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In dlescr Arbeit werden \aherungsverfahren fur smgulare Integralgleichungen auf Kurven

~ mit Ecken betrachtet. Es werden notwendige und hinreictiende Stabilititskriterien fir die

stiickweise konstante ¢-Kollokation und fiir bestimmte Quadraturformelverfahren hergeleitet.

B crarbe PACcCMaTPHBAIOTCA METORb! nbuﬁ{mmelmoro PellIeniA CHUTYAAPHHX HHTErpaNibHbIX
yPaBHEHUN HA KPUBHIX ¢ yraamu. JJIA METO/A e-KOMIOKAUMH € KYCOMHO MOCTOAHHBIMIU KO- °
OPAMHATHLIMIE QYHKUHAMU M I8, ONpefeTeHHbIX KBAIPaTYPHBEIX METONOB n01\a3aunaio'rcn
HeoG\{onuMbIe H JIOCTATOYHbIE YCIOBHA yCTORUIBOCTI. v

.

* This paper is concerned with approximation methods for singular integral equations on curves
with corners. Necessary and sufficient conditions for’ the stability- of the pwcewnse constant
e-collocation a.nd of certain quadrature methods are given. -

0. ‘Introduction

01 ’\'Iany boundary - value problems of elastncnty, aerodynamlcs, hydrodynamlcs,

-fluid mechanics, electromagnetics, acoustics, and other engmeermg apphcatlons can
" be reduced to a smgular integral equation of the form B

“Aru(t) ;= c(t) y(t) + d:(?ftu—(_r)—t dv + f k(t, ©) u(z) dv = f(?) (ter), -
. . r r ' ’

. (01)

- o !

. . ; . ot - -,
where I' is a closed and piecewise smooth curve in the complex plane¢, ¢, d and k are

given continuous functions, w is the unknown solution and the first integral is to be

~ interpreted as a Cauchy principal value (see, e.g., [3, 14, 16, 17]). For the numerical

solution of this equation spline approximation’ methods are extensively employed.
In fact, collocation and quadrature methods are the most iwidely used numerical

procedures for solving-the boundary mtegral equations of the form (0.1) arising from_

exterior or interior boundary value problems of applications. (See, e.g., [1, 3,4].)

If I' is a closed smooth curve, a fauly complete stability theory and error analysis
of collocation methods for (0.1) using smooth splmes has-been established (see the
surveys given in [8, 28, 15: Chap. 17, 26]). A general approach to the stability and
error analysis of quadrature methods for (0.1) using equidistant quadrature knots
has been developed in [19, 23]. <

In this paper we present a stability analysns of quadrature ‘and spline collocation
methods for (0.1) in the case when I is a closed curye with a finite number of corners.
For this case, Costabel and Stephan (unpublished) proved the strong elllptlclty of the
operator 4 to be sufficient for the L2-stability of the piecewise linéar collocation: We
establish conditions for the stability of the collocation method with piecewise con-
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stant trial functions on uniform partitichs. Repea.tmg the argumenta.tlon in the
correspondmg proof it can be shown that the strong elllptlclty is not.necessary for
the piecewise linear colJocatlon to be sta.ble

0.2. The dlscretuatlon of (0.1) via splme collocation is very snmple We take a- finite -

~ set, of collocation points {r,(", k = 0,...,» — 1} — I' and choose a space of spline.

functions X, (dim X, = =) on I. For the exact so]utlon u=Adr 1/ we determme an
approximation u, € X, by solving the’ system Co- -

-

L ) @) = ), k=0.La—1. . (0)

-If X is defmed on & suitable graded mesh and the degree of the functions in X, is

’sufflmenbly large, then a high order of convergence is to be expected. However, for
the sake of simplicity, we restrict our considerations to uniform partitions and picce-

wise constant splines. Using the arguments of this paper it is not hard to treat special -

. nonuniform meshes (see, e.g., [22]) and spline functions of higher degree, too. —
In order to solve the system-of equations (0.2) one has to compute (Au,) (™).

If this can not be done analytically, then one has to make use of quadrature rules. In

this case we recommend-the immediate discretization of equation (0.1) via.quadra-

ture rules. Thereby, the singularity subtraction. tcchmque is needed to'obtain conver- .

gent approximation methods. If suitable graded meshes and quadrature rules with

" high accuracy are used, then a high order of convergence c¢an be achieved (compare

the quadrature methods for the unit. circle in [19, 23]). For the sake of simplicity, in =

this paper we use the rectangle rule. However, by the same way a modified rectangle

rule can be considered. In fact, a suitable modification of the quadrature weights in a_

finite nimber of knots (m the nelghbourhood of the corner points) leads to high accu- .

‘racy of the quadrature rule. It is also possible, but- more complicated.to mvestlgate
composite Newton-Cotes rules e.g. the composite Simpson rule.
In order to show the nature of our, quadra.ture methods we discretise the equatxon

' ARu(t)=f(t) teR I S (0.3}
_ T N\

au(r)

.Agu(t) —a(t)u(t)+ /

Though for numerical computation, the resultmg quadrature methods are not of
" interest, they are very simple to deduce and give a good motivation. for the methods

in “consideration.. Fix ¢ N, —1 <e< 1 and for k€ Z, set t,‘(") = k/n, 1, -

(Ic + &)/n. Usmg the rule . ..
f g(8) dt~Zz gl —. | \ . .~ (0B)
R % LR = o .
we tha,in" ' . : : :
A1 (e —um®) g ™)~ () 1
W) T —nm™ T A T—n"™ Mg 4™ —h®
CoU oAy 1 e
. S~ — —_—— ——— ")) — _—
Ve i iezz ;M — 7™ ulr )7‘ é? k—e’
' . - © (0.6)

- dr +fk(t 7) ulz)dr. : '(0.4).“
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U ) (1 e 1 7
. “For & %= 0, the well-known formula .cot (nz) = — - + 2 [ + 7]} yields

. j=1 X — 7 z +
R 1@ L ™) 1 o :
= e~ = Y Ty (me). 7
= p— tk(")_dr "= KZZ' t( p—— u(7e™) 1 cot (7ze) (0.7)
B -~
Replacmg ‘the mtegrals in (0:4) by (0. 5), (0 7)and substltutmg u(z, ™) by u(l™) we.
arnve at . 1
< _ o, ‘" 1 uU(tiW) . 1
o -‘[( ())—100t(75)]un(¢k(\))+—§mz
: + 2 k™, 40) uny m) o = e, kL (08)
7EZ o ~

’ For e = 1/2 or ¢ = —1/2, cot (ne) vanishes and the system (O 8) is called the melhod
of discrete whirls (see [3]). .

If ¢ = 0, then (0.6) and )j" (1 + 1/(—f)} = 0 yields

1 w01 (e, . 1. 1.1 _ L
— — _dr ~ _ —_ t(") i 0.9
Anifr—tk‘"’ ' m,‘?‘:t"')—t("’ n+m nu( ), ( )_./
R. - . j¥k <

R Replacmg the integrals of (0. 4) by (0.5) and (0. 9) and neglectmg the small term

1
— o' ({!") we obtam ~ - 3
AN . ‘ -
o 1 un(t;™) 1 o e .
((m)u(tk(”))-rmém__*—zk(“)t())u(“))—
) . 7_#1‘ ~
= /(tk‘“) C keZ. - 3 - - (0. 10)

The correspondmg quadratme methods to- (0 8) and (0 10) on smooth curves has
been considered'in {19, 23]. In the present paper.we extend the analysns to the case of
curves with corners.

. Now let us consider a quadrature method whlch is cOmplete]y new, even in the
case of smooth curves. Therefore in the discretization of (Arw) (t™) = f(t,,(")) we use -

- fg(t)dt~ z ge"")—
I ;-k+lmod2 ’
Analogously to the derivation of (0.10) we get

' .
1 u (¢,1™) : 2
.kat"’fu () = _"_____ . kt"')t(”’ £.m
W + 2 LR ) ) 2
jmk-+1mod2 je=k+1mod2

= f(&'"), kelZ. | (0.11) -

/

Since no substitution u(z,™) a u(tk‘")) and no neg]ect of 1/(7:1 n) v (&™) is needed
" this method converges faster then (0.8)'and (0.10) in the case of smooth curves. Fur-
thermore, the invertibility of operator A will be enough to secure the stablhty of
(0.11). For the unit circle, method (0.11) and the method of mgonometrlc collocatlon
coincide.
All the quadrature and collocatlon methods of this paper have one thing in com-
“mon. The equatlon Aru=fis replaced by a discrete operator equation of the type

14*
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Aqu, = fa, where 4, is an approximate operator of 4 acting in the space X, of spline.
functions'and f, € X, is an interpolation of /. A numerical method of this kind is said
to be stable if 4, is mvertlble for n'large enough and sup {|4,7!|| < oo. If the method

- in consideration is stable, f is Riemann integrable and 4, converges strongly to 4, .
then the approximate solutions u, converge to u (see, e.g., [15 p- 432)). Furthermore,
the stability implies the condition number of the finite linear system of equations -
A,u, = f, to be baunded as n — oo. Thus the main point is the proof of the stability.

For every dapproximation method under consideration, the problem of stability

will be reduced to that one of the corresponding method for a model problem on an
_angle utilizing a localization principle. Moreover, Mellin techniques are applied in
order to handle the model problems. These arguments are generahzatlons of those
used in the case of smooth curves (see, e.g., [2, 18, 25, 26]). In comparison with proof
techniques based on strong ellipticity (see, e.g., [1]) they are more complicated. How-
ever, in many situations strong ellipticity argum'é'nts'do not work. Furthermore,
contrary to the sbrong ellipticity techniques our proofs yield not only the sufftcnency,
but also the necessnt,y of the stablhty conditions.

0.3. We cdncludé this section by introducing some notations:

T — unit circle {z €C: |z = 1};
R(I") — class of bounded Riemann integrable functions on I'; .
"PC(I'). — class of piecewise continuous functions on F (i.e., for f € PC(I'), there .
) - exist the finite limits f(¢ 4 0) and f(¢ -+ 0) = f(¢ — 0) except a finite
number of points ¢t €T); - i .
L " — "Hilbert space of sequences {£,}7.¢, & € CA, - B
[2 — Hilbert space of sequences {£,}7 _, &, € C;
X  — an abstract Banach space; -,
X, * — linear space of column vectors of length » with entries from X ;
" Xpxn - . — linear space of n X n-matrices with entries from X; - e
T(a) = - Toeplitz opcrator generated by a € PC(T) (i.e. T(a) = (a;_4);%k=o, Where
. a, (I.€ Z) is the 1-th Fourier coefficient of the function a); o
£(X) — Banach space of continuous lineat operaﬁors‘on X.

-

1. Quadrature methods for singular integral equations on cui'ves with corners

1.1. Quadrature methods on an angle

Let us consider quadrature methods for the approximate solution of singular integral
equations on curves with corner points. To this end;, we shall use snmple quadrature
methods which are similar to those ones used in the case of smooth curves (see [19,
22, 23]). Our aim is to establish necessary and sufficient conditions for the stability.
Since these conditions will be shown to be'of local nature, we start with the simplest
vsntuatlon of an angle. After that we attribute the general case to that one of an angle
by. using localization techmques

-Let I'y (0 < w < 2n) denobe the angle { e“" 0= t ‘< oojuft,0 <t < oo} Sup-
pose the singular integral operator 4 = ¢I 4 dSp, with ¢, d € C to be invertible in
L¥F,), ie., ¢ + d & 0. If we seek an approximation u, for the solution u € L¥(TI)

- of the equation Au = f, f € R(I',) n L¥(I,), then [19, 22, 23] suggest the following™
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. >
. &

ouddrature methods: Choose two different numbers ¢, 6 (0 < &, 6 < 1) and set .

/ k+o  Ek>o, kte  gr=o,
. B n . n
4" =9 - L T\ = e : ,
S mall ifk <0, . ——_:—ee“” ifk<0. -
n g . . -

Determine approximate values &;™ of u(;”) (j € Z) by solving one of the systems |

.- . > ‘ ( )', 1 oo E}_(n)h 1 -
. n - l-___— —
{C — 1 cot (R(E '—6)) d} fk + d i {’é;) ti(”) — ‘tk(") poy
—1 : 5,("‘) . elw : . N '
+ — = flze™ keZ, - 1.1
h R = e, k€ o
1'( &= 5 (n) 1 . —l §,(ul —ele
£ (n) — _si .Y S
) + d 7l {20 t; (n) — tk(n) n +i=§w l,-(")_ —_ tk(") n ’
P B Gk jEk ~ .
= /(t‘(")), k € zs ] ) S, (1-2)
o gm o2, . g _2efe '
- (n) e 2 = R J
L ek +d i { ’.é; tn) lk("_) n_ i;Z—,@ tj"') — 4"
jmk+1mod2 ;s:k-{-]»modz )
" 57(") 1 o . - i R ..
a ;é;' m;(l—e):](tk ), kez.. (13
jmk+1mod2

If there exists a unique solutlon (E,‘("’)kez, then we obtam an approx1mate solutlon Ug .
by settlng

='-Z'§k(n)ka_, ‘ ' R ' 3
- e T |
' (1 k=t < (k41 )
(M () = st <+ )/n”k=0,l,2,...,
' 0 else, . ¢

H

. ' —e—iw
"”(t) {1 if Ic/n < —e t < (k 1)/n, _ 1 2.

0 .else.

’

If the methods (1.1), (1.2) or (1 3) are stable, then it is not hard to prove the con-
vergence of u, to the exact solution u of the equation Au = f. However, we_ consider
the quadrature methods (1. 1)—(1.3) as modé¢l schemes for adequate numerical pro-
cedures on general curves with corners. From this point of view, it suffices to establish
necessary and sufficient conditions for the methods (1.1), (1.2) and (1. 3) to be stable.

Let 4, denote the matrix of the system (1.1), (1.2) or (1.3), respectively, We define
- the mterpolatlon projection K, by K,,y = Z y(T™) 1™ (y € R(I‘,,,)) and denote the

orthogonal prOJectlon onto im K, n L¥(T", ) by L,. In what follows, we shall identify
the operators of £(im L,,) with their matrices correspondmg to the base {xk‘") kel).
Due to . .

= no el

| 2 &n™
kez L

\
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e

these > matrices are considered to be operators in [2 In particular, since the matrices
A, € .t’([2 ) are mdependent of n, the sequence {A,} (A,, € f(im L,,)) is stable if and

 onlyif A,€ .2’([2 ) is invertible,

v

.+ Theorem 1.1: The /ollowmg asserlzons are valzd .
a) The operator. A, € £ (12 is a Fredholm operator. with index 0 if and only if

Zi: ¢ 2, where 0Q:= {0} for (1.3), Q.= (—oo, 0] for (1.2) and Q:= {e““f‘—"’t,
—Qo<t<0}/or(1 1).
: b) The operator A, is znvertzble in 12 z/ and only z/

Q Q u 95 Herc (D deno-

tes an at most ‘countable subset of € N\ Q u,hose accumulatzon pomts belong.to Q.
c)I/w—n,then<1> g,

Asserbxon b) of Theorem l 1isan easy consequence of a.ssertlon a). To see this, we

set B(A) — A for 2 = —i— . Obviously, the function C\ 2 5 2 —>B()) isana-

lytic (even lmear) and its- values are Fredholm operators with index 0. Since
C \ Qis connected and B(1) = I, the points of @ := {1 € C \ 2, B(2)isnot mvertlble}
must be isolated and b) follows. .
- To show a) we ,need some results on Toeplltz operators whxch are due to GOHBERG -
and KrurNIK: (see [11,13]). Let A = £({2) denote the sma,llest algebra.containing all
- Toeplitz operators T(a) with @ € PC(T). Then %, S F(Baxn (n € N) isan: algebra
. of continuous operators in [,2. There exists a multiplicative linear mapping A, x, > B -
—> Ag into the algebra of bounded n X n-matrix functions over T X [0, 1]. The sym-
bol Ay of B = (B, ,)k, -1y Bi; € A, isequal to ((AB“),” -1 and thesymbol A, of T'(a)
with a € PC(T) is given by Aria(t, p) := pa(r + 0) + (1 — u) a(zr —.0), where
(z, n) €T X[O, 1]. Furthermore, B'€ U,x, is a Fredholm operator if: and only if
~det Ap(z, u) = Oforallr € Tand 0°< p < 1. Suppose B € Upnxyq is-a Fredholm opera-

tor and there exist w; €(0,27) (j = 1,..., k), wg := 0, wyy1.:= 27 such that Ap(t, u)

= dp(z, u') for v F=e'r (7 =0, . Ic) and 0 ,u,[u =< 1. Then the index of B is

.equal to —ind det A, i.e., to the negative "index of the curve Iy u I'u---uly,

T;:= {det Ap(c'%,0), w; = T < wj} U {det Az(e!, 1), 0 < u < 1). Fmally, the
) a]gebra Anxn contains all compact operators and, moreover, B € QI"X,. is compact if
and only if £z =0.

"By virtue of 2@ [z = lz we can identify 1’([2) with f([z)zxe and obtain Yoy, S .Y’([z)
Assertlon a) of Theorem 1.1 will be proved if we show 4, € Azx2 and ind det A4, 4,=0. -
To do this, let us start’ w1th (see '[24: Lemma 3.1 4nd Lemma 3.2])

Lemma 1.1: Letz € C, —1/2 < Rez < 1/2, A ((k + 1) Ok, ,)ki_oanda € PC(T).
Suppose that there exist w; € (0 2n), wo:= 0, wyy) 1= 27 such that the restriction of a-

. “ to &%, 0w, £ < w4} (7 =1, k) is thce dzf/crentzable Then the following asser- -

~ tions are valzd
(i)- The Wur{x A' ‘T(a) A belongs to A and
: ‘AA-‘T(a)A‘(T: wo - : B
[ if v et f=0,....k,
=19 ar+0+ 1— )ar—O e—lem . .' : (14)

(u) The /unctzon' 2z — A“T(a) Az is contmuous on { —1/2 < Re z < 1/2

- . ~ -
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Now Vlet/us consider the method (1.1). The operator 4, € £ ([2)2x2 tékes the form

YAZ,; = (c _in)t (m(e — 0)) ) l + d(

- AZ,I :42.2 o )

where

1

A,l—(c~lcot(n(e—6)d)le(

1' 1 . (= =B
Ay =dl— — im0
2.1 (m (G+0)+(—k—1+%¢) eiw)k.j=o

o 1 et
:vAl'Q:d(__ i €

(=]

m —(—j — 1 4 0)et*— (k + é‘))k.i=0,

1

i (k—7)+(5—8)

"For —1 < v<'1,v =0, we set-

" pretzrr) =‘2{ —ll'rv(z: 1

~

y sin (=mz) —1, 0La<L.
sin { —7v) -

vThen a stralght,forward computatlon shows fr= Z fi't*, where /k

)

i —(k—7) — (e —5))::, =0’

o0

k)O

o —k —v
—1i cot (nv) ¢ o- Thus we obtain 4, = T(c 4+ df~ "’) and 4, , = T(c — dfe—*).

Now let us prove 4,, € A. The residue theorem together with the well-known

formula (see 5,6 . . -

" gives

i1 1 i O
11 L [l "lg
ni 1 — elvx 2ni sin (nz) -

- Rez=1/2 -

!1 1 1 . . . e-l(m—u)z d
7 1—e%z 2 f z {_l sin (n2) } %

Rez=1/4
. B —i(w—m:r
2z L [l & Tl
ni 1 —el“z - 2n1 ' - 8in (72) -
. . Rez=1/2

Tp—Hw—n)

1 ' . .

P= = 2= ——— b dz — 1 ——

27 . sin (nz) .
Rez=5/4 . )

~ ’,

' — et . e-le-mz) -
12 _1—e7® i) G i — et
1.— etz o2 . 8in (n2)

‘Res=1/4 .

e—lo |

(15) °
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7/

Hence = , o - - E 2
. _fc-{-l—'s ‘ o e
: 4+ 1 1
A,,=4d]. - - —
. 21 Gkl A+ —(k+ 1
S O AL kim0 L
T . | (lc'+1—e)—“ =
o R _ 1 —e-io - ’ . e—i(win)L 1 j+é ) 2 N '
A v'_d 2 _[{—! sin'(nz)}:?—i—(k'f j)—(l\—e—é)dz
- - ~ Rez=1/a - T/ kj=0
e " —de —m( _ . 1 )°° . ‘
- a —(k—7) — (1 —¢e—08))rj=0 .

The last relation and (1.5) with z = 1 imply

. ) . 1 —_ e—-l.m ‘b e—-i(m—n)z = ' o (1'—5—6;
4y =d ——— —1 W (B +1—2¢) 51:.3)1:.7'-0 \T/(/ =)
Rez=1/4 -, : i

¢ ®((7+5) 5::,)k;-od2—de “"T(/“ i "’) T

Since the operator function

2 -—>{'A‘=T(f“~—‘—6’) A7 — ((k 4+ 1 — &)~ Ous)e.s | o -,
® T(F*==) (G + 0) besy)e.s} | -
is continuous and bounded on {z Rez = 1/4} and takes compact values only, there _ ‘
- exists a- compacb operator T € #({2) such that

1 — el .< 1 e—l(w e —z (1—e—48) z

Re:= 1/4 -
. — d ete(fa-e-a), '
Thus, by Lemma, 1.1 we obtain A2 1 €U and
1—eio { ., e~ Moz

—l —_—
2 - sin (nz)
Rez=1/4

Agl—TTd

- 04,,_, ~d } A dz — d e~ 1o,

where u{ =d A-:T(,u-,-m, s Extendmg z—>dA* to a l-perlodlc analytic function, we,

- get _ - = -
- d . e—i(w—::)z N .
. e —d e—lw g1 —_ ] —— z ! .
| Ay de_ 4+ 2[[{ ' sin(nz)}”‘ . -
: . Rez=1/4 . o~ ..
ey —i(w—x)z . B
= i et dz | L
., sin (#2), . .
Rez=5/4 ) .

In the strip {z, 1/4 < Re z < 5/4} the function z — A, ,u) is constant lf v &= 1 and
has a pole at z, = — + i— log( ,u) if v =1. Consequently, the residue

n‘ ‘ . H - ’ .}

~N
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theorem implies. -
" ' i —i Q—l(cu—x)

d . _
A (L p) = —deeli(l,p) — 2ni o | ———A(Lp) - -

.n'

T R TS e
o ' , +(—';)(—1) T —= 1,

> .o o sin (J ( +— Lad ))

i . . . . l I3 _
) _"——i(w—n) . . . N .
L ] e
2 T, S

© (o p) = —d ez, p) — 2

N .
o o . . fr1, - _,
u . )

Sl "’(?“z-n“"‘m)

- Aum m) =1 g(—i) e - ifr=10<u< 1.

. , el log ——— . . )

el raierty) o

In a similar manner we can prove 4, , € ¥ and compute A, ,. Fiﬁally, we obtain

AA:(-L:’ [l)

(ffc+dfo@) -0 . L
. e . if 1,0=su = 1"
( 0 - d/f"‘"(r)}) rrbisesl
1 ' - ‘. ‘ : ' . eT“” m)(z+21 log]f—‘;) -
) . {C + d(_,u' + (1 — /‘))} . —d(—i) ] 1 1 l T u .
R s oo (n (5 o BT /t))
‘ : —_x(w—n)(%+,_%1 ogﬁ o . .
d—i) — fe—d(=p+0—p)}
'sin(n(5+2—nlogl‘ﬁlu)) ,' : | - 5
L 7 ir=1,0sxs1.  (16)

Smce det AL, is mdependent of w, we may suppose o = z..In this case, the operator
A, e? (l%xg is a Fredholm operator with index 0 if and only if the convolution opera-

tor 4, = ol + A= ejez € .Z’([z) is Fredbolm and its index vanishes, i.e., if and on]y }
if ¢ 4+ dfe—9(z) % 0 for allreT. A sxmple computatnon shows that t,he last condmon

2¢0. T )
The operator Al correspondmg to the methods (1. 2) and (1.3) can be treated ana-
logously. We omit the details and remark only that in these cases /“ 9 has to be
* replaced by the functions f° and f#, respectlvely, where =~ ’
foetrr) =22 —1, O0<z<l,and - . -
[ ~1, 0 ,saz<1p2, BER |
#(pl272) — = : . [ ;
fR(e) { L,-12<sz<1. | L * y

’ ~

is. equlva]ent to
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Jf o = =, then 4, € £([2) is a discrete convolution operator. Since the Fredholm
- property of a convolutxon operator implies its invertibility, assertlon c) is obvnous .

This completes the proof of Theorem 1.1.
!

1.2. Quadr.iture methods on curves with corners !

Let the simple closed curve I be given by the 1- perlodlc continuous parametnmtlon -
-y: R — C. For a finite subset M of [0, 1), we suppose that y is twice continuously
différentiable on [0 1)\ M, that 9’ and y " have finite limits at the.pointsiof M and
that y'(s +-0) = —y'(s — 0), s € M. Let:c d €EC), ke C(FXF) and define S,-, ,
A€ f(L2(I")) by ' N

~.

so0 =5 [Za  @no- [ k0, 7)ot dr,
. . r T _ - , r

A=cl+dSr+T.

We seek an approx1ma.te solutlon of the equation Ay = - f, f € R(I'). .

For the sake of snmpllclty, let us assume that M is contained in k/No, k=0,.
Ny — 1} (No € ‘I) and choose n to be.a multiple of Ny. The quadrature methods w1l].

-k
.. bc defmed as follows Let t,,("’ =y % » ol = k;i_e

(0<s,6<1

£ . (5 kelZ) and determine approxnma.te values é‘k‘"’ of u(tk‘"’) by solving one of the
systems ’ . ~ .

1 n—1 & (n) . At "

{e(mm) — i,eot, (n(f - 6)) f?(n_"”)} £ 4 d(rk(’”) —_ m
' n—1 / ' .
& A = o), k=0 =1, (1)
o T ' 1 St £ EE . o
C(lk(")) 5 (n) + d(‘km_)) p ].Z; m At’.(n) .
: ‘ e .
R T ] A . - . e
+ X k4™, ™) 5;"‘/’Atl("’ = f(tk‘"’), k=0,..,n—1, (1.8)
i=0 D T
., o .1 -l ki
clé™) Ek(n) + d(t™) = ;‘ U"—’W-At’("!
. . . 4 j=0 k.
;mkaodZ . oL
) + Z k(g™ 'ty Emgetn = /(tk"") k=0,...,n —1," (1.9
) i ;-k’+1mod2 _ B )
where At = . 7 + 1 =y (L) for (1 7) ,and (1 8) and At = i+1)
L 2 ) T 7\ % . BRANE"
- —y (7 ) for (1 9). The number #- appearmg in (1.9) is supposed to be even. If y ™ N
= n
.denotes the characteristic function of thearc [y (%), ¥ (7 —j— )), then the approxi-
n—1, . e . .

" mate sQlution will be defmed by Up.= 3_' E My,

Pt .
_ Before. formulating the stability theorem let us introduce some notation. We set
- A=c —dSr—-T. Analogously to the method -of freezmg the coefficients in the

.
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theory of partlal dlfferentlal equations, we shall consider certain model probiems For _

Y E T 0;) and set A* =c(7) + d(z) Sr

The .model problem for the quadrature method (1.7), (1.8) or (1.9), respectlvely, is ~

t€rl, let us define w, € (0, 27) by w, = arg(

. the method (1.1), (1.2) or (1.3), respectively, applied to the operator A* ¢ f(L (I’,,,,))
The matrix of the correspondmg system of equations will be denoted by 4,". In the
proof of Thedrem 1.1 we have shown that. A" € Woxa.

Theorem1.2: The following assertions are valid.
a) The method (1.7) or (1 8), respectively, is stable if and only if the operators

A€ f(L* )) and A" € f([z) (r€T) are invertible. The method (1.9) is stable if and

: only if the operators A, A € .Y’(Lz(I")) and A3t € .Z’(lz) (r € I') are invertible. -

b) If the quadrature method is stable and f'< R(I'), then the systems (1.7), (1.8) or (1.9),

respectwely, are umquely solvable for » large enough ‘and the approximate solutions u,

converge lo uw = A~1f asn -’00,
T

= This theorem will be proved in Sectnon 14. ;- o v

Combmmo Theorem 1.1 and Theorem 1.2 we get neceséqry and sufficient conditions for the
quadrature methods (1.7)—(1. 9) to be stable. In géneral, the only trouble is that the set @ in
Theorem 1.1 is unknown. We con]ecture that it is"void in nearly all cases. But now suppose we
are out of luck and have the following situation. The operators 4 and, for (1 9), also 4 are

- invertible and the operators 4,", 7 € I, are at least Fredholm opgrators with index'0. Moreover,

let us assume that; in one or more corner points the operators 4,* have nontrivial null spaces.
Then the quadrature methods only need a little modification in the nelghbourhood of- ‘these
points in order to become stable (cf. [22]). : .

1 3 \ lo'ca.l principle for spline approximaﬁon‘methods o

.The aim of this section is to establish a local principle which reduces the stability of.
approxnmatlon methods for an operator -4 € £ (L2(I’)) to the stabnht,y of correspond-

"ing methods for certain model operators. Let us suppose.that there is given a sequence

{A,} of approximate operators 4, € ¥(im L ), where L, is the L¥(I')- -orthogonal pro-

Jectlon ontd the subspace span {7,“"’ Ic = 0,...,n — 1} and the scalar product in -

‘ ;LZ(I‘) is glven by

f/(y(t (y(t))dt- B o . , \(1.1,0)_

[N

- Furthermore, let there exist certa.m model operators A€ ‘2sz2 = .[([2) In order to

descnbe the connection between {4,} and Ay, T € T, we need some notation.
Let the pro;ectlons K, K,;*: R(P) — L2(I") and P, € .Z’(lz) be defl_ned by

e/ . Z‘ f(rk(")) Xk(") a/ _ Z‘ /(tk(n)) Zk(") = . ) E

i . = . £ 1f—-n2<k$n2
Prilitkez = Miiez R {Ok' else. / /
For gweanI’andnEl\ wemtroduceE' lmP —>1mL by S
im Pn : {6k )}kEZ - Xitemd+j _ . - v

-

E where j(z, n) € {0,....,n — 1} is defined by y,(. o(®) = 1. .Since E,* is bijective, the
mapping f(im L, ) B B, - B,E:= E,"~1B,E,* € £(im P,) isan 1somorphlsm ’VIore- o

~
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over, a sequence {B }, B, € £(im L ), is uniformly bounded (stable) if . and only if .
{B,F} has the same property. e~
Let M(I') denote the set of Llpschltz-contmuous functions x on I samsfymg
"0 xg=1Foryce C(P), we set x, = K%y | im L,. We shall say that {4,)} is equiva-
" lent to Ay* at 7 if, for any ¢ > 0, there exist n, € N and a nexghbourhood U of v such
that y € M(I"), supp z S U and n = n, imply ][x,,E(A E_AM il < e,

 Theorem 1.3: Suppose A € Z(L¥(I')) and {4 ,,} 4, ¢ f(lm L,), satisfy the followmg
conditions.

L (1) There exists a finite.subset I" < I' such that %n ,.x,,L — ,(Ax and x,4, x,,L -
© = g A*y for all functions y € C(I') satzs/ymg suppynIl" = 2. .
(1) The operator yA — Ay is compact in L¥I") /or any y € C(I'). . :

(i) The norm. |lgaA, — Auxn —L,,(xA —Ay) |im L,||  converges to 0 for any
xecw) andn—-> oo,

(iv) There exist operators Ay € lexg c .Y’(lz) (r € P) such that {A,.} is equz‘valent to
A att. - )

Then 4 wLa converges strongly to A. Moreover, {A,} is stable if and only if the operators

A € 2(LYI) and Ay € #2(P) (v € T) are invertible.

This local principle will be used in order to prove the stability of the methods (1.7)
and (1.8). For. the proof of the sta.blhty of. (1.9), we need the followmg slight modifi-
catnon .

‘Define W, € #(im L,) by Wayit™ = (—1)’ i, f = 0, e — 1, _and set B,
-—-WBW for B, € £(im L,). .

T heorem 1.4: Suppose A € f(L2(P)) and {A,}, A, € .Y’(lm L,) satzs/y the assump-
tions (i), (ii) and (iv) of Tkeorem 1.3. Assume that addztzonally, there hold the /ollowmg
properties.

(1) There exists- anA €r (LZ(I’)) such that y, A nXnln — yAy and x,.A x,,L — xA *

forall y € C(I'y satzs/yzng supp z n I"=4g. . .

(ii)’ The operator yA — Ax 28 compact for any ¥ E.C(F). o S

(iii)" For each y € C(I"), -

Ntndn — Auia) — Ln(xA — Az) |im L, — W,L w(A = Ay)|im L, W, all 0.
Then A,L, converges slrongly to A and {A,} is stable zf and only if the ‘operalors A4
€ £(LXT)) and A, € .2’(12 ) (z € I) are invertible.

* Since the proof of Theorem 1.3 runs analogously to that one of Theorem 1.4, we
only prove Theorem 1.4. First, let us recall some results on an algebra of approximate
" operators (seé [277 § 2]). Let B denote the algebra of all sequences {B,}, B, € £(im L,),
such that there cxist operators B, B¢ £(L¥IM) with B,L, > B, B,*L, — B*,
E L, Band B,*L, > B*. 1f T ¢ f(]ﬁ([’)) is compact, then {L,T | im L,,} {W LT
1im L, W,} € Band W,L,T|im L,W,L, — 0. Define _

Jo = {{LT, | im L, +WLT2]1mLW + C,}, (
1y, T, € £(LXI")) compact, ||C,|| — O} :

and denote the ‘closure of Jo by J. Then J forms a two-sided. ideal in B. We set
B° = B/J .and {B,}° = {B,} + J. It has been proved in [27: §2] that a sequence .

" {B,} € B is stable if and only if B, B¢ f(Lz(I‘)) and {B,}° € B° are invertible.
Now we show that the sequence {A } of Theorem 1.4 belongs to the algebra 8.
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Lemma 1.2: If {A,}_satisfies the assumptzom of Theorem 1.4, then A, L — A4,
" A.*L, —>A AL — A and A, *L, -~ A*. .

Proof: First of all, let us show that {4,} is umformly bounded. In view of assamp-
tion (iv) of Theorem. 1.3 there exist points vy,...,7, € I" and functlons 2L, ok,
w, ..., ¥ € M(I') such that

- Ziw’ = ?’i’ ”ZniE(An‘-E "-.Al'.i) ZniE” <1,

. ko
j=1,...,k, 2yl =
. i=

B

- Since 4, = Z wld (I — x¥) + Z‘ w,,’A,,y,,’, it suffices to show the umform bounded-
ness of y:,,fA,,x,,’ and w,,fA,,(I — ;y,,’) 0bv1ous]y, o

%’An/n’ = pul B {1a? P41 710’ ® + 2n'%(An® — A7) ya?®) (Ba¥)7E

implies that walApxn! is umformly bounded. From (iii)’ "and rp,, ,,(I — )
=PI (g’ Ay — Anxa’) we observe the uniform boundedness of y,7A(I — xaf). " -
Now, for ', x € M(I") and Ay =y we get

(' — DA = (xn'An* A1) 10 L A
. = Wal(Autn' — ta"4n) — La(dy' — ' A) | im L,
- \ — WL Ay — ¢ A) | im LW,)* Wey,
’ WL Ay — ¢ A* | Im LWz
+ Lo(Ay — 7 A)* | Im Lyy,.

N

v

Assumptions (u) (i1)’ and (iii)’ yleld (e — I)A,, ,C,,L - (¢ — I)A*/ If addltlo-
nally, supp x nI" = @, then assumption (i) gives A,,*;y,,L,, —>A*y ¢ £(LXI)). Since
.'sup |4, = sup [|[4 ,*]| < oo, we obtain A, *L, — A*. The other strong convergences’
* can bederived analogously’ 8 -

In order to prove the sufficiency of the sbablhby conditions in Theorem 1.4 we on]y '

" have to show the invertibility of {4,}°. To this end we shall use the local principle of

Gonsere and Krupxix (see [10: XIT, §1]). For 7 € I', theset M, ="{{x,}°, y € M(I), .
= 1in a neighbourhood of 7} is a localizing class in 8° and {M,, r € I'} forms a co-

" vering system (cf. [12, Lemma 2.6]). By virtue of (iii)’, the elements of U{M .,z € I'}’
commute with {4,}°. Hence {4,}° is invertible if and only if {4,}? is M -invertible
from the right for all 7 € 1. -0 '

Lemma 1.3: If A" ¢ .Z’(lz) is mvertzble, then {A,)° is M, — iénvertible from ihe
_ right. '

”

The proof of this lemma is based on the following two lemmas.
Lemma 1.4: I1f B € oo & f(["), then the scquence {E 'B‘(E )71} belongs to B.

Proof:a) Let By = By Bi(Ey ) and W :— (6,4(—1) ;e € 2([2). Then Br € Ao
implies WB*W € Uax: and we have B, = E;WHB W(E,")"1. Hence it suffices to prove
that there exists an operator B € £(L¥I")) such that B,L, - B and ‘B,*L, — B*.



210 " S. ProssporF and A. RATHSFELD - e _ oo

\-

b) On the real axis, we denote the characteristic function of the interval li/n, - .

(7 + 1)/n] by @, and the orthogonal. projection onto span {o;™,7 € Z} by LR, _Let
. us identify the operators of £(im L,R) with their matrices corresponding to the base
{g;™, j € Z}. Thus the. convolution operator C(a) = (t_)rjez (a € PC(T)) can be
considered to operate in im L,*. We shall show the strong convergence of {C(a) L,F}.

-For a(t) = 1 — ¢, the c@nye}‘gcllce C(a) L,® — 0 is easily verified. If Sy is the

Cauchy singular operator on R and ‘g denotes the function (see [20])
' __sin? (az) ', sign (k + 1/2)
iz (@ k)R

pletr) = , 0<az<l

theq 'L,,“Sg | im LR '=‘C(<p) and C(p) L,® — Sy -’——'zp(-l.,—i— 0) Qr + @(1 — 0) P, N
Pg:= 241 +Sg),Qn:= I — Pg. Consequently, for a(f) = a(l + 0) (ﬂ)—) a

"+ a1l —0) %) + b(t) (1 — t), the sequence {C(a) L,®} converges strongly to

a(1 4 0) Qg + a(1 — 0) Pg. By adensity argument we conclude C(a) L,* — a(1 + 0)
X @Qr -+ a(l'— 0) Pg for any a € PC(T). - <N

.- ¢) Now we consider the case of the half axis R*. Let L,* ¢ .Z’(L2(R+)) denote the

oi'thogonal. projection onto span {g;",j = 0,1, ...} and let us identify im L,* with

[2. From b)- we conclude 7T(a)L,* —a(l' + 0) Qg+ + ;L(l — 0) Pg+, where Pg. ~

:=2"YI + Sr+), Qr+ := I — Pg+and Sg- is the Cauchy singular operator on R*. If_\i'e'

defin(;the Mellin trénsfbi'ﬁ.l M: LA(R*)'— L({z, Rez = 1/2}) By, Mf(z) = f 1) dt

L. o DN - - .0
and’ the Mellin convolution operator-g(d) € f(Lz(Rﬂ) (g € PC({z,Rez = '1[2})), by

9(9) f = M~ (gM[), then (see [10}) '

a(1 +0) Qp+ + a(l — 0) Pr. = a(l + o\)_l+'+t(”a) e

. —icob (nd)

~ v o + a(l —0). B

. 0 {71 +dcot (md)\ - -
- ) N - :AT(G) (1,—2§—)). L

: Thérefoyé, the mapping T'(a) — a(l1 + 0) Qm + a(l1 —.0) Pm extends to amultiplica-

‘tive linear mapping A > A — A4 (1, € Z(L¥(RH)) and AL

1.+ i cot () j -
‘d) Let 1:= [0, 1] and-let L,' € £(L*(I)) denote the orthogonal projection ontc

1 4 i'cot (=)
2,

converges strongly to A, (1,

span {g;",j =0,...,n — i} 1f 7is phé projection of L*R*) onto L¥(I) and n,-€ £((2)
the projection defined by L , ’ ‘

B o o EI:A . lfk < n,
anlbetezo = {Mlezo, M =

0 élse, .

‘then 4 € A.and part c) of this proof imply. RaAny Lyt — Ay (1.,

imn € £(LXD). . Furthermore, m,A*nL,t = nd,e (1, 110t (20

. . - 2
*
= {7!:/{4 (1, 1—102%—(729) im ¢ . Transforming the interval to a subarc of I,
1 g v . _ .

2

~we obtain the strong convergences of {B,,L,,}\ and {B,*L,} 0 R

i

1 + icot (n@))\ '

‘im #
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Lemma 1.5: Let t € I" be fized and B € Waxa € 2([2). For each y € M(I') which ~
is identically equal to.1 it a neighbourhood of v and for-any & > 0, there éxists a smaller
) nezghbourhood U of T such thaty € M(P) andsupp x S U imply [|.FB(I — z."5)ll < €.

. Proof a) Let € denote the set of all B‘ € .Z’(l"’) such that the assertion of the
_ lemma holds. From - » . . .

/
i

-

BB — 1) = [1,BBYI = O — 2B
~ Bl O = 127

-we observe that G s an algebra It is not hard to show & to be closed w1th respect -

-

. to the operator norm, i.e.-G is a closed subalgebra of .Y’([Z)
T b) Now consider B ="(b;s)jxez which satisfies b;, =0 for j % :{:k Choosmg
= {z € I, #'(x) = 1}, we obtain 1" B (I — 32'5y = 0. Thus B* ¢ G.

c) Let Br:=.C(a) = (a,,_,)k,ez, Where a is piecewise continuous. Furthermore, ‘
‘suppose a is twice differentiable at the points of continuity and these derivatives -
are piecewise contmuous We shall show Bt € €. Let r = (o) and assume j (y(é)) =1
“for ¢ =9, <s <o+ 6, We chodse U = {y(s), 0 —.0, < 8 < 0 &} for a sulta-
ble' 8, < 8,. Then the element in they th row and k-th column of (I — y, "By Biky,

- issmaller than Cc,_;, where O = k|71 if k| = > {6, — 62) nandc¢, = 0if |k| < (6, — 62)n

For {E,} € [2 defme 77]} € [2 by 77, =0if ; 7 = d,m and n; =& if j < ézn Then we’

get ‘
(7 25 B2 {e}u;-:-”{z <z'—7,.w>-3**7,.s),~ksk} =l zemd |
jEZ keZ o jez ||/
, Youngs inequality yields _||(( — £.'®) B‘*n*" {5, Jlre < CII {mllz+ ez Using
Moz S Vo lmlize < Vo el = )
el < ( kzz 1/k2)1/2 < C/V 6 — 62)7»
e 1K < (6, — 801 _
" we conclude || (I — 7,,'E) B*1.7)) (&) || < CVa % 5 I{&}l;:. If we choose &, -
. 1 — O2 o

sma]l enough, then ;

) ’ ‘ ’ ' ’ 6 I
”ZnEB'(I — Xn g)llx(?') = ”(I — Zn E) B'*ZnE”y(r) =C ‘/(5 — (52 < €
l

d) Now Aoy EC follows by the fact that sy, is'in the smallest closed suba]gebra - ;

“of f(lz) contammg the operators B* of parts b) and c) of this proof. This completes
the proof of Lemma 1.5 1 _ ,

Proof ‘of Lemma, 1.3: Let 7 € I" be fixed and choose y, x/, "’ 6 M(F) such that
=1 in a .neighbourhood of 7z and - supp 7-S S{tel,y '(t) =1} € suppy”’
e = 1. Then we get Xn'An = Xn» n" % = 2n"" and \ '
e ZnEAn x = Xn F + ZnEAlry ' . ‘ -

F,:= x.."E(Al,.’“’ — A)) xn'E — xn"”‘Al'(l_ — 15, '
nBAEL E(A) Y = g B{L 4 Fo(Ay) Y. . o
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- Inview of assumptxon (iv) and Lemma 1.5, we may choosey, ', ' in such a manner
~ that ||F,|| < 2- L I(A,%)"1"1. Hence we obtain [|{I 4 F w(4,%)7 1) ‘[] < 2 and

" APy B AT + FolAr) N7 = p®
anAnBa =1n,  Bai=E(u ( L+ Fa(Ar) ) (B

If {R,} € B, then {y,}° {4 ,,}0{ 210 = {¥a}®, and { } is’ M -invertible from the right.

It remams to show E,(A4,)'{ + F (A )-1-1 (E,")-! ¢ B. Since the Neumann

.. series {I + F,(A4,")"1)~! converges with respect to the operator norm, it suffices to

prove E, (A DL {F, (4,51} (B,5) ' € B for j = 0, 1, .... Now the latter term is the

sumof ‘certain products whose factors are of the form In' "> xn's Ap or E B (E,5)1
(BT € Azax2). Thus {R,} € B follows by Lemma 1.4. This completes the proof I .

Now let us-assume {4,} to be stable. We shall prove the necessity of the condi- °
tions in' Theorem 1:4. The invertibility of 4, Ade .Y’(Lz(]‘)) follows by {A } € B (see
_the properties ofSB listed above) Wefixz € Fand show 4, 2P, — A", A,E*P, — A,**.

If thls w111 be done, then {5,,} € 1'2 and the stablhby of {A } 1mply
l|AnE{’n{§k}Il7: = 5 IPal&dlzes ARB*Piféidllys = -C—, 1Pa{&etllze

'Passing to the limit as % = co, we get __ L S
. { - N

: 1 o 1.
A&7 = = II{Ek}II~ Al = & 1Ml

Here the first mequa]lty proves Ay to be injective and im A" to be closed. The

‘ second 1nequahty shows im 4,* to be dense. Hence A € f([z) is invertible.
Since {4,%*} is uniformly. bounded (see Lemma 1.2), the strong convergence
A E*P, — A,** follows from A,E*P,{6; i}rez — A,"*{0; i}rez. To show this, let g,
' eM(T) satxsfy z =1, y = 1 in a neighbourhood of z and suppose z ‘v = x. Then-

A P {6; k}ke& = Al *{611' }kEZ + L+t “+ ta + ly + t.‘n

tl = Al‘*[ln —1] )k}kéZ;\ t2'_ [(l" I)A x*/IIE] ]k kGZ’v

= [ZnE(,A"E _ 4,7 7 ET* | lk keZ) ‘t4 = — 7n'E) AnE*tn {0 ik keZ s
Sy ti= AP — 1P) (6 adsen ' C . ‘
If we choose y, 7' by Lemma 1.5 and assumption (iv), then the terms ¢, and #; be--
come small. For j fixed and = large enough, ¢, and ¢, vanish. Now' we rewrite

iy = [AnE*Zn,E = Zn'EAn—Eﬂ an{éj,k}kei = .te + ¢ - tg; B !
toi= (Ba) ! {alin' An — Augs’ — La(y/A — A7) |im L, | - _
— WaLn(y A= Ay) lim LW V* B{8,udeez, ' -
= (Eu)! {4aLn(y’' 4 — Ay') | im Lo}* B, (6;4dxcz -
L tei= (B W LA — Ay) |im Lo)* WaEa 8l
The term £, is small by assumption (iii)" and we have
T L4 — Ay) = [ale — 1 A — Ay) + 2’4 — Ay). - '

. Here the second term on the right-hand side becomes small for a suitable y, whereas
the norm of the first term tends to zero as n — co. Thus¢, becomes small. An anal-:
ogous consideration for ts yields A Z*P,{6; ihuez = Ai™*{0; i kez, i-€., A E¥ Py —-A, "%, |
Slmllazly, one shows A,F —.A4,". ThlS completes the "proof of Theorem 1.4. l :
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1.4. The proof of Theorem 1.2 . - .-

1.4.1. Let us conmder the quadrature method (1.7). We identify the operators of
Z(im L,) with their matrices corresponding to the base {xj,i=0,...,n — 1} and
denote the matrix of the system (1.7) by 4,,. For the proof of Theorem 1 2in the case
of the method' (1.7), it suffices to prove the assumptions (i)—(iv) of Theorem 1.3.
The validity of (ii)"is well known. Let us denote the set of all corner points of I' by
_ I'". Then, while proving assimption (i), the curve I' can be assumed to be smooth. .
For smooth curves, the convergence y,A4,x.L, — 3Ay has already been proved (see -
[23, 22]). Using this result and 4™ = y'(z,!™) y'(¢;™)"! 4t + O(n~2), we easily
obtain y,4,* /,,L —y4*y. (Note that the adjoint of the mtegral operator T' with .
kernel k(t, 7){t, v € I') is the integral operator with kernel v'(¢) k(t, )]y’ (r This
follows by (1.10).) Thus assumptnon (i) of Theorem 1.3 is satisfied.

1.4.2. Now we shall mvestlgate the vahdlty of (1u) in Theorem 1.3.-Setting
F: Lz(F)—>C Fx fx(r)dr o .

- r . -

we get (Tz) (v) = Flk(z,-) z). The approximate operator T, = (k(zem, ttm) At}"’),',‘j.’o
€ £(im L,) takes the form (T,z,) (z) = K} FK,(k(z, -) %,). Thus we obtain _ .

(Tw — KT | im Ly) 24(7) = K (I~ K n’) K(z, ) Ly T -

If w denotes the moduls of- continuity'w(é ) = sup {|k(z, t,) — k(z, )|, 7 € F tl, LET,
|ty -— t2| < ¢’ and there is no corner pomt, between ¢, and ¢,}, then

- ‘ K °) k(z, - )Ln”f(L‘(f)) < Co(l/n),
[F((I = Kd) k(z, ) Lua)| < Co(tim)llzallzn
(see [21, Lemrr-la 4'.1]). The ia,'t,tcr inéqualit,ies imply .‘ _ A
T = KT | im Lyl e <. Cultfm) .
T, — KT | im Ly >0 (2> ).

!

Since T': L¥(T) > C(I') is ‘compact, we get [[(K.¢ — L) Tl — 0 and Ty — L,T |
- im Lyl — 0 (n = o0). Replaclng T by 4T or T/, respectlvely, and T, by 7,,7 or
’1‘ K% | im Ly, respectlvely, we arrive at

- MNxnTw n7T | im Ly||. — O

~

IITnxn —L ’1’7 | im Lyll < 17311 llxa — Ka'y | im Ly .
_ +||’1'K,.‘4|1m1} —LTxlnmL,,|]—>0
g Tn — Tﬁln — Ly(xT —TZ) {im L,|| - 0.

Since 3,y = Coyn and yc = cx iMply yuCp — Caxn — (x¢ — ¢x) = 0, it~remé.i;is to -
show (iii) for the singular operator Sr and : ' :

1 - At (n) n<l -
, S‘n».= —icot (7!(8 —_ 6)) I + (nl m) l=o.
Without loss of vgenemlify, we suppose that y o y is continudusly differentiable and -

set. k'(t, v) = (1(t) — x(x))[(t = 7). Thus k¢, -) is continuous on I"\ I" and piece-
15 Analysis Bd. 8, Heft 3 (1989)
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-

~ wise continuous on TI. Coiiséquently,

Z;',Sn — Sagn = Msl + M2 M li= (k (Vk(") ti(")) at; (”))27-0:
(1. ay

M= (; m‘:—,m (™) = ‘"’)))

where |M;2 — L,(xSr — Sry) | im L,}| 3 0 can be shown analogously to T, — L, T |- -
im L,|| — 0. The obvious estimate - ‘

1 At
A ar [,(n)__’ r‘,(m (x(t’ (R)) - x(t (”)))
i 3

R Wit/h - N ) . -
: i—k if —n2<j—kZn?2; )
je—k=Jj—k+n ~if —3n2<j—k= —nf2, .-
. ot li—k—n if nf2 <j—k<3nf2 -
implies |M,2] < Cn-tlogn —0 (n'— 00). Thus we obtain |x,S, — Suzn — L (xsr
— Sry) | im L,|| — 0 and assumption (iii) of Theorem-1.3 is fulﬁllcd

..

1

<l 1
n jj=—k +1

. 1.4.3. Now we prove assumption (iv) of Theorem 1.3. Let us fix v € I" and ¢' > 0.
.- The elements of T\, satisfy |k(z,'", ;")) At;!| < C/n. If we choose U = {y(s), 0 — &'/
20 < s <o+e /20} and x € M(I') w1th supp.y S U, then simple estimates show -
i ET wExnEll < €. Thus (iv) is proved for T instead of A. If we choose U in such a -
‘ manner that ¢ € U implies |c(t) — c(z)| <.&', then |[yzE(c,E — ¢(z) I)|| < e holds and
(iv) is satisfied for c instead of A. It remains to consider the case 4 = Sr, 4, = S,.
Without loss of generahty, let- v = y(0) be a corner point,and set W= .w,
. 1= arg ( —y'(1 =0)/y'(¥ —;— 0)) €'(0, 27). Choose y/ € M(I') such that the only corner
. point of supp »' is ¢ and % = 1in a neighbourhood of v. We define v: R — I, and
w:I'—>T,by /
‘ 1 1 s ifs2= O .
‘ ( (8) = v(s)- if — s <s=5 v(s) = { osifs <0
and set S’z = (S,-w[ (x'z) o tp"l]) o . Then T = y(Srx — 8') is a compact mtegral
' operator and 1ts kernel k' ‘satisfies (see e.g. [15: p. 58]) .
AN
& ' d . dz.
NS O O A - , 1 ar v()
Kz, 8) = xft) i |t —1 _W(t)'— w(r) Z@,. Koo =7 ai od
: 7 ¥

 Setting Ty = (k'(z™, £y At; ("’)k,_o, for 7€ M(I") and 7y’ = y, we obtain
l AnSnin = xU nli_: + xaTn'%n s

d
) i (t (u))
U,:= —icot (n(s - é)) I, + i dt ~ At -
| — TR e —em™
_ As we have shown above, theoperator Yn ET "By.F becomes smaller than any prescnbed
"¢ >0 if supp y is contained in a su1tab1e small neighbourhood of z. Therefore, it
remains to show that G, = x,,E(U — By®) x,E is small, where

>

€ 9[2)(2

$eot i (y’-{—é) (k+s) TS
s : v|\— ) —v|— ' s
: : _ )\ e -

. R & j+1 g
o (1
By:i= —icot (n(e — ) I + | — =
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/ By _ .
n) : ] , , : B
Pl vt ™) - o
() — w(r "") '

1\ i\ dv 4o\ 1 [f+1 j .
(5 .)—”(s:) &) () -0
7+ 6) (lc + e) (7' + 1) j A
v — v |7 — v

n n n B
do (j+96) 1
E 7Lv n _1

5 6)
_ ‘ n |/ . \n _

we get. Gy = 7a"B,4u?D,, where Dy := (844" ez and . - e
e - iz o
arm () - (0). o

.\ B Ly i< 2. S
.o fi ey 1 2" ' ’ "
L0 " I >

‘Since y is piecewise Holder continuoiis, we conclude |)y,’2D,|| — 0. Consequently, if
. & >0 is prescribed; then there-exists a number ng such bhat n = ng implies ||y, 2D, ||
'~<s||B||1and||F||<e T - )

1.4.4. The method (1.8) can be treated analogously.. Let us remark only that M 2 has
to be replaced by

-
..

(_‘ At.(n) (t )6, k) o,
kj=0
where the norm of the latter term tends to 0 as n —> co. The verification of (i), (ii),
(ii)" and (iv) (see Theorems 1.3 and 1.4) for the method (1.9) is also similar to the
preceding proof. To show (x) we consider A := ¢I —dS8 — T and the corresponding
quadrature method for A. If (A), denotes the corresponding approxnmate operator,
then (A), = A, := W,A,W,. Thus (i)’ follows from (i). It remains to show (iii)’.
For T and S[‘, defme T,, T, S, and S, by

n m i+ 1) _ (7 — l)) )n—l . ) B
" . (k L™, ¢ )( ( -~ ~ 6,‘,“ S _
el
) 1 i1 ]
i g.(n) — 4t L4 m - P 1
G
4 n kij=0 s

o 1 i1
Sa , (mt""—tk"" (y( n )

where 1/, - {M):=0 and §, ;=0 for k — j even and §, , = 1 for k — j odd.
Then it is easy to prove that ||T, — (T, — W, T, W)l —>0 (n - 00). Thus we

15*
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N '

7 Ts, - Tn.Xn - {(aT0" — Tn,Zn) —'an(ZuTe’ - To'2ta) Walll > 0_’
”an - San — {(%xSn ,_ — 84" 1) — (7»8;1, - n’7ri) Walll — 0.

‘obtain

~ Since T,l , S, ‘are the approximate operators corre8pondmg to the method. (L 8) and

(iii) is fulfilled for (1.8), we get -

NaTn — Tagn — (Ln(xT — Ty) | im L, — WaLn(3T — Tx) | it L Wu}II'—'>0
288 — San- — La(xSr. — Srz) lim Ly — WaLa(zSr — Sr1)d im Ly W.,}il 0.
~ This completes the proof of Theorem 1 21 - _
. : s -

2.. Collocatlon methods for singular integral equatnons on curves with corners.
chewxse constant trial functions - - . - s

\
s

2.1. Colloeation methods on an angle

Similarly to-thes quadrature methods, one .can treat other spline approximation v

‘methods, i.e., collocation methods and Galerkin- Petrov methods using ‘splines ‘as
test or trial functlons For simplicity, we shall restrict our considerations to the
collocation with piecewise constant trial functions. In this section, we establish the
stability of the model problem, more :precisely, the stability of the collocation for
sin"gular integral equations with constant coefficients on an angle. Using these results

in the next section, we extend our analysis to collocation for equatnons \Vlth cou-

tinuous coefficients on general curves with corhers.

Let usretain the notation of Section 1.1. For the s-collocatlon method (0 < e < 1),.'-

we seek ‘an a.pprox1ma.te solution u, = Z &y e im L, & LA(T,) sa.tlsfymg the

equatlons (Au,,) (T™) = f(re™)yk € Z. The la.tter system can be written as-4,u, = K,f,

where 4, := K,4 | im L, € £(im L,). Here again, 4, can be considered to belong to -

[2 and these opelat,ors do not depend on n. Thus, the sequence {A,,} (A € f(lmL ))
is stable ifand onlyif 4, € .Y’(/)2 is invertible. :

t

Theo rem 2.1: The /ollou,mg assertions are valid.
a) The operator A, € f (12 ) 8 Fredholm of index zero if and only z/

I

4 . L
X . ' - osin{—n(e — 8) pu) .
om {H i) o i [ i si,f(-_"iis 2

0
1 Qe —127i(c —d)u SN ’ : ;
= 5‘ 1 + ‘/‘m dby. In partzeular, Q= (—OO, 0] /O”' € = 1/2
.- L0 ) . SR

© b) The opemtor A, is invertible in [2 if and only i/ ¢

S)Ifw=mn,then®=0. _ ) -

Proof: Asseftions b) and c) can be derived analogously to’ the correspondmg

aSsertions of Theorem 1.1. In order to verify a), we shall prove 4, € Usx2 and show _

det A4, to be mdependent of w. Thus it suffices to.establish a) for w.= z. In this
case, A, bécomes a discrete ‘convelutlon operator and a) will follow easily. :

~ . . . R . -

~.

e{ Q, where

d 26200 Here @ deno-

- tes an at most countablc subset of C \ Q whdse accumulatzon pomts belong to Q.
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. For the sake of brevity, we shall restrict ourselves to the case s = 1/2. Then
: \ \

- ‘ (1) : . L

Ai =cl 4+d (if—'c'—(Tf()l—)dr) L ! . . (2.1) )

: 7l T — T . ) .
I k,jeZ - ' . .

Ift" GeZ,0<6< 1) denotes the point (k+6) for IcZO and —(k+6)e“" for -
'k<0 then

. ) A 12 . _ ) - . B . )
A1 [ 0 1 1 1 1 ﬂjgo, o
a3 N AL M- ' : 2
- .7 f T — Tk(l) dt 7l tio —_ ‘;l'k(l) + til_6 — Tk(l) do —_e“" if 7 < 0. (2 )
. _ .0 i o

Fo

’ - o 7
Let us set o ’ 3 s

x
e

i 1 1 S
s le —; al= — = A ,
ae=[o—veot(n (5 —)) ] 1+ 2 (G5 m an),

* ..2
w1z .

—elv ifj <0 i
and cons1der the. operator-valued functlon K — A(8):= A% —}— A 179 defined- on

[0, 1/2]. The proof of Theorem 1.1 shows A(é) € Usyo & .z’(l?) Moreover, the obvious
estimates .

S

: 1 o _1 .
M L 1F o | 10— s
A M N . Ij — k|

. L
tk—um tué_rm=o, ke,

j+kijkel,

_.1mply the contmunty of the functlon 6 - A(d).. The equatlons (2.1) and (2 2) yleld

1/2 4 e - -
'Al:f{ +Al 6}d5€m2xz; A4, = f{vi,qa-—%—ui,h—-a}dé
0 . . r_ 0
By (1.6) we conclude . - ' , - _ N ,
Az, p) ) .
fe -+ di2pdd) — 1) 0 ) e o
! fr=e? 0<i<,085u=1,
( S0 @—ahﬂpqn " 28 = )
- . ) | | . . é_x(x—w)(%ﬂuz_‘;!ogﬁ)
_ «.F+ﬁ—#+“—#m =N T e
=, > ‘ o . sm(n\(g—}——‘z——log ._[u)),
R v i B IR SR
d(—1i) 1 i e —dl—u+ (1 —p)
. il ,_ L
) .

dr—lOSySl

Thus det Agq, i mdependent of w. Forw = n, A, takestheform 4, = cI + d(f,,_,)k,ez,
where ; denotes. the j-th Fourier coefficient of the function f(e!2™):=2y,(2) —
: 0'< 2 < 1. Thig convolution operator is & Fredholm operatormth index O if. a.nd
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" 2.2. Collocation on curves with corners

s

only if ¢4 df(x) =0 for all 7 €T, ie, lf QQ This completes the proof

of the theorem |

Let us refain'the notation introduced in Sections 1.2—1.3. The e-collocation method =

n—1 :
determins an approxunate solutlon Uy = Y MM € im L, & L¥I') by solving .
the equations L k=0

\

) @) = ), k=0m—1 (@3

. This system can be written as A,u, = K,*f, where 4, := K,°A | im L, € £(im L,).
If we fix v € I', then the model problem of the s-collocatlon for the operator A€

(L2(I’)) is the e-collocation for A€ F(L¥(I,)) (cf. Section 1,2) described in Sec- .
tion 2.1. The matrix of the corresponding system wxfl be denoted by A,". By the
proof of Theoreni 2.1 we get A\ € Wpyo.

“Theorem 2.2: The following assertzons are valid.”

a) The ¢- collocatzon (0 < & < 1) for the operator A is stable if and only if the operators

‘A € 2(LXT)) and Afe f([z) (v € T) are invertible.

b) If the collocatwn method is stable and f is Riemann integrable, then the system
(2.3) is umquely solvable for n large enough and the approxzmate solutzons U, converge
tou = A"'fasn — co. -

Combining Theorems 2.1 and 2.2 we obtain necessary and sufflcxent conditions for the sta-
blllty of the collocation method., o
Proof It suffices to show that the assumptlons of Theorem 1.3 are fulfilled. The
validity-of (i) and (ii) can be derived analogously to  Subsection 1.4. 1. Now let us
verify property (iii) of Theorem 1.3. Without loss of generality, we suppose y o Y to
be continuously differentiable and obtain

—-—

XnAn—An/n_L(/A “A/)llmL .
= Ky qLoK, A | im Ly — K,*AL K, | im L, — L(zA — A7) | im L,

—K‘A(l— ‘)x|1mL +(K —L)(/A — Ay) |im L,.
*Since 24 — AZ LYTI') —. C(P) is compact and (K, — L,): C(P) — L¥(I') converges
strongly to0, weget [[(K, —L o) (A — Ay) | im L,]| - 0. By virtueof K,*A(] — K,*) ¢
|im L, = Ky*bL, K, S[‘(I — K,*) x| im L,, it remains to show ||K,"Sr(I — K*)

| im L,,|| — 0 (compare [21]) The latter relation is an immediate consequence of

KesSAT — Ku) | im Ly = ( - f "(’)_—"("")’ 2,7() dr)) _l

T — 7t
T kj=0 ~ -

- and of the ohvious estimate

| L[ — iz i1
;{f T —gm K () de g?n k- 4] +-1°

r

Thus assumption (iii) is satisfied.
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-

Now we consnder properby (iv) of Theorem 1 3 retaining the notation of S, T,y
-and v introduced in Subsection 1.4.3. Repeating the argumentation from this sub-
_section we get the validity of (iv) for A = T, 4, = K,*T |im L, and for 4 = c,
A, = K,%c|im L,. Therefore, we can assume A = S,- and A4, = K,*Sr|im L,.
In this éase, A" takes the form . :

- S g+l ' . T . o
' o i1 1 : .. L
- Ar= | — AN . -
‘ mf(, wram) e
. - . o _  k.jeZ : : : 0
By . ‘ ' -
) g < S GEnn : s
: -——;—LJ——-du@ 1 do(s)
(s — (k + &) (Ic + e) -
. . u($) —v : -
~ - n
.- o jin ot
(j+1in ' L P .-d
T . d .
) < L) Y A
- . e _ ey
' e 7 O
voyls) —yoy\—— '
1jin . - . r .
and - _ -
.d /
- , oo ‘
' - LT e QT S — —_ An) - )
,Zn(l‘_n S’ | im Ln) Xn Zn ”ir W(t)‘_ W(Tk(n)) Xi (t) dt In»

, o \ ki
an(K <8’ | im L,)E /nE = Zn EAI Zn »

we obtain y, E(K, Sr|im L,)? — A} 1nE = xaB(KntT' | im L,) 2,¢. Since assertion
-(iv) i8 true for the case A replaced by the compact operator T" and A" replaced

by O, thé last expression becomes smaller than any prescribed & > 0. This com- -

plete the proof of the theorem 1§ .
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