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Some Properties of Pseudo-Differential Operators with Amplitude Q(x, y, ) 

J.TERVO	 -	 - 

(	0•	 0, 

1-In,der Arbeit werden lineare Pseudodifferentialoperatoren Q mit AmplitudeQ( . , ., •) E C(O 
•	xG x R") betrachtet, wobei 0 eine .offene i1enge des R° ist. Es wird em Kriterium überruft, 
• weiches garantiert, daB 'Q steig von Co- (G; in C(G) abbildet unddaB der stetige formal 

• Transponierte Q': C0 '°(G)—* C°°(G) von Q. existiert. Ferner wird eine Bedirgung formuliert, 
unter der die Erweiterung Q des Operators Q von E'(0) nach Y(G) pseudolôkal ist SchlieB 

•

	

	lich wird die Zerlegung Q = Q + R1 betraehtet, wobei Q einen eigentltchcn Trager hat, und r 
,-pseudolokal ist und R, von E (0) in C(G) abbildet 

B pa6oTe paccMaTpliaaioTcH aiiiiefiiue nceBogH4epeHIuajm1u,Ie onepaTopu Q c aitnim--
•	Tyaofl '•) EC°°(G x Ox R e ), npwieM 0 - 0TKbIT0 iHoecTBo-B R 1 '. llpoBepHeTcci 

xpiiTepi4t4, xoTopbIfl raaHTHpyeT 'ITO Q' oTo6pa+caeT. HenpephieHo C0 (G) B ' C'°(G) if 'ITO 
- HenpephiBubiti 4OpMaJ1bHo corIpHHeHiiaIfl Q': COT(G) —a. C°(G) cyuecTByeT. Jajiee, cop-

MyJIHpyeTcfl ycJloiine, npn HOTOOM paciupeiie Q oT06pa+ceHHFi Q OT E'('G) u Y(G) nee- 
ioiioiamiio 14ai ';olici l , paarioi euue Q = Q'+ R1 paccsiapuaecn rje Q i4MeeT coGcT 
BeHHL,if1 JiOcuTejil u nceBoJ1oRaJ1bH0 a R1 oT66pa+caeT P(G) B C(G) 

The paper considers linear pseudo differential operators Q with amplitude Q(	) E C7 (0 
•	x 0 x R"), whereG is an open set in R. A criterion, which guarantees thatQ maps continuously 

I-	C0(G) into C(G) and that thee'ontinuous formal -transpose Q': C0 (0) - C(G) of Q exists,' 
is verified. Further?nore, a condition, under which the extension Q,of Qfroth E'(G) to . D'(0) is 

•	pseudolocal, is expressed. Also, the decomposition Q = Q + R1 where' Q is properly supported 
(and pseu'dolocal) and R1 maps E'(G) into C(G), is considered.  

1. Introduction	 ,	 .•	- 
'	•	 0	 '	 '	- 

Consider linear pseudo differential operator Q defined by 

-	(Q) (x)' =
	 1 (/ Q(x, y, )q(y) eVh) dy)) d,	x E G	(11) 
R  

for 0 E C 0o (G), where G is an open set in Rhi.It holds a wellknown calcuhisof this 
' kind of op6rators, whenhe amplitude Q( . ; . , .) of Q is'well-behaved (cf. [4,p. 112 to 

172], (2],'[7,  pp. 63-96] and [8, p 36-59], for example).' We shall show some rules 
of this 6alculus in the case when the amplitude Q(., •, .) is not demanded to belohg to 
specific class of amplitudes. ,	- '	'	•°-	' -	'	'	0 

'Suppose that Q(,,) E C°°(G x 0 x Ri) such that for each comp at set K Ox 0 
and for each	€ NJ O' there'existconstants' CO..K > 0 d a.P,K E R so that 

/ sup I (D 0DQ) (x;	)i' c ,k( 1 ± II).fl. x 	'	€ R. •	'	(1.2) 

	

, (x.y(EK	 • 0	 ,,•	 •'	- 

When ..N. .#.-K = N K + b.,K , with 6 < 1, Q maps C0 0°( G) Qontinuously into 
C°°(G) (Theorem 2.1). Supposing that "N0. p.K = NK + ÔK Icx +,fii; with 6K < 1, we	

• 

show theexistence 'of the continuous formal transpose Q': C0 (G) - C00(G) of Q. 
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Assume that for each compact set: K c 0 x 0 and for each x, fi, y E . N 0 '1 there. 
exist constants c.P.Y.K	and Na.P, Y ,K.E R such, that .	. . 

, sup 'I(D aD/D ivQ) (x, y, .) I	CpYK(l +	 V E R.	1.3) 

	

.	. 

Sijpposing tlat N.P. ) K = N.K + &.K ir - OP.K yf, with &< 1 an .P.K > 0 
we establish that (x - y)Y T =.T, wheie T is the Schwartz kernel of Q and T- is the 

distribution induced by the function t(x, y) = (2)fl f(D Q) (x,,y fl e V d In 

the case when .N P K = NK + 6K + fl - e K y l, with ÔK < 1 and e K > 0 
we. show'the inclusion sing supo Qu c sing suppu for u 'E E'(G), where Q is the 
continuous extension of Q. Furthermore, in this case we show that Q can be decdm-
posed in the formQ = Q + B 1; where Q satisfiesthe estimate (1.3)-With	. 

	

' N, +, ô,	+ fl - ( min{u.v.K} H 
/ 

is properly supported, R 1 satisfies (1.3) with . .	. .'	. . 

NPK = NK	(Min {QUK }) 1 ± 6K l IX. ±flI :	( min {eU,v.K}'y 

and B 1 maps E'(G) iflto Cc °(G). Furthermore, we verify the inclusion sing siipp .Qu 
sing supp for -u E D'(G), where Q: D' (G) -. D'(G)- is the'con'tinuou extension: 

ofQ.  
In the study of pseudO-differential opeiators the resntatipn of the operator Q in 

the form (1.1). implies in many cases simplicity for the calculus; for example for the 
existence and for the form of the formal transpose Q': G0 (G) -7-> C°°(G). The existence 
of the formal transpose is a necessary property of Q in the study of realizations of Q, 
that is, in the study of closable and closed etensions of Q. Pseudodifferëntial opera-
tors cannot often (without further 'stOdy) be written in the usual form 

(Q) (x) = L(x ) (Fv) () e X)  
(2,-,) n f 

'in the w4 that the symbol L( . , .) would be sufficient regular; for 'instance in the 
investigation of the decomposition Q = Q + J?, where Q is properly supported and 
where B 1 i&regularizing. For the operator of the form (1.1) this decomposition is	* 
often possible, to see. The concept Of the properly supported operator. is needed in the 
study.of'etensions.Q: D'(G) – .'D'(G) of Q.  

General 'notations and the operator  

2.1. Let 0 be an open set' in R'. For the definition of spaces D(G'), D'(G), C(G), 
E'(G), SandS' we refer to th&monograph [5, pp. 1-53}. Let  be a compact subset 

- of 0 (w6 denote'K K 'G). Then D(K) isthe subspa'ce of D(G) defined by D(K) 
= {92 E D(G) I supp K}. We recall that D(G) is the space C0 (G) of test functions 
equipped with the standard inductive limit topology. Furthermore, C°°(G) is a Freehet 
space, when. the topology. in C(G). is .defined by the semi-norms pm.x(lp) = sup 

	

-	IIm 
(sup (D) (x)\, where m E No and K	G. A linear operator L: D(G --> U,°°(G) is' 
\x€K
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continuous if and. only if its restriôtion LK := LJD(K): D(K) C(G) is continuous 
for eachK =K G. Here D(K) is equipped with'the topologyiñcluded by the topology 
of C(G) Hence a linear operator L D(G) -* C(G) is continuous if and only . if 

• the following criterion holds: Let K'	G; then for each m € N0 and K(= KG one 
•	finds cOnstants C * > 0 and m' E . No such that .pmK(L1p) ;5 C'Pm S K'(?p) for5 al1 .E D(K') 

(cf. [9, p 64 and p. 128]).	 '• 

•	2.2. Suppose that Q(, , .) is afunction G x G x R" -^ C. In the sequel we consider: 1 

• -linear opeiatpr.Q which ar.defined by the requirement	•.	 :. 

(Q) (x)	
(2)"	

(RI Q(x 

y ) (y)eUz_Y ) d) d,	(2.1).. 
R1 

for 92 € C000 (G) Our first step is to yield a condition which implies that Q maps the 
space D(G) continuously into C°°(G).	 .• 

Theorem 2 1 Suppose that Q(, , ) E C(G x G x R") such that for each compact 
set K c:K G x G and for each (a ) € N x NO" there exist constants C p K > 0, 
N A E R and	< 1 with which theestimate 

sup I (D;D PQ) (x, y, )I	C p K0 + j)N	6 IPI	 (2.2) 

-	(,v)EK  

holds for all € R" Then 9 maps D(G) continuously. into C°°(G) 

Proof A Let /: G x R" C be a function such that 

f Q(x y ) 97(y)	E) dy. 
G 

- -Then for each c. € N 0", the partial derivative (D.11) (, ) exists for all x E G and the 
mapping x	(x ) is continuous Let x be in G and let e be a positive number 
such that B(x 2e) = .G. Then one has K: = B(x, i) x supp 97 K G X 0, here 
99  C0 (G): in view of (2.2) we obtain for all (z, y)E K • •	 •	 • •	 • 

ID. (Q(z, y ) 92(y) eh ( z_Y )I	
E ('Y)

	—v(D vQ ) (z, y, )I !92(Y)I 

	

^	 +	 197(Y))	(23) 
V	

y 

Hence the Man Value Theorem and the the Lebegue Dominated Convergèice Theorem. 
•	• imply that (1f) (x, ) exists and that	•	•	 .	 •.	 • 

S 

(D"/) (x, 0 = fD"(Q(x y ) 97(y) e_Y)) dy	 (24) 
•	G	 •,	 .	 .•	

0	 •.	

• 

Furthermore, the Lebesgue Dominated Convergence Theorem and (2 3) imply that 
•	

• the function x	(D/) (x) is continuous.	-	.	S •	 • 

B For each a, ft € N 0" and z € B(x, e) one obtains by (2.6) and by tartial integra-
tion	•	 S	

0	

• .5	

0	 .• 

(z,	)I 

=	
(a) f (D2 Q) (z y ) (y)	e'	) 

-•	 G	 •	5.	 .	 • 

26*...	 0•	
•	 '	 ' S	

• 

S	 -	 •	 .	
S	 •	

0	 • N.
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=	
( )f	(z, y, ) 9,(Y)) eV dy 

-	 (1 
(fi) 

f I(D	Q) (z, y,	(Dr	97) ()I dy, 
ya	 )	V	 ' 

^	 E ( ) (y)I dy(1 + )Ny6rT 

	

T— . +fl Y'	 S 

+	jM +.. K L8I ,	..	
.	 (2.5) 

wheie	> 0 is' suitable constant, M = max {NY.K +ôy..K loc - y} and

where ô = max {ô K } < L . Hence for each 1 E, N there e'xist constants C1,K >0 
such that	

V V	 V	 / 

	

sup(D,/) (z, )J	Cj K9,(l +	 K'	 (26) 
zEB(x.)	 ' 

- In virtue of (2.3)—(2.4) and . the 'Lebesgue Dominated Convergence 'Theorem one 
sees that the4function	(D/) (z, ) is èontinuous, hence choosing 1 E N such that 

• M K .± (	- 1) l— (n.+, 1) 

we obtain by (2.6) that thefu'hction	(D/) (z,) 
is integrable. Now,. let g: 0 -^ C be the function defined by.' y(x) = f /(x, 

	

RnV	
V 

'Then the estimate (2.6), the Mean Value Theorñ and the Lebesgue Dominated

	

- Convergence Theorem imply that (Dg) (x) exists and that	.	 V 

	

V	 .• (Dig) (x)	f(D/) (x ) d.	•	 -	V	 - . (2.7) 

R'  

V	

Furthermore; the estimate (2.6) and the Lebesgue Dominatd Convergence Theorem 

	

V	 imply that the mapping x , —* (D1 g) (x) is- continuous.. This shows that QT E .000(G) 

and that	 V	

V•	 V -	 • V 

Dr(Q97) (x) = (2 ' J (I D (Q(x y ) 97(y)	)) d) d 

VVC Let K',. K"G and let mEN 0 . Define K K OXG by K-=;K'-'X'K'. In 
virtue of (2.7) one sees that for all x E.K' and 0 E D(K)	 V 

I(D/) (x,	)I	-	
-	 V 

V	 V / 

()(P), K(1 + II)NYYKHfIDv_T+fl_97(y)Idy 
Y	'v+P	'	V 

	. .	 V	 V V 

C. 

J((' +II) Ma K+ ba KIPI m(K ) sup I(Dy 099) (y)I, 
•	 .	 -	 V	 V 

•	
'	 yEJC'	 V	 V. 

where CK 0 isa suitable constant and where M. K = max tNY.K + ôI x

	

 Vu:	 V 

V	 V	

-. 

	

V	

m(K') deiotes the Lebesgue measure of K'. Hence for each 1 E None finds a constant 
C.k > 0 such that	 V	 V	 •	 V 

sup I(D1) (x,	C,,.K- sup I(D"97) ()I (1. + 1)M+6c_1)1.	(2.8) 
V	 .	

zEK'	 IIII+t	 V 

V	 V	 -	 y€JC'	•	 •	

- V
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:.• Choosing! E Nsuch that M.k --(,,'— 1)1	--'('n + 1) we obtain by (2.7) and by. 
(2.8) that  
-	sup D(Q) (x)I	(2)' C 1K V(1 +	d) P1 +1K 

and then Q is a continuous operator D(G) —* C(G) I 

Remark: in view , of (2.7) one has	 - 

D(Q) (x) 

=
	f ( f D(Q(x y ) (y)	El) d) d 

R  

	

•	2.3.- Suppse 'that Q is a linear opertor' 0 (G)	C(G). We say that the formal
transpose of Q exists, if one finds 'L linear operator Q C0 (G) —* C(G) such that 

(Q) (w) =f (Q) (x) V(x) dx =  (Q )	V, V E C00(G) 

The operator Q' is called a formal transpose Of Q. The fo1lo6n theorem , yields a

	

•	sufficient condition for the eiistence of Q'.	 S 

•Theorem 2.2- Suppose that Q( . , ., .') E C(G x G x R") such that for each compact 
set 'K

 
__K' G x, G and for each '(a, fl) E N 0 ' x N0 there exist constants C.P;K > o, 

NK E Rand < 1 with which the estimate 

sup I(DDyQ) (x y, )I	C , A (1 + 1)icrid 4PI	 (29) 
*	,• , " - (r.y)EK.  

	

0	 •	 .	 - - S	 .	
S.	 / 

holds for all E R". Then the formal transpose Q of the operator Q defined by (2.2) 
exists and	 - 

	

= (2f (I Q(x, y, —) (x) eu (Y_ x El dx) d	 (2.10) 

Proof: . A. In virtue ,of Theorem 2.1 the operator Q' defined by (2.10) mapsC0(G) 
into C(G). Furtherniore, the operator Q defined by-(2.2) maps C0 (G) into.C(G). 
We have to establish, that (Q97) ()'	(Q') for all p, p E Co- (G). 

B. Let be. inC0 suth that -) = I. for. all	;5 I and define J E C0 0° by
Furth,eroie, let r: G x R'2 ->'C be a function such that -r(y, ) 

Q(x, ?J —) (x) e_u(x dx For each a E Non. and for all y E supp q wwe.obtain 

	

r(y, )I = . f Q(x, y, —) (x) (—' D) (e') dx	 - 

	

•	 S.	 ,,,	 ,	 G	 . 

= f D(Q(x, y –) p(x)) e(Z dx 

("x Ci(Dx IQ) (x,. y, 	(D) (x)j dx	 S •	.	,'	v'IJ	S	'	 .	•	•	-	• 

(	
rAK (1  + I)NK+oKI_/If (D v ) (x)J dx, 

	

-	 - • C
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where K: supp x süpp p,,and then for each 1 E N there exists a const•art C1.K,P 
>O such that	 -. 

	

•	 -	
+I'Kk61	V(y, )E supp	E R.	i• 

Hence (choosing 1 E N such that N,. + ( - 1)1	—(n + 1)) the.Lebesgue 
• Dominated ConérgenceTheorein implies that	 . 

-	
1 

= (2	f)() r(y ) eV d ' . ' (Q 'V) (y)	Vy E supp 
Rn

	

I	 .	
( 2.12) 

	

•	
Lets: 0 x R'-* C be a function such that s(x, 0 = f Q(x, y, ) (y) et	Thei' 

0 
one 'verifies as above that for each 1 E N thete exists a constant C1 ,K,1 > 0 such that

	

C, ,,(1 + II)\+ 6k_ fh	V(x ) E supp x R'	 (2.13) 

• Hence (choosing lE NsothatNx + (ô, — 1)1 '—(n +'1)) the LebcsgueDominated 
Convergence . Theorem implies that.	•	/ - I	/	 S 

	

•	,...	(Q) (x)	(2x) fl f	 S(X, ) e'd 

) c'(' d = (Q) (x)	Vx € supp	/	(2 14) 

•	P. TE&function (x,y, ) —> Q(x, y, .—) (x) ,()y) e'(" bciongs'to L 1 (G x 0 

	

• x	Hence due.to the Fubini Theorem one gets	 •	'. • 

(9) 
=f(2n

 

fm,6
 (I Q(x, y, —) v(x)	dx) d) 92(y) dy 

f	
.1 e1(y-.X,6dy d ,- dX -V(X) (nf1

(/Qcx y  
Rn 

=	( Q'	
.5	 . •	 •	

• •
	 ( 2.15) 

In virtue of (2.11) and (213) (where we choose i.E N so that NK +. (i — 1)l 
---(n ± 1)) pne finds that .	-.	• - •	 •	.• 

I(Q7 ) (y)J	f(1 + I)	d < 00,	yE supp 

and	

(x)	 + II)—'- 1) d < oo,	x E 

Hence  the cohvergences (242), (2.14), the relation (2.15) and the Lebesgue 15ominated 
Convergence TheorCrn imply that (QT) () =S lim (Q)) (v)	lini 92(Q)'v') = 
which completes the proof I
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•	Remark: As in the proof of Theoreni 2.1/Part C, one sees that the formal transpose Q' 
•	given by' (2.10) is continuous D(G) —+ C-(G) .	.	. .	 . 

'Corollary: Suppose that L( . ,.) E C(G x R") such that for each compact set  cçG. 
and/or each a E N 0" there eãist constants CK >0, NK E R and 5K < 1-with which the.esti- 
mate sup (DL) (x, •)I	.K(-l• + J) N	'c for all E R" holds. Then theopeiator 

ZEK  
L defined by  

91(LO) (x) 
= (2	fL(t ) (F) () e x' d 

R. 

maps D(G) continuously into C(G). FJrthermore, the continuous /ormal transpose 
L': D(G) -->C(G) exists and L' isgiven by	.	.	.•	 . .	 . . - .. 

if=	) ()	ell'- v ) 

Hen. F denotes the Fourier transform S S 

Prool'- Jet Q(x y ) = L(x, ) Then Q(-, ) obeys the estimate (29) Further-
more, one has 	.	 .	 . .	. ..	 ..	 ," . 

(Q) (x)	
(2)" 

R 

(JL(x ) (y)	u(y dY)	d	(Lw) (x) 

•	and	..	 .	..	 .	.	.	. 

= (2-i)" f(1 L(x —) (x)	dx)	d = (L 

and then the proM i ready I	 ...	- 

The pseudolocal property 

3.1. Suppose thatQ( . , , •).E C(G x 0 x R" satisfies theestimate (2.3). Let Q (for 
E CO (G)) be defined by (2.2). [n view ofThorem 2.1 we kn6w . that Q isacontin-

uous operator . D(G) — C(G). Hence due to the	Kernel Theorem one 
-i finds n' unique distribution G E D ((, x 0) such that 

•	
.	 (Q) ()	T( x) •	 for a 1199, .E C0 (0),	•	 ••	- 

v. het e X ip E C0 (G x 0) is defined by ( x ) ('t, y) = 99(x) (y) 
• L em' rna 3.1: Sup jose that Q( . , •, •E C(G x 0 xR") such that /or. each K K 0 x 0 
and for each (cx, fl, y) EO'" one finds con-giants 0 yK > 0,	R and > 0 
such that th estimate .	 .	• 

sup I(D D/D?Q) (x y )I	C p k (1 + I) " P " P ' 1	V E R" (3. 2) 7 , 

	

.	.	• 

is valid. Then'thé function i: G, <	C defined by • •	 ....... .	 . 

t(x, y) 
= (2)ff

	(x, y, )	d	 (3.3)-. 
R. 

• .	
. • lies in Ci(G x 0), when y E- N,n so that j + max (N $K} • ( mm {ex}\ y 

^ —(n + 1)	 I +PI)	I +PI)	/
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Proof: Let (x, y) be in 0 x 0 and let e be a positive number so that ((x, y), 20 
0 x G. Then one h as * := B((x, y) ,e) K 0 x 0 s and so by (3.2) one gets for 

IM ± . I :!^: j	. 

• sup I Du	((Q) (U ) Vi ) e .)I	V 

(u.v)EK	 . 

:	
(a) ( ) sup	 (u, v, ) r+wJ	 '(3.4) - 

•	 r^	w^fl	t	(u.v)(K	 S	 - 

X 
(a) ()
 C__

fl—wy K(' + 1)Ni x—Qi RIVI+), 

•	:	r^wfl	T	U)	
•••	

.•. 
•	where Ni . L. = max {Na, p.K }. and e,-,k , = mm	0. When y E N 0" such that. 

l±flIj	 • k-}-PIj, •	
I + %/j.K•SL ,.j-Iy I	—,(n + I) we see -by (3.4) tlit	 - 

•	

. sup	 Q)u, v, ) eT°)I ^_V.fl.y.K(l .	J)—(n+i) 
•	

'	(u.v)EK	 .	 • 

for each Ia + flu i Hence the Mean Value Theorem and the Lebesgue Dominated 
•	Convergence Theorem imply that (DD11 t) (x, y) exists and that '	 V	 V 

(D D/t) (x,	
= (2r)" 

f DZ DVfl ((D E rQ) (x, y, ) e1(	El) d 

• One also sees that DD0 t is continuou

s
, which completes he proof I •	. In the sequel wedenote by T the distribution included by t, thEit S, 

V •T) = f t(x, y)x, y) dx dy.	 .	•. V 

•	GxG	-	- 

•	

S V	 Theorem 3.2: Suppose that Q( . ,.,.) E C(G x 0 x R") such that for each,'K K	
V 

GxOand for each (a	 <jinds co ,fl,y) ENO 3" onenstants .Cj,, K	 <• >0, N,K,ÔK	1 
.and PK >0 with which the eàtimate.	

-	V .	 •	 V	 • 

sup V	I(DX"D/DEQ) (x, i, )J	C. , #. ,, , (1 +	 (3.5) . 
(x,y)EK.  

is valid. The;a the distribution kernel T of Q satisfies the relation (y - x))' T 
wheny E N o" suck that	 V	

S 

- V•S	 :	
NOK	QO,O.K 1 Y1 ;5 —(n ± 1).	.	 - S	

•	.	 (3.6)	.	. 

V V

	

	

Proof: A. In virtue of Theorem 2.1 Q maps continuously D(G) into Cco(G) and
due to Lemma 3.1 T,.issacontinuousfunction when y E N 0 " obeys (3.6). It sufficies 

	

• to establish the relation ((y	x) T) ( x-) = T, ( 9, -x	 for all 99, ip E C0 (0) (cf 
[5,

 

	

p. 	Furthermore we get 

((x - y)Y T) (0 x ) 

•	••	
V 
=. 	S.	••	

-	 -	 'V 

•	V	•	•	 \_r/	•	•	.	S	 • .	 •	.	.	V	 ••• 
-	-	

(v ). 
(i)kI	(	X (xv))	(v) (.-1) I (Q(y))(xr—v)' -	-. S 

-.	

S	

V	 Ty	V	 •	 •	
S	 V 

•	 •	
•V	

V	 -	
.	 /	 /	 V	 '	

•	

•V 

•	 .	 V	 •..	-	.	S	 \	 V
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= ' (v)	1)IIf (2-i)' (f (I Q(x y, ) y (y)	c) dy)) d X7_T(Z) dx 

- I (2f (f	(Y)(_l)' yxQ(x, y,	y)	d'Y))dv(x) dx 

= I (2t)flf 
(f(x — y) Q(x,j, ) (y) e1Y dy)) d P(x) dx	 (37) 

Let 4, E C0 be as in the proof of Theorem 2.3 and let q G x R" C be the func-
tion q,(x ) = f (x — y)Y Q(x, y ) q(y) e'-i dy. For each	E i\o' and for all 

x  supp.weget 

-	 q(x, )J 
= f 

D/((x — y)v Q(x, y, 0 q'(y)) et(- V - 0 dy 

	

( U ) ( 

	
)f 

D— y)7) (D VQ) (x, y, ) (D) ()I dy 
u$ vp—u 	V	 • 

V- ()( —
	D(x — y)vJ f [(D) ()I dy 

•	 U	V	(xv)EK -	 I	 C. 

>< C(l+ II)' K6IKII 

	

+ DN0x	KIPI 

with suitable constant	K > 0, where K = supp x supp	Hence fr 
each lEN one finds C1 9,K > 0 sothat Jq(x C1.K(l+ 1)No.I+(6..K1)1 for all 
x E supp and E R' Choose 1 E N such that N0 K + ( 5 K — 1)1 :5 — (n + 1) 
Then the I ebesgue Dominated Convergence Theorem implies that 

/	 (Q ,) (x) = f 4,,() q(x, ) e	d 	f q(x, ) e'11 d	 (3.8) 

	

B. Since tli function (y, )	(x — y)v Q(x, y, ) 4,) 92(y) e x 1iM lies in L'(G x R') 
we, get due to theFubini Theorem	• .	S	 -	-. 

(Q	(x) = f (f (x — y)7 Q(x, y ) 4,(') q(y) e"	dy\ d 
RG 	 /	 - 

= f (f Q(x,	) 4,,() (x — y) )	d 92(y) dy 
G	R7 /	 •	. 

= (-1)IYI f (.f D(Q(x,	) &)) e h ( E) d	d	•	•	S	S 
•	/	 • 

- 
=	 1)IIf (1 (D7Q) (x, y, ) cb,() eu(vVE) d) q(y) dy 

± (— 1)IYi	(f (RI (DQ) (x, y, ) (Dv-4,,) () eV )d) 92(y) dy. 

=:I+I.	 S	 ..	•	H	'. 

	

/	S.
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C. The fii'st.integrt1 I is converging to 

	

•	
.	 (-1 )1I f (f (DQ) (x, y, ) e 1 -11n d\ q(y)° dy..	 (3.9 

GPJ'	
5/ 

Since	—* 0 with 0 j —* oo and . sine for all (x,y) E K. : = supp X supp one 
has	 •	 S.	 S	

o 

(DQ) (x, y, E}) j() e'I	sup I)I Coo K (l +'	No.K—.P..o.MIvI 

'	 — S 

S	

S	 SU	O,O.y.K(1±	y1),	. (3.10) 
• one ;seesdueo the Lebesge Doinated Convergence Theorem that 

(x, y,.)	)	d -f (D E Q)	)	d 
Fin 

for ally € supp p and x € supp V. In addition, one hs by (3.10) '.

f. (DQ) (x, y, ) 1()e Y d	 S 

R'	 S S	 •	 S	 -	 S	 S 

- 
•.	.	

^ sup I)i CO . K f(1 + II) - ' ! d	 S 

/	.	S	 S	 S 

for all y E supp . Hence the Lebésue- Dominated COnvergence. Theorem implies 
that I is tending to (3:9).  

'S	 D. We consider now the, integral '2• i5ue to the Fubini Theorem we' obtain 
S	 5'	 I	 .5 

f' ( f (DuQ) (, y, )	(	i(x-Y.)d5E\ (y) dy.	...	 S 

•	•G\R"  

• - S	

•'= 

I (T (DQ) (x, y, fl T(y) e t M dy) (Dçb1) () d.	 (3.11) 
R" \G	 •-	-	 .	 S 

	

• •'	 For each E N 0 ' and (x; 'y)E K	sup' X su'pp . T we get	
5 

5 .
	

S

fl (f (DQ) (. y ) q(y) e,x
(

. -y" dy) 

(f (DDQ) (x y, flI I(D-) ()I dy	 - 
•	v	V	.	 S	

S	 S	 • 

	

5	

.5 5• <

	) 
COVUK ( 1 ± II)0	Hvi.	f I( - ) ()I dy	. S.	

vflV	 S	 •	•'	 • 

S	 •	
S	 c.	. 

•	
S	 S	 S	 Cpu.K.q,(1 .f. •)SVo. K +6.xIfl	 S	 •	 •	S	 S 

5	'•	 vith suitable 'onstant Cfi U K, > 0 (note that O.v.IC > 0 for each v :5; fi) . Hence-cne	. 
finds a constant CU K > 0 such'that :	 S	 S 

	

• S	

• f (J,UQ (x;y, ) (y) e Y''dy	CUK.(1.+).+'	• S. 

	

•	for all (x; y) E K and E R'. Since (D-) () = j vl(DLIYU4) (/j)one obtains 
by ( 3.11 ;- .

	

• '•	
S	 S 

	

f (f (D E t Q) (t, y, ) (D/1 ) () e' 5 d 	d  

S	 --	 •	 -	 .... . ••	/1\v-J	 S .5 -

	 S^CUK9, f (1 ±	)_(fl±1) dsup I(D E '4) ( 	 0-with j	co. 

	

•	•	 S	 J	 • EER"	 \•J	•	 - 

•	 -	 •	 R',	'-.	•	 S	 •	 S	 - • S	 S 

SS	 S	 •	 •	•	

S	 •'	

•	 -	 5	 5 

-S	

•	 •'•	

5	

-	 I	F,	
•	 .	

5	

5	

-	 .-	

.5	 •	
55	

-	

•S



	

Some Properties of Pseudo-Differential Operators	.399 - 

E.Jn view of the pats B, C and .D one obtains that. 

(Q . ,q) W. - (_1)IYI f (f (DQ) (x, y, ) e'ru' dq(y.) dy. 
.1 

and then by. (3.8)	.	0	 .

. 

f (f (x - y) Q(x, y, ) . 99(y) e' 1' dy)) d	
L 

IYl f (f (D vQ) (x, Y, ) ei-v.e dfl (y)dy. 
1 

This implies by (3.7) that 

((x - y)" T) (9,. x ) 

= (_1)1' f ( (2)n fQ (x, y, ) 0i(yE) d) (x) (y) dx dy 
GxG	K' 

=	 1.)Iyl' T '(V x),	 .	., .	..	. 
'0	

0	 ,.	 0 

as desired I  
Denote by D the diagonal of G x Cr', that is D = {(x y") 'E C >' 0 J = y} 
Gorollary Suppose that Q(	) E C(G x U x R") satisfies the estimate (3.5) .'

Then the distribution kernel T,Ô/ Q , obeys T IGXG\D E C(G x 0 ' D). 
Pi oof Let) E N 0 Choose y E N 0 " so that 

+ mix {N +	II} - ( mm	A} I/I	—(n + 1) 

Then t E C'(G x 0) (Lemnri 3.1). Due to Theorem 3.2 one has 

TIGcD = ((x - y)—Y T,)Ic+cD 

and then t/(x - y) E C(G x 0) induces the distribution T Içx&	Thus TJCXGD
E C(G x G \ D) for each j e N 0 I  

•	 .	 . 

32. Suppose that Q is acontinuous mapping D(G) C(0) and that the-continuous  formal transpose Q': D(0) ..- C(0) exists. Then one is able to define an extensioii. 
Q E(G)-^D(0)ofQb 

(Qu) () = u(Q q,)	fom E Co00(G) 

is continuous, when E'(0)is equipped with the locally convex topology defined b 
the semi-norms P,(u)	u(, -ip C(0) and.whèn D'(0) is eqnipped'.with the
Joe-ally convec topology defined bY the semi norms P(u) = u()I, 9, E C0(G) 

Let .0 be.in D'(G). The singular support of w is denoted by sing supp u (cf. [5,p. . 
42]). We show  

Theoiem3.3: Suppose that Q( . , •,•)E.C(GxG-x R") such ,that for ,-'each K. 
Ox G. and for each (cx, fl, y) E N0 " one finds constants CoflyK > ER, 6K  

O and	> 0 with which the estimate.	S	 -	 -	 S 

)I	CO K(i +	j)NxKt-fl.1	(3.12) sup . I(DXeD/D YQ) (x, y, (x.y)EK	 . 
•	.	.	

S	 . . S 

is valzd.. Then the inclusion sing supp 9u-= sing supp u for u E E'(0) holds 

0t''	0•5	 S	 . .,	 .- o , .-.	 .	 . ....
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Proo'f: hI view of Theorem'2.3 the continuous formal transpose Q': D(G) —* C(G) 
exists, and sø we can form tfle extension 0: E'(G) D'(G). Furthermore, due, to 
Corollary of Theorem3.2'the'kei'neIT ofQobeys T IGXG\D E C(G x  \D). Denote 
by t € C(G x 0 \ D). the function which induces the.dist,ribution TIcXG\D. Suppose 
that x ,q sing supp u. Choose e > 0 so that U I R30 € CB(x, 3e)). Let 4, E C0 (B(x, 3e)) 
siich. that 4,(x) = 1, for x E ' B(x, 2E) - The'* one has Qu = Q(4,u) + Q((1 — 4)) u). 
The terni Q(4,u) = Q(4,u) belongs to C(G). We establish that Q((1	) u) € C 
(B(x s/2)). Let {}	C(G) be a sequence such that	u in E'(G) (cf. [5,' P. 
89]):-Sih, e 0: E'(G)	D(0) is continuous we have for all € Cø('B(x, e/2)) 

[Q((1 - 4, ) u) c	[Q((' — 4)) 'n)} (2) 

= urn T((l — 4)) 91n x) 
tZ-.00  

= lini	f t (x y) ((1 - 4))'q ) '(x) 92(y) dy dx 
n—co GxG\D	

0 

= lim	f ( f ((1 - 0)	(x) t(x, y) dx q(y) dy 
"°° B(z.tf2)\GB(x.)  

= f (i — 4, ) u) (t( y)) (y) dy, 
B(x.12)  

-	 since t E C((G \ B(x e)) x B(x, e/2) (cf. [5, p 132]) The function y - ((1 — 4)) u) 
(t( . , y)) lies in C'(B(x, e/2)) and then the proof is ready I	 ' 

4 The decomposition of Q  

A.1. Let G. be an open set in R" , and let D be the diagonal of 0 x G Then one has is 
well-known 

'Lemma 4.1: There exists a function hE C(G x 0) and an .-open neighbourhood 
U 0 x.G of D such that h(x, y) = 1; ./or. all (x, y) € :U and for each compact set 
K1 =K G'there exists a compczct set K" c G so that supp h(x, .) cK", for all x € K', 
and supp h( . , y)	K.", fo all y € K'.  

Proof Let U and V be subsets of 0 x 0 such that 

' - U'=(x,y) € OxO I I	YI + 1/d(x, G) - 11d(y, 0)I < 1) 
•	and	 ,.	.• 

V={(x,y)EGxGHx_y+ll/d(x,aG)_1/d(aG)I<2} 
Then one finds a function h € C(G X-0) sucF that h(x,,y) = 1 for all (x, y) € U and 
supp hc V (cf. [3, 16.4.3.]). This completes the proof I  

Suppose th"Lt Q( , , ) satisfies (3.7). We decompose-Q(., 	) as follows 
Q(,	)=hQ( ,)+(1—h)Q(,,)=Q()+R(,,)	(41) 

Lemma 4.2 Suppose that Q(, ) € C(G x 0 x R") satisfies the estimate (3.5). 
Then for each y E N0" one has ,R. = R, where the amplitude R(, , ) of - is given by 

' —h(x,y))\	
.	,•0,	 '	-	'S 

R(x, y, ) =	(x — y)' ) (D
vQ) (x,	/or + Y 

0, for x=y 

I
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Proof Denote by H the function 1 - h Then 'we obtain 

sup I(DX DVPD?R) (x y )I ^	E 
(f-) () 

(D_ uD_ vH) (x, y) 
-	(x,y)EK	 -	I u. v	U	V 

(cr) (/9) sup 
I(D;_ uD_ vH) (x )I SUp (DxuDyvDQ) 

	

\	U	V	U	V (x.y)EK	
-	

(,y )€K  

	

() () 
sup	 (x, !i) 

_^fl	
I U, .v	U	V	(X.)EK	 .	 . 

X	 -4--

C .y (1 +	 .	.	 . (4.2) 

here C' , ' 	and shere N K = max {N5 K) K = max {uK} and	= mm 
-

vfl 
{U:}. Hence in virtue-of Theorem 3.2 the distribution kernel TA of 'R obeys, the 

	

- re1ati6n	.	 . . -	S	 •,	 -. 

	

TR = Tft1	 (43) 
when Yo E N 0'o that N0 A - 0 0 K Yol = N0 K - OO K IYoI	—(n + 1) Here T,R , 
is a distribution induced by the function	- -. 	. 

tR (x	= (2) f H(x y) (D Q) (x y, ) e'V d ='H(x, y) t 0(x, y), 

where t y. is defined by (3 3) One sees easily that TRIU = TR u = 0 Let II be the 
.	--	 ,	,	.	

YO 

function  

	

= H(x y)/(x - y)Y	for x + Y	 (4.4)for x=y.'  

Then H 0 lies in C(G x 0) and by (4.3) the distribution T 
b	

is induced by he fund- 
tion 11YO• Hence one has 	.	. 	. .	.	- 

	

/	(2r) (R) ()	 — 

	

• . , .
	=TR(x)  

= f Ii 0(x, y) (f(D YoQ) (x, y; ) (y) e 1 ( z_.vd\ q(y)ip(x) dj dx	- 

	

-	GXG	 .	.	. ,  
-, ..	f (f (f H 0(x, y) (D v.Q) (x,'y,) q	I(xv) (y)	-.\ d d ip(x) dx- 

-	C	\G
 

for all 99, ip E C0 (0) Hence one has 
f (ft, 

(R9 ) (x) = (2 y) (D Q) (x, y, ) elx_ Y d) d = (R 0q) (x) 

Similarly
,
 one sees that R,,. = R 0 for each y ' E N 0 ', which proves the assertion I 

Remark: A. Assume that the estimate -(3.5)-hold's. Using the notation (4.4) one sees that 

	

the amplitude of R7 can' be written in the form R(x, y, ) = H7 (x, y) (DVQ) . (x, y, ). Perform-	• . 

	

ing the computation as in (4.2) one has	.	'	 .	.	• S 

sup	 (z, y, )I ^ C T' K(1 + 
(X.y)EK	

II),.6	•fl.Qp.Kb,' 
-.  

where S.K	max {NU.K },.Ô K	max {Ô U K} and QK = TflIfl {ou.v.K}.  

	

,	U	-	.	.	
, 

-	 -	• 
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In the case when there exists I•€ R ? ô < I and Q > such that N. 	16 1, ô	ö and 
one sees that for each 1 € N one finds B1 so that R	R 1 and  

sup	 (x, y,	 + IJ) 1 + 6 l+flHI'	.	. 
(Z.y)EK  

(choose y ,€ N 0" so tht'-e IYI ;5 —1 and that N- 0 H 5 - + 1)). 
B. Suppose tha. the estimate (3.5) is valid. Then-for each 1 € N one finds an operator B, o 

•	that R = B, and sup IB,(z, y, )I	CcK( l + T)'. It sufficies to select.y € N"• such that -	 .	(z.y)EK	.	.	..	 . - 
o	N0K - eo.oic-H 5 —1 and choose RI: 	Br	•'	.	 .	. . -. . ..... 

SinceR = T111 for y EN 0t'; NO.K	eO.0.K'IY}	(n + 1), ne,has	S..' 

Corollary: Suppose that .Q( . , •, •). E C(G x 0  Rt') satisfies the estimate (3.5). 
Then the distribution. kernel TR o/ .R is induced by the junction .	where y E N 0t' so 
that N0 K - 0 0 K b'I	—(n + 1) 

•	Let k3 : R"	R'; , ER be defined 
by 

k) = (1 + 1 2 )8/2. Define the norm 11-II8 
•	'in .00 (G) by	.'	.	,  

=	
' 

I(F) ) k3()I 2 d) 
R	

) 

.,	For l EN 0 one haby the Pái-seväl formula  
•	.	

IIqlIi	C Z'11,6-99110), 	lIIlo :	IIl!L,c .  
•	:	 ,	 •	.	.	, 

'Let  H, denote the. Horniander 'space B2 . k. ( cf. [6, p. 7]) and let 11,c(G): = E'(G) n 1i2 
Denote by'C 1 (G) thèlinea'r space of all  times continuous be differentiable functions 

/:'G— C: Then Cl (G)is a'Freehet space, when one equips it with the locally convex 
topology defined by the scmi-norms qx(/)	sup I D /(x)I;K K50(Cf- [9, pp. 85-891). 

zEK  

- Lemma 4.3': Suj5pose that 0 E C' + I(G x 0) and that u E Hf,(G). Then there exist 
a sequence {n}	o(0) and an element / E O(G) such that 

- . -	II	- u_, -±0 and sup 'D/[(pn((b(, y)) - /.u(Y)]I	0 for K K G.. 
• 0	•	

,	 ..	 ,	 yEK
 

-	.	
0	 '•	 -	

':	

0	 -	 S 

Proof:.A. Choose 0 E C(0) so that 0(x)	1 for all x  0' where 0' is an open 
set of C such.that G' cK 0 and that supp	0'. Since u E 11_, one finds a sequence

such that Il' - u II_,_-> 0 with n-->6o.  Théñ one has II0 —uIl_,' 
IJOV*=- Ou II_, - 0. We choose	 0 

- B. Let fi € NO" such that 	j and let K	Choose 0'. E C0 (0) such that 
-	0'O =0. Then we obtain  

0	,	••
 

sup - Dyf[çn(('., y )) - çvm(, y))}	Sp ((qn	97m)) (o'(Dfl) ('y))I 
-	LIEK	. .	S	 -	'	y€K  

• 0	.	'	 .	- q',JI-, 511 1) I0'(P0)°(., Y)IIi  
v€K  

O	
IVpn	mII—i C,	sup II D (0 '(D/) (., y)) k

 
•	•	'	:	 ,	It 'l yEK	' .	-	. '  

1n - 99.11-1 C1 z() sup (D D/) (x, )I IID '0 Ito / 0	,. 5	-	IIl t	y'eK  
O	 -	. .	.	•	'	ZESup.p8  0	 5,5 	0 

5•5	0	,•'	 .	S	 -	0	 •'	,	0	
'	"	-
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where we' used tlie elementary fact' that D'(q((., y))) = ((D fl ) (., y)) . Hence 
{q2n((.,y))}.is aCauchy sequence. in C'(G)and o one finds an element /p. E CI(G) 
such that sup D/[ n (( •, y)) 7- tø.u(y)]I - 0 with n..-* oq, which proves the assér 
tion I	YEI4flij  

Theorem 4.4: Suppose that the estimate. (3.12) is ' valid. Then the'perator Q can be 
decomposed in the form 

Q =	'± R,,	.	'	'	,•	 ..:	
(4.5) 

where and R, satisfy 

1' for each K C K G xG and (a, #I y) E Noln the estimate	' •';	'' ' ' 

	

sup j(DD/D) (x, y, 'fl ^ C y'K(i	
J)Nx±óxia I—Pa.fl.KIVI	 / 

(x.y)€K  

holds.  I -	-	•,	 '	 .'	 S.	 ,	 '	 ' 

2° is properly supported (for the terminology cf.. [2, p. 177]):  

3° for each ,K K G x 0 and (a, j9, -r) E N O 3° the estimate 

sup (D D/D R1) (x, y, )J :c^ Ca T K( 1 + J)'R	fi K+k +fli a 5 hi I 

(x,y)EK	-	 '-S '	 •'	 ' '	 -'	 .	 '. 

holds 

4° R1 (u) E C(G) for all u E E (0) Here 9. K = mm {	K} and RI :E'(0) D'(0) 
is the extension o/ R1	

vfl 

Proof.: A. We decompose Q(.,., •), 'as in (4.1). Then (.,., .) obeys the estimate 
(1°) (ci (4.2)): Let K c:K 0 then by Lemma 4,1 one finds K c A0 so that supp 
h( . , y) c K for all 'y E K Hence for all x E C \ K and € D(K) we obtain 

() (x) 
= 2n) 

R/ (K' 

h(x, y) Q(x y, )	)	d) d = 0	(46) 

Similarly one sees that for each compact set iç C there exists K" K such 
that (Q)(x) = 0-for all x  K' when 92 E C,'(0) 'so that (y) =0 for Y  K". This 
proves 2°.  

B. Let N EN and 1t y E No" .so that jy j = 1. Then .R1 : R' satisfies the estimate 
(4.6). In virtue of Lemma 4.2 one has R1 = R and so the relation (4.5) holds. We have 
to show that R 1u € C1(G).for each j E N. In virtue of the Paley-Wiener Theorem (cf. 
[5, p. 181]) u . belongs to H,,,(G) with some in E N. Choose7z E N 0t' such that  ±-j 

•	

' + N + K( l +.m) - ( mm	{a.p.K}'
/
-I/ZJ ,—(n+ 1). Then the function t,defthed	S 

I+PIj+m 	'	 "-	-'	 S 

by(3.3)'belongs to C'i(G x G)(Lemma 3.1). In virtue of th , Corollary fr
S
om Lemma' 

4.2 the distribution' kernel T,, of ,R,is induced by 'the function ll,j, which is a -. 
C' +i(O x G)-function.'Let {,,}	C(G) be a sequence sq,ch that	

.	S 

IIn - U JI_m	0 and sup	 Y)), - f iit, uQi)J ± 0 
-vEK  

0
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•	1'	 ..	..	 I 
Then- one sees (since R 1 : E'(G) -. D'(G) is continuous)	 - 

	

•	-	(R1u) (q?)= urn (R ig).) (q) = urn TR(q.'flxq') 

•	 lim(H	(çv x 9 )-= urn jç((t (., y)) çv(y) dy 
S	 -	 n 0	-	 n—oo G	 S 

= f /H',U(y) q(y) dy,. 
•o	'--.  

-,	and then R1u is induced by the function f,,. 
U 

E C'(G), which proves the assertion I 

Since satisfies - l ' of Theorem 4.4 xe know by Theorem 2.3 that th continuous 
formal transpose Q D(G) —* C(G) exists and 

	

/	 ) () = (2)fl f(fx y, —) (x) eu(v_)dx) d, 

Since Q(, , ) = h(., ) Q(, , ) one sees that	is also properly supported 

— Lemma-4.5: Suppose that -the estimate (3.12) is. valid. Then the operators 	and. 
D(G) -D(G) are coninuous ':°	 S 

•	 Proof: Since D(G) is born ologicalit sufficies to verify that	nd ' map bounded 
sets into bounded sets (cf. [10, pp. 46--471). ,.Since and ': D(G) - C(G) are 
continuous they are also boilrkded Hence one easily sees that Q and .Q are bounded 
(we recall that B = - D(G) is bounded if. and only. if there exists K K G so that 
- BcD(K)and B is bounded inD(K)). I	. 

., Since ':'D(G) -->'D(G) is continuous we cn define a ontinuous extension Q: 
- Y(G)	D'(G) of Q as (Qu) (p). = u('q) for all T* E C0 (G). We have 

•	:	— Theorem 4-6:Suppos that the estimate (3.12) . is.valid. Then the inclusion sing supp 
- . . Qu	sing supp u/or u , E D'(G)hqlds	-	

S	 / 

Proo.f: Suppose that x 'q sing supu. Choose >0 such that uIB(X2C) E C(B(x, 2E)). 

	

• . .	Furthermor choose . 4) E Co(B(x, 2e)) so that 4)(y) = 1 for all y E B(x, e). Then 
4) ED(supp 4)) and •theti one finds a compact set K ofG such that Q'(4)) E D(K) 
for all q' E C0 (G). Let 0' be an open set of 0 such that K c 0' and ' =K 0 and. 
choose ip E C0 (G) such that (x)= 1 for all x E 0'. Then one sees 

	

•	-.	(4u)) () =u('()) = u(4'(4))) = (4)Q ( vu)) ()	VqE C0(G), 

-' - - and then 4iQu = 4)Q(u). In viewof Theorem 3.3 we get	•	• 

•	sing supp ((kQu) = sing supp (4)Q(ipu)) 

	

sing supp Q(u)	sing supp,(u)	sing supp u. -•	•	- 

Hence there exists: 0 < s' .< a' such that QU!B(;.?) = 4Qu1B (x,s' ) E C(B(x, e')),as 
desired I •	 6	•	 S 

• :4.2. Suppose that (, 4)) forms a pair of weight functions G x R	R in the sense. 

	

• -	- of BEALS al1dFEFFERMAN (cf. [2,,p. 176 and 	162], cf. also [11)1 Furthermore, let 

•	•	-	I	•	•	S	 •	 -	 •	 S	 •	 • 

•	 S
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JM.m(G x 0) denote the classof syml5ols Q E G(G x G x R") such that 

iDD/D?Q(x,y,	C.p.r.KM_I1(x,	4)m_±fiI(x, ),	•'	 :(4.7) 

for all ((x, y), ) E Kx R, where K-K G x G. Denote by p 1 ,p2 :G x 	- G the
projections p 1 ((x, y)) -= x and p2 ((x, y)) = y and write K' =p(K) 1 K"-= p2(K). 

-	Then one .seesdue to the property (i) of weight functions P and (P 

kMHI(x, ) ^ max {cfr11	— } (1 + , C	 MI+IyI 

•' and  
4) m— l+flI(X,	^ max	CmKI+flI} (1 + 1I.1Ttrnt 

•	with some positive constants	CK', K" CK" and 5K"• Hence the estifiiate(1.2)(= (3.5)) 
- holds-with NPK = Mi + (1 - 

e K") iI + (1 — eK") IN 
Asüme that 0 obeys with eK ' > 0 the condition	 '• 

(x,	cK'(l + ii)`c for all (x, ) E K' x R', where K' =K G.	(4.8) 
•	Then one sees	 •',' 

E 

^ 
CH(1	1)(M—I)	if M, - iI	0' 

	

(x, )	
lc '(1 +	 if	y <'0 

and then

	

MHvI(x', )	max{C	1,cT 1"}' (1 +	1)IM,• 

Thus the estimate (1.3) (= (3.12)) holds with "NprK = Ml + (1	") ml 
+ (1	UK")

	

IN + fij	K' I)'I . ,	 - 
• Corollary: Suppose that (0, (h) forms (locally) a pair of weight functions and' that 

ji satisfies (4.8). Let Q( . ,..) E C(G x G x R") such, that (4.7) is valid. Then the 
operator Q (defined by'(.2)) maps D(G) continuously into Cco(G), the continubus formal 
transpose Q': D(G) — CG) exists and the inclusion sing supp Qu sing supp ujor 
uE'E'(G) holds Furthermore, Q can be. decomposed in the form Q = Q +R, where Q is 
properly supported, R1 satisfies the estimate (3.12) with 

• N.. P.,. K = Ml + (1 '-, EK") ml — K'1 + (1 - BK') a,	- eK' lvi-	
• 

and the extension R maps K(G) into C(G) Also the inclusion sing supp Qu sing 
supp u for u E D'( G) holds.  

- fM,m  • Particularly the symbols L( . ,.) E j	(G) ,of the Beals and Fefferman type (cf. 
[2, p 177]) satisfy the estimate (4 7) 
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