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The Spectrum and Quadrature Formulas of Spherical Space Forms 

F. PEUFER 

Es wird das Spektrum von kompakten -Riemannschen Mannigfaltigkeiten der konstanten 
Schnittkrummung 1, deren Fundamentaigruppe zyklisch ist, berechnet. Daraus ergeben Bich 
Folgerungen für den ersten Eigenwert dreidimensionaler sphärischer Raumformen und für 
Quadraturformein. 
BH4HCJUIeTCH cnexp KOM1KTI11IX pHmailOBI.IX M11oroo6panIfi II0CT0HHH0I1 cerMeuTapHon 
IHB1131U 1 c IH}o1u9ecHof1 4yHaaMeHTa.ubH0fl rpynnoft. OTcioga noiy q a[OTCFI CJ1JCTB1lH 
Tian riepuoro co6cTseiiiloro aHa'IeHHH TXMHb&X ciepnecxiix flOCTHCTBHIIb1X 4opM 
H RAR	 opMyJ1. 

The spectrum of compact Riemannian manifolds of constant sectional curvature 1 with cyclic 
fundamental group is computed. From this corollaries on the first eigenvalue of 3-dimensional 
spherical space forms and quadrature formulas are obtained. 

1. Introduction 

Let M be a compact connected Riemannian manifold of constant sectional curvature 1. 
Then -M is the orbit space of a finite group acting freely and orthogonally on a 
sphere-of radius 1. Spherical space forms are completely classified by J. A. WOLF 
[13]. Let zl be the Lplacianacting on the space of C--functions on M. It has a 
purely discrete spectrum consisting of nonnegative eigenvalues with finite multi-- 
plicities. We denote the spectruni of the operator J by spec (M). There are a few 
explicit results on the spectrum of spherical space forms. For example, the spectra 
of homogeneous spherical space forms and certain lens spaces were computed, see 
[7, 8, 10, 111. However, we (10 not know the spectrum of a lot of other spherical 
space forms. Using Ikecla's generating function (see [2, 3]), a method to compute 
explicitly the spectrum of M was given in [11].. 

The main tool of the present paper is a formula for the dimension of the spaceof 
G-automorphic homogeneous harmonic polynomials of degree j (j E N0 ) proved in 
[7], where G O(n + 1) is a finite group acting freely on 3 2M11 . Here, we study this 
formula for cyclic groups in more detail. 

The algebraic computation of the eigenvalues of orbit manifolds is closely related 
to lattice point problems. In Theorem 1 we give this reformulation for lens spaces. 
This lattice problem is an efficient method to conrpute the spectrum of spherical 
space forms. For 3-dimensional lens spaces the corresponding lattice problem was 
already obtained in [2, 131. Since the computations are purely algebraic we give only 
short comments. 

The purpose of Theorem 2 is to list all the first eigenvalues of 3-dimensional spheri-
cal space forms. To one's surprise there are only 6 possibilities for 2. Moreover, the 
first eigenvalue gives a few informations on the structure of the fundamental group 
of M. In certain cases 2 1 (M) and the dimension of the corresponding eigenspaee
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contain the. whole information on the geoetry. of M. In these cases the results are 
stronger than the results in [2]. 

In the last section we apply our results on small eigenvalues to derive integra-
tion formulas on the unit sphere for homogeneous polynomials. Such formulas are 
interesting for a few practical problems. In [5] was given a 19-design with 3600 
nodes. Using the binary icosahedral group we find a 19-design with 840 nodes. 

2. The results 

Let 0 = (C) be  cyclic subgroup of order q and let C be conjugates in 0(2m + 2) 
to the element

(
R( cosm1)	 o R(0) =  

	2,O sin 29

0 R(prn^i/q) \—sin 2n0 cos 2Oj 

where Pi, ..., Pm+i are integers prime to q. Then S2mf 0 is a spherical space form, 
which is a so-called lens space, and we have S-,/G L(q; Pi ..., Pm+i) . Further 
more, let J(q; p , ..., Pm+i; c) denote the number of lattice points (a1 , ..., am ) 
E Zm + 1 such that 

(i) Ia, I +	+ am+ i I = X, 
(ii)

 

	

al p, +	+ a,n+ i pm+ i = 0 (mod q), where q, p , ..., Pm+i and x are given 
integers. 

Theorem 1: Let L = L(q; p,, ..., pm+j) be a lens space of dimension 2m + 1 
(rn € N). 

(i) For even q the spectrum of L is'given by the eigenvalues 92i = 45(j + m), j € N 
with the multiplicities

(M + 
d(2j, L) = ' •	

j J(q; P, ..., p +; 2y - ' 20).	 (1) rn—i 
(ii) For odd q the spectrum of L is given by the eigenvalues /22j = 4j(j + m) (j € N0) 

with the multiplicities (1) and by the eigenvalues 2j+1 = (2j + 1) (2j + 1 + 2m), 
j ^ j0 (j € N), with the multiplicities 

d(2j + 1,L)	(m + '0 - 1 
rn	

)J(q; p i,
 

...,pm+i;2j + 1— 2e). 
=o	—i 

Here, j0 is the smallest positive integer such that there exists a solution (a 1 ,. . ., a,,,+)	m + 1 

of jai 1 + ... + Iam+ I I	2j0 + 1, a1p 1 +	+ am+jpm+i = 0 (mod q). 
We define the following typs of groups: 

(I) Zq = (C), 'the cyclic group of order q, q E N. 
(II) Zq X D,, where (q, 2v) = 1 and D,== (A, B), A' = B" = I, BAB-' = A' 

and 1, v ^-_ 3, v odd. 
(III) Zq x Di,, (q, 2v) = 1, where D, = (A, B), A" = B4 = I, BAB = A' 

and v 2. 
(IV) Zq x	(q, 6) = 1, where T 8 = (X, F, Q), X' = P4 = J, P = 

XPX' = Q, XQX 1 = PQ, PQP' = Q' and 1 € N. 
(V) Zq X 0, (q, 6) = 1, where 0* = (X, P, Q, R) as for T 4 and RXR-' = X', 

RPR' = QP, RQR' = Q'. 
(VI) Zq xI*, (q, 30) = 1, where 1* = (U, W), U2 = (UW)3 = H", U4 = I. 

(It is I	SL(2, 5), where SL(2, 5) denotes the multiplicative group of

2 x 2 matrices of determinant 1 with entries in the field of 5 elements.)
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Theorem 2: Let .M be a 3-dimensional spherical space form of' curvature 1 and 
spec (M) = 10, 2, '2	.}, 0 < 2 1 !S ) ^•.... 

(i) We have	E (3, 8, 24, 48, 80, 1681 and 
Aj=3i//MS3, 

i 8 ill 7Ei(M)Zq)q2, 
24 i/f 'i 1 (M) is isomorphic to a group of lyp (II) or (III), 

= 48 i/f n1 (M)	Z. X T 8 , (q, 6) = 1, l'E N, 
= 80i//ti (M) = ZqxO*,(q, 6) = 1, 
= 168 i/f z 1 (M). = Z x 1, (q, 30) = 1. 
(ii) Further, let d(?. 1 , M) denote the dimension of the eigenspace corresponding to Al. 

Then d.1 , M) 3 if/ M is homogeneons. 
'Now, let Hi be the vector space of homogeneous polynomials of degree i in the 

variables x 1 , x2 , x3 and x4 A quadrature formula of degree jisa set of r points Yi, Yr 
on S3 and constants c 1 , .. .,c such that 

•	
-

/ do, = E c,f(y,)	for all / € 11k (0 
W3J  

S. 

where do is the invariant measure of S3 and w3 = 20 . Quadrature formulas for 53 

are rare. For a result see [5]. Using the Theorems 1 and 2 we can easily give special 
quadrature formulas of degree less than 19. 

Let G be a finite subgroup of 0(2m + 2). A function f:	-. C is called G-auto-




morphic if / o T = / for each T € 0. 
• Theorem. 3: Let F 1	80(4) (i = 1, ..., 5) be finite groups acting freely on the 
sphere of radius 1. and F1	F2 T*, F3 O, F4 I* and F5 Z7 XI*.

Then we have the following quadrature 'formulas: 

(I)	± f fdo=±Z f(Ty1 ), '.	 S 

24TEF, 
So	 S 

f€ H, (0 j	5) and y ' is any zero of the first nontrivial F 1 -automorphic 
eigenfunction of 53• 

(ii).	±. f/do = 
(03	 24TEF.	 S


S 

fEH,(0j5)andxES3 ,	 S


(iii) f fdo=.L Ef(Tx), 
w3 j	48 TEF.	 S 

So 

/EH,.(0j7) and xES3, 

(iv)	---
f ' do = --- ' /(Tx), 

•	 ,	 12oTeF 
S. 

•	fEH,(0	 11) and . xES3, 

W3 J	840 rEF.	 S S.	 S	 S 

/ € H, (0	 ;5j 19) and Y2 is any zero of the first nontrivial F5-automorphic 
eigen function of S:
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3. Spherical space forms and autoniorphic eigenfunctions 

In this section we wilF briefl y review the facts concerning the G-automorphic eigen-
functions of S2?+1 (see [1, 2]). Let S2+1 (m E N) be the unit sphere centered at the 
origin in R2m+2 . Furthermore, let M be a spherical space form of curvature 1 and 
dimension 2m + 1. Then M = 5 1 /0, where  is  finite subgroup of SO(2m ± 2) 
and for any 7' E Gwith T Id, 1 is not an eigenvalue of T. Here Id denotes the 
unit matrix in 0(2m + 2). The sphere S2-11 is the universal Riemannian covering 
manifold of.M. Let t be the covering map of S2mf1 ,onto S2m4-1/G,t :	S2m+1/G. 

Me -denote the-space of complex valued C--functions on M by C(M) and dendt& 
the Laplacian acting oh C(M) and C(S2m ') hyA and J, respectively. The Lapla-
cian has a purely discrete spectrum spec (M). For k 0 let Hk be the space of com-
plex valued homogeneous harmonic polynomials of degree k on R2m+2 . The spectrum 
of A is wellknown, see [I]. It contains the eigenvalues yj 	j(j + 2m) with multi-




plicities

d(j) - (i ±2m). (i 2 2m)	
E o 

The eigenfunctions of 82n1 1G are exactly , the G-automorphic eigenfunctions of 
S2+1. More precisely, let i:	- R2m+2 be the natural inclusion map. Then i indu-
ces the restriction map i*: C(R2m+2) *	and we have the following 

Lemma 1 (see [21): Let V(j) he the eigen.space with eigenvalue y j of A. Then the 
map i gives an 0(2m.+ 2)isomorphism.i*: H	V(j), j  N0. 

Furthermore, the map t induces the injective map r*: C(S2mh /G)	C(S2m1).

Th'e following formula is elementary, see [I]: For any /-E C(S2m+h/G), we have *f) = t*(Af) Now it follows 

Lem ma 2 (see [21): Let V(j, G) and H(j, 0) be the subspaces of 1 7(j) and Hj con-
sisting of all the G-automorphic elements of V(j) and H,, respectively. Then (t*)-1 
V(j, 0) is the eigen.space with the eigenvalue y j of the Laplacian A on S214+110 and it is 
isomorphic to H(j, 0). Further, every eigenspace of zl on m/(,! is obtained in this 
way. 

Let d(j,G) = dim H(j, 0). Consequently, we need only the values of d(j, 0) for 
thç calculation of spec (M), M = 

4. The spectra of lens spaces 

Now w6 prove our Theorem 1. Recall that in [7] the following formula for d(j, 0) was 
derived: 

•	d(j, U)	I {i +	( 1 + (_ i)i} d(j) 

•	 1	1)121	 - 

+ - " E .(j, k) 21_ R(7; j, k)	(j N0 )	 (2) q TEG k=0 

where q is the order of 0, " means that we have to sum up only over T E U 
\{Id,—Id}, [j/2} is the intire part of j/2,	 - 

•	•a(• k . — •_ Fk•_j+m  
m), )-(	j+ni--2Fk	k
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and
m+1 /	2p (T))k 

R(T;j,k)	.'	/7 (cos	' 
k++km+j2k ..j	q(T)


k...... 
Here q(T) is the order of T E C and exp (2rip(T)1q(T)), exp (-27ip,(T)1q(T)) are 
the eigenvalues of T (1 v m + 1). Our proof of Theorem 1 is based on an explicit 
study of this formula for cyclic groups. We have Zq (C) and C is conjugate to C' 
in 0(2m .+ 2). Similar to [8] this gives	- 

Ij/21 
d(j, Zq) = 2:;' Xrn(j, k)	E.	 .E	1.	 (3) 

k='O
C,	+ ... + e,_2kpp,_.0(m0d9) 

Here we have used the identities 
j-2k	2iz 1	 2tl cos	" = 22 7	 cos - (eIp, +	+ 6j2kP ) _,) , - q	£	 q 

and
q-1	2il	JO for I	0 (mod q), 

COS 
q - q for 1	0 (mod q).	 - 

The next step Is the following 

L em m a • 3: We have the equality 

eP+.-.+e.P,,0(modq) 
•	 I42	 m+1( l a, l+2s\ 

=2'	L'	E	11	 '). 	 (4) 
 / 

O,P,++Om,,P,,,+0(mOdQ) $...... 

Proof: The sum on the left hand side runs over all terms a 1p 1 +	+ am+ipm+i 
with a 1p 1 +	+ am+l pm+ 1 = 0 (mod q) and Ia, I + - + Iam+uI	. Here every

term can appear several times in the sum. Next we have only the possibilities I a, I + 

•	•.. + a 1	- 21, 0 :!E^ I	[x/2]. This means that the term ap 1 appears iff pi 
appears. exactly 1a 1 1 + 2s (0	[(x - a1D/2J) times. In this case exactly sj 

of the corresponding E. must be - 1 .. There are Ja i l ± 2sf) possibilities for the 

choice of these €, 'S. Furtherwe have (l aji + 2s 1 ) + - + (Iam:,uj +2+) = x and 
for Ia, I + - + lam+iL = x - 21 we get s +	+ 5m+1 = 1. Now we conclude easily 
that the term a 1p 1 +	+ am+lpm4I with Ia, I +	+ lam+uI = x - 21 appears

exactly  

7' (I ad+ 2ss)	 - 
8+8m+i1 1=1	S 

times. This Completes the proof of the lemma I 

Now we put 

- (bu, ..., b,,; ,c, 1) =	-	jb+ 28 \	ibm + 29m 
8+"+8m+1 I	I	I Sm 

fr_21_bi_"_6m+28m+i 
-	8m-+-u
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with b1 E N0 (1	j m), b 1 +	+ bm x - 21 and x, 1 E N0 . A straightforward

calculation shows that x does not depend on b 1 , ..., bm. Therefore we have 

',	= x(0 ..., 0; , 1).	/	 (5)


Substituting (4) and (5) into (3) and permuting the sums we get 
Ii/21	 - 

d(j, Zq) = ,f A,,,(j, ) J(q; p, . .., Prn+i; j - 2)	 (6) 

with	 -	 - 

(281) ... (m) (i - 2 + 28m+1) 

k0	31+•••+8m*=Qk 8 1	 8m	 Sm+i 

	

Lemma 4: We have Am(j, ) 
_ (m +: - I for j € N, 0	[i/21.' m € N. 

Proof: To begin with we find (see [8: P. 169]) 

12s1 \	(28m\ (iT 2e + 2Sm+1 

s++s,,,+k \ s1 /	\  
8...... 

= E	28 ' 12s\	12Sm_ i \ fj - 2k - 2s - ... - 2Sm_ i - Sm 
8 1 ++8,	 J . . I	I I 

8. ..... 8m^0Q-k 
I 
Si /	\ 5m-i / \o - k - S -	- 

Using the addition formula for binomial coefficients several times, now obtain 
Am(j, + 1) = Am(j, 2) + A 1 (j + 1, 0 + 1). Therefore our lemma follows by 
induction with respect to j I 

From Lemma 4 and (6) we obtain the desired formula in Theorem 1. The further 
statements of Theorem I are easily to prove by means of this formula. We omit here 
the proofs. 

5. The first eigenvalue of 3-dimensional spherical space forms 

The basic theorem of this section is the following. If 0 is a finite subgroup of SO(4) 
acting freely on (23, then G is isomorphic to one of the groups of typ (I)—(VI), see 
[12] (also [6, 13]). Moreover, let 8 3/0a and S3 1 G2 be spherical space forms. Assume 
01 is isomorphic to 02 an([ is not cyclic. Then G is conjugate to 02 in 0(4) such that. 
83/01	S/0. 

We now may prove Theorem 2. Next, our Theorem 1 implies Theorem .2 for the 
groups of typ (I). The further assertions of Theorem 2 we get from the following 
table. 
The calculations are the same in all cases. We decompose the group 0 into conjugate 
cyclic subgroups and then we determine by means of Theorem 1 its multiplicities. 
Therefore we consider completely. here only the case C Zq X D21,. in the other 
cases we give only the corresponding formulas. 

Let G, be a group of typ (II). Then GZQ XDL, and we have , D, = (A, B), 
A'=B2 =I,, BAB-'=A-' with lL> 3, qEN, r>3, v odd and (q,2v)=r 1. 
Further, let Zq = (C), Cq = I, CA = AC, CB,= BC. A representation : ZqXD,



On Spherical Space Forms	127 

0 d(O, 0) d(2, 0) d(4, 0). d(6, 0) d(8, 0)	d(10, G)	d(12, 0) 

Zq XDz 1 0 1 
ZQ XD, 1 0 2(q>1,v=2) 

10(q= 1,v=2) 
•	. 1(q>1,v>2) 

ö(q=1,v>2) 
Zq x T 8 1 0 0 1(q >.1 or 

7(q=l= 1) 

zq x 0* 1 . 0 0 0 1 (q> 1) 
9(q=1) 

ZxI 1 0 0 0 0	0	1(q>1) 
-	 13(q=1)

—> 80(4) acting freely on S3 is given by (see [13]) 

S	 O	Id 
(A)= ( 0

	R(_))	
(B)=((1 )

1. 

IR(1\	. 
n(C) = (	 1 

Then G. is conjugate to rr(Zq x D,) in 0(4) and 81G S31(Z X D). Therefore 
we can suppose G = (Zx D,). The following facts are obviously or well known, 

• see [13]. The group 0 contains the cyclic subgroups G-,. = ((B2AC)) of order 21vq 
and G = ((BA eC)) (0 :!-- v — 1) of order 2 1q. The groups G are conjugate 
subgroups. Further we have Gi n G . = 3 (i r= i'), where 3 = ( z(B2C)) is the ceiter. 
of G. Let 131 be the order of 3 . Then 131 = 211q. Now (2) yields 

d(2j, 0) =	d(2j) ± ± 5	"	'	( 2j, k) 41_kR(T; 2j, k)
•	 IGI	IGI ET€G_. k=05 

'-1 
+ .	E x m (2j, ic) 47-kR(T 2j, Ic) - 

-	 e=O TEG k=O 

—

	

	' ± m (2j, Ic) 4kR(T; 2j, Ic)

TE8 k=O 

=	
d(2j, 0_i ) +	d(2j, G) -

	
d(2j, 3) .	 • 2	 2 

•	Since the groups G (0	v - 1) are conjugate, we have d(2j, G ) = d(2j, G) 
(1	- 1). This gives.	 •	 •	 S	 •	 • 

•	d(2j, ZxD) = - d(2j,G 1 ) + d(2j, G0)— - d(2,.3). 
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The groups G_ 1 , G0 and 3 are cyclic and we can easily compute the eigenvalues of 
i(B2AC), i(BC) and (B2C). Then using Theorem 1, we obtain .the statements on 
ZqXD. 

For the groups of type III similar considerations give	 - 

d(2j, Z x D,) =	d(2j, L) + d(2j, G0) - - d(2j, 3) 

where G_ 1 = ((AC)), G0 = (i(BC)), 3 = (i(B2C)) and 

	

.-.	 1 

(A) 

= (	
) = (	 (C) (, R()) 

For the groups of typ IV we obtain 

d(2j, Z XTzs) = d(2j, G1 )-+ d(2j, G2) -	d(2j, 

where G	(g1) (i = 1, 2), 3	(ga) with	.	 .	. . 

0	 . 
I 91 (2 -31q)  —	

0	R  

/ R ( .'q)	0•	 (R 
(2 .- -iq)	

. 
92=	

0	R G 311q))	T 
\	

0	R 
(2 . q) 

For the groups of typ V we have	 . -. . 

d(2j, Zq X.O*) =	{d(2j, 04 ) + d(2j, G) + d(2j, 06) - d(2j, 32)} 

where G1- (g 1) (i = 4, 5, 6), 32 = (g8) with 

--	 -	
--	 (!? (8+)	0	7R()..	0 

T	0	
R(88)) 95 =

	
0 . R(6) 

	

- IR (4+ q\	\	- IR (	0 - 2q,i 
96 =	

0	
R(4)) 

g8 =	
0 

Finally we find for the groups of typ VI 

d(2j; Zq X 1*) = - {d(2j, 0 7) + d(2j, 05 )+ d(2j, G6 )	d(2j, 32)
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where 07	(97) with 

= (R(bO)	0 
97  

0'	R (1O_q 
\	 lOq 

Using Theorem 1 we can complete the proof of Theorem 2. 

6. Special quadrature formulas on S3 - 

To prove Theorem 3 we use the following 

Lemma 5: Let 0 80(4) be a finite subgroup of 
even order acting freely on 8. 

If x0 E 83 is a point with the property 7(x0) = 0 for each / € V(j, 0), 1	j :5 1, then 

f / do =1 E f(Tx0 )	for any / € H (0 j 1). 
W3	 IGI TEG 

'S. 

We omit here the easy proof. Now, the assertions (i)—(iv) of Theorem 3 follow 
by the table in Section 5 and Lemma 5. Furthermore, using Theorem 1 and our 
decomposition of Zq XI* we get d(14, F5)'= d(16, F5 ) = d(18, F5 ) = 0 by. a straight- 
forward calculation. This completes the proof of Theorem 3. 
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