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Continuous Dependence of the Solution of a System of Differential Equations 
with Impulses on the Initial Condition 

A. B. DIsHuEv and D. D. BAIN0v 

Es werden Anfangswertprobleme für Differentialgleichungssysteme mit Impulseffekt betrach-
tet. Die Impulse sind in den Momenten realisiert, wenn die Integralkurven einige fixierte Hyper-
flächen im erweitertenPhasenraum schneiden. Es werden hinreichende Bedingungen für die 
stetige Abhangigkeit der Losungen dieser Systeme von den Anfangsbedingungen gefunden. 
Pacc1aTp11Balo1cH aajau C I(a'laJlbHblMH SHaMeIIMHMII AjJF1 CHcTCM tHepell!uaJ1huux 
ypaBHeHufl C 11MflJlbCHb1M Bo3elcT1314eM. HMnyJlbCb! peaJm3onauhL B Te M0MeHTLI HorAa 
nHTerpaJIbHaH }pn8aR nepecei;aeT HecoTopaie iianepëj 3&HHLJ	 B pacwi-

CHHOM 4a30BoM npocTpaHcTBe. HaxoJHTcn gocaoqiiie YC..TIOBIIFI HenpepbIBHofi aasncu-
MOCTM peuleliufi TaxHx clicTeM Or iia'iaiaHux AaHHblx. 
Initial value problems for systems of differential, equations with impulses are considered. The 
impulses are realized in the moments when the integral curves meet some of previously fixed 
hypersurfaces in the extended phase space. Sufficient conditions for the continuous dependence 
of the solutions of these systems on the initial conditions are found. 

1. Introduction 

Systems of differential equations with impOlses provide an adequate mathematical 
description of numerous phenomena and processes studied by physics, chemistry, 
radiotechnics, etc. By means of such systems phenomena and processes subject to 
short-time perturbations during their evolution are studied. The duration of the per-
turbations is negligeable in comparison with the duration of the phenomena and pro-
cesses considered, therefore they are regarded as "momentary" of the type of "impul-
ses". The'first publications on mathematical theory of systems with impulses were by 
V. 1). MUMAN and A. D. MYSHIUS [5, 6]. This new and perspective theory was devel-
oped further in the works of A. M. SAMOILENKO [13, 14], T. ' PAVLIDIS [11], V.-RAGHA-
VENDRA and M. RAO [12], S. G. PANDIT [7, 8], etc. Recently the interest ill systems 
of differential equations with impulses has grown considerably due to the numerous 
applications of these systems to mathematical control theory. The first two mono-
graphs dedicated to this subject appeared by A. HAIANAI and D. VEKSLER [4] and 
by S. G. PANDIT and S. G. DEO [10]. Systems of differential equations with impulses 
are a subject of study of the present paper as well; 

2. Preliminaries 

Consider the hypersurfaces 

u1 :t=t,(x)	(tER;xED;i1),	 1(1) 

where D is a domain in R". DenOte by P1 a point with current coordinates (t, (t))



184	A. B. DIsRLIEV and D. D. BAINOV 

such that the law of its motion is described by means of 
a) the set of hypersurfaces a, (i ^! 1); 
b) a set of functions I: D --> R' (i ^! 1); 
c) a system of ordinary differential equations 

dx = Pt , x)	(1 + r; i	1) (2)
dt 

where f: S—* It", S = {(t, x) I t ^ 0, x € D}. The points 
v1(i- L> 	- 

are the moments in which the mapping point P meets the hypersurfaces 01 (note that 
P, meets a, only in the moments Ti); 

d) the equalities	 - 

x(v, + 0) - x(r 0) = I,,(x(-r1))	(i ^- 1)	 (4) 

where j 1 is the number of the hypersurface met by the point P in the moment Ti. In 
general it is-possible that i + j 1 (examples can be given such that for some i the in-
equality i < j i holds as well as examples for which i = or i > j 1 ). We assume fur-
ther that x(t) = x(; - 0) 1 i.e. the function x is left continuous in the points Ti 
(i1). 

The set of objcts a)—d) is called a system of differential equations with impulses. 
The law of the motion of Pi is called a solation of the system of differential equations 
with impulses and the curve described by this point is called an integral curve of the 
system of differential equations with impulses. In the present paper the initial value 
problem for such a system is considered with the initial condition 

X(0) = x0 ,	x0 E D.	 - (5) 
We shall give a brief description of the motion of the point F, along the integral curve of the 

initial value problem for a system of differential equations with impulses. The initial position 
of Pt is the point (0, x0) For 0 I r the point P, moves along the integral curve of the 
system (2) with initial condition (5). In the moment i the point F, meets the hypersurface 

in the point (ri , x1 ) where x1 = x(r1 ) and "jumps instantly" from the position (t 1 , x1 ) into 
the position (r1 , z1 + I,,(x1)). Further on it moves along the integral curve of (2) with the initial 
point (r 1 , x1 + I,,(xj )) until the moment r2 in which it meets the hypersurface en, "jumps" 
again, etc. If after a "jump" the point P, meets a hypersurface from (1), then a new "jump" in 
this moment is not realized. The solution of the system of differential equations with impulses 
is a piecewise continuous function with points of discontinuity of 1st type in which it is left. 
continuous. 

Further on we shall use the following notation: x i	x(-r,), x 1+ = x1 + I11(x1) 
(i 1), r = 0, j0 = 0, t(x) = 0 for x € D, x0+ = x0 ;. by x(t, r", x) we denote the 
solution of thesystem of differential equations with impulses with the initial condi-
tion x(r*, -r', x*) = x*; x(t) = x(t, 0, x0 ); ., •) is the Euclidean scalar product in 
it" and 11 . II is the Euclidean norm in It"; e(A, B) is the Euclidean distance between 
the non-empty sets A and B in R". The set of points (I, x) € It x R", satisfying the 
inequality t — t	L l ix - x*II where. (r* , x*) is a fixed point in R x It" and L is
a positive constant will be denoted by K(r* , x, L). 

The qualitative theory of systems of differential equations with impulses in the case when the 
functions t1 (i ^! 1) are constant, therefore t 1 (x) = T i , x E D (i.e. when the impulses are realized 
in fixed moments), is comparatively better developed than in the ease when the functions t, 
are not constant. One of the reasons for this is that in general it is possible for the integral curve 
of the system with impulses to meet repeatedly one and the same hypersurface from (1). This
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phenomenon is called "beating". When the phenomenon "beating" is present, the integral 
curve may be not defined for £ sufficiently large. Hence one cannot claim that, e.g., the solution 
of the system of differential equations with impulses depends continuously on the initial con-
dition in a given finite interval since the solution may be not defined in this interval. In 'the 
following example the phenomenon "beating" is observed. 

Example 1: Let n, = 1, D = (0, ±00), £,(x) = arctan x + in (x E D; i	1). Then for every
choice of the functions / and I, (i ^t 1) such that 

a) / satisfies conditions for the existence and uniqueness of the solution of (2) for £	0; 
b)1 1 (z)>O for zED, 

the integral curve (t, x(t, 0, x0)) "beats" on the hypersurface (in this case on the curve) t = £1(x) 
for every choice of the initial point (0, x0 ) such that x0 > 0. What is more, in this case the solu-
tion of the equation with impulses is not defined for £	x/2. 

3. Main results 

3.1 Continuous dependence on the initial condition when the phenomenon "beating" 
is absent 

Denote by (A) the 'following conditions: 
(41) The function / = f(t, x) is continuous on its first argument on [0, oo) and is 

uniformly Lipschitz on its second argument on D with a constant L. 
(A2) IIf(t , x)fj 15: M ((t, x) € S) for a constant M > 0. 
(A3) The functions t, = t 1 (x) are Lipschitz on D with constants L 1 < 11M (i 
(A4) The inequalities 

0 <t(x) <t2(x) < ...	(x E D) '	(6)
hold and, uniformly on D, t,(x) - +00 for i - oo. 

(AS) t(x +I(x)) < t 1 (x) (x € D; i	1). 
(A6) The integral curve (t, x(t)) of the system of differential equations with impulses 

(x(t) = x(t, 0, xo)) does not leave the set S for t € 1 where 

(0, +oo) '	if the r, are a finite number, 
1=

U (r1_, r]	if the r i are infinitely many. 
i=1 

We shall show that the condition (A) is sufficient for the absence of the phenome-
non "beating". For this purpose we shall use the following 

Theorem 1 [12]: Let the conditions (A2), (A3), (A5) and (A6) are satisfied. Assume 
further that (r 1, 1 , x 1 ) E K(;, x, 11iW) (i ^- 1). Then the integral curve (t, x(t)) of the 
system of differential equations with initial condition (5) meets each of the hypersurfaces 
(1) not more than once. 

By means of Theorem 1 we get the following 
Theorem 2: Let the condition (A) hold. Then the integral curve (t,x(t)) meets each 

of the hypersurfaces (1) not more than once and the solution x(t) = x(t, 0, x0 ) exists for 
all t-:^0.  

Proof: If (t, x(t)) for t > 0 meets no hypersurface from (1), then the proof is 
trivial. Suppose that, for t > 0, (t, x(t)) meets at least one hypersurface from (1). 
Conditions (Al) and (A6) imply the existence and uniqueness of the solution x = 
for t € I. Since for T i < t	r this solution coincidesvith the solution of the inte-
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gral equation 

X(t) = x + f /(r, x(T)) dr	(i	1),	 -.	 (7) 

then by the condition (A2) for I = T i , we obtain	 - 

I Ix+i - x' ^5 M(r 1+1 —r 1 ),	 (8) 

i.e., the conditions of Theorem 1 are satisfied. Then, according to Theorem 1, (t,x(t)) 
meets each of the hy'persurfaees (1) not more than once. - --

Finally we shall show that the solution x = x(t) is continuable for I	0. In fact	- 
if the integral curve (t, x(t)) meets a finite number of hypersurfaces from' (1) for I > 0, 
then the claim follows directly from conditions (Al) and (A6). Suppose that (t,x(t)) 
meets infinitely many hypersurfaces from (1). We shall show that j, ' > j1 (i	1). 
Suppose that this is not true, i.e. j11 < ji (the equality j	= )1 is impossible since
(t, (t)) meets each of the ,hypersurfaces (1) no more than once). Then, according to 
(6), t jg ,(X) < I(x), x E D. By this we obtain 

Ti+j = I(x 1 ) < t,(x+)
	 (9) 

Condition (A5) implies the ineivality 

t 1 (x 1 ) < t,(x) = To
	 (10)

Let -r' E.(T, ;+) be an arbitrary point. Then, according to condition (A3), 

t,(x(r')) - t(x) <	IIx(r') - x.	 (11) 

By (7) and condition (A2) we obtain the estimate IIx (T') - xCII	M(-r' - ti). Then 
we have t1 (x(r')) - i < -r' - r i which implies	 - 

< -r'.	-	 -	 (12) 

Consider the functionrp, (t) = t 1 (x(I)) - t on [r', r +1 ]. Since the function x = x(I) 
Oil (i ' , r 1 ) is a solution of the integral equation (7), it is , continuous in this interval, 
hence op is also continuous. From (9) and (12) we deduce (t') (r11 ) < 0. Hence 
there exists  point r" E (r', satisfying q('r") = 0, i.e. t" = Ij,(x(-r")). From this 
it follows that (t, x(t)) meets a, in the moment i". This contradicts the fact, that for 
T1 < I < x, the integral curve (e, x(t)) meets no hypersurface from (1). Hence the 
inequality j	> j i holds, i.e. 

1	j ' <2
	 (13) 

By this, since j i are positive integers, we obtain ji — +oo for i — cc, hence, accord-
ing to condition (A4), 

lim T i = lim t 1,(x) = +co.	 (14) 
I__,_ 

Since the solution x = x(I) is defined in each of the intervals (r e , ;+11(i ^! 0) we con-
clude that it is continuable for all t ^_> 0 I 

-It is possible for the integral curve of the system of differential equations with impulses, in 
spite of the condition (A), to meet not all hypersurfaces from (1), as it is seen by the following 

Example 2: Let n = 1, D = (0,.,+ c ), o: t = x + I (I	1),' dx/dt = 0, Ax(t) 
= —x/2(i ^! 1). The condition (A) is satisfied for M = 1/2, L = .l (1	1) In spite of this'
for x0 > 2 the integral curve (t, z(t)) does not meet the hypersurface (in this case the curve) (7' 2*
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Theorem 3: Let the conditions (Al) and (A6) hold. Assume further that the functions 
1, = t 1(x) (i 1) are continuous in D and that the integral curve (t, x(t)) for t 0 
meets at least one hypersur/ace from (1). Then 

- t8 (x 1+1 ))	- t8(x 1 + ))	0	(i, s	0). 

Proof: From conditions (Al) and (AG) it follows that the solution x.= x(t) exists 
and is unique in each of the intervals (r i , r 1] (i ^t 0). Consider the function	on 
[r 1 , r1+1],

= = t	 IX(t),—t8(x(t)),	x*(t) 
=

x	t	r1
 T i < t !^ t1.1 

From the continuity of the function x it follows that q9 is continuous. Suppose that 
(ra+' — t8(x 1+1 )) - t8(x)) < 0. Then 92(tg 1 ) q9(r) < 0, which implies that there 
existsa point r' E (r1 , t,) such that (r') = 0, i.e. t' = t 8 (x(r')) which means that 
(t, x(t)) meets the hypersurface a in the moment r'. This result contradicts the man-
ner in which the moments i (i ^! 1) are defined U 

Consider the f1lowing condition 

(B) t(x) < t + j(x+ 1 1 (x))	(x E D; i	1). 

Theorem 4: Let the conditions(A) and (B) be .atis/ied. Then the integral curve 
(t, x(t)) meets each of the hyperàur/aces (1) precisely once. 

Proof: At first we shall show that if (t, x(t)) meets ah iii the moments t, then 
j i = i (i	1). We shall prove this claim by induction. Suppose that (t, x(t)) meets 

in the moment r 1 . Then r = t,,(x(ti)). Suppose that j > 1 Then, according to 
(6), we get 

T j = t 1 ,(x( 1 )) = t11 (x1 ) > t 1 (x) .	. .	 (15) 

By the first inequality of (6) we find r0 = 0 < t 1 (x0 ). This together with (15) con-
tradicts Theorem 3. Suppose that. j3 = s for s = 1, 2, ..., i and that (t, x(t)) meets 

in the moment r, i.e. r i, = tj+,(x(r1+i)). According to (13) we have j+i i ± 1. 
Suppose that j 1 > i ±1. By condition (B) and the inductive assumption we obtain 
the inequality. . 

t 1 (x 1 ) — Ti 	t +1 (x -f. .I 1 (x)) - ti(xi) > 0.	 (16) 

From the assumption	> i + 1, the inequality 

	

- r 4 = 1 +1 (x1+1 ) - t11 ,(x 1 ) < 0	 (17) 

follows. But (16) and (17) contradict Theorem 3. 
Now we shall show that the integral curve (t, x(t)) meets the hypersurface a1. 

Suppose the contrary. Then for t > 0 the integral curve (t, x(t)) . meets no hyper-
surface from (1) at all (above we have shown that if the integral curve meets 
hypersurfaces from (1), then the first one of them is o). 1-fence, 

< t 1 (x(t))	for t	0.	 (18) 

In fact, if we suppose that there exists a point r' >0 such that v'	t i (x(t')), then for 
the function 92, (t) = t i (x(t)) — t, we find (0) > 0 and (r') :!E^ 0. From this follows 
that there exists a point t" such that q(r") = 0, i.e. (t, x(t)) meets a1 . By (18), using 
the conditions (A2) and (A3), we obtain t - t 1 (x0) < t 1 (x(t)) - t 1 (x0 ) < L 1Mt, i.e. 

< t 1 (x0)1(1 - L1 M) = const. This contradicts inequality (18). Now suppose that
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(t, x(t)) meets successively the hypersurfaces a 1 , Oi, ..., cr i in the moments r1 , r2 , ..., Ti, 
respectively, and that fort > r, it meets no hypersurface from (1).' Then t <t,+1(x(t)) 
for all t > r 1 . By this we obtain the inequality t < (1 - L1, i M)- 1 (t 1+ (x 1 ) - 
which leads to a contradiction I 

Definition 1: Let The an arbitrary positive constant. We shall say that the solu-
tion x = x(t) of a system of differential equations with impulses defined for 0 !E^: t T 
depends continuously on the initial condition x(0) = x0 if for every choice of e > 0 
and il > 0 there exists 6 = 6(e,) > 0 such that each solution y = y(t) of thesystem 

- considered with initial codition y(0) = Yo ' for which 11x0 - oII < 6, satisfies the ihe-
• quality 11x(t) - y(t)II < e for 0 ^ t	T and It - r > 71 where r 11 r21 ... are the

moments in which the integral curve (t, x(t)) meets the hypersurfaces (1). 

Consider the following condition 

(C) The functions I, (i :^! 1) are continuous in D. 
Theorem 5: Let the conditions (A)—(C) hold. Then the solution x = x(t) of the system 

of differential equations with impulses depends continuously on the initial condition 
x(0) = x0 for 0 :!^ t ^ T where T is an arbitrary positive constant. 

Proof: If for 0 t T the integral curve (t, x(t)) meets no hypersurface from (1), 
then the proof follows directly from [3: Ch. 5, § 2, Theorem 2.1]. Suppose that, for 
o :E^ t < T, (t, x(t)) meets at least one hypersurface from (1); Then from (14) it follows 
that there exists a nonnegative integer p such that 0 = r0 < r1 < ... < r, < T 
< r. According to Theorem 4 (t, x(t)) meets successively, precisely once, each one 
of the hypersurfaces (I). Hence, for () :!^ t < T, it meets successively the hyper-
surfaces a1 , a2 , ..., a. From (7) for x, <t	;, we deduce that x = x(t) satisfies the
integral equation 

X(t) = x(r,) + J(x(r.)) +1 f(r, x(r)) dr. 

By this inductively we-obtain 

X(t ) = x0 +E 1 1 (x 1 ) + f /(r, x(x)) dx,	0	t	T.	 (19) 
0 

Let y = y(t) be a solution of : the system of differential equations with impulses with 
initial condition y(0) = y0 and the moments, in which the integral curve (t, y(t)) 
meets the hy-persurfaces (1) for 0 <t < T, be m' '72' ...,	q = q(T, ye). Analogously 
to (19) for the solution y we obtain	 - 

NO	Yo +	I (y ) + ff(r, Y(T)) dx,	0 :s t ^T, •	 (20) 
11(1	 0 

where y 1 = y(?7) (i > 1). Introduce the notations O' = mm (x 1 , ,), O k" = max (x,1), 
= (Os', tJ"] (i > 1), Q = [0, T] \ (Q1 u u ...). It is easily seen that for t € Q 

the number of.the addends in the right-hand sides of (19) and (20) is one and the 
same. Hence 

jx(t) - y(t)II	lixo - you •+• Z II 1 (x(te)) — 't(y(m))II 

I III( x(-r)) -/(r, y(x))II dx,
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I E Q, by which we find 

Ilx( I ) - y(I )Il	lIxo - YIl -l-• 2' II4x( v )) - 
•	 '	 t^,1<t 

+,L' III (x(m)). - '1(())II + f L IIx(v) - y(v) dv 
0 

4- 	III (Y(;)) - '(?/(m))II -I- ,E III (x ( v )) - 1 1(x(iij)Il , (21)

Q. Suppose that the inequality r1 f-^- 71, holds. We shall show that 

•	I!x(r) - ()II ^ exp (Lv 1 ) IIxo - !/oII.	 '(22)

In fact, by (21) for 0 :!^ I < r 1 we get the inequality 

• :	IIx(I)	YOM	11XO -	+ f L IIx (t ) - y(i dv, 

from which, using the Lemma of Grônwall-Bellnian, we deduce 11x(t) - y(t) JI 

IIx - yoll exp (Li). By this for I = i we obtain (22). Put h1 = I i (y(v i )) - r 1 and 
h2 =	-- tl(y(vl)) From condition (A3) we deduce h 1 = t j (y( i )) - 
< L IIy (r1) - x (r i)Il, by which, according to (22), we obtain h 1 :!E:^ L 1 'exp (Lv 1 ) lixo - yI1. 
Since

Ily ( v i) — y(?)1)i:!E^	— r) = •AI(h 1 -f- h2 ) ,	 (23) 
the estimate 

h2 = I(y(i)) — t j (y(r i )) < L Ily(j1) - y(r 1 ) :!^ L 1 111'(h 1 ± h2) 

holds which implies h2 :i^: L 1 Mh 1/(1 - L1 M). Having in mind these inequalities se 
find the estimate 

m - v 1 = h + h2 
< L1exp(Lv1) 

Ixo - Yo•	 (24) 

By (23) and (24) we obtain the inequality 

Ily ( vi) - (m)Il ;5
	

jx - Y011 -	,	•	 (25) 

	

We shall estimate the expression Ilx ( ?)l + 0) - (m + 0)11 provided that	< r2 
(further on we shall show that if 11x0 - Il is sufficiently small, then	< O' (i	1), 
00 ' = 00 " = 0, which implies	< v2): 

ljx(m + 0) - y(m ± 0 )11	IIx(m + 0)	x(r + 0 )11 ± IIx (ri + 0) - y(?1i +0)11 
^ M(i - v) + IIx ( v i) + I i (x(vi )) - Y(2i) - 

— r) -f- IIx ( ri) - Y(771)I1 -f- I1i(x(r)) - 
•	

M(	- r) -I- IIx('ri) - y ( r )ll . -I- IIy (r i) - y(?ii)II 

:-I- 11 1i(x(ri)) - l j(y ( r ))II -I- 11 1i(y ( r i)) - 
By the last inequality, using successively (24), (22) and (25), we obtain 

•	 (1 + L1 M) exp (Lv1) 
IIx (m + 0) -- y(7) + 0)11	1 - L M	- YOu 

/ ± 11 1i(x(ri)) — Ij(y ( v i))I! + I Ij(y (vj)) - Ji(y('))II.	 •	 (26)
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If T, > 77,, we obtain inequalities analogous to (22), (24)—(26) with the only differ-
ence that the roles of the moments 1, Th and of the functions x, y have changed. 
More precisely, define the functions 

I x(t)	if Ti > 71i
(0 ^ t	T). z 1 ,	z(t) 

= yt	if Ti 

Then the following inequalities hold: 

L 1 exp (LU1') 
—0 1	I771T1I, 1—L1M	lIxo — yoll, 

L 1 M exp (LU1') 
llz i(0i") - z1(01')II	

- LI.M	Ik0	YON, 

Il x ( O i') - y (U ')Il ; exp (LO,') IIxo - YolI 

11 X ( 0 1" + 0)	Wi l l + 0)11	
• (1 +	 (LO,')	

- You 

-I- ll 1 i(x :0 i')) - J i (y(Ui'))II 1: II I (zoi'')	Ii(zi(Ui'))II .	 (27) 

Assume that 0 < 0', i = 1,2, ..., p + 1 (further On we shall show that these ine-
qualities are fulfilled for sufficiently small values of lI xo - yoID . Consider the solu-
tions x(t, V, " x(07_ 1 + 0)) and y(t, 0, Y(U_ 1 + 0)), (i	1) of the system of differen-
tial equations with impulses which coincide for t > 0	with the solutions x = x(t) 
and y	y(t), respectively. Analogously to the inequalities (27) we obtain the follow-
ing ones:	 - 

L, exp (L(0 1 ' - 
- o'	1 - L.M	

lx(O-i + 0) - y(07 1 + 0)111 

iOlf ' - 
I1z (0 1") - z(U')II	

L 1M:exp (L(0 
1 - Ljkl	IIx(U_i -I- 0) - y(U.. 1 ± 0)11 

Ilx ( 0 ')' - y(O')Il :^ exp (L(U,' -	I1x(0_ -1- 0) - y(Ui. 1 -.f- 0 )11,	(28)

(1 + L 1M) exp (L(0' - 
IIx (0 " + 0) - y(0 1" + 0)11	 1 - L1M	 I1x(0,'_1 + 0) 

- y(U 1 -f- 0 )11 -f- II 1 (x ( 0 ')) - 

-I- 1I1,(Z1(01'')) - I(z(U1')) II. 
Let e> 0 be arbitrarily. Then from (28) for i = p +1 and from condition (C) it 
follows that there exists a positive constant ô, = 5,) > 0 such that the inequality 
1Ix (0 " + 0) - y(0" + 0 )11 < ô,, implies the inequalities 

65+1 -. 0' + < e,	 IIz+1(6'+1)	z+1(6',+1)I1 < e, 

llx( U'+) -. y(0 +i')II < E,	IIx(U+i +0) - !/( 'p'+i + 0 )11 < E. 

Analogously, for each i = p, p - 1, ..., 1 we define . successively the positive con-
stants 4-1, 6p-2)	o such that the inequality IIx( U -1 + 0) - y(U - + 0 )11 < ô 
implies the inequalities	 S 

- U' z ,	 llz(0'') - z(0')jj ( E, 

IIx ( U ') - y(U')Il <e,	1x(0 + 0) - y(U" + 0 )11 <mm (, ô).	
(29)
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From this it follows that if tx0 - oII < 6, then for every i = 1, 2, ..., p + 1 the 
left-hand sides of each of the inequalities (28) are smaller than E. Using these results 
we conclude that if 77 > 0 is an arbitrary constant, then for sufficiently small lIxo - II 
the following relations are fulfilled: 

p+I 
a)E - rI <,. 

i1 
b) 0 ." 	i.e. max (T i, 	mm (r 1 ,	), i = 1, 2, ..., p. 
c) If r,, < T < r,,+ , then the number of the meetings of the integral curve (t, y(t)) 

with the hypersurfaces (1) for 0 :E^: t ^ T is precisely p. In fact, if we put 
17 = min(T - r ) t f - T), then from a) it follows directly that p = , q. Note that for 
T = Tp+ i both equalities p = q and p + 1 = q are possible. 

d) Directly from a) we obtain {t E [0, T] I It - I > 77 1	Q.. 
From inequality (21), using inequalities (29), condition (C) and the above conclusions 
it follows that for the arbitrarily chosen positive E > 0 and 71 > 0 for sufficiently 
small 11 z0 - II the inequality 

IIx() - y(t)ll :5^ + f L IIx (T) -Y(T)I I dt	(0	t	T, It - ru I > ) 

holds by which, according to the inequality of Gron wall -Bell man, we obtain 

11x(t) - y(t) :5: e exp (LT) (0	t :E^: T, It - r > 'i; i	1) •' 

In the following theorem we shall prove the continuous dependence on the initial 
condition of the solution x = x(t) of the system of differential equations with impulses, 
substituting for condition (B) the following less restrective condition 

(D) t8 (x,)	r 1 (i	1 s ^E! i). 

Note that by the. conditions of the following theorem it is possible for' the integral 
curve (t, x(t)) not to meet each one of the hypersurfaces (1), i.e. the claim of Theorem 4 
is no more true. 

Theorem 6: Let conditions (A), (C) and (D) be fulfilled. Then the solution x = x(t) 
of the system of differential equations with impulses depends continuously on the initial 
condition x(0) = x0 for 0 :^-. t :!-, T, where T is an arbitrary positive constant. 

Proof: First we shall show thatif liz0 - Il is small enough, then for 0 :!E^ I :!E^ T 
the integral curves (t, x(t)) and (t, y(t)) either both do not meet, or both meet the same 
hyperurfaces from (1). Assume, that (t, x(t)) meets no hypersurfaces from (1) for 
0^t:!-, T. Denote 

A = ((t, x) 1 0	t	T, x = x(t)}, B =. {(t, x) It = t 1 (x), x € D} 
where D is the closure of D. Since A and B are closed, A is bounded and A n B = 0, 
then 0(A, B) = e > 0. Applying [3: Chap. 5, § 2, Theorem 2.1], we conclude that if 
lixo - y0II is small enough, then ltx (t) - y(t)II < e 1 holds for 0 :!^- t	T from which it 
follows that (t, y(t)) for 0 :E^'t	T meets no hypersurface from (1). 

Now assume that the integral curve (t, x(t)) meets some hy-persurfaces from (1) 
for 0 t ^-, T. We shall prove that if 

t3 (x) < Ti< t8j (X),	 (30) 

then s + 1 = j+i, i.e. (t, x(t)) in the' moment r 1 meets' the hypersurface r8+1. 
fact, if we assume that j+1 > s + 1, then, according to (6), t31 (x11 ) < t1 ,,(x) =
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This inequality and the second one of (30) contradict Theorem 3. If we assume that 
< s, then the inequality T i,, = 1 1 ,(x +1 ) < t 8 (x) and the first one of (30) con-

tradict Theorem 3. If we assume that j = s, then by (30) we obtain 

1:1+1 - T i < t1+,(x 1±1 ) - t3(x) = t3 (x1'1 ) -	-11x1" - xCII 

which contradicts inequality (8). 
Having in mind that t8 (x1 ) --> +ao for s --> oo and by condition (D) we conclude 

that for any i	1 there exists a nonnegative integer s such that the inequalities (30) 
hold. Hence	 - - 

tj ,, _1(x) < Ti < t 1 ,(x 1 ).	 (31) 

In order to show that the integral curves (t, x(t)) and (t, y(t)) meet the same hyper-
surfaces for 0	I	T it suffices to show that if li xo - oII is small enough, then 

tji+i(Yi) < 77i < t i (y)	(i = 1, 2, ..., p), I	 .	 (32) 

where y = (m) + I(y(?i t )) and j1 is the number of the hypersurface met by (t, x(t)) 
in-the moment Ti. The two integral curves meet the hypersurface r in the moments 
r 1 and q, respectivefly. Assume that for i = 2, 3, ..., s - 1 the inequalities (32) hold, 
i.e. the two integral curves meet successively the hypersurfaces oi, ii ,, ..., o s,. We shall 
show that for Ixo - Yoll small enough the inequalities (32) hold for i = s as well 
which implies that (t, x(t)) and (t, y(t)) meet the hypersurface in the moments 
;1 and 118+1 ,respectively. In fact, by the inductive assumption analogously to (29) 
it can be shown that for Ix, - YOM small enough the inequalities 

0 	0' =	- 11	e,	IIx (03" ± 0) - y ( 08" + 0 )11 < e	 (33) 

hold. Assume r	0" (the case r3 >	is considered analogously). '['hen 

lIx -	lIX - X(110II + IIx ( ?)8) - yl 

M(718 - ) + x(03 " + 0) - y(03" '+ 0) 

by which, according to (33), we obtain 

IX3 - y,1	(M + 1) e.	 .	 (34) 

From the first inequality of (33) and inequality (34) it follows that.	- 

((t, x3 ), (11s, y3))	(M + 2) .	 (35) 

By (31) the point (-r8 , x3 ) belongs to the open set 

G = ((I, x) I t,(x) < 1< t, ,,,(x), x E D}. 

From (35) it follows that for sufficiently small e > 0 the inclusion (113, y) E C j5 

fulfilled which implies (32) for i,= s. By induction we obtain that for lI xo - II 
small enough the inequalities (32) are satisfied for i = 1, 2, ..., p. If (t,,x(t)) meets 
no hypersurface from (1) for 0 t T, since for lixo - oII small enough the integral 
curve (t, y(t)) also meets no hypersurface from (1), by [3: Chap. 5, § 2, Theorem 2.1] 
we conclude that the solution x = x(t) depends continuously on the initial condition. 

Assume that the integral curve (t, x(t)) meets some hypersurfaces from (1) for 
0 ^ I :E^ T. By Theorem 2 it meets each hypersurface no more than once. Then by 
condition (A4) we conclude that (t, x(t)) meets a finite number of hypersurlaces 

, 11), (j1 = 1) from (1). For lixo - oII small enough (t, y(t)) meets the same hyper-
surfaces for 0 ^ I f^— T. Further on the proof of the theorem is similar to that of



-	 Differential Equations with Impulses	193 

Theorem 5. In fact, analogously to the inequalities (21), (28) we obtain the inequali-' 
ties 

Ilx( t ) — y(t)tj	lIxo — Y.11 -f- 2' IIIj(x(r )) — J,(y(rj))II 

+ z II I,,(()) — '(y(m))II + f L IIz(t) - y(r)II dr 
0 

•	-f- 	II j , y(;)) -	II + 2' 111,,(x(ti)) -- 111(x( l7i))Ij ,	E Q, 

L exp (L(0 1 ' — 
-
 oil ^	

1 - LjrIll '
	1Ix (O_1 -I- 0) - y (O _1 -l- 0)11, 

L . M exp (L(0 1 ' -' 
IIz(O'') - z(O')ll	 - LM	'	Ilx ( O ..1 + 0) - y(O1.. -F- 0)11, 

IIx(O') -- y(O 1 ')il	exp (L(o' - 0_)) llx ( O -_ ± 0) - y ( O 1 -- 0)11, 

((1 + L M) exp L(O . '	0.")) 
llx ( 0 '' -f- 0) - W i ll -F- 0)11	

1 -	
'	IIx(01'' 4- 0) - Y(O_ 4- 0)11 

+ II,(x(o)) — 1 i(y ( 0 e'))I I 
-I-. I,(z(0'')) —. I(z(O'))11 

where the points 0' and 0", the, function z and the set Q were introduced in the proof 
of Theorem 5. From these inequalities repeating the arguments from the proof of 
Theorem 5, it follows that the solution of the system with impulses depends contin-
uously on the initial condition I 
3.2 Continuous dependence on the initial condition when the phenomenon "beating" 

is present 

Denote by (E) the following group of conditions: 
(El) mj :!:—:^ 1111(x)Il ^5 M 1 (x ED; i --:! 1), where m, M i are positive constants. 
(E2) The functions t = t(x) (i ^ 1) 

(i) are Lipschitz on D with respective constants L . < m/M(m + Me); 
(ii) • satisfy the inequalities t,(x + I,+j (x)) <	x E D. 

(E3) For any x E 1) and i	1 there exist neighbourhoods U(x), Vi(x) and W,(x) such 
that	 S 

(I)	V(x) is hounded, 
(ii) U,(x)	V 1 (x)	W 1 (x) = D  
(iii) (R" \ V i (x) , U 1 (x))	m 1 +M, e(lt' \ W(x), V 1 (x))	rn + M1, 
(iv) t,(z 1 )	t(z2 ) for z 1 € V i(x) \ U,(x) and z2 € W . (x) \ V,(x). 

(E4) For any x E D and i 21 1 there exist a unit n-vector y 1 (x). and a-function d,: 
D — R such that 

Qj < d1(x)	
(I(z), y(x))	

(z E V(x));	Loi	
MLM 

• 11401 m, - ML1m 

As it was shown by Example 1, if the integral curve (e, x(t)) of the system with 
impulses meets infinitely many times one and the same hypersurface, it is possible. 

13 Analysis Bd. 8, Heft 2(1989)	 -
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for the solution x= x(t) riot to hecontinuable for all t	0. The following theorem
contains sufficient conditions by which the integral curve meets a finite number of 
times each one of the hypersurfaces (1).	 - 

Theorem 7 (cf. [141): Let the conditions (Al), (A2), (A4), (A6) and (E) be satisfied. 
Then the integral curve (t, x(t)) meets each one of the hypersur/aces (1) a finite number 
of times.  

Theorem 8: Let the conditions (Al), (A2), (A4), (A6) and (E) hold. Then the solu-
tion x = x(t) of the system of differential equations with impulses is continuable for all 
t	O.  

Proof: If the integral curve (t, x(t)) meets a finite number of hypersurfaces from 
(1), then, having in mind Theorem 7, it follows that the moments -r i are a finite num-
ber which by conditions (Al) and (A6) implies that the solution x = x(t) is defined 
for all I 0. Assume that (t, x(t)) meets infinitely many hypersurfaces from (1). Then 
by Theorem 7 only a finite number of members of the sequence of positive integers 
1, J, ... can be equal to 1, 2. .... Hence it -> +00 for i -+ cc by which, according to 

condition (A4), we obtain (14) and conclude that x = x(t) is defined for all t ^ 0 I 

Theorem 9: Let the conditions (Al), (A2), (A4), (A6), (C)—(E) be satisfied. Them 
the solution x = x(t) of the system of differential equations with impulses depends con-
tinuously on. the initial codition x(0) = x0 /or 0 t T,'where T is an arbitrary posi-
tive constant. 

Proof: If for 0 !^ t :5; T the integral curve (t, x(t)) meets no hypersurface from (1), 
then the assertion is proved analogously to Theorem 6. Assume that (t, x(t)) meets 
some hypersurfaces from (1) for 0 t T. We shall show that for any i I the 
inequality j 1 ^ j i holds. In fact, let us suppose that there exists a positive integer s 
such that

js+1 <is.	 (36) 

Since for r5 <t !z^ ; the solution x = x(t) coincodes with the solution of the integral 
equation

X 	+ff (T I x(r))dr, 

then by condition (A2) we obtain the estimate 

11x3_1 - x3 I fs^ i11(r3 . 1 -	 (37) 

By inequalities (37), (6) and condition (E2)/(ii) we find 

t 1 ,(x3 ) < t1 , 1 (x8 ) < ... < t1, .(x3 ) < t, ,(x,)	rg .	 (38)

By this and condition (E2)/(i) we obtain 

-	<t;(x81 )	 4 1x5+i - 

which contradicts the inequality (37). Hence j' < j2 . ... In the proof of Theorem S 
we showed that inequality (14) is satisfied. -Having in mind this inequality, inequality 
(38) and Theorem 7, we conclude that the integral curve (t, x(t)) for 0 < t ^ T meets 
successively a finite number of hyérsurfaces ai respectively ni times, where 0 :!_^_ n1 
< +cc (i = 1, 2, ..., p), n,, >. 0 and p < cc. Assume that the integral curve (t,-y(t))
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of the system of differential equations with impulses with initial condition Y(0)	Yo for 0 < I	T meets successively the hypersurfaces o i respectively m times, whe're 
0m 1 < ±oo(i = 1, 2, ...,q),mq > O and q < oo. Leta and	 lie the last hyper-
surfaces from (1) met by (t, x(I)) and (t, y(t)) for 0 ^ I :!_^- T, respectively. We shall 
show that for llxo - oII small enough these integral curves meet for 0 <  T the 
same hypersurfaces an equal number of times. Suppose that this is not true, i.e. 
nj = m i ,(i= 1,2,.:.,s— 1), n3 <ni3 and	where 1=n 1 -f-	+n3_
(the remaining three cases: n3 < rn3 and r 1 ij,; n3 > rn3 and Tr < ; n8 > m3 and 

where r = m 1 --	•+ m3 are considered analogously). Let E > 0 be arbi-
trarily. For 11x0 — yo l l small enough, similarly to (35) we obtain the inequality 

((T, x,'), (m y)) ^ (M + 2) €;	 (39)
From condition '(D) and the fact that (t, y(t)) meets at least once the hypersurface 

-	i for I > 77, it follows that (?j y) € G, 0 = {(t, x) I tj.. 1 (x) < I < 18 (x), x € D}. 
Since the set C is open, from (39) it follows that, for a small enough, (r 1 , x1 ) € C 
which contradicts the assumption that (t, x(t)) for I > r does not meet the hyper-
surface a3 . Further on the proof of the theorem is analogous to that of Theorem 5 I 

Example 3: Let a = 1, , D = ( — cc, +cc) and the hypersurfaces (in this ease they are 
curves) are of the type

xE —i,iJ  -	(41.	x I [-1.1]	— 
Consider the differential equation with impulses 

dx	1	 5(-1) 
= 7,	

x(; ± 0) —x(t1) = _____ dt  

It satisfies the conditions of Theorem 7 for M = 1/4, m = M1 =, 5/4, L . = 1, U 1 (x) = (-1 
— I xI, i ±lxI), V.(x)=(—i-3___jxI,i+3+uxu), W(x)=(-z-i___6-._Ixp,j+6±IxI) 
d1 (x) = 1 and if the unit vector y(x) (in this case it is one-dimensional) has a coordinate (-1). 
Hence, by Theorem 7, the integral curve (1, x(t)) meets each one of the impulse curves t = t(x) 
a finite number of times. E.g., if x 0 = 0, i.e. the initial point of (, x(t)) is (0, 0), then (t, x(t)) 
meets the curve a consecutively twice in the points (4, 1) and (5, 0) and for any i 1 meets 
the curves a, once in the points (101, 0) and the curves a21+1 three times each in the points 
(101 + 3, 2), (101 +' 4, 1)- and (101 + 5, 0). It is easy to verify that this system satisfies condi-
tions (C) and (D), too. Then from Theorem 9 it follows that the solution of the initial value 
problem depends continuously on the initial condition. 
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