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Traces of Anisot.ropic . Sobolev Spaces with Mixed La-Norms on Hyperplanes 

M. MAi.Rsxi 

Wir skizzieren einen neuen kurenBeweis für einen bekanntenSpursatz für anisotrope'Sobolev-
Räume mit gemischten L .Normen, der auf Methoden der Interpolationstheorie beruht.' 
MEj IIMTHM HOBoC KOOTH0ü goiia3aTeabCTBO AAR OHOfl it3BecTHofl TeopeMtil 0 cieae uu 

HM30T0I1IIbIX I10CT3HCTB Co6ojieisa co ctewaiiiiimiu L-Hops1anl 6a3IIpyIou.we naeopuit 
111-1Tepno11n[Isn.	 S	 S 

We outline a new short proof of a known trace theorem for anisotropic Sobolev spices with 
mixed L.-norms based on methods of interpolation theory. 

1. Introduction 

The aim of this paper is to outline a new proof of direct and inverse embedding theo- 
rems for tracs of anisotropic Sobolev spaces with mixed Lnorms on hyperpJanes 
in R. Our arguments will be quite similar as in [4: 2.9}; First of all let us recall some 
definitions, and results; Let (p) (Pi, . . ., p,), (1) (p) (oo), i.e. 1 Pi .. . , p. 
^oo. Then one sets  

L<(R) = L(R, LPI(R, .:., L,(R) ...)). 
Let A be an arbitrary Banach space and /: R' —* A. We define 

Ill I, Lq(A)II = (1111(t) IAIl e	
Ile 

 
dt 

We use standard notations for differences and derivatives: derivatives: D,m = 3m/1sn, A,,/(x) 
= /(x 1 , ..., x, + t, ..., x,) —.1(x), and nm = A71LJ,e. 

Definition,!: Let (p) = (P ... , p ), 1	Pi I ... ,p,,	o°. 
(i) If m E N and 1	n, then'	

S	 , 

W >, (R') = {/ E L()(R) I Ill I W. (P ) .j ll = Ill I L (P) II + II.D mf I L()lI< oc).. 
(ii) If (m) = (m 1 , ..., m8 ) E N", then

n 

	

W t (R") = {f E L()(R") I Ill WII = Ill I	+ I IID,m I I.L (p) II < oo}. 
S	 .	

3=1 

(iii) Ifs> 0,1	q <00,1	j	n, k,1E N,0	k <sand 1> s — k, then 

B',J)Q(R") = (I E-L(R") Ill/I Be" - ( p),qI S 

	

= lit I L pII + Ilt	L,t D"/ I	 *(L(p* ) Il
 < oo) 

11*
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(iv) If (s) = (si , ..., s,,) with s, ..., s,, > 0, and (k) = (k1 , ..., k,,) E N" and (1) 
= (l i , ..., I) E N°with (0) ;5 (k) < (s) and (1) > (a - k), i.e. 0 k 1 <s, and 
1, > s - k i for all admissible i, then

(8) II = jf L(p)II B(8)	= {i E L()(R") I II I B ( p ) ,q I j (p) q(R") 

n 
+ ,f lIt-'' AD5k,f Lq*(L (p) )II <}. 

j=1	
7.3

Proposition 1 (cf. [1 54/p 73] for (I)) For (p) = (Pi	 p,) with 1 
< 00 the following propositions hold: 

(i) ("Lebesgue's theorm") Let {1k}1 L()(R") be a pointwise convergent sequence, 
fk(X) —> I(x) if k —* oo. If there exists a f'itnction g E L()(R") with Ifk(x)l < g(x) for all 
x E R", then f E L(p) (R") and Ik --* f (convergence in L(p)). 

(ii) C00 (R")is dense in L11(R"). 

Remark: To prove (ii) one can use Sobolev's mollification method, which works 
also in the case of mixed L.-norms, cf. [1: II § 5, 6]. 

PropOsition' 2 (cf. [1: Theorem 18.2/p. 294]): All norms in Definition 1/(iii) and 
(iv) are equivalent to each other for all admissible k, 1 and (k), (1), respectively. 

Proposition 3: We have 

•	(i) W'/(R")	fl w (' 1)j(R"), (ii) B (q(R') =fl B,q(R"): 

Proposition 4: j / I W ) lI* = If I L( p) J! + ,E IID fI L()Jj is an equivalent norm in 

•	W'/(R"), J = (a I 0	a 1 /m + ... + c* ,,/rn8	1}. 

Proposition 5 (cf. [] and also [1: 11.5/p 165]): Let A = {x E R" I x1 , ..., x,, == 0} 
•	and let M be a function on R", such that xnDM is bounded and continuous on A for 

'every multiindex a = (a 1 , ..., a,,) with 0	a 1 , ..., a,,	1. Then M is a multiplier for
L()(R"), (1) < (p) < (cc), i.e. jjF-'MFf I L p j ;5 cCIf I L(P) H for all f E L()(R"), 
where c is a constant independent of f and M and where C = sup Ix-DIM(x) J.c € A, 
0	0 1 , ..., a,,  

Proposition 6 (cf. [1: Theorem 14.14/p. 235]): C0 (R") is dense in 
(1)< (p) -5 (00) 

As usual, S(R") stands for the collection of all complex-valued infinitely differen-
tiable rapidly decreasing functions on R". The dual space S' = S'(R") is the collec-
tion of all tempered distributions on R". We recall that F and F stand for the Fou-
rier transform and its inverse on ,S', respectively. We need the following 

Lemma 1: We have: (i) The norms If I W,),jII* = hf I L ( p ) lI +EIID1k I L p>I and 

hf I H ,II = IIF- '( l + x2)ThI1 Ff1 L( p) II are equivalent in W,) (R"). (ii) C0 (R") is 
dense in W ),J (R"), (1) <(p) <(cc).. 

Proof: (i) We show hf I W,)jII*	c hf I H,)jII for all f E-L(p)(R"). Proposition 5 
yields that Mk.,(x) = x, k(1 + X,2)—m/2 is a Fourier multiplier for L(9) if k	m. By-
Djkj = cFx1 cFf we obtain the assertion. Now we show lIf I H,)jII c Ill I W 14 ) 11. 
Using again Proposition 5, we find that for a E C0 (R) with a(t) = 0 if 0 :E^ t :S 1/2, 
a(t) = 1 if t ^ 1 and a(—t) = —a(t) 'the function M,,, 4f,,(x) = (1 + ;2)m/2/
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/(1 -a'(x,) x1 m), is also a multiplier. Then it follows that 

Ill I	= IIF- ' ( l + x,,2)m12 F1  L(P)lI 

= II'Ma() FF 1 (1 + am(x,) x,) F/ JL(p)II 

;5 c II F— '( l + am(z,) X .m) F1  L(p)II 

< c(f I L( p ) II +' I'am(x) x1mFf I L ( p )11) 

•	 c(I/ I L II + IIFi am(xi) F1D/ I L p )	c' 111 I I	II 

where F1 refers to the 1-dimensional' Fourier transform, and where we used that 
atm is a 1-dimensional multiplier. This completes the proof of part (i). 

(ii) It is sufficient 'to remark that because of Proposition 1 the proof in [4: 2.5. 11 is 
applicable in our situation I 

Lemma 2 (Interpolation): The /ollowing propositions hold: 

(i) (L (R') W ,) (Rdl))	I(Re2) (p)	'	.	Sq - BOm - (p).q 
(ii) (L (R')' l47())(R0))	- Bo(m)IV. (p)	'	S	 ) q -	(p).q( 

Proof:' Define a strongly continuous semi-group on L() by 

O(t): L()(R') — . .L()(R): /(x1 , ..., x) io. /(x 1 , ..., x + t, .;., 

A, denotes-the infinitesimal operator of {O,(t)} 10 . As usual one defines A, tm (m-th 
power of As). We use Proposition I and Lemma 1 and obtain in the same way as in 
[4: 2.5.1] that the domain of A tm equals W, 1(R). Now one can use the interpolation 
formulas from [4: 1.131. Therefore (i) is proved. (ii) is a consequence of Proposition 
3/(i) and the results in [4: 1.13.2 and 1.12.1] I 

We refer to the' tracemethod of interpolation (cf. [4: 1.8]). Let {A 0 , A 1 } be an inter-
polation couple, m € Z, 1	Po' P1	00 and' 0 , n, E R. One sets 
V(p0 , flo' A 0 ; p, 1 1 , A 1 ) = {u = u(t) I u is a regular (A 0 + A 1 )-- distribution 'on R' 

with I lu I VmII	II t'(t) I L(A0 )I! 4 llttcm)(t) I L(A i )l Z OO}. 

We need the rather technical concept of quasi-linearizable interpolation couples 
in order to employ theoretical results of interpolation. But for the sake of brevity we 
omit details on this subject and refer for an exact definition to [4:1.8 and 1.12]. 

Theorem 1 (cf. [4: Theorem 1.8.5/(a)]): Let {A 0 , A 1 ) be a qua8ilinearizable inter-
polation couple. Let  E. IN, 1 :5 p ^5 oo and i10,', 1 E R. I/J = {j E Z JO j m - 1 
and

R: V(p, 'Jo ' A 0 ; p, ,, A1) -+ f] (A 0 , A 1 )o,: U # 
jEJ 

is a retraction. One has 0, = ('Jo + j)/(m + 'Jo -' 

Remark: We recall what is meant by a retraction. If A and B are two Banach 
spaces, then a mapping R: A -* B is called a retraction if R is a , linear and bounded 
mapping from A onto B and if there exists a linear and bounded mapping S from B 
into A with RS = EB (identity mapping in B).
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2. Direct and inverse embedding theorem 

Let (1) ;;^; (p) ;^S'(oo), (m) = (m 1 , ...,m) E N' and R,' = (x E R' I x, >0). Then 
one defines 

W (M)(R+ ) = (I E L1(R fl) 1 3g E W(R') with g(x) = 1(x) if x E R,}. 

This is a Banach space normed by 

ill I W/(R+")ll = inf {ii I W'/(R)ll I = I R."}. 

- Proposition 7: The restriction R: W(R") -	 - W/(R+"): gg I R. +' is a retrac- 
lion. 1/ k E N, then there exists a coretrastion S which is independent of (m) with ni	k 
and (p).	 - 

Proof: The proof is analogous to that in the case of unmixed La-norms. We recall 
only the definition of the coretraction 5: For k E N let 0 < Yi < <y < cc. 
For a smooth function / vanishing for large values of x one sets 

k+1
...,	 . for x, < 0,

(2/) (x) = j=i 

/(x)	 for xL>0 

where a- 1 fits the claim that 5/ possesses continuous derivatives up to order kin R" U 

Lemma 3: Let (m) E N", m E N and let 1 <p < o6 and (1) (p) <(cc). Then 

(p,w(R");p, --, L p (R)) =  

Proof: Let u(t) (x) = /(x, I) be a smooth function contained in W(R.") 
that vanishes for large values of lx i . These functions are dense in W	(R^?01). By a 

straightforward computation one obtains that I ju I Vmii and I II I W (R+"')li are 
equivalent to each other. It remains to show that functions of the described type are 
also dense in Vm. For this purpose take/ E Vm, /(x, t), and (5> 0. Then /(x, I + (5) Vm 
and /(x;t + 6).--*/(xt) in Vm if (5-4 0. We apply Sobolev's mollification method 
to f(x, t + . Let 0 .< h < 6 and 0, ..., w", W" 1 E C0 (R') with supp	(1/2, 11 

and f &(t) dt = 1, j = 1, ..., n + i. Let wh (t) = h 1 0(t1h). One sets Wh(X, t) = 
0	 00 

Wh1 (XI) Wh2(X2) ... Wh"(xfl) W h n+l (t), and, for gE L((3) (R'), (g)(x, 1) =f fW h(x - 

- a) g(z, a) dz da. Then (Y)h —* g holds in Vm for h --* 0. Hence (/(x, I +	- 
/(x, I + (5) in Vm, h - 0. The function (/(x, I + ô))h can be extended to R" via the 
construction described in Proposition 7 and hence is contained in W(R.1). 
Thus, the lemma is proved I	 - 

Now we come to the main result of this paper. 

Theorem 2: Let (m) = (m1 , ..., Mn) E N", m E N and (1) <(p) < (cc). Then 

11: W(R^"') _^JJB)(R"): /(x, t) -* {Dgi/(x, 0)}j' 

is a retraction, where (at) = (a1 , ..., a,, 1) is given by ak' = rnk (1 — m'(p' + 1)),
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Proof Because of Lemma 2, the definition of W(R') and the results from [4: 
Theorems 1.13.2 and 1.12.1] it follows that {W(R),'L()(R")} is a quasi-linearizable 
interpolation couple. Therefore the above Lemma and Theorem 1 yield that 

R: W(R'')	W(R), L(p)(Rl))e,.p 

is a retraction. For 0, one obtains 0 j rn'(p' + j). Hence by Lefrima 2 and the 
relation (A 0 , A 1 )0 = ( A 1 , A0) 19 . it follows (a') = (m) (1 0k). This completes 
the proof I 
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