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' . :SOme Propertles of Pseudo leferentlal Operators w1th Amphtude Q(a:, J, §)

s

s 4

. In der Arbelt werden lmea.re Pseudodlffercntlaloperatoren Q mit Amplltude Q(- PN Ye Ce (@

' X'G X R%) betrachtet, wobci @ eine .offenc \Icngc des R® ist. Es wird .ein K.ntenum iiberpriift,

welches: ga,rantlcrt, daB'Q stetig von Cp®(G) in C>(G) .abbildet und-daB der’ stetige formal -

“Transponierte Q': Co™ (@) — C*(G) von @, existiert. Ferner wird cine Bedmgung formuliert,

. unter der die Erwelterung Q des Opera.t,ors @ von E’(G) nach D’(@) pseudoldkal ist. SchlieB- .

" lich w1rd di€ Zerlegung @ = Q + R; betrachtet, wobei Q emen elgenthchcn Trager hat und
/pseudolokai 1st und Ry von E (G) in C*(G) abbildet. :

o

B paGo're paccma'rplmalo'rcxx JHeliHble ncesnonmbtbepeuuuanmme onepaTopat Q ¢ ammun-

'rynon Qe+, ) €C®(E X EX R™), npuuem G — OTKPBHITO® MHOMECTBO"B Rn. HponepneTcn )

Kpmepnﬁ KOTOPBINt FAPAHTHPYET uYTO ¢ oTobpaaeT. HenpepsBHo C,®(G) B C®(G) 11 uto
Henpepummn ¢opManbHO conpameHHN Q' C,P(G) — C%(G) cymecrayer. Hazee, cdop-

MYJUpYyeTCa yCioBue, Npi KOTOPOM pacmupemie Q orobpaenun @ or E’(G) 8 D'(G) nce- o

Brojokanbio. Hakouen, pasnoikenne Q=q+ R, paccmarpuBaercs, rue Q HMeeT coGC'r-'
. BeHHbm uocmcm, U MCeBAOTNOKANBHO, 3 R, oroﬁpamaer E'(G) B C=(G). N

The papcr consnders Imea.r pseudo- differential opcrators Q with amplitude Q-  th hE C°°(G

- >< G X R"), where G'is an open set in R%. A criterion, which'guarantees thatQ maps continuously

L, (G) into C°°(G') and that the.continuous formal transpose @': Co®(G) — C®(G) of Q exists,’

s vcrlflcd Furthermore, a condition, under which the extension Q.of Q from E’(G) to D’ (G) is
‘ pseudolocal is expressed. Also, the decomposition @ = @ +- R; where Q IS properly supportcd

-

,'Cchsider lihe:ir pséuklo difféfch%ial operatox: Q défihed b’y‘ '

'l.Intxrqiluctionc o DR

»(and pseudo[oc*il) and R, maps E’(G’) mto C(G), is consxdered -

. . . .
N N . R Voo . -

.~

. "o

o o, - ‘/

for g € C’0°°(G), where @ is an open set in R*.-It holds a well-known calculus of this

kind of operators, when the amplitude @(-; -, -) of @ is ‘well- -behaved (cf. [4, Pp. 112to
172], [2] [7, pp. 63— 9()] and [8, pp. 36—59], for example). We shall show some rules

of this éalculus in the case when the amplltude Q- - ) is not demanded to belong to .

specific class of amplitudes.
"Suppose that Q, -, ) € C®(G X G % R?) such that for each compact set K=GXx G

,ancl for each &, B € Ng* there exist constants Capx >0 and Na bk € R S0 that ,

; sup [(D,D ”Q) (@9, &) ISC'aﬂK( + ISI)”“"‘ ' er R" o (12)

(z Y€K

: 'When Nc K= Na k + 0a.x |8, with 6, k. <1, @ maps CO“(G) Qontmuously mto .
C>(@) (Theorem 2.1). Supposmg that W, 5x = Nx '+ 6k |« +fi, With 6 < 1, wé

show the existence of the continuous formal transpose Q": Q’o""‘(G) — C*(Q) of Q.

P ..
26 - Analysis Bd. 8, Heft 5 (1989) » o L ST

~

(Q‘P)( ) T o (2 )" f(fQ(x; Y, &) ?’(3/) ei(z v.8) d,/)) d§ . xéG (11)

;-
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_Supposing that N, 5, x = Na & + bk 1B — arpx ¥l w1th b < 1 and a5k > 0, o
- we establish that (x — y)Y T= T, where T is the Schwartz kernel of @ and T';is'the |

2 dxstnbutlon mduced by. the,functxon (%, y) =

&

a : : . . T K . -

Assume that for each' compact sét: K- =G XG and for each &, ﬂ y € NO” there .
eXJst constants Ca By K > 0and N, Bir.K € R such, that

ta

" sup |(D; D"De’Q) (2, Y. S)I sa.a,x(w lénhwi Vi€ R, “(1»3> -

(z.y)eK

R PN

(21)» f(D‘ Q) (27,\_/, ) ei(z—_y.e) d§.,In

)

- the case when Na,;,K = NK + 6K . +ﬁ| — 04,k |y|, with O <1 and g,,ﬂ,( >0.
‘we. show“the inclusion sing supp Qu — sing suppu for u € E'(@), where Q is the - :

continuous extension of . Furthermore, in this case we show that @ can be decom-
posed in the form Q=0+ R, where Q satisfies the estlmate (1. 3) thh -
: ;}' Naﬂ,x—Nx+aK|«x+ﬂ| ( min_ {eu.,K)M, | |

¢

u<la, v

;’Q is properly supported R, satlsfles (1 3) w1th

Naﬂ,x — Ny = (min ) L+ 51( loe o+ m = min {gu,,,;x})'m: »

. , usax v<ﬂ
p -

: “and R; maps E (G) into C2(B). Furthermore, ‘we verlfy the 1nclus10n smg supp Qu ’
fe sing supp u for U € D (G), whcre (Q D’ (G) —> D'(G) is the’ contmuous extensxon;’

of @, - C

In'the study of pseudo dlfferentlal operators the presentatlon of the operator Q in
the form (1.1).implies in many cases s1mphclty for the calculus; for example for the

‘existence and for the form of the formal transpose Q' : Cy®(G) — C°°(G ). The existence

of the formal transpose is a necessaty property, of @ in the study of realizations of @, -
that is, in the study of closable and closed extensions of Q. Pseudo:differéntial opera-

tors cannot, often (without further study) be wrltten in the usual form ;

"{(Qw)( ) = (21)" f Lz, &) (Fy) @ e

/

in the way that the symbol L( -) would be sufﬁment regu]ar for Tstance in the

1nvest1gat10n of the decomposition Q = § + Ry,. where § is ‘properly supported and
where R, is regularizing. For the operator of the form (1.1) this decompos1t10n is

“often possnble to see. The concept of the properly supported operator is needed in the .

study of extensions. Q D' (G) — D'(G) of Q - . - . !

, . | . VAN . . .

A -2 Genera] notatlons and the operator Qo Coe : .V . ' .

'2 1. Let @ be an dpen set’in R", For the deflmtlon of spaces D(G), D’ (&, C°°(G),

E'(G), S and S’ we refer to.the” monograph [5, pp. 1—53]. Let K be a compact subset
of G (we denote K Cx ). Then' D(K) isthe subspace of D(G) defined by D(K) .

¢ € D(G) | supp ¢ = K}. We recall that 'D(G) is the space C,®(G) of test functions
equlpped with the standard inductive limit topology: Furthermore, C*(G) is aFrechet o

- space, when the topology in. C""’(G) is .defined by the semi-norms: P, K(1p) = sup

la}<m

(sup I(D“go) (= )|) where m E No and K CK G A lmear operator L: D(G - O°°(G) is’

LA \

~
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’

' continuous: if’ and only 1f its restrrctron LK = L]D(K, D(K) - C°°(G) is continuous

for each' K —x'G. Here D(K) is equipped with'the topology included by the topology

- of C=(G). Hence a linear operator L: D(G) —'C>(G)- is continuous if and only if - -

- the: follomng criterion holds: Let K’ —x G; then for each m € Ny and K — xG one * .
-finds constants C'> 0 and m’ € N, such that P x( Ll/)) < Cpm K (y)) forall y € D(K )
(cf. [9, p. 64 and p. 128]). : . ,

"'2 2. Suppose that Q(,:,") is a function G X G X R? — C In the sequel we conS1der

; (Q(p)( 9 = (2-z)n f(fo % A)(y) eitE=) dy) df»-,. ) | : (.2'_1).,'~ :

< . A

for:p € Co®(G). Our frrst step is to yield a condrtron whlch 1mphes that @ ma.ps the ‘

. ~

space D(G) contmuously into C'°°(G)

Theorem 2.1: Suppose that QG, -, -) E C°°(G X G X R") such that /or each compact"
“set K —x.G X ‘G and for each (x, B) ¢ No X No" ‘there exist constants Oa,; K > 0,

i N, x €R and 8:,x-< 1 with which the esumate

) SupK I(D aD ﬂQ) (x) '.’/; )I S Oa BK(I '+' ‘EI)N""‘T6M"|BI ' : ‘. . (22_) - A
(ZyEK T o -

holds for all 5 € R, Then Q maps D(G) contmuously into’ C’°°(G)
Proof A.Let f: G X R® - Chea functlon such t,hat,

ﬂf/@ﬁ) fme6¢(wmv“@

N

e Then for each « € No", the’ partial. derlvatlve (D /) (z,, 5) exists for all z 6 G and the. ,
appmg x — (D,;"f) (z, &) is continuous: Let x be'in G and let ¢ be a pos1t1ve number o

such  that B(z, 2¢) = .G.- Then one has K:= B(z,¢) xsupp @ CK G X G, where
g€ C’o (@): In view of (2.2) we obtam for all (z Y€K o E

. \'. .'
'n'W(ma%ﬂwwW‘Mst()w°wwmejxmww e

: ,332()7”0+mww“mwn'@&j

+
vex \Y .

Hence the Mean Value Theorem and the Lebesgue Dommated Convergence Theorem.
' 1mply that (D, "/) x, £) exists and tha.t ' : iy :

(Df) ) = [ D mxﬁaw»wzwwqr-i[,;” ey

i

Furthermore, ‘theé Lebesgue Dominated Convergence Theorem and (2. 3) imply that
the functuon z — (D,5f) (z) is contmuous s o -

] B For each «, ﬂ € No* and z 6 B(x e) one ‘obtains by (2 6) and by Ea.rtlal mtegra-
tlon o

lsﬂ(pal(z ) R
s ( )f(D Q) (z v, 5) qJ(J) §a vt T dy

‘

\
.

‘

C26%. S B ~ Sy
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z (;)f Dy (D, Q) (é --y,.s)'cp(y)) el dy |

ySa”©

750 'Sa y+ﬁ

. véa réa—yﬂ? ./

soaam(1+|s|)“”+"«h“" T e @)

SR ( (7 ) f (07D, 2,3, 8) 1<D“~'+ﬂ-'¢> widy

‘

t

( ) erfI Da—yrﬁ—v(p) (y)Idy( + lfl NyKeryx[r]

.

where C” ke >0 is 4 sunta.ble constant, 11[, K= max {N,. K + Oy |6 — y|} -and

* where 6, x = max {,, K} <1 Hence for each le. N there exist constants C",r LKe >0
such that™ ~r=« - L ;

e s (DA G E)lSCa:m(l+I§I)M“"‘+“’“"_”'~ VE&Re. r<2.6>.

2€ B(z,€) . N R s

In virtue of (2 3)—(2. 4) and the Lebesgue Dommated Convergence Theorem one |

sees that the function & —. (D *f) (z, &) is continuous. Hence choosing I € N such that
Mok +@.c—1IS —(n.+1) we obtain by (2.6) that the function & — (D,*f) (2, ¢
is 1ntegrable l\aow let g: G - C be the function defined by y(z) = ff(x £) df

. Then the estlmate (2.6), the Mean Value Theorém and the Lebesgue Domlnated
- Convergence Theorem imply that (D, 9) (x) exists and that B,

(Dg f(Df(xf)df Lo e . ,”.(2.7)
Furthermore, the estimate (2.6) and the Lebesgue Dommated Convergence Theorem "

imply that the mapping z — (D, g)( ) is- contmuous ‘This shows that Qo € C°°(G)
“and tllat , o .

. Deew) (x) e /(fD @36y )e*" ) dv) a5
L ,n & ’

'
N

. Tet K', K" i ¢ and let m € N0 Define- Ky G X6 by K =K"xK' Inv
virtue of (2. 7) one sees that for all z € K" and q) € D(K

18D (8
<z

5 )t e
ySa f<a—y ..

= CaﬂK(l +|5| M‘”‘“‘ wlf! m(K) SUP 1(Dy ‘I’)( )5
. “isie

where Caﬁx > 0isa sultable constant and where M, x = max (N, .k + 6, K| o« — y|
ySa

A

m(K’ ) denotes the Lebesgue measure of K "Hence for each l € None finds a constant,
i Capk > 0 such that
+

. sup |(D “i) (@ bl so,lx e o P 0 (1 + 18D a““’a«“”‘ _ ,('2,8) &

o II

o v
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, Choosmg 1 6 N such that M, i+ ( '— 1)1 S (n + 1) we obtam by (2 ’7) and by. _.
(2 8) that . .

.

sup D, “(@p) (x)l < (21)" i ( f a, + IEI) it d§) p|a|+1K(<P)

>

Aand then Q is a contmuous operator D(G) - C’°°(G) (I o -

Remark ln view of (2 7) one has L

“(Qtp) (@) = (21)n f(fD Q(x,y, )tp(y)C“H’“) dy) dé.

- . Lt

2.3. Suppose that: Qisa hnear operator ‘Co® (G) - C°°(G) We say that the formal
E _transpose of @ exists, if one fmds a lmear operator Q" Co®(G) — C=(G) such that -

(Qw) (w) = f (sz) (@) w(x) dz = o(@y) V{p, ¥ E-Co“’(G)»

The operator Q is called a formal tmnspose of Q. The follo“ mg theorem ylelds a -
sufflclent condltlon for the eXistence of Q'. ' . .

-

Theorem 2.2: Suppose that Q( L)€ C°°(G X G X R") such that jor each compact
set Ky GXG and for each (x, B) € Ny® X No" there exzst con.stants C,, BK > O
"Ng€R and 6h < 1 with u,hwh the estzmate ' .

- sup |(D, “Dy”Q) @yl = Cupx(l + IEI)"”"R"'“' e (2.9): ;
. S ) L
holds jor all § € R" Tben the /ormal transpose Q' of the opemtor Q de/med by (2 2)
‘exists and . )
(Q w) (./) @ f(fQ z,y, —£) y(x), eiw -z.8) dx) . o (2.‘10) ¥

Proof A.In v1rt,ue ,of Theorem 2.1 the operator Q' defme(l by (2. 10) maps.Cy>(G) ‘

. into C%(G). Furthermore the operator Q defined by:(2.2) maps 00°°(G) into C°°(G)
- We have to esmbllsh that, (Qq)) (p) = (p(Q p) for all PP € C’o°°(G) .

. B. Tet ¢ be.in Co°° such that ‘$(&) = I+ for- all =1 and defme @€ Co°° by
$;(&) =:$(&/f). Furthermote, let 7: G x R* —'C bé a function: sugh. that »(y, )
= fQ(q:’, y, —£) yp(x) e~1=8 dz. For each « 6 No" and for all y 6 supp @ \\e obtam '

s
—
o

C180r(y, §)| = (=, 9, —5) yz(x)(—-’D,)f’ (efur‘.f') dx| ' s . M

. 4
.

za(Q(:v, ¥, —=§) (x)) o—i(z. 0 dxl

Ly 4

=y ( )fID”"Q (9, —8)| I(D’w)( )ldx

& - 7 yza

A =X ( ) «—r0.x(1 +|§[)N“+6"|“ ’[f(D 7'/’) (z)]dx,

ySa \V
c . . . . . . r~
\ . . . . . - . . 1

v
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\
'

. where K';= supp ¥ X supp (p, and then for each I € N there e‘nsts a constamt C’, Kw

- >OSuch that - ] ) “L -

. IO

. -‘-._.l |7'(?/, )I <G Kw( +- IE")‘}V"“‘”“‘” Yy, 5) € supp. <p € Rn. . (2. 11)

" Hence (choosmg le N such that NK + (5,‘ — 1)1 < —(n + 1)) tlle Lebesgue N

: Dommated Convergence Theorem 1mplles that

o

(2.12)

Let s: G X R" - C be a {unctxon such t;hat s x, f Q z, ¥, (y) e“ v dy 'I‘hen
. 4 (
' 'one \enfles as above that for eachl e N. thele ex1sts a constant C, Ko > 0 such that

e ) scmwu g it : Ve, E)ESUPwak” ey

Hence(choosmgl E N so that NK + (6K — 1 < —(n +°1)) the Lebesgue Dommated
Convergence Theorem 1mplles that. - .,

/\l,,,/

, (Qﬂ’)( 2 (2n)" f¢; s(x, ‘) e“”’ d§ : v

1
L e
| y §

. D. The’ functxon (:v ‘?/, > Q(x, 1 Yy —&) p(@) $i(%). q)(y) e“" -z.8) belongs to L‘(G X G
X Ro)> Hencc due to tlle Fublm Theoxem one gets S -

' (Q7 W) ( f((?rn)" f¢1 §) (fQ (, ?/, S 'U) ely—=d d.’l:) d‘f) <P(J) dy

-~

f"‘v : ) fw( ((2 f(b; ( [Q CL’ y’ __5) ?9(?/) ei(y zE) dl/) dt) dx

I(Q;<P) (= l

(Q’w)( (21 f¢' J5)e”“’d§—>(Qw)(?/) . Vyésupp(p

f s(a, g cﬂwds—@w)( Q‘Vx e-sum.;, . ""(é.io

\

N —~w(Q,¢) S 7(215> .
In virtue, of (2.11), and (2. 13) (\\hele we choose L E N 50 that NK +( ¢ — 1) l < :
Co—(n 1)) onefmdsthat s o ‘ Lo e
I(Q,‘(p ( l_ ('K“’f(1+|§|) (nH’d¢<oo, ' ,J€supp¢p ',‘; -
wd : IR :
O'“f<1+|f| b “ds<oo, "xesuppw

'0\ l/
1 . .

Hence the convelgences (2 12) (2 14), the relatlon (2 15) and the Lebesgue ﬂommated L

- Convelgence Theorem imply' that (qu) (1/)) = hm (Q,zp (v) = lun <p(Q, y) = @¢(@' 1p),
...~ which completes the proof 1 - _

v, R -A N
L v ,
e . IR N

.‘1.



C Rema.rk ‘As in the proof of Theorent 2. l/Part C, one sces that the formal transpose Q"
given by (2.10) is continuous D(G) C=(@). X e v .

T 1Co rollary Suppose that L( -) € C%(G X R™) such that for each compact set K x G
_and for each & '€ Ny there éxist constants C, x >"0, Ni '€ R.and 8 < lwith which the. esti-,

©mate sup l( L) (z, §)| = C. k(1 + |§l )N w-8xlal. for all 5 € R® Kolds. Then the operator

i .

Ldefmed by R - . S ,' e

: - o
(L<P) (x). = @ )" f (2, &) (F¢) (E).-ei(:.z) d§

N

maps D((") contmuously into C°°((r) Furtkermore, the co7ztmuous /ormalf tmnspose -

L DG 1) — C°°(G) exists and L' zs.gnen b?/

I

“\ ) . 1 ‘ ) N ) . \" i V~‘ L .,
: ) L' = —— | L{y, —§&) (F1 lan dg - Yo IR
. (: 1l?)“(.?/) 2" f (!/i t) (Fy) (5) e ~§v ; s
o . ’ 'R”' » . . . ' : i .
Here F denoles the Fou'_rie} transform 8 —~8. - o '.

'Pr(")oft\-Le't, Qx, vy, & ;) L(x E) Then Q( y s ) obeys the estlmate (2 9). Fulther-

-more, one has . -

(@) (@) =<_2~1sz ( f (x 6 o) e- d) elfr df = (Lp) (x)
o R* \G . 7 . o

.o

and - . e . ,h‘ ) . ] S
= . . o e .

: '(Q'w-)».(y)..;- @ f(f L(x, —§)’1p(x) e~ iz dx) ei(y &) dt: = (L'y) (y)

: ."'_Rn G. ,  o . T

and’t,heli t;h!é prodof is ready B - .

' 3 ’I‘he pseudolocal property -

A

' 3 1. Suppose that’ Q( b0 1) € C®(G X G X R"S satisfies the- estlmate (2.3). LetQ (for

S @€ Co™(G)) be defined by (2.2). In view of Théorem 2.1 we know'that @ is ‘acontin= © °

" Some 'Pl'-operties‘.of Pseudo-Differential Operators’ 1395

;o

[

uous operatox D(G) - C°°(G Hence due to the ‘Schwarz Kernel Theorem otie -

(Q9) (v) = T(p X v) T forall g, y.€ Ca™(@), o , ,.‘;'

dJ

finds an umque distr 1but10n G € D'(¢ x G) such that " - -

'.whéré <p><1p € Cy*(G X @) is defmecl by (@ Xw) (&, y) = @) p(y).

B
’

‘.

Lemnma 3.1: Suppose that Q(-, -; -)°€ C’°°(G e ¢ Y R") such that jor each K —x G >< G

and. for edch (x, B, y) €. NO“” one/mds constants C g5 > 0, N., i€ R and o, pA >0

such that tke estzmate -

Rtz yEK ',

18 Lalzd Then the /unctzon L, G,X (r — C defmed ln

sup [(D;2D "De’Q) (r Y, )| 'S C, .5, ,» ,\i(l + |£|)‘Va»ﬂ'"'—9mﬁ~’~'lv!" .V§ €R" (3.2) 7
o - . o

‘r(w). (2-,),» f (DeQ (@3, ) e was (53)

" lies' in_ C’(GXG), wken ke € No'l 80 that 7+ max (N, sx} — ( min {gaﬁx}) vl
»__'—(n-f—l) . . _.,-|a+a|s;’,} C o \edAlsi .
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Pr oof Let (:z:, y) be in G' X G and let € be a posmve number SO that B((x Y), 25)

‘,‘c:GxG Then one’ has %.—B((x, ,e) CKGXG and so by (3 2)' one gets for .
Ia+ﬂl =qj , , . ,

S |DaDA(De0) (2,0, 8) e~ "")l

(u v)EK .

N

- A

o = £ E (“) (ﬂ) sup I(D . 'D’ “D¢Q) (u, v, 5) §'+“’| (3.4 -
BTN A AT o
:;.\ ‘.j.. ,gz Z’ (o:)([:)) Ca_:,‘ﬂ—w.y.K(l + ]SI)I\_’,,K-Q;.;;WI%I", . - ._ T

rSa' osf

-

’ A'whele N, = max {N,, px}~ and i« = min {g, ﬁK}‘> 0 When Y € No” such bhat
' [a—{ BI<G latBlS
: y—{—N K—o,K|y]S (n+])\\eseeby(34)that B Ve

g ., sup |D, “D ﬂl DérQ) (u v, £) euu—ue) | <. Caeyx(l + |§|);(”'+l)
N ("L)EK .

_for each lx + B] s j. Hence the Mean Valué Theorem and the Lebesgue Dommated
‘ Convergence Theorem 1mply that (D °D "t,) (z, 3/) exnsts and that - _

s(D:zﬂDyﬁt,)‘-(x, ;1/) : 2 G fD D ﬂ (DérQ) (x, Y, 5) el(z yn) d§

/

One also sees that DDt is contmuous, whlch completes the proof 1

, In the sequel we denote by T, the dlstrlbutlon mcluded by t,, that is,’
Tole) = [ (@ vy w(z ydedy.

. ch--. PR Sl v
Theorem ‘3 2: Suppose that Q( yes+) € C°(G X G X R"). such that '/or cach K Kk .
G x G and. for each (x,B;y) € Ny one finds conslants Co vk > 0 Na £ ‘6a,‘K‘<' v

and 9,55 > 0 with which the estimate. .+, . . ‘
' sup |( D,*D "Ds’Q) (x, ./: 5)1 = C, By, x(l + I;I)N“"*"“ wipi=e, b ""' . ‘(3-5)
K epeK .

.zs wlzd Then the dzstrzbulzon kemel T of Q satzs/zes tke relatzon (y — x)Y T= T,,
when y € No suc’z that - . .
Mok —taox bl S —n. )

© Proof: A. In virtue of Theorem 2.1 Q maps contmuously D(G) into C°°(G and
due to Lemma 3.1 7',’is'a’ contmuous function when y € ‘No* obeys (3.6). It sufficies

- to establish the relatlon ((y = 2y T) (¢ ><1p) T (¢xp) for all g, p € CX(@) (cf: _ *

.‘[5 p- 127]) Furthermore Wwe: gct X e ) _‘ |
- T exw T
. —‘2( ).—1 "'(y'x’"‘) (<P><1p) ‘ e o B .
rsy - . R

=z() (P <) = (7) = om (eim)
N \xsy . v . ‘tsr r) \ S

/ / . \

= . o . » . ‘~A“'- .‘ . \
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='. 1 iz] ) N :x ig..z_—y,g‘) d ";_‘. d to
z ( ) ) f o (f ( [ ew v, 8ot e dy)) ECLI
.o o R AV AN . o P

8

. 1 : . ‘- ‘ ..' } v - ’, -
f GEE ( f ( g ( )(—1>"' Qe 4, ) plo) e“f—v*)dy))_ds\w(x) dz
N ckn & TSy . * - N

.«

v

S

o f (f (x_y)’%’_’;’f""?‘?’) é“"'”'“dyj)"’? woyde. . L @m

Let ¢, € C,> be as in the proof of Theorem 2.3 and-let.q,: G X R’l — C be thefunc- =

+ “tion g,(x, &) = f(x—y)’ Q(x y, &) (y) elt—v8 dy. For each ﬁE No* and for all ..~

'.xESuppw“eget - oL " .--., 

. gz, é)l =

G

f Dyﬁ((x — y)7 Q(x y, y)) ei( v.6) dy|

=) A )( ) f D, ((x—y)r) @, Q) @5, 8) (D”—an) Wdy

“usf v=p—u (u

,

u (z. y)EK
. .

A é‘gf’s‘g‘ﬁ—(ﬂ)(ﬂ :v“)- sup [D,* x—J)’IfI[(D""“ o) (y)] dy L

XCOvOK(l"{" I§|)V°R+6°K|ﬁ| o
. Soﬁwx(l+]§l)”°x+"oxlﬂl BN

w1th sultab]e ‘congtant Ceo.x > 0, where K = supp y x supp ¢. Hence: for -
each I € N one fmds Cio.x > 0 so.that |g,(z, &)] < .Crg k(1 + |&])Nexte xe for all
z € supp y .ahd £°¢€ R%. Choose I € N such that Noyg + (0o — 1)1 = — (n 4+ 1).
Then the Lebesgue Dommated Convergence Theorem implies that .

A

NI

- (@ x).- Lo®r oo etz ds—> J a8 etends. '(3.3)_ |

B Since the functuon (¥:8) =% (z — 'J) Q(x J, £) $;(%) ¢p(y) e“’ v lles in LI(G X R") o

“we, get due to the Fubini Theorem PR .o

(Q,,q») f(f(x—./ Q(x 1, 8 6(8) p1g) - ""df)df IR

.Anno ,

= (f Q_(x 5,9 610 (@ — yy etevd ds) o) dy.

O ‘—( 04 f ( f De’(Q (@ ¥s 5) ¢,(§)) e“"“’ds) 7o) dJ

N : _1)Irlf (f (DGYQ) (=, Ys 5) d’r( )e“f‘”f’ df) oy )dJ
_l)lrié' ( )f(f(DeuQ (, Y, &) (Der ugh,) (f)ei(z “)df)q’(y)dyA»'
L R SO
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C The first. mtegml Il is convergmg to :

_IMI(J (D ’Q (x y,s)el(x ”I)dt)(p(y ' A (39) -

£ '

Smce $i(§ )——>O with, 7—> 0. and smcc for all (2, y) € K :=supp p ><supp97 one
has N , ©

I(De’Q) (x,J,S]) ¢,(5 e“f v =  sup |b(& )|000,K( + |§|)m F—

]

e Ssupw( ) Coor (1 )05, - -_,(3.'19)

B

one seesdue to the Lebesgue Dommated Convergence Theorem that

f(Ps-’Q) (x, J,.sf) ¢,( £) el ol dé —>f (DsQ) (x, J’ $) elt=vd) 4t

f01 all- y € snpp q) and € supp y. In acldmon one has bv (3.10)

f(Ds’Q)(x,J,$)¢,(§)euz mdsl IR L
" . ) : : .> Lot .
S sup I(b(s) Co 0. ', K f + |5|) (1) df \.- }.'\

~ / ' . s IA

“for all y € supp<p Hence the I{ebesgue Dommated Convergence Theorem: 1mphes o

that I, is tendmg to (3:9). L 4
\D We cons1der now the mtegral I Due bo the Fubml :Theonem we obtam A“

- f ( [ (D) (=, y,s (D ~"4;) ) e"r e ds) o(y) d

,.-G

—f(f(De“Q (z-,e/,s «p(y) etie ""d7)(De’ “9)) (& )d%“. e

[V

1101 edch B € Nyr dnd (r 1/) E K = supp'y X.Supp we get‘,
Eﬂ(f (De"Q) @, 9 9) (J) ety dy)l

Z<7( )f 4”De"Q (r ?,. II(D” ”<P)(?/)Id?/

ln/\

o <%ﬂ(ﬂ)COvul\( + IEI)‘“‘“""”’ ‘-’“""“fl(D" ‘g (?/IdJ

S Cﬂul{tp( _r_ | |) ox+6oklﬂ| .

.\\1th suitable ‘constant Courie > O (note that 00v K > O fon each v S B). Hence—dne
finds a constant Cu.xe > 0 such'that . : , '

[ @@ @9, 6) ply) e vody éCu.x.w(l.+’!'5I)"‘"’r"’3

" forall (z; ) € K and £ € R" Since:(Dy}""@) (&) = j-lv—"_*(Dﬂ_%) (5/;7) -one obtains <
".by(311) , RS L S

I ( J (De“Q (z ) <Der"¢,~) (&) eleu ds) dyl

¢ : o : _ |

- ' o 1y —ul T
) .»é ,Cu.K,wf(l + |5| —intd) d§ SUP (D¢~ "4’) 6] (_;_)7 - 0-with j — co,
. L, Rn'. ' . - R L
. ! ..’ .
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“

E :In view of the parts B, C and D one obtams that s
(@, ,<p) (z). > (—1) f (f De’Q) (%Y, é) eltrru) dé) 9(y) dJ

N . oy

and then by. (3 8 ' - . o
L(J e~ wremv 0w ee-u) g?y)),df" |
ST (D00 @ e ey ey dy
This 1mp11es by (3 7) t;hat o '
- ((x—y)rT)(ww)

A . . . R -

et

a —(—1)"'T(w><¢), -
asdesuedl e o

. Penote by D the dxagonal of G'x (’ thab is, D {(x y) E ¢ >/ G’ | r= y}

 Corollary: Suppose that QC, - )€ C’°°(G><G’><R") satzs/Les the: e_stunale '(3:5).’ o

Then the dzstrabutwn kernel T of Q obeys T[cxg\ b € C®(G x G AN D)

\l

Proof: Let7 € N0 Choose y € Ng* so that . - ;, .
< 7+ max {N, al\+6ah|ﬂ| (mm {Qaﬂh})[l’l (n+1)
e [ﬂ+5| i - |a+ﬂI$I S ]
Then t, E O’(G >< G) (Lcmma 3. l) ])ue ‘to Theorem ‘% 2 one has - ", }, R
T,G-LG\D = ((:z: -y T )|o+c\o ' - . - R !

. and then Li(x — y)r € C’(GXG—) m(luces the dlstrlbutlon Tlgx(,\l) Thus .Il(‘xc\g o

EC"(GXG’\D)foreachyENo_ R .

-

3o, Suppose that Qisa contmuous mappmg D(G) — 0°°(6‘ and that the conbmuous -
formal transpose @': D(G) — C°°((r exls’ts Then one is able to (lefme an e\tensmn,

‘Q: E’(G)—>D( Nof @by N
(Qu) (<P)——u(Q<P) ' foanCo (@'

42] We show .

Theorem 3.3: -Suppose thal Q( , ) € C°°(G % G X R") wch that /or each K e
G X G and jor each («, B, y) € Ng®" one fmds conslanls C, Bk > 0, N,\ € R, (),\ < 1‘.'

B and ., K> 0 with which the estimate.

, (2' U)G s
is valzd. Then the mcluszon smg supp Qu y— smg supp (] for U 6 E'(G) hol(ls

/

CEEEN

/ ‘_\_ ' .‘ “ o A‘i'o ,

o= (kz z f (DIQ) (@i 4r8) due-u ds) (0) 910) da o
. . Gx ) i . . - . .

C Qs continuous; ‘when E'(G)is equlpped with the locally mnvex topology dcfmecl by -

- the semi-norms P, (u) = |u(y)], v € C®°(G) and’ when I)(G) is equipped "with t,he S
- locally convec topology dcfmcd by the senii-norms Py(u) = |u(p)|, ¢ € C;® @.- .
" . Let.u be'in D'(@). The smgul‘u\suppmt of u is denot;ed by sing supp « (cf [:),'p. -

o

sup |(D,2D,"D¢rQ) (=, y, )| soaM( + L N CRE T
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- Proof: In view of Theorem'2.3 the continuous formal transpose @' : D(G) — Cc=(G)
exists, and so we can form the - ‘extension Q: E’ (G) = D'(G). Furthermore, due. to
Corollary of Theorem.-3.2 ‘the'kernel 7' of Q obeys T'|oxcvp € CP(G % G \ D). Denote

by t€ C""(G X G“X D).the function which induces the distribution T} x e\ p- Suppose

that z ¢ sing supp . Choosee > 0sothat ulmz 36) € C°°(B(x ‘38)) Let¢ € Co°°(B z, 38))
“stch. that ¢(z) = 1, for x € B(x 2e). Then one has Qu = Q(¢u) Q((] — ¢) u)
The term Q(¢u) = Q(pu) be]ongs to C™(G). We ‘establish that Q((l — ) u) €C®
(B(z, 9/2)) Let {ga} < Co® (@) be a sequence such that g, — u in E'(G) (cf: 5, p-

89]) -Since Q@: E'(G) — D'(G) is continuous we have for all ¢ € Oo (B(z, £/2) ) ‘

~.[m—@)1nmw1—@mw I y
e —ll_?;T((l—@%Xw) RN | _ |

S dim | f K, w = ) @) o) d«’ .
L, .m0 GXG\D : '
o = im f(~f«hwwaM)M)H“.ﬂ
o ..",_,’°° B(f"l‘c’) G\B(ze)  ° : ' B
= [ (1= ¢) )(t(:, y)) <p(y) dys'

Bzel2) . \

. since ¢ 6 C°°((G \ B(z, 3 ) ><B(x, 5/2 (cf. [5, p 132]). The functlon Yy —> ((1 ,—jd)) u)

- (e y)) lies in C°°( (, r/2)) and then the proof is ready [

LN 7

4 Thedccomposntlon on e o T

'
i

4 1. Let G.be an open set'in R" and let D be the dlagonal of G X G. Then one has as -

_ well known o

Lemma 4. 1 There exists a function h*€ C°°(G X G) (md an open nezghbo'urhood .
Uc G %G of D such that h(z, y) =1, for.all (z,y) € .U, and for each compact set . :
K' — G there exists a compact set K" < G so that supp h(x, 'y < K", for all € K' S
and. supp A(-, y)cK" for ally € K'. _ . ,

Proof Let U and V be subsets of G X G such that o

. o U'z {(x,J) € GXG| |x =y + 1/d(z, 6G) — l/d(?/, 6G| < 1
and, '~

" Then one finds a functlon h € 0°°(G x'G) such that k(z,y) = 1 for all (a:, y evu and :

supp b = V (cf. [3, 16 4.3.]). This ‘completes the proof I .

. _Supposcl bhst Qs ) sa_tlsfxes (3.7).- We decompose Q( )t ) as fol]ows

mu>—mum+a—mmu)—QuJ+Ruu @1

Lemma 4.2: Suppose that-Q(-, -, ) € C°°(G X G X R") satzs/zes the: estimate (3 5)
Then for eachy € N¢" one has, R.= R,, where the amplzmde Ry . ) of R, is gnen by

o ~(&51Ljywa E)hM#
Ry(‘x" ?/g §) — (x‘f y) ¢ ( ./’ ’ Yy
R (A /or:z:——y

[

V= (@ )EGxGllx—yl—{—ll/d(x,aG-—1/dy,6Gl<2}



4 : ) .. . : —

Some Propei‘ties of Pseudo-Differentin.l‘Opel‘ators . 401

Proof Denote by H.-the funct,lon 1 — h Then we obtam -

‘sup |(D;D,f{DgR) (x,’y, | s .5 (Z) (z ) (D - "D - "H) (x, y)

(zZ.p)eK s uSa vsB-
wosz oz (0 ) sup (D, ~+D,/- H) (9 gup (D SDDeQ) (3, )
RN usa v2p\%/ \V/ @pex . 2 S P
- "L uza R V[ (z.pek ) . o ‘ R
b% Clup. yK(l + |§‘)A..x+6.. xlvl quxb'r 7 . -" _
. S C’ ﬂrK(l + |§i)”°"+"“ le e,,gxlyl L ' o : . (4'2) .

“here Ca BrK. > 0 and “here N, x = max {N,, K},éa x = max {6 ,,K} and naﬂ K= min
. P . uga CusSa k uz‘;
.  v=g
{g.,,, K} Hence in virtue. of Theorem 3.2 the dlstrlbutlon Lernel TR of R obeys the
. relation .

., (x _-y)/e R = TR}I.’ .. ’ - T ., .. . ‘ . .- NS _:. ’_. (4.3)

“when j o€ Ng» s0'that No x"— Qo 0.K |70| = N(; K - = 00,0, X |)’o| —(n ‘f‘ 1). Here @R‘.y. :
' 1s a distribution induced by the functlon - '

‘ 7.

L m.( y) = (2 = f H(z, y) (De“Q) @9, )ew v g —/H(x, >t,,<x y),

. : w hero t, is deﬁned by (3. 3) One sees easily that Tmu = Tn vl = 0 Let H, be the- o
functlon o .
o H(my)i(x—J)’°~. forx#w L
H/n - 3
0o . o - forx = y.

-

(4 4)

Then H . , lies in C°°(G X G) and by (4 3) the dxst,nbut,lon TR is mduced by the funé-
tlon H t“ Hence one has '

C@rEHW T -

= Tr(p. Xy) S -, S

= [ H,(z,y) ( [ (D) (@, 9, &) o) etz ds) m) (@) dJ dz
. GX6 CoL
= f(f (f H,.(y) (D) (29, qa(y) elte=v ) dy) 7 w(x) -

G -2 -~

for all RS Co® (G) Hence one has. - .°

pelt

S

(Rp) () = (2—;— f ( [ (D), B dy) 4t = (Rug(a).

~ ’ ra

‘ Slmllaxly one sees that R, =R, for each y' € No", which proves the assertlon 1

- Remark: A, Assume that the estlmnte {(3.5)- holds. Usmg the notation (4. 4) one secs that
the amplitude of R, can be written in the form R,(z, J, §) = H,(x, _/) (D;YQ) (z, y, 45) Perform-
ing t the computatlon as in (4.2) one has . , v

- sup |(Dy ‘D D¢ R,) (x, ¥ S Caﬂwx(l + Ifl) New+tG, """ ”aﬂ""' %.pl?ly
(Z.yeK ;

. A where N/ x = max {Ny, x},.0 0,k = max {6141{} a.nd QaﬂK = min {qul{} o
, ‘uSa . uSa - . 4Sa
\ . 7Y

- .~ .. . -
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" In the cage when there exxsts N: E R 6 <1 nnd @ > 0 such that Na K S é |oc| 6a S 6 and

Tl ﬂ K 2 g one sees that for eachl ¢ N one fmds R, so that _R = Ryand .-

R that R R, and sup |Ry(z, v, & [ N =Cpg(l + lEl) ~!. It sufficies to select.y € Ng"- such that” -

“, -sup [(D2D ﬂDgR,) (2, ¥, 5)1 <. Caﬂ,,(1 + (€)= l+6|«+ﬂ| elel
’ (J.'y)EK

' (choose y € Ny" so that " —g. [ < —land thut N—-p |y| = —(n + l)) \
'B. Suppose that the estimate (i 5) is vahid. Then-for each l € N -one finds an opemtor R, so

. (z.y)eK
NOK - QooK = 1 and choose R, = R

SmceR —T,,y, foryé No® ,NoK—QOOK]y}S —=(n + 1), onehas

. Corollary Suppose that Q( , %) € C®(G X G X R") satzs/zes the estzmate (3 5)' _
" Then the distribution. kernel T of R is induced by the /unctwn II,t,, where y € No so ~

tha‘NoK—Qoo:(M = —(n+ 1).

Let &y ‘R > R $€ R be defmed by k(&) = (1 + 1612)"/2 Define 'j:he'norm ‘]]-||, '

lnCO (G) by i . . T4

= F rgg) .
|[9’7” - ((2 " f[( @)(,5 (E)I 5)) ,

For Le No one has by the Pal seval formula

gl < C’z Z' IID“<P|lo, - Iltpllo = ”‘P”L,((‘)

-

Let H, denote the. Hormander space B.,, (cf. [6, p. 7]) and let H C(G) = E’(G) n II
Denote by CY{(G) the linear space of all times continuous be differentiable functions

/ " — C: Then C'(G) is a:Frechet space, when one equips it w ith the locally convex

topology (lefmed by the semi- normqu(f) = sup |De /(x [, K g (G (cf. [9 pp- 85—89)).

5 |a|<l

. Lemma 4. 3 Suppose that <1> € C‘+7(G ><G) and that u € H_C_,(G) Then there exast

4 a sequence {pn} = Co™(Q) and an element fou € O’(G) such that

|I<p,,.—'u,]| ,—>Oandsup|Dﬂ[<p,, (D( y)) — /m, ]|—>O/orKCKG =
' wls) - . ‘ ' BN

: Proof A. Choose 0 ¢ Go™(@) so that 0(2:) = 1 for all z E e where ‘G’ is an open

W

set-of @ such.that @ —x G and that supp ¥ < . Since u € H_, one finds a sequence

“fwn)- <= Cy™(R?) such that [ly, — ull-; — 0 with » > o0. Then one has ||01p,, —aull-g
= ]]01/;,, — Gull 1 —0. VVe choose P ="0pn. , : .

.

B. Let B € Ny® such that iﬂ| S 7 and let K CK G. Choose 0' € O’o (&) such tha.t;

90 ='0. Then we. obtain !
- sup ID ﬂ[% (-, y)) — wm(«b( )l = sup | (¢~ @m)). (6'(D,ﬂ¢>,<-‘,,y))| ;

Sll%—%!lcsup ||0<Dﬂ<1>)( ol -

sn%—%u;c‘ 5 sup || D.e(o Dﬂ«ﬁ)( "o SR

o Jelst ek T » .
n%—%n ‘0‘2 z(5) we oo ﬂ¢>( DD,
. VveEK . . :

c!Sl t§¢
© z€suppo’
: Qo e

.

~



: .2.° Q is ;'pr‘ope;r'ly suﬁported (for the termiﬁology cf-[2, p. 177]).
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where we used the elementary fact that Df(pa(P(-, ) = e.((DfP) (-, y)). Hence
: (p,,((D(-, y))} is a Cauchy sequence.in C¥(G).and so one finds an element fo , € C’(G’)

such that sup. ID,,”[tpn (2, 9) — fo.u(?/)]l ~> 0 with n = oo, which proyes the asser- -

. tion B yEKJIBIS) -
e

.+ 3° for each K‘ﬁkaGand (%, B, 7) € No™ the.estimate, < = :

) Sup- |(D.2DADERY) (2, y, &) S Copok(l + |6 V5 thpud+c1e A1 gl
. . (X717 QR [ S o SN . '
holds. ' e

- . is the extension of R,

|4 Rifw) € ON(@) forall w € B(G). Heré 0} = m0in {oun ) and Ry B/(G) - D'(G)
: L . N : usa R . ¢ s

Cos8

‘Pbrof)f‘: A. We decompose Q(-,'-,"_-),.-a,s in (4.1).- Then Q(, -, +) obeys tHe_ estimate

) (1°) (cf: (4.2)): Let K’ —¢ G; then by Lemma 4,1 one finds K’ < xG so that supp-

h(-, y) = K" for all 'y~€ K'. Hence for’all 2€GNK" and ¢ € D(K') we ob’ﬁain o

- v A 1
o (Q?)(?)=ka

n

K= ' ] L . )

oL P ) [ o s Vol
Similarly one sees that for each compact set K’ = @ there exists K" —x @ such .
that (Q@).(z) = 0.for all z € K’ ‘when ¢ € C,%(G) so that g(y) =0 for y € K". This.

. proves 2°. .

. B.Let N €N and 6t y € Ny® 50 that [y| = L. Then R, := R, satisfies the estimate
.(4.6). In virtue of Lemma 4.2 one has R; = R and so the relation (4.5) holds. We have
to show that Ryu € C/(@).for each j € N. In virtue of the Paley-Wiener Theorem (cf.

" [B, p. 181]) u belongs to HC (@) with some m € N. Choose' u € Ny such that-m -4--j
[ g KE, 7

+ Nk + ok(l + m) — (I +I;}isn'+ {Qa'ﬂ,](})»lﬂl g'—(nﬂ_;_\ 1). Then the function ¢, defined _
N a 7 m : u N

4.2 .the distribution” kernel Ty, of R};is induced by ‘the function H utus Which is a
Cm+i(G % G)-function. Let {pa} = C6™(G) be a sequence such that C .

S lpw = wll-n > 0 and sup [DYpa((Htite, ), — fuytu@]] 2 0.
N . o.'l_: lgléé{’ o - ‘ VY B - ‘
, . ' Lt - .. . ‘\

(f Wz, 9) Q. 9, §) gly) eitswo dy) dE=0. " (46)

" Thecrem 44: Suppose that the estimate. (3.12) ‘isv'palid. Then the operator Q can be )
* decomposed in thé form =~ - . S R . s . s

Q=Q+R, . T 4 :
* where § and-R, satisfy .~ - . - S ' L .
' . i°'/or each K —x G x-G and (&,_ﬂ; y) € Ngi» the estimate * '
S [(DDADEQ) (4, D) S Copyie(l + EY VR Chputl o
- Lolepex . A L '
holds. = . o T ;

\

o 0

. ,l.)y'(3_.3)/belongs to C'*1(G X G).(Lemma 3.1). In virtue of the Corolléry fi‘pn:i Lemma o
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\’ ) and then R,u is mduced by the functlon f,, ot _E Cf(G)'v which proves the assertion .

Then one sees (smce R;: E (G) — D (G) is contmuous) o ) o
(Rzu) (@) = lim (Rpn) (¢) = lim Tp(pn X 9)

="lim (Hy‘u) (‘Pn ti) = lim f tp,,( H ut) (¢ ‘,iy)) ?(y) dy

n—+00 5 ’l—’°°G .o

= fft{t u?/) ‘P(y)d?/,.

D

¢

Smce ] satlsfles 1° of Theorem 4. 4 we Lnow by- Theorem 2. 3 that the contmuous
formal transposc Q' D(G) — C°°(G) exists.and”

(Q v () = ( f(fQ(x, 9 —5) w(z) elw- -z d:v) dt. ,‘ AT - -

Smce Q( 2% ) = h(-, )Q( s* ) one sces that Q is also properly supported

Lemma 4.5: Suppose that_ the esmmate (3 12) zs valld Then the opemtors Q and,
Q D( ) —>D(G) are contmuouS\ ‘ . : ,

K Proof Since D(G ) is bornologlcal it sufflcles to verrfy that; Q and g’ ma,p bounded\
“sets mto bounded sets (cf. [10, pp. 46 47] 'Since § and @ D(G) — C°(&) are"'

; conbmuous, they are also bounded Hence one easxly sees that @ and @’ are bounded
~(we recall that B —. D(G) is béurded ‘if and only if there ex1sts K <= @ so that’ .
‘B 'D(K) and B is bounded in “D(K)) l - . . .

Cooe N

"Since - Q ‘D(G) —>D(G’) is contmuous we cdn defme a ‘Continuous extensron Q
D (@) > D' (G) of @ as (Qu) (9) = w(Q'p) for all q) € C,™(G). We have ;

» Theorem 4 6 Suppose that the estzmate (‘3 12) 18 valzd Then the mcluswn smg supp
Qu — sing supp u for u € D’ (Gy holds : : : -

[
“Proof: Suppose thatz e{ sing supp u. Choosee > 0 such that u|8(,, 2¢) € C (B(a:, 25)) _
Furthermore -choose ¢ € Co® (B(x, 2¢))- so that “p(y) =1 for all ye B(x, ¢). Then .

_ ¢p € D(supp ¢) and. then one finds a compact set K of G such that Q’ "(¢9) € D(K)
* for all p € Cy™(@). Let G’ be an open set of ¢ such that K — G and G' —¢ G and .

choose p € C,™(G) such that y(z) = 1forall z € G Then one sees .
(¢>(ou)) (7 = u( (dxp)) = u(wQ (¢>¢)) (¢Q(w>) ~ Vge =),
N and then $Qu = ¢Q(W) In view of Theorem 3. 3 weget . . R ' ‘

sing supp (6Qu) = smg supp (d)Q(yru))

— smg supp Q(w)  sing supp (yru) = sing supp u. . " ' e :
= Hence there exlsts O < ¢ < e such that Qu[B(,,) = ¢Qu|3(“) 6 C’°°(B(:c, ¢ ))
desnred l , L ;- s

4 2. Suppose that ((D d)) forms a pair of welghb functlons G X R® R in the sense..
of BEALS apd FEFFERMA‘I (cf [2 p. 176 and p 162], cf. a,lso [1]) Furthermore let -
' * C B . T . t . . T \ ‘

-
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_Then one sees due to the properby (i) of weight functions @ and ¢ .

“and:+ -

- Then one sees

<
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i N

/ ;’;" (G X G) dénote the class’of symbols Qe %G X G % RY) stich- that 4
IDDPDIQE; 3, I S Cupyx@H— M ) 4740z, ), ()

for all ((:t:, ), &) € K ><R” where KCK G XG@. Denote by P1y Pet GXG—>G’ the *

projections p,((x, )) = and py((z,y)) = y and write K’ = p,(K), K" = p2(K)
PM-D(z, &) < < max '{cg(f,—lrl’ c¥- Iy (1 + |§|)1M|+Jyl

.. ¢m—l&+ﬁl(x .5.-) =. mlzx {cm—la+?l Cm——la'+ﬁl} ¢! + 'l‘f’l)(l—cx//)(lml+la-*;ﬂl) )

with some positive constants k' CK , cx ,CK' ~and eg-. Hence the esmmate(l 2)(= (3.5))

v holdswnthN,ﬂK = | M| —{—(l—e,(:)|m| + (1 — ex) jo + Bl

Assiime that <D obeys with gx" > [ the condxtlon o - : \'

o (D( 5) = k(1 + [£|)°K' for all (z, .f) € K' R®, where K’ —x G. . (4.8) -

PR

CM—lyI(l |§')(M TN M;.— Iyl = 0’
RN 4 T M <y <0 T

andthen s : o )

q)M M(a: 5) '< max {CM—M cM—m} (1 + |§|)IMI o,‘,lrl

Thus  the estlmate (1.3) (= (3.12)) holds thh Ncx ,,,K = |M| + (1 — Ex) ]m]
+ (U= e} Jo + Bl = ox Iy, -

Corollary Suppose that (P, ¢) /orms (locally) a pazr of wezghl functions and: lhat

¢”‘.".‘(x, f = {

" d satisfies (4.8). Let Q(-, -, ) € C=(G X G X R*) such. that (4.7) is valid. Then the

operator Q (defined by'(2.2)) maps D(G) continuously into C°(G), the continuous formal
transpose Q' : D(G) — C°(G) exists and the inclusion sing supp Qu — sing supp u Jor

S wE E'(G) holds. Furthermore, Q can be, decomposed in the form Q Q +. R, where Q s
.properly supporled E, satzsfles the estimate (‘3 12) with ’

P .
- ’

Nagyx——lMI+(1—€x)lml—exl+(1—ex)|0‘+ﬂ|—eh Iyl

. 'and the: extension R, maps E'(G) into C7(G). Also lhe inclusion smg supp Qu = smg

supp % for u € -D'(G) holds.
Particularly the symbols L( y ~) f

M,m

0.6 (G)/of the Beals and Fefferman type( f

o [2 P- 177] ) satisfy the estlmat,e (4. 7)

(. -~

’
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