = (1 —2,c/c2) ü) 
+ x(5 + ii) <0, which means either case a) or b) or c),corresponding to w( + h) 
> A, w( + h) E [0, A] and w( + h) <0. Now suppose that the relation - 0 

= h holds. If w() <0, then we obtain the cases d) or e) or f), depending on 
either w() < 0 or w() E [0, A] or w() > A. The two remaining cases w() > A 
and w() € [0, A] lead us to g) and h) since w() 0 implies 'w() > 2-as will be 
shown now. From 

0	 ;)/c - 2i()/c2 +	+ h))	0 

0 
1) Throughut this paper summation over t E w, is simply denoted by E (instead of E). 
2) For the definition of P 2 see Section 5.	 tE"',
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we conclude 0 > 2l() ' > —(1 - 2x1c2)' x(iZ('1 ) -. ).)/c1 . The combination of the 
latter inequality and w(2) > t() + x(_2(%() - ).)/c1 + il(±")/c,) indeed yields 

w(2)'> (c,1 (c2 - 2x))' ((c 1 —2) (c2	2x) - x2) (t,()	2) + 2 ^ 2 
since (c1 - 2x)(c, - 2x),— ,2	(c0 - 2x) 2	x2 ='(c0 - 3x) (co - c)	0 I 

Corollary 3.4: We have I(t) --(i )J	h (t € ak). 

Remark 3.5: The' preceding assertion 'is equivalent to	(t) - ()I	Cr112
(t E we), 'which means that the piecewise linear prolongation (t) of onto (0, T) 

'obeys a HOlder condit.iri with exponent 1/2.3) 

4. Regularity'  

All the results,are derived under the following assumptions on the data of problem 
(S):

u0 € W2 1 (Q), ' u(x) > 0 (x <	u0(x) < 0 (x > 80) 

gj E W2 (0, T) and 0 < g0 ^(-1)' 91(t)	(e € (0, T)), i =1, 2	(4.1) 

uo(0)	91(0 )1 u(i) = 92(0). 
Lemma 4.1: There are constants  <d <'1/2 and C> Osuch that 

d <;x(t) <x(t) < . I - d (t € co,) and 'sup IIy( t)Ij <C. 
IE,o, , S 

Proof: The linear operator Lv = (x, t) vi - tj, with  

- (a(y) —a())/(y —) if y	 - 
co	 .ify=	

•	 ' 

defines a monoton scheme since nh2 <c0/2.' Obviously, Ly a(y)j -	= 
X ö(x, 2)/h with either 2 =	+ h (cases a), b), c), g), h)) or 2 = 2 (cases d), e),
f)) 4 ). It is easily realized that there are constants Q > 0, 0 <4 < 1/2 defining the 
straight line u(x) = 04 - x) such that' u0	and g0 - (g0 + IIgIIL(f.,.)) x Lt 
(x € co) and x(0) 4. Obviously, L = 0 (x € w). We suppose that t 4 and

it (x E .- co) is valid for some t € co,; If j :5 0, then Ly	0 (x € (o), hence y 
(x € co) by the maximum principle. Consequently, x > 4. If > 0, then x" ^	^ d
and thus y(x) >0> (x). This implies y '&(x € (o), again' by the maximum 
principle. Analogously we, show that x-	and y	(x) (x E 0)) with (x)
= C(1 - d - x) and constants C > 0, 0 <d < 1/2. The proof is complete with 
d = mm (4, d) and C = max (C, C) I	2	

., 

Lemma 4.2: There exists .a constant C > 0 such that

II(t )1I	C(i + lyi(t )II)	(t € (o,) .
' 

Proof: We suppose x 2'(x € w) with 2 defined as in the proof of Lemma 4.1. 
Obviously, there exists a' grid pointx' € w, x' 2 such that I(x')I :!&^ ((0) - 0)1x"I. 
If x'> ', then we have - 

(x) =	(x') +,	' h(x")	(x') + -' h(a(y)) 1 (x"). 
• 

S) Throughout this paper C denotes a generic constant not depending on h. 
4) By 6(x, fl we mean Kronecker's delta. 

55	 5
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A similar relation holds if x <x'. Thus we obtain 

(x)I 	g[L/d + IIye;i max {c, C2 }	(x	2) 
since 1(0)/x 4 I < gII/d and (a (y ))jI	J y I max .{c 1 , c2}: If x > 2, thenwe proceed 
analogously I 

Lemma 4.3: There exists a constant,C > 0, such Mat 

IIy JJ.	C and sup y(t)	C.	 S 

Proof: We ñiultiply the equation	 .	 S 

(a(y)) j	+ 2ô(x, 2)/h = 0	((x, t') € WT) 

•	by rhy(x, t') and sum up over x € w, t' € to, and t' 1 (0 <1 <T). Using Lemma 
4.2 and the relation	 . -. 

y(2) j^ 0	(1 E (o e ),	 .	 (4.2), 

which - is easily verified in all cases a)—h), we obtain the, inequality 
•	

,' 'r jy(t')J2 + I1y(t)]I2 < C (IIY(0)1I 2 + E,.' 'r Yj(x, t')12). 
x€y 

Finally the estimate	•	 /	

.	 .S 

• .

	 Iy(0)1l2	IlUoIftv'(Q),	L' .2' •r' Iy(x, t)12	.L' g(x)Iy0T) 
-	 rEV 

yield the result. I 
Lemma 44: There exists a constant C 0,' such that-

•	

.	 ,II(t )]I C.	 .	 .	-'•.	S 

Proof: With the notation usedin the proof of Lemma 4.2 we have 

2(x) = 2(x') +	h( +)(x") if x' < x	2 

and similar relations in the other cases. Hence,	 •	 . 

I(x)I 2	(1911 L 1d)2 + 2' jyj iI] max {c, c2}	• (x E co'). 

Lemma 4.2 yields the estimate 1]I 2	C(1 + !yiII) in 'a first step and- the final 
result in a second one I	 S •

	 S 

Lemma 4.5: There exists acon,stant C >0, such that	 - 

1 (t) 4 ^ C .	 - 

Prof: Suppose that	O. Then	-	 ••	 S 

• • 0 < M 2 =	- j(a(y))j) (2)	hj(2)	
S • 

due to (4.2). Consequently, we have 

A IiI ;^5 h !(2)l = I(2) -	(2)I	--	 -	.5 

Lemma 4.4 completes the proof . I	 - - 
Corollary 4.6: We have Er IIvi( t )I!1 2	C.  

This follows via Vj = -5(x, 2)/h.	-.	S	

,	 S	 • -'
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Remark 4.7: Defining suitable prolongations fl, i and of the grid functiois y,v 
and onto the regions QT and (0, T) respectively and considering their convergence 
to some functions u, v and s (for details cf.,[2, 3]), we find 'that u, s and H = a(u) + ).v 
form a unique sOlution of ($) and (E) with the folidwing regularity properties,: 

	

W2 1 (Qr) n L(O, T; W2 '(Q)),	u_, E L4 (0, T; L,,(Q)), 

€ W4 1 (0, T) and Vt € 112 (0, T; L1(Q)).  

Moreover, d <s(t) <.1 - d (t € (0, T)) holds. 

5. Error estimation  

We define the functions 
- , -	1 (h — x — i'J ifx'E(x — h,x+h)I 

çb2 (x ; x) = 	if	-	+	
(x € Q), 

1 1 r '-I t - t 'I	ift'E(t—r,t-f-'r) 42(t	'' - jo	'	if t'	(t	 j.	(t € [-r, T]), 

-	
S	 ift'!E^t 

2 (t'; t) = -	r - t' + t if t' E (t, t + r)	(t € (0, i)): 
0	 ift'^t+x 

Then çb(x', t')	02 (x'; x) 020'; t - r/2) ((x, t) € (02.) is a' suitable test function for 
the identity '(2.1) and we obtain the equation' 

(PH)1 - (Pü) = 0	((x, t) E w7.) 

with the notations  

PH - - PPX H if t > 0	- J Pe2u if x E. (0 
p2J,f0	if t = 0,	

,	T 1 P 2g if x € y, 
co 

P 2u(x)	f 42(x ' ; x) u(x') dx',	Pu(t)
= -f_f 'u(t') dt' 

P 2u(t) = f(t'; t + r/2) u(t') dl'.	 '	S 

Introducing the errors z = y - Pu, g = —'-Ps and 

T exp (—t') z(x, t') if I < T 
V(x, 1) = t<t'T	 S 

if 	T, 

and defining the operator Ay 
= { -
	

we have the following result. 

	

-	Theorem 5.1: The errors zand satisfy the estimate  

	

- S	

-- IIz II	+	r(A V, V) (I) + (A V, V) (0),	e Z T I(t)I 2 + C'h2 

for sufficiently small e > 0.
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Proof: We subtract the equations (3.1) and (5.1) and obtain - 

(a(y) —P) 1 + A(v - Pv)1 + A = 77i	.(t E w)	 (5.2)

and d(y) —P +.2(vPv)=Z(t=O) with ?)=Pa(u)—P, 

z = a(u) - pz2a(uo) ± A(v0 - P 2 o and P = {UO) ift=O; 

Following the proof of Theorem  from [5], we multiply equation (5.2) by TV(!) 
(t E w) in the sense of the scalar product and sum up over t € co, We get the in-
equality

I1ZIIT + ' i(R(t) + (A V, V) (t)) + (A V, V) (0) ^ C( 'iliL. + IIxIIi2) 

where R(t) is equal to exp (t) (v - Fv, z) (t) up to a positive multiplicative constant 
and wheie the right side is estimated using 

II'iII	^ C(h + x) utly.(Q r) and IIxII 	Ch.	 t	-. 

In the following we verify the inequality 

R(t)	_c((Ij2 + IIz12) +e 1 (IIlI2 + 11,pJ12. + h9)	(e > 0).	(5.3) 

and the estimates	. 

T IIIIi	C2 IIvgII 	 Ch2 UxII(o.i;Loo(Q))	(5.4) 

which will complete the proof together with	Ch-' ' i ftII 2 and Remark 4.7.
First we fix t E co, and define 

v 4(x, t) = 0,4(x, t)) (x E ), ' v4 (x, t) = O i (u(x, t)) ((x, t) E .QT) 

with
- j-1 + v(x +h,t) if u E (_v(x +h,t)1,(1 —v(x +h,t))/J) 

' )	10(u)	 otherwise. 

If J0, then 

 v	(..E Z)	 -	 (5.5)

by construction. Further, v4(x, t) converges pointwise to v(x, t) if u(x, t) +0, i.e. 

v - v a.e. on QT.	
0	

(5.6) 

Now we consider the term (v - Pv, z) (t) as a sum R, .+ R2 + B3 of

R1 = (O(y) - p 20(pi 2u), z - q, j),	B2 = (, z 

B3	(v - PV-11 q) 

with grid-functions	 S 

-PA = (P 2u) (x*) - (P,) (x),	 0	 - 

tp 1 = P 20 4 (P 2u) - PP 20 4 (u)	 C 
S	 = p2(0(u(x, t*)) - PgO A (u))	p2(v(x, t*) - Pv4 (x, t)) 

and numbers
= x(x, t) € (x— h, x + h) and t* = t*(x,g) € (t - r/2, t + 3/2t) 

C)
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whose existence follows from the continuity of u i (x, t) (cf. [8]), the continuity 
of P2u in x and the continuity of 0,1 in u via the generalized mean value theorem 

•	of integral calculus. Now we may establish the estimates 

•	
R1	(0 4(y) -	 — P¼(x4*)) 

•	C(E IIz11 2 + s	EvII2 + I1II2 )	(E > 0), 
•	 1R31;5C(e 11v4 — Pv41112 +	' IIwI) 

and obtain	 S 

(V4 — Pv,, z) (t) > _C(e(11z112 + 1v4 - Fv4 11 1 2) + e1 (11tP411 2 + IIq II)) . (5.7) 
Further we have	 S 

^ P 1 2 .u(x) — u(x4*)I and I4I ;5 r(P J(vA)gI ± P (V4)g (01). 

Now we consider inequality (5.7) under * A - 0. Using the relations (5.5) and (5.6), 
we find 

•	
(v4 —Pv4,z) (v—v,z),'	 . 

11v4 — Fv.II1 -.	- Pv 1 ^5 JCJ + 2h,	- I(vi),I - F IvtI, 
ipj -* , where Cr(P, IVtIILm + Pt IIvi()IILm) 

and	 -	 - 
-*	where lIII.	ChP2 lUII0o. 

Thus (5.3) and (5.4) are proved U	 S	 S 

Theorem 5.2: The errors z and-C obey the estimate 

r	(t)2	C(IIzj IT + E r(A V, V) (t) ± (A V, V) (0) 
with a suitable weight function c(t)	0 (see Remark 5.3). 

Proof We define grid points	x(2) E w such that X(2) 	= h and xc'> 
s(t')	x( (t'€ (t— r/2, t \ + -r/2)) andgrid functions 

r(t) = min (x+,,x(')},	F(t) = max {x,x(2)},

• if.0 15:x ^ r(t) 
•	r(t)	 -	•	

.	 S	

S 

•	e(x, t)	1	if r(t) < x	F(t)	 - 
S	 •	

•	 1 —_x if (t) <x	1, 
S	

•	 I _T iaC(x, t') if t i T 
•	 W(x, t) = t<g'T 

• S
	 S	

0	 - iftT, 

where the function i(t)	0 is supposed to satisfy the condition •	 S 

-	

sup a(A, ) (t)	C.	
•	 (5.8) 

•	 • g ew 1	 .	 S 

Obviously, we have 0 e 5 1, W = —ag and	
• 

•	(AW, ' W) (t')	C L' ro 2(Ae, ) (t)	(t"E w u {0}).	•	 (5.9)



Error Estimates for a Diff. Method Solving the Stefan Problem	65 

We multiply equation (5.2) by rW(1) in the sense of the scalar product and sum up 
overt E a. The term generated by Az leads to the estimate 

i(Az, W) (t)I	O(e E rc 2(t) + e'((A V, V) (0) + E r(A V, V) (t))). 
-'	 (5.10)

This is due to the relations (5.8), (5.9) and the following ones: 

r(Az,14') (1) = r(Az, W) (0) -	exp (t) (A Vi , W) (t), 
-' t exp (t) (A V 1 , W) (t) = —(A V, W) (0) + ' r(exp (t)(AP, W1) 

•	 .	 .	+ (exp (t))1 (Ac', W)), 
T (Az, W) (0)1	e(AW, W) (0) + r2 (Az, z) (0)/(4e)	(e >0), 
r2(Az, z) (0) :!E^ Oh2, 

I(A,W1)j = k(A, )j	ea22(A0, o) + (AV,V)/(4e), 
(A V, IV) (t) I z^ .e(A LV, 14r) (t) -f- (A V; V) (t)J(4e). 

Transformation of the remaining terms . implies 

.T((a(y) —P)e . + ).(v — Fv) 1	71,l4')  

= —(x - , W) (0)-F Ew(a(y) - a(Pu) + ).(v - Pv) - , ) (t). (5.11) 
Taking into account that (v - Pv, ) = (v — Pv, 1) = - Ps = (t E co,),'since 
v - Pv = 0 (x < r or x > F), and tha a(y) - a(1?u)j ;5 C I z I, relation (5.11) yields 
the. estimate	 . 

	

' r((a(y) - P)1 + 2(v -. Pv)1 — 7j, i4')	ra2(t)	. 

— e((AW, W) (0) + !' to2(t)) — Ce (IIz jIT + Il 1 II,. + IIx1I1 2 ) .	(5.12) 
We obtain the final result by summarizing the estimates (5.10), (5.12) and applying 
the relations (5.8), (5.9) while choosing s > 0 sufficiently small I 

Remark 5.3: We may choose a(t) = d = const. Indeed, noting that (Ae,Q) 
= h r + 11(1 - F) and according to Lemma 4.1 and Remark 4.7 the weight func-
tion a satisfies relation (5.8).	 . . 

Consequently, combining Theorem 5.1 and Theorem 5.2 we obtain the following 
main result..  

The9rem 5.4: Under the assumptions (4.1) the solution y, determined by Algo-
rithm 3.1 obeys the estimates 

IJ - FujI,0 ,. ;5 Oh and (. r( - P18) 2 (t))1/2	Oh. 
Remark 5.5: In [6, 7] we obtained errorestimates of order 0(h1 /2) for implicit 

difference methods solving the general enthalpy problem and the two-phase Stefan 
problem.	•	 . . 

6. Nonconsistent initial and boundary data 

We consider problem (S) specifying the data as follows: s = 0, H0 = c2g2 =const 
<0, 9i = const > 0. Then the moving boundary s(t) satisfies the relation 

Jim 1 1128(t)	const> 0.	.	 .	.	•	 (6.1) 

(-.0 ' 

5 Analysis Bd. 8, Heft 1 (1989)

/
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This is due to liin s(t)/s*(t) = 1, where s*(t) is the moving boundary of the "half-
S	 - 

space" problem corresponding to (S), i.e. where Q is replaced by. Q* = (0, oo), and 
due to s*(t) = c*tl/I with some constant c > 0 (cf. [1]). 

We introduce problems (E 0) and (S6 ) which are derived from (E) and (S) respec-
tively by replacing -H0 16y some function 11 06 . The corresponding solutions, are de-
noted by u, Ho and s. We choose, in particular, 

- C 1 (91 -. (9 1 - 92 ) x16) + 2 if 0 <x 
H00 (x) = c2 (9 1 - (9 1 - 92 ) x/ô)	if s0 < x	6 

c292	.	 if6<x1	(0<6<1) 

with s06 =	- 92 ). Now we compute the finite difference approximation y, 
of problem, (S 6 ) according to Algorithm 3.1. Recalling the proof of Lemma 4. 1, we 
find that (t) (and thus s°(t)) are bounded away from x = 1, but we have d = s° 
= 9 1 6/(91 — 92). This requires an analysis how the constants C > 0 in the estimates 
from Section 4 do depend on 6.	 - 

Lemma 6.1: The solution u, H° of problem (E6 )satisfies the estimates 

IIU°lIW , Qr	,Câ12,  

jUx°IIL(0T;Lc(Q))	C	(a > 0),	IIVtIJL(o.T;L(Q) 
where C> 0 does not depend on 6..	 - 

Proof: The first assertion follows from the estimates 

IIUt0 IL(Q r) -f_ 5U}) II Uz°lL,(Q) ^ C Il(uo°)xIILQ),	II(uo°)zIILu 
•	

(0, T)	 . 

In analogy to the proof of Lem ma 4.2 we have	 .. 

IIuX(t )IIL(Q)	C(1/s°(t) +• IIuto(t)ItL$t0) 

and thus

I Ilu °( t)ILm dtC (fdt/(so(t))2 + IIut6lLLQT). 

Relatioi (6.1) and Remark 6.4 yield 

fd/(s6 (t))2 :5, C6- 2- f dt/(s(t))22	C6- 2	(a > 0) 

which verifies the second assertion. Finally, the third estimate is a consequence 
of the first and second one taking into account that both 

A  v t° dx = -f (a(u°)) dx + u°(1) - L 6 (0) and f Ivt°I dx = f Vt1 dx1 

hold, the latter due to Vj6 = 0 (x+ sö(t)) I 

Corollary 6.2: The finite difference solution y, and the solution u 6 ,  .s6 of problem 
(S5 ) satisfy the estimates	 . 

Ily- 
Pu°II,T^ CO'I2 h and	t( — Ps°)2 (t)) 1 ' 2 ^ Co-h (a > 0). 

To complete our consideration, we give a result on the approximation of problem 
(S) by problem (S 6 ).	 *	 -
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Lemma 6.3: The solutions o/ (S) and (Sosatis/y the estimat e' s 

IIu° - U IIL(QT) 
	C 3 and fa(t) (S°(t) - 8(t))2 dt	C63 

with a suitable weight junction a € L,3(O, T), a 0 (see Remark 6.4). 
Proof: First we realize the regularity property u0 , u € W2 1 °(QT) (e.g. by multi'-' 

plying equation (3.1) by ih(i - (c 1g 1 + )) (1 - x)— c292x), summing up over x € co 
and I € co, and passing to the limit th -> 0). Thus, 

(x,t)	V(x,t)=fexp(_t')(u° —t)(x,t')dt' 

is a-suitable test function for the integral identity 
T	 - 

f f (—(H° - H) 4 + (uo - u),4) dxdt = f (H°— H0 ) qS(x, 0) dx (6.2) 

- and, moreover, belongs to	(o, T; W2 1 (Q)). We obtain	- 

fJ ((u° - u)2 + V 2) dx dt +f V2(x,0)dx ^	(H0 1 - H0) Vdx. 

With the definition	 -.	 - 

= I (HO 6 - H0 ) (x') dx' if x	 - -- S 

0	 ifx>ô, 
i.e. = H0° - H0 we have 

(H° - H0) V dx =	xV(x, 0) dx	f V2(x, 0) 4X ± f;ygdx 

and, finally, the first assertion since f x2 dx C63 holds. Next we define s = n1in. {s, s°}, 
max {s,s0}(t€(0,T)),.,	Q 

if 	x<s s(t)	- --	 7' 

(x, t) = 1	ii s < x	5	W(x, t) = f o(s0 - 8) dt' 

—x if<x^1, 1 —s(t)	
/ 

with an arbitrary function a € L,,(0, T), a	0 satisfying the condition 

sup a(t) f ex2 (x, I) dx :!^: C. 
10.7')-	£	 S	 S 

Then 4) =W is another test function for the identity (6.2) and belongs to L,(0, T; 
W2 1 (Q)). In analogy to Theorem 5.2 we derive the estimate	- 

A  a(s° - 8)2 dt C(If ((uo - u)2 + V 2)dxdt +f (V(x, 0)± X2) dx) 

which proves the sec6nd assertion using the first one U 

5*	 S
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Remark 6.4: Comparing the problems (S) and (S 0 ), the maximum principle 
yields u6	'a((x; t) E .QT) since u06	u0. This implies s ^ s (t € (0, 'T)), i.e. = 8: 

For small &(which is the crucial case) we have a  Lox  dx= a(1/s + 1/(1 -	2/s. 
Thanks to the property (6.1) we may choose a= ct'/2 with some constant c > 0, 
not depending on t. 
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