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B. A. HAATAIHBIIJIH 

- 17oc6.qufaemcn C. r. Muxisuny no upwo 80-Aemus Co 04A pocOeua 

Unter ailgerneinen V6raussetungen fiber die Kontur der Integration I' und die Gewichtsfunk-. 
ton co wird die Noether-Eigeiischaft einer line'aren singulären Integraigleichung mit beschränk-
ten meBbaren Koeffizienten in einem Lebesgueschen Gowichtsraum L(r; cv) auf die Noether-. 
Eigenschaft einer analogen Gleichung in éinèm gewichtslosen Rau in L(I') zurUckgefuhrt. 

ilpIl 06IqHx npeJnoJloxeHHHx oTHocIlTe.nhHo HOHT	ililTerpupoBailuB r 11 Beconot ()yHH-



lUll! cv Bonpoc HeeponocTsi JnIHetuoro cMIlryrIapHoro nHTerpaJmHoro ypaBueHwT C orpaiiu- - 
qeHHUMII II3MepHMUMII HO ()HEWeHTaM1! B neconoM Jle6eroBoM npocTpaHc'rse L(I'; cv) CBO-

- J.MTCH H HCCJIeOBaHl1lo HeTeponocTia anaJ1orH'Horo ypaBueHnn B ll0CTHCTB 6e3 Beca L(f'). 

Under general assumptions with respect to the integration contour 1' and a weight function 
(o, the question of noetherianness of a linear singular integral equation with bounded measur-
able coefficients in a weighted Lebeguc space L(I'; th) is reduced to the investigation of noe-
therianness of a similar equation' in a space without weight L(I).  

JlHHefiHhle CHHryJIHpHbIe I41ITerpaJIhHbIe ypaBneHnsl C HOM HO11IH AaBHO npllBJIe-
IcaloT B1H4MaHHe Ma'reMaTHHoB. 143y4eHl1e MIX ypaB11eH14l B 4yH}cIHOHaJ1hHbfx 
rlpocTpaHcTBax JTe6er'a 6i.i.rio HanaTO C. I'. MHXJIHHhIM ([3-5] 14 np.). LJrn.rIpHBJIe-
'10H11H BHIIMaHI1H H a701 TeMaTHice Ii ee pa3BuTl4n Ba?RHy[o JJ!b cl.irparna ero pa60Ta. 
[5] ii I4ccieoBa1n B. B. XBEJEJI11J3E ([15-17] Ii np.). )IaJlb1lehnl4e ocTHfceHIti4 
B aTo o6J1acTI4,oTpaaeI!n1 B • pa60Tax- [1, 7, 11, 17] ii j. Bnpejriaraêreo aaMerHe. 
flpHBoJu4TcH cioco6 cBeJeHHg 1lccJ1eJoBaHlrn . Boupoco- paBpeLuhlMocTH JInHelHblx 

- -	CllHryJIflpHbIx HHTerpaJu,Hblx ypaBHel-lllft B BeCOBOM .ne6eroBoM npocTpaHcTae H 
HCcJ1e)oBaHnIo TaHHx ;He ypaBHeHMA B lJpocTpaHcTBe 6es Beca. 3T14 nocJ1eJHl4e ypae- - 
HeHHH xopouiö l43yeHhl, a ceee IC H!4M yaeTca np14 ocTaToqHoo6nHx npej-	-
Ilo.mOHeHHnx oTHodHTeJIbHo KOHTypOB nHTerpHpoBannH 11 BecoBbix yiuciii. 
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06oa11aHa1 4epez3 R, 1 < p < oo, MHofcecTBo Bcex Tex opHeHTMpoBaHHbIx	
0 

cnpnM.nfleMbIx ?}copyaHoBhIx 3aMHHyTh!X ICOHTYOB r, pacno.no?HeHHbIx B ICOMI!JIeIcc-	 - 
Hofi rulocHocTil, JJ11! H0TOhIX onepa'rop	

0	

..	 0 

Sr : f–Sr/,	
(5/)(1)__f/(T)dT	

tEr,  

frlHppb1BeH B flpOCTpaHCTBe L(J'). !IOJO?K1!M B = u'{R: 1 <p < oo}. IlüBecTHo, 
T0 JJ1fl !-caKorop € ( 1, oo) HMeeT' MecTo paBeHc'rBo R = R (cal. [9], a TaKwe 

[17: cip72_7-3]). HoHelIy!o O.nacTb, OrpaHieHl4ylo HoHTypoM F6y)eM o5oa1aaTb 
epea 2)4., a jonojieuue MH0?1cecTBa 2)1. u .1' go flOJIHOflflJJOCKOCTII - 'lepea J). 

'-lepea W(f')' 6yjes o603HaaTb MH	 '1 O?HeCTBO Bcex Tex 11OT14 ucjojy ICOHeqHbIX J4 
OTJIH qllblX OT HyJIR (yHHU1Iii cv, AJIFI IcoTophix oneparop Sr HerlpepnrneH n upo 
cTpaHc'ree L(P; cv) := {/: wf € L(1), I4JIH, 4T0 TOlCe caMoe, orlepaTop HeIIpepblneH 

16 

) 
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.B L(r). CoBoiynHocTb Beex cy1IHtU1ft B[T& 

	

1	r/(.r)dr
.+ c ,..	zf, 

	

2i	—z 
r 

rje / E L(f'; co), a c - npO[laBOJIbHaH rLocToHllHaH, 6yjeM O6O3Ha qaTb qepe3 K(P; co). 
Hoiioncrni K(F; 1) = K(r). EyJeM roBopllTb, 4T0 3JHHH Ha F 95y	0 
mopu3ye.4a a ic.iacce K(F; w), ecJrn cynecTByeT TaHaR ()HK[U1$T 1.11 ieioe {HC.TIO ?e, 
q'ro

(i)X EK(I'; co), X(oo) + 0, X E K(F;w'), q = p/(p - 1); - 

(ii) LIOT1 BCIOAY Ha r dflpaBeJ4u1Bo	BHCTBO 0(t) •= (t - a) X(t)/X-(t), re 
X+(t) it X-(t) ycJloBble I'paHHHbIe aHaqeIIIlH B TO'fl t )HH1HH X IlaHyTpH, COOT-
BeTCTBeHH0,M3BHC, a TO q Ha a fl1HJ1Ji?iU1T o6iIacTI4	 - 

onepaTop  

T: / - T/,	(TI) (t) =
 X+ (t) 

fXT) _'	t €F	- (1) 7ri

HenpepblBeH B L(F; w).  

I:yHHIHn  

•	.'	-	IX(z), -	-.	z€2, .	X1(z)=  ... .-	 (z - a)	X(z),	. z €	,

- Ha3bIBaeTcH 4aFcTop4)yHKIu1e3 G.  

20 PaccoTpir B L(F; co) ypaBlleHne  

a + bS19 + V9,

	

=r g, 	(2) 

	

• . -	rje a, b- orpaHIeHH1Ie, H3MepnMb!e iia F yHK1Hn,- g € L(F; co), a V 

	

S..	 HenpepblBablu B.L(F;(o) ollepaTop. flooKoJIbO Hac 6yer 11HTepeco gaTb BOTIPOC 

	

•	HeTep0B0CTH ypaBHe. Hllfl (2) u H3BecTH0, 'ITO OHO HeTepOBo .TIHUJb OHOBMCLLHO C  
-, HCHIleM aip + bSrip = -g, TO mmOFHH'I11MCH BCCMOTHHM 3T01'O noc j iejuiero ypaB- 

HCIIHII:	.:	-	 .	.	 .-	S	
•	 :	 . - 

3° Teope'Ma: TIycm. ' P ER,'co E W(F) u cyuecmoyem maa.' Oeàcmeumejunag 
opanuennai /Jyn?1u.cI ju, 'uno  

w(t) = exp -- (Sru) (t)	/	 (3) 

Ecu a, b - opanuennie uepute g5ynxui na I' u	 •. 

ess inf a2(t) - b2(t)J > 0,	•	.	 -(4) 
tel'	•	.	 -• 

nw ypaonqnue	•	 -	 S 

S	-	
•aq-f-bSp=g	.	•	.	•	-	(5) 

nemepoebiAt o npocmpancmee L(F; 10) moeöa U mojuKo moôa, Ko2aa neme-
p080 e npocmpancmee L(P) ypaenenue -	.	- -	•	 S -. 

a1 +b1Sr=g1 ,	-	-	.	-	( 6) 

	

- S	 .
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28e -a, = a(1 + m), + b(1 - m), b1 = a(1 - m) .+ ( 1 + rn), m(t) = exp i(t), t Er. 
ilpu iônoape.Mennoü nenrepoeoc!lu ypaeenui (5) u (6) u.ffe)om oauna?webIii uuaekc. 

flpu )olca3aTeJ1bcTBe 6y)eM ounpaTbca iia ciieiyiouee yTBep?celIne: B EIPHIIBThIX 
ripenoJloceHuHx oTHoCllTeJlbHo 1co34411[uleHToB IlTCOBCTb ypaBnernnl (5) H 
ILpocTpaHCTBe L(F; cu) paBHoCllJlblIO . 4)aKT0pH3yeMOCTH B K(F; (0) 4)yHREHIS1 

• 0 (a - b) (a + b). 3To yepnene np to = 1 goicaao 14. B. CHMOHEHIcO 
([12]', a Taicce [13]); cJiya1 eTenenHoro Beca pacczloTpeli B [1: CTP. 272-275]. He-
60JIbwItM11 113MeHeHIIHMII B jloHa3aTea .bCTBe 113 [12] y6eJ aeMcH B CupaBejJrnBocTH 
YTBPJHIIH H 11H upeJnoio?IceHuL1w E W(fl: 

	

llycTn TOflCb (5) HeTepOBO B L(P; co) H flOKaHeM HCTPOBOCTb B L(F) ypaBHe-	-' 
iiui (6). aJlfl 3T01'O, B cmjiy HHBH1IOFO yTuep?IceHH1r, JocTaToHo.ycTaHOBHTb 

3}TOII3YMOCTb B L(P)	HKUI11I G = (a1 - b 1 ) (a1 -+ b,)- l . 143 HeTeponocTil
B L(I'; to) YP3BH1111fl (5) ciejye 4ialTOpnsyeMOCTl, B K(P; to) 4HHURh1 
G = (a - b) (a + b)- l . FIYCTb X 1 flBJIHCTCB ee a}cTOp(jyH1cwaeci B 3TOM- KJlacce. 
lloiaaei, '1TO 4yHicuHH	 . 

Z 1 =X1 M, 5	. .	 S	 (7) 

M•(z)	
exp (f	

dr),	
2 F,	•	:	 (8) 

HBJIReTcH ( )aFTop4)yH1Lu1e1 wn 0 B K(r). ,LJIfl aroro HaM ciejyer npoBeplITh jirn 
Bee BhlrloJineIIHn cBoiicTB.(i)—(in).- 

(i) YCTaHOBHM cnepHa, WO M € K(V; co'). B cllJIy TeopeMbi 1 118.•pa6oTbl [2] 
•

	

	yHKLu4H-M — 1 n p HH aJ nco+dHT B O6JIaCTHX 7± ic.riaccy ClHpHoBa E, JJ1H HeIOTOpOI'O
5 > 0. Hpoie TdI'O, IcaK neTpyJwo npoBepllm, M ± (t) = w(t) m± lIi (t) 11 Talc icaic 

€ W(r) L(fl, TO M± E L(F). B CIMY YCJIOBHf., FE R,- .D ± HBJIHIOTCH o5JlaC-
THMH, CMHpHOBa [14],. flO3TOM 3aicjuo qaeM, WO (yIiHW1n M — 1 npnhIaJIe?MT 
E(2±). 1-b Toi'a oiia flJCT3B11M l4HTerpaJ!oMT11rIa Houm C IIJIOTHOCThIO M(t) 
- M-(t) ==-to(t) (m(t) - m-1 (t)). OqeB1irHo aTa ()HHEU1H r1pllHayJle7IdHT Lq(F; w) 

• (iianorciiwc, iTO q p/(p-- 1)), nOaTOMy M E KQ (F; to -1 ), npHeII M(oo) = 1. 
Taicwt o6pa3oM, X E K(f';w) (no npeJuojloaceH11Io) it M E Kq (F; co- , ), X(oo) M(oo) 
+ 0. Hai-c I43BecTHo, B aToM cuy'Iae 4yHrnHH Z = XM apeaffaiiHma HHTPJ1OM 

• Tuna Founi C nocToHaHo% rJiaBIIolb qaCTbIO Ha 6eccoHeHocTH [17: cTp. 98-99],
npH'leM rIJIOTHOCTb COOTBeTCTBy101Iel'O rnierpaia 6yeT z(t) = Z(t)	Z(t). Ho" 

•	 Z(t) = X() to(t) m ±112 (t)	 (9) 

H B 3THX paBeHCTBaX X € L(F; to). [bocHoJi!5KoX(t) =0(t) (t —a)"X(t), a B 
CWly YCJIOBIIR (4) nrieei ess inf 101 > 0, TOM X € L(F; co). Teneph 118 (9) 8aKJIIO-
qaeM, 'ITO Z± € L(P);; TeM caMbiM z € L(F) it aiiaiiT Z E K(r). AHa.nornqHono-

CrIpaBeJJIuBOCTb BicJiio qeHiin Z' € Kq(F; w), CJIeIXYCT JlHWb y'lecrb, 
•	'ITO ecam to € W(F), TO to € Wq (P) -	 . •	 j 

-- (ii) 14s paneca Z(t)= X(t) w(t) rn' 12(t) 14 npenoJ1oiceH11fl, 'ITO OflCP&FOP T, 
3aaH1IbIl paBeHcTBoM (1), HI1PPb1BCH B L(f'; to), cpaay ceye HROhiBHOCTh 
B L(F) oneparopa ZSrZ.  

-. -	(iii) I4MeeM	 -	•	-	•	. -	 •  

Z- (t) - X 1 (t) M+ (t) -
	

X(t) M+ (t) - a(t) - b(t)	•	 • 

- - Z 2(t) - X1 (t) M(t) - (	
a) 

X_ (t) M(t) - a(t) +-b(t) mo .
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• C Jpyro VTopoHbI HTJHO HOBPHTb cnpaBeJIHBocTb paBeHeTBa 

a1 (t) - b 1 (t)	(t) - b(t)	 •
• a1(t) + b 1 (t) = a(t) + b(t) m(t). 

Taiaii o6pa301, 4yHFcLu4s1 Z1 gaeT aLTopH3aIU4m 4)yHI[I4u G B i.riacce K, (r) 11 
Tem CaMhlM ypaene (6) okamBaeTCR HeTepoBbiM B L(f'). 143 . ( 7) BnJ1Io, 4To . yHI-

-	LUIHXI H Z 13 HMeIOT OJHHaKOBhifi nopuo}c Ha 6eCHOHe qHOCTH. IlOaTOMy cooTBeTer-
ByRJLIIIe 3TIIM	 FulTerpaJIbHhle ypanen (5) 14 (6) ilMeloT o1-

•	HaKoBh1i IlHhleKc (paFir x) B IJIaCCaX K(T';.w) H K(r). COOTBeTCTBeHHO. -	- - •	•Jlycm (6) HeTepoBoB }cJiacce L(I') wZ1 4aJTOpyHxLHH JIHG 1 B K(['). HyCTb 
- •	 =	rje M onpeeiea paBeHcTBoM (3);a  

-	• -

	 Z1(z)	
z E 2),	-	 -'	 - 

-	 (z - a) Z(z), z E 

-	floHaeM, 4TO . X1 4acTopdyrntrn AJIFI G B iiacceK(P;(o). Taii  
•	 auajIorHqlIbI IIpoBejeHHhxM Bblrne, TO ocTal-IaBJII4BaeMCH HecIoJ1bco iiopo6iiee JIHIIIb 

0 CI3OiCTBC (i). flOCKOJIbH0	 -	 --

i/M(t) =.'(t) rn h / 2 (t)	-	 (10) 
• or' € W(fl, TO IK 14 BbI[ue yCTaHOBIIM, qTo (M' - 1) E E(J)±); UO3T0My4yHK-

i:ig M' - 1 rIpecTaBI4Ma HHTJIOM Tuna 1-cOLUM C IIJIOTHOCTbIO utaLq(fl. Orcioa 
cJIeyeT npe)cTau1ocm HI-iTerpaJioM Tunaoirni u YHKWI X31-1 .RI4 X 1 . Ee HJIOTHOCTbIO 
6yer	 •	 • 

X(t)	X(t)	X(t)	•	-1	\	-_	 • 
M(t)	M-(g)Ti-M+(t) \-	G(t) m(t))'	 • 

• }cOTOpäH (c yeo (10)) ripHHagjmFtIT L(f'; co). 3uIaHT X = ZM € K(f'; ) 
-	•TaxHM-Ke O6pa3OM yCTaHaBJIHBaIOTCH OcTaJiblibje CBOtICTBa ()a1Top()yHHL11i.14TaK, 

•

	

	 0 4aHTopH3yeMa B x.riacce K(I'; w), o1yJa cJJeyeT HeTepoBoeTh ypaBHeHu g (5) B 
i.riacce L(I'; (v). OqeBuj-uo Talcmce, qTO H iia aTOT pa3 HHJ14ChI ypaBHeHH1 (5) 14 (6) (8 
000rBeTcTBylouulx iiaccax) paBHbI.	 • -	 • 

•	 40. VpaBHeHHB Buua (6) B cjiaecax L(I')xopomo H3yeHbI (CM. Hanp..[1, 7, 11, 16,17] 
ii mp . ). I43BecTHbI HpHTepHHHX HTCPOBOCTH 11 yCJIOBHH paapelunMocTul, a B P'UY 

•	BaHHelmHx cJIyqaeB JIOCTpOCHLI pelIleHHH. 1103TOMy OflHHCb Ha aTM peyrirai 
MO?ImO rlOJlyqaTb cooTBeTcTBylo[uule yTBepJeHI OTHOCHTeJiBHO paBpeluHMOcTll 

-• ypaBiieHui (5) B I1OCTHCTBX L(f; cv). Ha aTOM MW OcTaHaBJIBBaTBc5I He 6yeM. 
-	• B AlonOJIHe.HHe goHa3alfHoro MOHHO yicaaam B3aHM1I00HO3Ha qHOe coorBeTeTBile 

ey pou3eHRRMH yparn1e1-1u1 (5) it (6). A nMeHno, ecawip - peweiiue (5) xiacca 
-• L(I'; cv) uiM - yHIilujT BaganHag paBeHCTBOM (8), TO 

• 6yjier peiueiieri ucilacca L(r) ypaBl-ueHug (6)rIpM npaBo qacru g,= g/M. ECJIH - 
meV - peuueue ypaBHeHHM (6) Haacca L(fl, TO	 •	 • 

) s •	 •	- 

•	- 6yjer peuleulleM ua-L(F; co) ypáBHeHiiui (5) crIpaBot qacTlo g = g1M.	--
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5°. OTHOCIITeJIIHO BecoBo1P()y1lKuHH Co MbI 1IHH}lJ1H flpeJrIOJlOeH11e, lTO oHa r1pei- 
craBHMa B BIlge (3). 3T0 yCJIOBHe B AOnOJIHeHHe npegnoJIo?LceHH co E W(r) Mo?feT LIOKa-. 
3aThcR Hec}oJIbKo KeCTKHM. OgHaico, B pnge cJIyaeB, HartpilMep, Korgaf' - Thirty-
IIOBCHIII1 HOHTYP JIJIH juo6ort 4yHHLI4H w € W9(r) cyueCTByeT TKR geIcTBHTeJ1bHafl 
orpaHll qeHHaH yH1cuHH, qTO . Co npegcTaBHMa B BH (3) (cm. [10]). .Taic, WO npn 
PCCMOTPH11H YPB 11HHH (5) Ha TIC11X HOHTypaX, oTHodHTeJIbHo Beca ocTaeTcRrojlbKo 
rpe6oBallne co € W(I'). BTO ycJIosue yice Heo6xogllMo. ,Le11cTBriTeJmHo, gjui pafl- 
cMoTpeHIIH	BHC1IHF1 (5) B c.riacce L(I'; (o) MMHBMaJIbHbIM Tpe66BaHHeM 6yger npei- 

• noJIoHeH11e, WO oneparop Sr geüCTByeT irL(I'; co) B L(P; (0). Flo oTcioa cJlegyeT, 
WO 'w EW,(P) (ci. [9]; TaM goHaaailo, 'ITO ecJlH oneparop Si.- teiicTByeT ua L,,(E) 
B L(L'), ,> 1, TO OH HertpepblBeH. LoKa3aTeJIbcTBo cocTonreJlhHo II B ciyae npocT-
pancTBaL(F;co)).	 . 
60. Bee peayiaii 113 pa60T [2, 8-10., 12-14, 17], llcuo.mbayeMble npH goKa3aTeJmcT-
Be TeopeMbl113 30 , ocraloTcH B cnjie, Horga B YPBHCHITHX (5), (6) 3agaHHie aJleMeHTbl 
a, b, a 1 , b 1 ABJIsIJOTCI! maTpMtAamti, a HcHoMbIe 92, V 11 sag ambie 3JlMCHThI g, g1 Be11-
Topaarn, 1IO3T0My MOfcHO gQ}caaaTb aHajlor TOMhI H jim ducTeM dllHryrIRpHbIx ypaB-
HeHH1L Ha 3TOM ML! He 

7°; B pa60re [8] B cnyae JIHIIyH0BC}dnx IcOHTypOB H qacrHoro Bmga BecoBLix 4yH1uw1t 
öblJlO nolcaaaHo, icaic MQaHO Baga'Iy Jn4HethlOro COfl1DIcH11H B. ijiacce K(F; co) CBO-

HTb ic HccJ!egoBaHtlIo aHaJIorIi'IHotl Baga'IH B icjiacce K(r). B floe 1egy!oueM3ToT - 
pe3yJIbTaT 6iui o6o6ueu B [2]. B pa60Te [6] npuBegeH , aHaJIor gOIca3aHHoti B 30 
TeopeMbIB ciyae cTeneHHb!x BecoBbix ())yHFcLHfi 11 JIHI1yH0BcKIIxK0HTypOB. 
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