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Es wird. eine Klasse lincarer Randwert,probleme betrachtet,, die zeitharmonische elastische
" Wellenausbreitungen im AuBengebiet einer Halbebene im RR® beschreiben. Die explizite Losung
ist moglich durch Wiener-Hopf-Faktorisierung bestimmter Typen von nichtrationalen 3 x 3
Matrixfunktionen, di¢ als Fourier-Symbole der Randintegralgleichungen erscheinen.

PaccMaTpuBaeTCA ' KJIACC JIMHEMHBIX 'KPAaeBHX 3ajlad OMMUCHIBAKLIMX T'apMOHHMUYECKHE II0
BpeMeHN ynpyrue pacnpoCcTpaHeHNA BOJH BO BHeWIHel oGracTy noaymnockocti B R?. fniioe
pellleHMe BO3MOKHO mocpencTBom (axropusauuu Busepa-Xonda onpegenénnoro THma
HepALMOHAJbHHX PyHKUHI oT 3 X 3 maTpuu BO3HUKAIOINX KaK ch'Bo.uu ®ypbe ypasHeHu
C MHTErpajiaMi 1o rpaimue. . oo : o

A ‘class of linear boundary value problems is conmdered due to time- harmonic elastic wave
propagation in the exterior domain of a half-plane in R3. The explicit solution is obtained from .
"a Wiener-Hopf facborlzatlon of specific types of non-rational 3 X 3 matrix functions, which
occur as Fourier symbols in the corresponding boundary mtegra] equatnons

S
v

Introduction. Since S. G. MikELIN introduced the concept of the symbol of a singular
*integral operator 50 years ago [24], mathematicians working in various fields realized
the importance of the fact that the structure of problems governed by convolutional
‘type equations reflects in properties of the Fourier symbol function or matrix func-
tion, respectively. Wiener-Hopf equations and systems of them represent one of .
: those fields: Their nature and explicit solution is directly connected with the factori--
zation of the Fourier symbol, see the famous papers by 1. GomBEere and M. G. KREI¥
[8] up to the recent monographs by-S. G. MIKHLIN and S. PROSSDOBF [25] and others
[13, 16, 27].
The problems treated here yleld symbols in a particular a]gebra of non- ratlonal
matrix functions, for which we present a constructive factorization procedure. The
- basic ideas differ: completely from those which are used for rational matrlx functlons,
see [4, 5, 7, 9]. :
We shall concentrate on four boundary. value problems which ha.ve been posed by
.. V.D.Kuprapze [15], but like to mention that the method applles also to other
+ boundary value and transmission problems, see/[21, 29, 30] for admlSSIble boundary '
~ operators and [1—3, 6, 10, 14, 17, 18, 31} for background

1. Formulation of the problems. Let 2 = {z € R%: 2, > 0,2, =0}, 2 = R3 — F,
. and bo(undary data-g* be glven in the vector Sobolev space H- l"2(2)3 We look for 8.
weak solution » € H(2)3 o ) ) .

Lu = (A -+ dnalls gra.d div + —-) =0 in .Q, (1)
. # N /‘ -~ ’
1) sponsored by the Deutsche Forgchungégemeinschaft under grant number Me 261/4-2.
. . o o | .
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.

V*u =gt on 2%, o T (2)

N
where 2, u, w, o are "known' constants, which satlsfy w0 >0, 24 2u >0, Rew,
Imw > O [1]. The boundary data V£ which are always considered as functions defi>
ned on the full plane (x;, z,) € R? are gnven on the banks of X either by the values of
the traction vector . . ' /o~

\

upt = (Tw)* = Tlley- 10

g ’ .-

= /n le u+ 2y Z + u(n X curl u)[,, £0=g*% ‘_ o 20y

or the Dm(,hlet data (column) vector

.'-?Lo (”"01’ uoz, uH)* = = Ulzeq0 =g+ | 4 I (2,-11)

_or certain combmatrons of them - . ' .
(uo,, Ugy, Up)* =gt - - o (2.111)

or . . . .
(“na UTg, ui)*-=g* - - S oo ' (2 IV)

on 2, respectively. For Dirichlet data the given components naturally are assumed
to belong to the trace space H ll"’(Z,') instead of H- 1’2(2 ). Moreover it is well known,
that the Jumps N ' .

fo = [uly = uy" — up™€ H”Z(IRZ)S; fr = [’Iu]o = ur" — up~ € H1(R).

- ofa solutlon of (l across the plane Ty = 0 are zero for x, < 0, in other \xords the
jumps across the boundary [u]r € HU2(Z)3, [Tu); € H-Y%(Z)3 are extendable by zero
within.the Cauchy data spaces H*'/>(IR?)3 (the manifold X c= IR? is identified. with a

.subset of IR?). This operator theoretlcally _important fact can be seen as a compati-
bility condition for the data and is often formulated as

e BREP, fre oy S O

meaning column vector functions with components in the closed subspaces of IIi‘/’(IR") :
distributions supported on X. )

Therefore it makes sense to reformulate the boundary conditions (2 by use of the
jumps (3), and, for symmetry, the sums of the data '

{ule = uo + %, {Tulp = ur" +ur” o B (5)

. So formulae (2) are transfcrred into transmission condmons where one of the data
scts .

L

“ e =[Tu), € H‘_”‘(Z o {Tube € HM(IR2), \ _ 6I
fo = [udo € AVEP,  (u)y € HIE(R?P, S eI
. [l \ . ~ . {ubor \- _ : ’
Cude | € HYAZ) X HAYZ), {uloy | € HIP(IR?)2 x H-12(R?),
[Tw)os] : - (Pubes) - C eIy
I: IfTu](,, : ’ . {Tulm » l

[Tules | € A-12Z) x A12(Z), | {Tuler | € H- 112(IR2) xIIll?(IR") (6. 1V)

[@)os /- o v ' {u}os
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is given on Z. We denote by &, =1, 11, I1I, IV, the Vbounda,ry value i)foblem that

-corresponds to (1) and (6.1). The Dirichlet problem &Py has already been treated by a
" simplified approach in [23]. The present more rigorous calculus also works (up to the
explicit factorization) for boundary and transmission problems where Vu in 2
represent two arbitrary linear comblnatlons of Dmchlet \Ieumann (u, = 6u/8zs

: and traction data o .

. : + + ) : “foy— iy
“ (U \ 0N\ /fuh 0 v [¥T1 0 oy 0
up |, L O s w5l O} (w5 | O [%02) -5 O (7)
. . . N R ,
0 Ugy 0 uiz/ \O T 0/ UTy

given on the banks of Z. In regard of the equivalence to a Wlen<-l Hopf system the
-method applies also to (i) arbitrary plane Lipschitz domains (cracks) X, (ii) different
~ media filling the half-spaces z; > 0 and z; < 0, respectively, and (iii) a second Pair -

of conditions of type (7) instead of (3) on the complementary half-plane R* — Zas -

well, see analogue investigations for the Helmholtz equation [20—22, 28]

- 2 Representamon of u by data on the plane :L',, = 0 We consider_now the half—space .

= {z € IR3: z; > 0}, a solution u* € H'(Q*)%.of (1), Lu* = 0'in Q*, the result,mg

i _Dmchlet data wus* = ut|z,- 10 € HW(IRZ)3 due to the trace theorem, which yields -

_continuous dependence u* — u,", and ask for the inverse relation uy* — u*, which
means-correct solution of the. Dirichlet problem for (1) in 2*. We use the notation
z = (2, x‘b Z,) € lR o= (&, %), § = (51, &) € R, £2 =52 + 52 , and, for brevxty,

‘ @,(é) Fops: (@) = [-ei%p, (') da’,

R ! . ) ’ ’ .) X
L t(E) = (& —k 2)1/- X w’ ' T2 — w?o
-, = 1 = 7 + 2# 2 »'— :“ ,
w1th t; > —'—oo as &, - +oo0 and vertlcal branch cuts connectmg :}:1(52- — k)2

over oo, 1, denotes the characteristic function of R, =7(0, o0).
‘ Proposntlon 1: The general solulzon u* H\(Q+) o/ the elustodynamical equalions
(1) in Q* reads- o o o -

'

. ¢1(§) éfl.(s)z, ; (5) NG e-—l.(‘)rs . .
- ut(x) = Fc—}—)z Pg(8) et ‘f‘ 3 (5) P3(8) 0“-“"” o : ' I(x) .
) ‘ . —is 1': ;_ —‘l &)z, ’
. | , (, Ty $6) 0t el e £ gy
or brzeﬂy (droppznglthe dependence: on 'zt and 5) L . ' -
o ¢1’e—“z’ w\" . =~ - .l : _
Cwt =FD | 4y et fi(z), &) =) 0 .1 . ‘f—e © o (8)
‘ . 1 .
e~ S ) .
6 =i, —i& .
o ty 2
‘where the column vector ¢p+ = (@1, P2, P3)* Sutisfies Co o g
. + — B,(p'{' — F—l(pl F(p € Hl/zaRz) . SN B | | (9)

21 Analysis Bd. 8, Heft 4 (1080) : C s

SN
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Proof By use of the two- dlmenSlonal Bourler transformation with respect to z;

“and x,, D = 0/ox; = F Y(—i¢;) - F, theoperator L = L(D,, D,, D) can be written as

w20 Ao L &2 . £ 52 l.les )
“ I — _—_' £i& &P 152])3 Fopse

) - 15Dy 152D3 —Da

on.a (dense). subspa.ce S(Q*) of smooth rapidly deereasmg functlons where 7 i3 a

suitably sized unit matrix. Abbreviating » = (1 + u)/u and k2 = w?/u we look for
solutions of the homogeneous system of ordinary dlfferentlal equations -

L(“'n» i&, Ds) uth(&y, &, -'173)

p o R (’D; ey

Dg? — (& ‘1‘ v6,% — ky?) . '—_?5152 : “i”‘flbs'
= - —Vfwz . -DSZ-—T (£% + v&,? — k,?) ‘ ;ivsza .
X . —ist,D, CEERDy L (LD (@
X’ u* (4'1,-_,2,1'3) —0 ) o - o (10)

The ansatz w &, z3) = @(&) etz ) X3 > O thh a parameter dependent vector (p(§)
leads to the solva.blhty condition . -

c o . —1&cft .
det{ 0 ¢~ —i&eft RN ,'=__('), ’ ' T
it vt (1 + v) ¢ — (52 — kzz) '

where ¢ == ¢(£) = £3(&) — £ + k2. This yle]ds ‘t =t or t =, and the solutions (8)

with arbitrary g, € S(R?).
Accordmg to the trace theorem for H(2+) and the density ofS(]Rz) in H1/2(1R2) one

_ ma.y extend this formula 1mmed|ately to data @*_€ H'?(IR?)3, since the Dirichlet data

%™ result from @* by the action'of the pscudo-differential operator B, of order zero,
see (8), (9):
Conversely we have

+A .~ +A
@ fd)ll'uo >

I : bl — &2 TEE ~=16iy

-, 1 , . _ (1)
D,-1(8) z-ﬁ—? 3123 Lt — & —‘Eztz ) :
il — i " b ;
&t &ot -4,
1534 5241 142

where, despite of the boundedness of 05,(5), & € R?, the matrix clements can grow

©(§) = & — tty > (k2 + k)2, IEI —> oo, ‘ o (12)
This means that Dirichlet data u,* € HV2(IR2)3 yield only ansatz data <p € H'3/2(IR2)
in gcneral but however, the corresponding half-space solution «* is still in 1‘11([2+)3

_according to an asymptotic cancellation of higher order terms ~

’ i _ e"‘sza 0 ' 0 ) . .
Cw@) = P o) [ 00 etm 0 ) @1(6) 1,0m) weth(e)
0+ 0 ?—t.:r'. - :

& B&L, —ikt,
, , A b &2 —ikyl,
- o ) ' ‘ -,-—iz;-‘,tl —i§2tl \—tlt2

’

X L) ugtNE) L R
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W hlch easﬂy shows |lu*{lyy 0+ < const . ||uo*||”.,:(m.,: Thus we heve ex1sbence of a
solution %+ and continuous dependence on-u,

Proving uniqueness we show that u* € H ‘(Q*)"' and I/u+ = 0 imply wt = 0 in

2%, In this case one may Fourier transform the differential equations with respect to

all three variables, since H@(Q")3 is a subspace of H'(IR3)3, obtaining (10) with D,

lepla.ced by —i&,. The resulting matrix ca.n be inverted, which ylelds ut =0 after
inverse Fourter transformatlon § — o

Remark: It is possible to express the general solution of Lu* = 0 in 2+ in terms of several
other data on z, = +07sce Chapter 3). The “ansatz data representation’ (8) gives the srmplest
formulae in a sénse and it includes the physically important decomposition u* = u;* + u,*
into shear and pressure waves, which corresponds to curl us =0, divy,t =0 whero = <p2
=09, = 0 hold, respectively. ’ '

"In contrast to other elliptic boundary value problems, e.g. for the Helmholtz equation:[21,
29, 30], which are also governed by coupled systems of Wiener-Hopf equa.tlons, the dependence
of u* on the (exponentlal) ansatz data qa+ (instead of u,* or others) is not a topologlca.l mapping
(since ®,-! is unbounded). This fact is important if we look for well-posed formulations of
elastodvnamlcal boundary or transmission problems, and motivates the preference over the

“s-p- decomposmon in this paper. ,

P . . . N

solution Dicichlet Bim FYo b ansatz

" gpace data B . diita
P Z'rn;?ﬁutel:'e'ss) (order zero) ¢

O fuis Lagt = 0)  ——————F.  JIN3(R2) Fo=Feort (B~ - - .
Lo n.
. N " . X ‘ .
v Hy(Q24p : - ©/ HE3YR2)P
' Representation Theorem .
(existence =- continuous dependence for F=

the -topology inducéd by ug*€ H'I(RHY ’ T RN

., Figure 1: The choice of funcﬁ_on spaces- - '

Corollary 1: Thc solution of Lu~ = 0n Hl(.Q 3B, 0 = ,{x.E IR3: 2,4 < 0}, reads )

MR chzs 0 0 i ‘ S
- w =F1,| 0 e 0 | Byl (2) ug . (14)
‘ . : \+ 0 0 ehss/ : ‘
with Dirichlet data uo‘. € H2(IR2)3 on z; = O\aAn‘d‘ - 7
Tl . . N .
C 1 0 % ;
A Sty
i /1 0 O
: i _ .
Bl =0 1 —El=MOEHM, M=[071 o). ° -(@15)
- ’ : . ! : i . i O 0 —1
1£, 14, 1 : .
o ‘

Agaz‘n, the depemlelvwe Uy~ = U, H”?(IRZ)" - {u= € H(Q-): Lu- ='O} ‘zfs'biy'eclive,
and ‘the ansatz functionals ¢~ = B,"uy™ = F~1®,~1.- Fuy~ are.not. necessarily in
H2(R2) but in « (strange) non-closed_subspace of H-32(IR?)3. : '

21+
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Corollary 2: The general solutzon u € HY(2)® of Lu=0inQ = IR3 "X is given
by 4 = u* in Q%*, see formulae (8) (9) and (14), respectwely, iff those half-space solu-
" tions satisfy —- : .

fo=u" —u =0, /r = (.’[’u)*l— (Tu)- 20 onR* — 2. (16)

" This is also a consequence of Proposition 1. The traction jump condition can be
-replaced by the Neumann jump condition f, = u,* — u,~ = 0 on R? — X' (which
leads to equivalent but slightly less esthetic formulae). ’ :
‘3. The calculus of boundary operators and their Fourier symbol matrix functions. We
‘'study further, relations’ between boundary data on z; = £0 of half-space solutions
of Lut =0 in Q* or Q-, respectively. From the preceeding formulae the following
data are in 1-1- -correspondence and related by convolution (translation invariant).
operatorsB = F-9;. F: . . . . - :

.

'IB1 ot r—}uo y L Bé:rp‘»—>u0",“ Bs:tp+9ul+','
Byig~ v u, | Byigt > urt,  Beigmeuwr, an
Baigt > (5w i)y Byt o (s gy, uz)* S

By ot > (why, wia ui)*s Buot @7 o> (g uss ugm)*-

It s ea.sy to see that ®,; follows from @,;_, by rcpla.cmg tl by —t1 and t, by _‘[o We
. now list all these matrlces (£e. R?): N

L ' ' o C S 1 00
o =0 1 Zf s-mem, . M={o 1 0
N o S\ 0 —1
1§, 1Sy 1 b
t‘) l2 , .
' L 0 .0 '
®,=—&D, D=|0-4, 0|, & =&D=MOMD
_ 00t/
! 122"*‘- 512 5150 “o: '.
= 2
N b ly i i \
- N T2 &2 C .
- By = —p % ’ —2——;:—“"— 2 |, @e=—MoOM; . (18)
2 2 )
i ! . 2 2 ;v
“oig, —oig, 2t
N | b
r 0 'f_‘ - R
. . AN "1 ’ .
&, rows\ , | 7 & ' ®, rows.
. . . 2
P, = =] 0 1 T - Dy = = o.M,
-— 1 . —————-
&, rov [/ - : Cope g @, row Y
~ S | 2ipg, ~»2i/4§2 _u_2__+‘_§ ) ‘ '




. .

. Ps rows .
Dy =
. T
@, row
. @ rows
Sl
¢2 row

’
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W B % — 2ty
—#% —/l@ —‘_2il:52
i i
Ly Ll
o

N

A =F¢p. quhq?e(AX

_where |5|

Remark ‘One observes many common (more or less relevant) propertlcs of these mshtnx
functlons

e = (Bp(es 52))“-1“6@(51,52, B8, (&)

which are ratjonql in &, &, t,, t,. There is, for inStance, a certain symmetry in £, and &,, which -
- we briefly describe, putting 6;,(&,, &) = 6}(&,, £,), by 0“ = 0.,2, 01, = 05y, 075 = 0,3, 05, = Oy,
so that 5 of 9 entries already describe the matrlx o . '

{

o 0 ?12 6 ‘ o s ,
o=(on b oen) ~
) 63, a1 L% )

due to physncal 1sotropy in &, &, (tungentlal Z direction). The followmg three results are easily
proved. . ,

. (,19)

"Lemma 1: Matriz functions of symmelry lype"(lg) form an dlgebra AX. Linear '
combinations of boundary data mentioned in (7) depend on ot and ¢ by ope'rator.s

Further function theoretic (holomorphy) and operator theoretic (mappmg) prop-
erties will be analyzed later. Here we present some algebraic insights, which are,
most useful for exphmt factorwatlon and introduce for this purpose

- . A 1 51 e~ .. )
£0 — . Ok . -
S " |§l (‘Sz)’ ‘ E |§l (gb ‘52): K . | ‘ . . (20)
7% 5152 1 & —EEY L
8 R .
1(5) (5 E 522 )’ 2(5) ( 5 § \§12\)

(51 + &2 for £ € Rz,

Lemma 2: R; are complementary pro;ectzon matrwes of mnk 1, they are mtumal :
functions, symmetric and real-valued for £ € R2, ie.

’

Rt =R, R +R=I, )
R= ((1) g)'s, s= ILEI (_i: gj) - s-or 21
*=F, ImBE) =0 for f€R®. |
Euﬂiier_more the vector &0 satisfies .- - ' - ‘ R
§o*§o — l§°|2 -1, 5050"— R, . : : |
R £ = §°, R =0, EOXR, — £O* | BB, — 0, (22) .
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‘ notation L .
L0 000162 &2 && 0O -
0~ 0 & | = §1§2 &L 0 . '
—i& —i& 0 -\ 0 0 . &
@nd, more generally, in block matriz form .~
s E, i 0 n
.fr i . Y e——e l__ ’ E € 'N’
0 I|1§° 0 |1
—_—";'l;_ = | . A
_150*| 0 . 0 ilfo 1
' ) , = € N.
—————— j-—- 2
— &% 0
Lemma 3: 1. All matrz‘x.functz‘ons. of the /brm o
R ! ’
: aR, + bR, : ic&0 »
O = . R
_________ f— e
. —idgo*. { e ~ . L

R ¥

.with :scala( /unctz’brgs.a, b, c, d, e of the variable & € R? form an algebra A

2. The product of 0,, 0, € A reads (with suggestive numbering)
I i(acs +¢y€5) £°
I

| _
| .

& dic; + ee,

(ayay +.6idy) R, + bibyR,

.

. @102 =

_'i(dlaz + é;dz) £o* -

-3. The dete}minqnt and inverse of O have'the form

det © = b(ae — cd),. . ‘ L
. . .
o |
R 4R |2 ip
- Jae—ed™ T b T lae—cd.
671 = 1
o= | S
‘ —d ! a
| T jeox | —_
ae—cd'( 1§ ) ! ae — cd

R(;m‘arks: 1. For the proof it is convenient to show firstly by use of Lemma 2 .

det (aR, + bR,) = ab, - o

. : i
o_ [ aRi+ 1 Balice) [ 1-R, + bR,

[
0
g
*
®
=

in particular, it is un ea‘éenveétor of B, 7 2 1, 2. Finally there hold in 3 x 3 Mtrix

(24)

(25)
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which two factors commute. So the.b term can ;be handled as'aﬁ isolated scalar (or diagonél)
factor and the rest is governed by 2 X 2 matrix computational rules. 2. All the 3 X 3 matrices
®; (as well as [, M, D and &;7?) have the form (24). 8. According to the importance of ratnonahty

(and for brevity) we shall wnte (puttmg = c/|£| and d =d/|&) -
‘ 6 — aR,-+4 bR, II cié ‘
, . S S
dig* e <« .

" which is'a rational matrix function, if the coefficients are rational. The product formula (25) is
then changed into . . o
‘ . 3 ' ‘ ! x ] ‘ R

(3ya, — €,d,8%) R, + bb.R, '1.(a162 + Ce,) i&
——— o ——— . —— o ——— | —— . i ——— , .

0,0, =
) (‘21‘12 + &,d,) i&* l 3132 —d\58

(28)°

It 1s now very easy to compute the inverse symbol ma.tn\ functlons due to Q),,
j= , 10 ‘ A . : ,

<

Example: Write and compare with (11) . A
1 o'f—‘ o L
. _".."I-R‘+1-R2|ilf—|§° _ . ‘
LB = 0 RN ‘ AR o
. ¢ R
' ig, it b 1 . - °
‘ % e sl : :
B t t , ]»125“ -i,1 ‘
~ det @, = bae — od) = 1- (T — &ftty) = (tts — E)ftityy N
- ' T . : i f
: Ty ' [
s bls porm, ik e o bt — R i
’ A bty — &2 I 4t = 52 1 B
d)l—l [ {, = ——— p .. | .
: o . ttp — 82 __ :____ -
o. —1El 8 1ou : 'ty ’ - ! !
tits — & Dot,—& his ! b
.Co.rollva ry 3_:.T,he’z'nverse malrices due Lo (18) read
; L S ; i '
) o—1 Lt + &) B, 4+ — R, : -2
- . (Ds_‘l =—;— . ! . co t? 9
" : pr o\ o - o 1 e ]
~ : 2ig* utl(ez + &) .
_ i .
—1 ¢ 52)R — uk. ~R 15
Ot = e kRl BN ) @)
. N 2,“‘1i‘5* S = —4 a Lo ’
X kg i o ‘
1 iRy — 2 I 2ubié : !
Pyl = ol t2 . l ,
S pky R - N
A ie* - ,u(z2+5)
where the Raylezgh /unctzon r [1].0ccurs: ® !
¥oord)= (&*+ ‘2)2 — 484 lz = 452(5“ — 1) —ks* (452 — k? ) : (30)

\
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. . )
The remaining malrices can be writlen as ' J
v Dyl = MOTIM, Pyt = —DAGY, Pl = MDY,

~

O = —MOTIM, - B = MP,E, B = —~ M.

(31)

4. Equnalent W 1emr-H0pf systems. We now defme the 6 x 6 convolumon operator A
matrites

B, _F‘l'{’, F, ,l=1,11I, ur, v, L (32)
- : .
by the following data relatxons for solutlons of (1) flrstly B, = B,B_-! given by

_(f\ _ —uy~\ " o'\ [(ur—ur [T'u]o
A (f) ~(u = 1,,,) A (qo-)}?f’ (ore ) = (i })‘33 D

_or, instead of the Jast vector, ) ’ L

) . [“]0_1' . [(Tulo, s
4 : [u]og o [Tu)ge . . -~
(o} (T*u]os : (u)oes | L "
S o |7 fraef o B3I
_ e e | . A i .
‘7 o {Tu}osv {uboge) = .- . .

respectively, a.ccordmg\ to the four canoriical problems in Chapter 1. More premse]y
we consider B, as’the translation invariant_extension on Hll'z(]Rz)" X H"/2(1R2)3
‘instead of acting on vectors supported on 2.

The first three rows of these correspondences are a,lwa.ys decoupled since ¥ = ¥,...
. contains exactly one 1 in each of them. The remaining. relations yield, after an ele-
- mentary rearrangement a 3 X 3~system of Wiener-Hopf equations with symbol

@ =, ..., say. In order to discuss the continuous dependence on all given data, we
contmue consndermg the full 6 X 6 operator matrix ’
: W._ y5- B|H,,,(£) sy >R - o ) (34)

' where B = B,B_-! stands for one of the convolutlon operators B, ‘in (32), h = Ry
denotes_the restriction of the correspondmg right hand side of (33.I—1V) on X and
.W = W, acts into a vector Sobolev space with components in H+/%(Z) dependent on
the type of the problem P = #,,1 = I, II, III, IV (or others, see (7)), respecblvely

Theorem 1:1. Problem P is equivalent to a6x6 syslem o/ erner-H opf equatzons
Wf_hwkere \. e .
3

W: H'2(x)3 xH 1/2( XA ’:(Z)x XH’:(E)

{ )=
s lznear continuous and A -
Y (=12, —1)2, L1/2)
- (1/2,1/2, 1/2) ,
(81) ‘?27 83) - (1/2 1/2 _1/2 (35'I_IV) .
(—1/2, —1/2, 1/2). o N
2. The reduced’, 3 X ‘% erner-H opf opemlor - . . i /
3‘ , . - . . o
v W= ys - Al H':(Z‘) - x 11&:(2) , : R 36)
.. / ) . . : . A

,_

7 0 . . o
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corresﬁomdihg to the latter rearranged tlhreelrou,js, i8 of normal type, i.e. {

A —'F—lqb F: xriv,(mé) - X H5(R?) n (37)

acts bijectively where i + S =0,7=1,2,3, kolds /or each of the \four wnomcal
,problems -

Proof:1."A solution % of & is given by Corollary 2 n dependence of the ansatz
data or, see (33), in terms of the jumps f, since B_ is a 1-1-mapping, cf. the subsequent
Lemma 4. Conversely, a solution of W/ =h ylelds ansatz data @ = B_fand a solution’
u of P. .

2. Since the redu(,tlon toa3x3 system and the space sebtmg are obvnous, we only

“have to prove the buectlva of 4,ie.

¢ detd(®) +0, el 4 ~‘ )
¢(s>—(0(|£|'~ Niporzar  PUE) = (O(E1- ikmrasi 1. o

“This is not trlvml because of the unboundedness of- tD,‘l but it follows most evndently
from the explicit matrix function representations given later in (43), (46), (47) N

Corollary 4: P is well-posed for all data, iff W is invertible. Then the solutzon u zs
given for mslcmce in terms of the Dirichlet data by (13), (14) ‘where

. | : . ) )
«w 1 (1|17 ; I~ o\
(U) LIl I Dy | hoo(39)
Uy R 2 -1 I A . ~',;A o W;‘1W21 l W_l . ‘ R
u;z'tk a certain 3 X 3 block W,, of W. All dependences are co’nl'inuous in the sense of .
chp e uy > u, ' h

3 - g .

X842\ ., . S ST @)

i=1 HIPZ)3 HY2(R2)6 — H(O)3. -

3 T \Azys - (IR?) - (£2)3.

X Hs(X) ’ S _ oo

i_=1 N

Remark All smg]e scalar Wiener-Hopf operators have the form 3z - F-l%6 F|.... A7)
4 H#(Z) with |r| = |s| = 1/2. So they are of order —1, 1 or 0 in the sense of ‘pscudo- dxffcrent,lal .
operators and correspond with weakly singular (L! convolutnon type), dlfferentlal and hyper-
singular, or unit operators (tlmes constant), respectively [6]. .

The operator theoretic structure of the systems can be analyzed in advance and very detailed -,
after lifting W on L¥}ZX)3 by Bessel-potential operators [21], a transformation from R on the
unit circle (Cayley transformation or stereographic projection [24]), and by use of the theory of
Cauchy type singular integral equations [25]. We refer, to [21, Section 3] for details. It turns
out, for instance, that (37) is.necessary for the Fredholm property of W, which is equlvalcnt to
the inv ertlblht,y [27). The partial wmdmg numbers of the lifted symbol determinants are always
zero-for the canonical problems, since these determinants are even functions in &, and &,. But
the elements. of the lifted symbol may have jumps at &, — 4 oo for further.problems, see (7),
which then corresponds to hlgher singularities of Vuat 2 = 0, see [29 30], Here we concentrate
on the exphclt, fuctonzutlon “of the (unhftcd) symbols

5. Related symbols. We are going to determine the Fourier symbol matrix functions
¥Yp. of B_ in (33.1), its inverse Y5, the 6 X 6 matrices ¥ = ¥, | = I II, II1, IV,
from (32) as well as the ‘3 X 3 blocks of the reduced versions @ = (D, in (37). R
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Lemma 4: The symbol of B_ and its inverse read o

. <D7|0 1 | -M\ \1- I I 1 Q7_'l| 0 :
y’b-'iPss( )( N »)’ W;i :_( )( -),Pssy
' . qu’s g |;M IR 2 —MI M\ 0 Id)g"l :

: L | - SRC
where P36 denotcs the permutatzon matriz /or the exchange of the 3" and the 6 row
Proof By defmlblon one obtams in block matrn notatlon
ST ¢1|—<p2 - I—quM T
- !II‘B_ = = 1 B s . ’
-‘ o, |~ "\ «p;,, | Mom | . .o
see (18), where the secorid block column coincides with. the flrst one up to certam S
.signs, which fact we descnbe symbohcally by -
: . - — + L - - + '
. D, - — + - . P, - - +-
oy, = ' -1 |- - *
. '_B' ) + + — .= Py , + + —
~ P |+ 4+ = A4 P |+ + =
- . - — + + 4+ —
*"The rest of t,he proof is obvnous 1 .
PropOSItlon 2: ’I‘he /ull symbol of the pure lractzon problem 5’1 reads
. ) 011 - , ;
= |——)} C : o (42.1)
o ? PP/ - N ) : BRI
where - - : )
. N N |
: - | I
Z R — k2B, 0 o 1%
T, = b [ o — L | b
I — E A : -» » g ) S L22 ‘: . ’
TTTTT Tt = T N A T
- o o
! 0 r— ——ig* 1 0
S TN - ho
= o(&) = 4,2 + &2 — 24t = 2v — k,? . (430)

(remembéx, b= (52‘— ke, : T =8 —hty, 1= (4 &) — 48%¢t, = 4£% — k,?
X (482 — k,?)). : B .
Proof: Formulae (32), (33.1), (17) and (41) yield -,

_w_l;(¢5|—¢s)¢(’|1)(¢v e *
I U P 2 W IV | o)

- which can be simplified by use of (DG =-MP,M, M? =1 to

‘ I—,MlI.-}—M Db, | o o 0|1 ;zss¢,—1| o\
e e
2\t M-\ o |o0m 1|o. 0 o0,

s

”
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The 3 X 3 blocks are easily obtained By the aim of Lemma 3 from (18) é.nd (29):~

i .
‘ ol .
\ 1,2 2 | . !
\ 2Z§R,+t2&: it ~
DD."1 — —u : i - X
o B e e
' ‘ . —2igx | L+ &
' ! 4 ’
—1 /‘(l"‘*‘fA)Rl:—,uLsz! §
T2 | mm e VL
) #h ut, 1&* I Ttl
1 “ B, — Fk22t2R2= — i
L b
= % g. : (a)
R I
0 i k2
‘ - o .
' ' f : -
. . .
’ . R, — ";L R, 5 Qutyié ,
-1 — @ o o— 2 AN .
D, P, D, P - :
. ! - o
, ' S TR |~ + 89|
. oo o
I 7
I 10 |
\ 1 2 : N ’,
— F : .
AT A
’ A

N\

The rest of the proof consnsts in the exchange of some rows and columns in the last
.formula for ¥; 1 . L ) ) -
= -Remark: The pure Dirichlet problem #;; has already .been solved in [23] by a.modified,

npproach which could also be used to treat the traction problem. In our opinion, the present
more rigorous calculus shows clearer how the mixed type boundary symbols (I>, and @, come
into the gum(, — even for the pure problems &#; and &#y;.

A comp]ctely analogue ca]culatlon for the Dirichlet problem yields the corre- .
spondmg formulae (Just replace D, by @, and <D0 by @, in the last proof):

AN

o : I 0 : ‘ : S -
Yh = (",— —), ) _ . - . - (42~112
‘ -\ - » .
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. Vi |
" - where " - - : } I
™ i
;o - Ir+2R 1 0 |. , 0 =2 e
P R ” 1 : b
. 1 /11'522 ___________ : _____ ’ = k22 _____________‘_] ______
: i
. 0. T gié* i 0°
. _ | b ta ! ,
. : I o (431D

of. [23, formula. 2n). _
' For the complexity of the explicit fa.ctorlzatlon of the reduced symbol matrix
@ = &, its block structure (¢ = d = 0) turns out to be most 1mportant (the same
“form we'obtained for @;). Note that this snmphﬁcatlon 1s not glven for the other
" two cases. . _ -
S, . Proposﬁuon 3: The {wo mzxed type problems J’m (md J’w are governed by the
. * reduced 3 x 3:symbols . ,

P = P07, By =00 ¢ - )
respectwely, presented below.

3.

. Proof: By analogy to the last proof there fol]ows with lbs =PM, d),o = —(D,M
see (18), . N ,

. o :
- ' : { b (1)7 —®g\ ‘D?__l ‘ D,? :
C . - Yin = ¥, V5! = |——= — |5 ' ol R

L ®, N\—Mo,1| Mo |

T 41 |0y ‘ '

- : 7 o= . PSG)
a s ~ -’ ‘ ’ 0 '¢7¢9_1 ’

D,
~. ( . (DQ‘ I _¢10) 1 ( @7—‘1 | ¢9—1 )\ 'A ( . 0 l I | ) . “ .
Vv = e , = ' ) Py
' Dy, | P 2 _M¢7_1l< MP,? ¢9¢- | 0 -

-

’I“he feduéed symbols read, §¢e (18), (29),\(28) : ) -
. v LV . L . 4 . 3 ) . . . )
N Dy = PPy o - c _ -
o v . - |
T ke '
1 b LRy — 2R, | 2uic
_ B P
I R i ________ 2258 : _________ '
. . 1,2 2 ) . : :
puige il ig> —uer |
~ ‘ | tl i Y .
T k2t . o .
_ 1 e T |(46)
T T S ST ; . !
< O’lf* I ! —‘uf Y .
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and analogously, or just by inversion, see (26),

|
, : | B .
< - |- ,;kz?z;-’-_R,! cit N
Dy = PP, = ] ' ' ' : . I (47) -
: . . .2‘2 ____________ I _______ . \ X
aik* § -z
| n

due to det @,Py"1 = —(kpt/u) ¢ty B

6. Exphclt solution of the traction' problem. In this chapter we construct.the (con- .

tinuous) inverse W-1 of the,reduced Wiener-Hopf operator (36) that was néeded to -

represent the solution of problem &;; in Corollary 4. This will be done in two steps S
Bn‘st ‘we look for a strong Wlener-Hopf factorization {27]

\ b =D, S , ' T (48): 

: into two factors w ith the following propert,les ) . - ,

(i) Di(-, &) dre continuous, invertible 3 x 3 matiix funcblons on R for a.lmost
every & € R (for all but’&, = 0); , .
(1) @ £, &) and P_21(-, &,) possess holomorphlc e\tensxons into the upper or the

‘lower complex half-plane €, or (IJ_, respect,lvely, and are continuous on the closures
\'.(E =RuC. fora.e. EzélR

(iii) the factors and. their inverses admit asymptotlc estlmatcs as |£| (512. + 522)1/2 B
— +co such that the (lifted [21] ) matrices -

_(52_ W) P, Py =D, (t,,+”6,k)

- with tﬁt(é) =&, + 1(£,2 — k,2)Y2, and their inverses are essentlally bounded (e}xcept

" at &, =.0) with respect to £ € R2. Note that this is more than is needed in the classical ..

(function” theoretic) Wiener-Hopf- procedure [19, 26, ‘32], which requires only alge-
braic growth.at infinity and admits a finite number ‘of zeros and poles in€C,,in-
order to find the explicit solution of a single problem (instead of the inverse W-!
which additionally 'yields the correctness of &P and a priori estimates of the solution
in terms of the data). ’
Secondly we prove that (48) with propertles @ )— (1) le;ads to an operator (theoretic)
factorization of .the basic convolution operator . ’

CA=AA, AS=F0..F : _ - © (49
with respect to the paix: of . Sobolev spaces H=V¥R?)- -and appropriate projectors

-P,, P,, which enables us to present W-!in the form of a general Wlener-Hopf opera-

tor inverse [27].

\
v

Lemma 5: Consider u 2 X 2 matrix function L
G = al, + bRg ) . 2 A (50)

T

" where al-, &), b(-, &) ure regular elements in the Wiener ulgebm W = C + FLYR)

and (for szmpl:crty) even functions in the first variable for a.e. &y € R. Let the factori-
zations of u = a_«., be defined by _ S

N

u(8) = Valoo) exp{ mve D) - Filss, log ;‘“"}' e
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and of b =b.b, by analogy, be- um/ormly bounded with respect to (a. e) & eENR, de.
a k! b 1 ¢ Lo(IR2), Further let A:IR — C be de/med by .

SN Y (79 2Y)
'/.‘Eg) - “+(§1, &)

be measurable and essentzally bounded.

Then G admits a strong Wiener-Hopf factorzzalzon in the sense of (48) (as 2x2
', matrices now with’ r; ='s; = 0) given by - .

Y fQEIR, . : ) . P

£ =116

—~

Tazaﬁ%mm;;ﬁqik@mﬁ.w@,.. e

- where R represenl factors of the matriz function

R(E,7) = Ry(&) + 2Ry(E) = B_(§, 4) Ri(g, 2)

e i o
s 1 ’Eé—lflfr—l e AN N TR il [
. 1 — isel _ — -
14 P il 1 R &;QQ . &j”M
\ LNT e =gy .

S 1~\ e : . : : iA@m
\wdh:tl-—l sgn &,. C T -

7

. Proof: The facborlza.tlon G = (a_R, + b_R,) (a+R +b Rz) 0bv10usly has all
desn‘ed properties-but simple poles at & = -+i|&,|, see (20). These cancel out, if the
coefficients coincide at the corresponding point’(consider the Laurent scrles), which

“ then happens simultaneously in both factors according to the symmetry. in &, of the
factors (51) of an even function a. Otherwxse, introducing 2, we obscrve pole cancel-

lation in the outer factors of (52). The remainding factorization of the rational (in
£,) matrix function R is simply done by a standard techmquc (5,231 0 . - s

Remu.rk Non -even cocfficients. would yield different 71’ A, in the plus/minus correction
. terms, but this gcnomllmtlon is not needcd here.

Pr0p081t10n 4: Let & = = @; be gwen by the reduced 3x 3 symbol (4‘%) due to the
*traction problem Py. Then a strong factorization in. the sense of (48) wztk ;=1 /2 and.
'S; :'—1/2 ; =1, 2, 3, is given by ‘

A |
. ’ : Y e 4'0 G, | .
¢ = ¢_¢+ = 52_ ____i ________ |.__ l2+, . (04)
o Mo e 0 et , °
tzi(é).,= (51 + Ai(§22 — k?2)1/2)1l12’.; : . -
BT b

, r :
G—aR,—}—sz—Ft Rl—.,uRz, ,C:_kz
K . 2

and the /ormulae of the last lemma

Proof: The 3x 3 block ‘matrices treated here form a commutative subalgebra of
A (due to'c = d = 0, see (24) etc.). The factorization problem decouples into one for

~ a scalar (lifted) function e in the Wiener algebra and one for a 2 X 2 matrix function, { -

~ which we investigated: before. In total we have to factor the Rayleigh function 7,
square roots ¢; and (possibly) one rational (in &) matrix function of the type (53),
according to the only non-commutative computation in this procedure. Considera-

+ . -

i
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b

tions concemed with the orders r; and s; are obv:ous from/I‘heorem 1 and formula
(54) where order t,, = 1/2 and the block matrices are bounded 1nve1t1ble |

Theorem.2: The inverse 3 X 3 Wiener-Hopf operator due to (‘36) and J’u reads
LW =AYy A gyl ey . BRI .. (85)

and maps onto H'2(Z), where A, = F- l(bi'lF are taken /rom (54) and where [odd
denotes odd extension with respect to 51 from X onto lhe full plane R? (or an y other cmz- :
g tmuous extension operator). : o . s

The proof is based on the philosophy of asymmetric general Wlener Hopf opera-
tors [27; 28].*Consider W = P,A|p x ‘where. 4: X > Y is a linear bijcction between
“Banach spaces, P, and P, are (continuous) prOJectlon operators on X and Y, respec-
tively. It is known that- the invertibility of W is equivalent to a strong Wiener-
Hopf factorization of 4 = A_A4, into invertible operators 4,: X — Z; A_:Z > Y
with a suitable mtermcdlate Banach space Z, such that, for an approprlate projector
P-on Z, ’ . .

A

- AP,X =PZ] A(U-—PZ= i —'Pz) Yy ~ (56) -

g are satisfied. The inverse of W then reads W'l =A."1'PA_ _ilp v In our situat;ion
we 1dentlfy, se¢ (36) or (43), X = H‘“(IRz) =H- 1/2(IR2 3, Z.= HO(R%)® = = L2(IR2)3,

"A=F0.F, Ay = F- 1p, . F and, since I-] 12X is not & subspace of H-12(IR?),
we “consider W = load W = loqays - A|H ey which is eqluvalent to W and maps into ’
the subspace of H- 1/2(11{2)3 distributions, whxch are odd in §&,. Putting P = y;-,

- Py, = [odd7£‘ and P, =1 — levenle: # onedrrives at W = P2A|p x and obtaines also

the, above mentioned factor properties (56), see [22, 28] for more dctalls | :

. Re mazk : For the proof of Theorem 2 one can, also lift the problem on L-( +)3.by Besscl-
" potential operators, see [21, Proposition 3.1], and treat thé eqmvalent symmetric chner Hopf
.operator acting between L? spaces [25]. '

The f.lctormg prowdure for the symbols of the mixed problems Consider again
(

|
' |
- . ' 1 |- R, + 2 L2 RZE . .
Py = PPy ¢1v = L22t s & I S I . (46)
. ., 1 . | -
L P |
.o ' B S

It is sufflclent to factor only (Dm accordmg to a symmctry argument for Dy (ex-
change of left and right factorizations)s -

We are going to present a constructive method which also appllcs to other non-
rational 3 % 3 matrix functions correspondent to elastodynamlcal boundary- value
and transmnssnon problems, see (7). The basic idea is to'treat thHe matrix (46), after
removing .the B, term, like a 2 x 2 (block) matrix by our method presented in the
last section. Since it is not possnble to write this matrix in paued {(block) form simtilar
to (50) with projection matrices in the algebra oA (the proof is left to the reader), one
needs some preliminary transformations. These are modifications of tricks, which are
common for 2 X 2 matrix functions of Khxapkov type‘\

. =@ + ax@y - . - 4 . (57)

"with rational matrix functions @y and non-rational coefficients «; [11, 12, 30].
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After some elcmentaly tlansfmmatwns for ellmmatmg the constant factors and:
hft,mg @iy on the L? space level, we start with the cqulvalent bounded invertible. -
symbol -

. [ - 0 0! 4y 0 0 .
- .. " 1 . . .
o 1 0 ¢ .0 0 ¢, O
Dy = —pk,® ' 1 Dy “lA+ e
L \: 0:-0 — ] 0 0 % R
) . Spby_ /- ) ity !
. )
" e h } o
, TR, + kr— Ry, | —————i¢ ’
' L, Ey + 1w, e . ’ :
_ . b2 inw.f 1 a ‘ “ - (58)‘
______________ e L ) N
LA TTR : -
& — iw, '16 ! t,® ' ) -

. . { . K -
" where .= (&) & w3 wy = (& — &, 2y1/2 with Imw, >0 for EZ‘"E R. Note
that @, &,) € Wx3 for any fixed & € R- ' _—
The second step. consists in a decomposition of the algebra mto a direct sum .
A=A+ Ay - SR . T (39)
- of suba.lgebras of matrix functions (24) with b = O and ¢ =c¢ = d = ¢ = 0, respec-
- tively. These obviously. représent algebras of smgulal 3 x 3 matrix functions with

unit elementq and we try.to factor the first component N -
. | ' .
e l . r
~ [
¢ g . f
‘ 1R, AT - v
AN S o &) -+ ey \ N
Doy = o | (GO)V
______________ e — — -
O ) l _ N
AT I —.
5 —wy IR !

in A, like a 2 x 2 matrix function. So we write it, in the (block) form of (57) remem-
bermg T =& —tl, ¢c= 2r — k2, T = 48% — k(48 — k) = o(48® — &)
L= T(48 — 2k ,2) as v

\

.
' o
. ! . ,
R R‘l . : 0 * ’,
q)ol. =T ’ :
- : —————— e e
. lgez _ ok,2
/ 0 : 5 -
g 1 b
o |
' : !
’ : | 1 .
. - O n 1 v
< B "R & .
~ + o : N
—————————————————— |.———————— ’ '( "
1 . 452 — k,2
\ ' — if* ’|— : —
, . & — I L -
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with rational matrix functions and scalar non-rational cdefficients. We factor the

\

Yy

292 Analysis Bd. 8, Heft 4 (1989)

first rational matrix function elementary (up to poles of R,) into

’

|
. |
N i ,
R, i 0 :
~ i
_________________ S
. 452 — 92 K
0 |4 2k ,
! 4 :
i !
| | 1
R, I 0 . ) 0
- S ' |
______________ FRRRRROR | OS
- . 0~ :251—@/’2 0 I2§l+l‘u"2
& — 1w L&+ dwy
' = Q17Q1+ N , .
- where w, = (£,2 — k,2/2)1/2, Im\u}g > 0 and obtain i
. \ .
. ’ ' R, 10
Dy, = Q;-{TI.,(,,‘*‘ GQerle_+} Qs - Iol. =\____I__} .(61)
: : VA ‘
1)
e R, N 0 ’
Q@0 = ' ! .
! e S .
I . '
. 'E] — 1w,
0 - -
\ . ;2 & — 1w,
i
- R .
| R, o0
X @ :
________________ J— e e e o
0 :_1_ & + .iwx
12 & + 1w,
PR
/ | 1 1 .
. : 0 :.2 & — lwy I'S
g I .
2 __ f2
R RO T
, 2 &t iw, T - | & — k2
The term @,,'in braces can be written in block commutant form [11, 12,730}
e Bk, o ‘
Po1 —(Yf'é'm Iu.fgc,

>
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/ .

whefe - - . ; ' ¢
} N
: / S C
£ — k%4 R. : 1 i C . ; C . . ;
: £— k2| &t e k16 \ ~
== ' . - —_—,—_———_—— — I
’ ' TR C =@ —gpp =l
O ESma
& — iw, 8 —kA2) _—

vFovftunately g* is the square of a rational function, which implies that .

‘ 11\ 1(, 1
are complementa,ry pro;oct,lon matrices in (Al wlth rational entrics.. This enables us
to write @, in pa.lred form as the 2 X 2 blocks aR, 4+ bR, before, see (24), and to -
* follow those ideas using the computatwnal rules of Lemma 3. We have .

Py = Aiz S ERC ) G |
-t (& + lwa i - =k *12) L
o , | (62
A :/\_2 (_______(‘2 - k22/2)'R i _(51"—.iu?2) ié , : !
~ —(sl+mz)1§* | g ) B
R+ Ry =14, . Ry — Ry Z?C
| 2 ,. B, = aJy, + a:C = ay(R, + Fo) + qu(‘ﬂl — Jy)

;= @t G Ry (@ ) T =biT b, (63)
. - N
bl—al—{-azq_r\ 2 52__._]&2/2 2 52_]‘22/’2 ‘_.17'2——-—2—}

o, & f? k22

. ’f o
Tyt B gy XA

. v ( N
Obviously, b; is a constant a,nd by(:y &) can be factored with respect to. the fu’st )
-varigble into b, = b,_b,, as a regular Wiener algebra, element with vanishing wind-.

- ing number One obtains the following result . . : VA

Theorem 3:"A Wiener-Hopf faclonzalwn of Py in the sense of (48) with piopert:eé
_(1)—(iii) up to poles (of R; a’nd Ry) and ulgebraic growth at iifinity (o/ R;) is given by
(58) and. , . . i

E wo—Q_l(bl-m,+bz_m2+bs-ma) st by +b5e ) Ques © (B)

L
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~ where b; b,+ = b; are strongly factored in the Wiener algeb'ra (with /n:ed & € ]R) .
k2 b, ce2 L, '
b= b —7(“*—@75)' b= kit
Ry 10

1
Qs qz,, R, are defined in (61), (62) and Ry by Jz,, =14 = i
e : ' |

Remark A strong factorization can be obta.med as a modification.of (64) by analogy to
the arguments in Lemma 5. - .

& 4

o ! N . . . -
T = . <
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