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Es werden die abzdhlbar erleugten geschiossenen O-Vektorriume durch eine notwendige
.und hinreichende Bedingung charakterisiert, fiir'die die starke 0peratorentopologle die femste
.- lokalkonvexe- Topologle auf A ist. :

: Ilaé'rc;r neoGXovumoe M JI0CTAaTO4YHOE YCJIOBHE A CYETHO MOPOMIEHHEIX 3aMEHYTHX O- BEK-
TOPHHIX MPOCTPAHCTB o ANH KOTOPLIX CHIBHAA OnepaTopHas TOMONOTHA ABNACTCA CUNTL-

Henwen nonanbno BBITYKA0It Tononoruefi Ha 4. p

The counta.bly generated closed O- vecto\r spaces A for which the strong ‘opérator topology is

the finest locally convex topologv on A are characterrzed by a necessary and sufficient eondl-
tion: '

- . S . \
The objective of the present paper is to prove a theorem which characterrzes those
'countably generated closed O-vector spaces A contained in £*(D) for which the
strong operator topology on A coincides with the finest locally convex topology on-
-A. This theorem generahzes the assertion.of Theorem 3 in [1]. Examples and appllca- '
tions of -this result are given in Section 2 of [1] Further, our proof as given below
fills'a'gap contained in the proof of Theorem 3 in [1].-

We collect the termmology used in this paper (see e.g. [2] Let D be a lmear sub-
_space of a Hilbert space-J. An O-vector space A on D is a linear subspaceiof closable
linear operators with domain 2 such that 4 contams the identity map I of 2. The -
graph topology 4 is the locally convex topology on'd generated . by the seminorms .
-l : = lla|l, @ € A. Let D(A) be the completion of the locally convex space D[l4].
consrderecl as. a lihear subspace of n {D(@): a € A}. Thé O-vector space A:={a

(Jl) a € A} is Called ‘the closuré of A. By £*(D) we mean the set of all closable
- linear operators a’ with domain D such that-aD & D,’D & D(a*) and a*D. & D.
' The strong operator topology a? on 04 is the locally convex topology defined by the
family of seminorms ||-[|;:= [|-¢l, ¢ € D. The finest locally convex topology on is
denoted by. 7. . .

“The, result mentioned. a.bove is the followmg

Theorem Let A be an O-vector space on D with countable algebraic baszs Suppose
that A S £*(D). Then the following two statements are equivalent:

B §)) The strong operator topolog J on A is equal to the /mest locally convex topology Tyt
on A. o .

(i1) For each continuous seminorm p on D[ts] the eeclor space AP := U {a € A
lagll = )p( ) for all @ € D} is fzmle-dzmenszonal T Az0

Proof: Upon replacmgdl by its closuredl we can assume without Joss of general-
ity that 4 is already closed. First we verify the implication (i) = (ii). Assume to the -
contr. ary tlmt the space AP is infinite- (l;mensronal for some continuous semmorm P
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_on .7)[1‘4] Then there is. a hnearly mdependcnt subset {a,: n E N} of 4?7 such that

- Nlengll =< p() for n € N and all KA D. Sincé ¢? = = 14 on A’by (i), for-each seminorm .

.q on A there are vectors Vs oo P € D such that g(a) < [lawill + ... + llayll for all
a.€ A. 1f we take a seminorm q such that 9(an) > n for n € N, we obtaln the’ d951-
red contradlctlon : ,

Now we turn to the’ proof of (n) => (i) which is the main assertlon of the theorem.
The proof will be divided intofive steps. In case where o’l is fmlte dimensional the
" assertion fo]lows 1mmedlately from ~ \ .

) Statement 1: For each Izmte dzmenszonal 0! 'oectoo' space &9 on D there are /zmtely
many vectors, E,, ci E, € .‘D such that x "= max {|[z&|l, ..., [|x&l]} de;‘mes a norm on &.

- Proof: Let (-1 be a riorm on & and let & be the unit sphere of (J? [-11)- For‘
'z € Sthereisa &, € D such that'zé, + 0. By the compactnesq of #, the open covering .

VEi={y € Sy Jf, -‘-r- 0} %€ &, of & has a finite subcover say Us, ..., U Letting
5, = &, for j. = 1,...., m, the asser mon follows 8 o o

Statemenb 2: There is @ sequence (@n;n E Ng)' o/ opemiors fmm A wzth ao = I‘

swh that

O ) Y]

. o ‘the graph topology 10( on D jis genemted bg/ the semmorms

pn(q;)—uaole el meN L
Sup (7a(p) 2 (7)€ D) = oo for meN; e

,' [sup/{pn(w) (Pa- (@) + legl) ™ ¢ € D) < +0o for cach "
xE&”n\Jl”nlandneN. ’

Proof First we construct 1nduct1velv a sequence (a,,, n €N, ) such that 1) and
(2) are fulfilled.- Since « has a. countable basis; there is a sequence (ba; € N) of
operators from’ 4 'such that 't is generated by:-the seminorms |||l ; » € N. Let ay := I.
I ap, a, are already chosen, let :m be the smallest natural number for which

" sup {l|b,,,<p|lp,,(<p) 1@ € D)= +oco. Such an m€ N exists, since ot,her\use A = AP B
and’ 4 would be fmlt:e dlmensronal Defmmg [ 2 :_\b,,,, (2). is satisfied in the case '

ofn+1

Next we show how in addmon (3) can be. fulfllled Suppose that the supremum in .
(3) is infinite for some z € APEN - APe-1 and n = k € N. Then we replace (a,) by the -

" new. sequencé (@, ..., Gy, T, Ay, --.)- l‘o verlfy {2) for the latter, it sufflces to do
this for n = k and for n =k + 1. From z,¢ AP it follows (2) in case n = k. Since

the supremum in (3) is infinite for z and.n = k, we get (2) for n =k + 1. Since all -
.“spaces AP, n € N,; are finite-dimensional, by an xnductlve argument this: procedure :

can be continued until (3) is satrsfled [ 1Y

* We keep the sequence- (a,,,,n € h)\from Statement 2 fxxed Let olo = AP, For

n € N, we choose a linear subspace A, of the (finite-dimensional!) vector space
" AP such that AP» i the direct sum of A, and AP Now fix n € No. Let {@ny, ..., @na,}
be a base of the vector space rA Wrthout loss of generahty we assume’ t,hat l]a,,,q;”
,Spn(tp)f,orwéfb r=1,

l'aﬂl'

where 2, .5, 44, € C. Clearly, cAo = (4” I is\the vector space of all bounded operators
contained in A and ||z} < [/{zol]| Tor all 24 € Ay
Because of (1), A is the algebralc direct sum of the vector spaces 04,,, n € \0 That

. 1s ea,ch z 6 oi can be wntten in a umque way as a flmte sum, z. = Zx,, wlth Zn €Ay -

. . , ‘ . )
C L . . " . . . .

VAR A

C®).
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For each posmve sequence y = (y,,, n € No), we defme a semmorm g, on A by q,(z)
= (X 17al lllzal]|»)V2 for # = 3 2,. Since the topology v on A is, of course, generated
by the family, of seminorms 9y it suffices to show Jor each positive sequence y = (y,,
"m € N) there are vectors @1y €D, LEN, 'such that g,(z) < max {[]zq),[l
|[xq:,|| for all'z € 4. From now onlety = (ya;n € No)/be.fixed. S

Stabement3 For eachnE N there is an. e,,>0.such that '
szl = (2]l (enpn(tp)—Pn l((p))va‘/{ and¢€-‘0 ST e @

Proof Assume that the assemon is false for some n € N. Then there are operators :
: xk €A, and vectors Pr. € 2. such that : '

lekqokll < il (1 pn(tp‘) pn_l(%))- forkeN. . = - (%)

. Afber normmg 1f necessary we can assume that p,(e) = |[|x,,|]| = 1 for all & € N.
* “Then, by (5), lzigill = 0 if & = co and p,\ (@) <,1/k for k € N. By the compactness

" of the unit sphere of the finite-dimensional space (A,, |||-]||); there is a subsequence
of (x;) converging to some -z € A,, = == 0. For simplicity .we assume that already
lim {|lz — afl] = 0. From |z — 2) gull <.Jllae — =l max llangell < il ==l

p,.((pk) = ||lze — ||| —>O and ||x,,<pk|| >0 1f k—> oo we conclude that ||:L<pk|| —>0 1f ’

k — 0. Therefore a Do
l

T SUPpn(%) (Pa-s(ge) + thpkll) 1 > sup. 1 ( P ”‘Pk”) = +oo.

Smce x € Ave N AP 1 thls contradlcts (3). l .

Suatemellt 4: There are numbers g, > 0 and | € N, a double sequence (6,,,,,, n,m .
- € Ny) of positive numbers and sequences. (gun;n € \) ko="1,...,\, of vectors. from D
such that for alk=1,..,landn € N the following is satzsfzed .

yooo-

max, 1|xo<p,o|| = (eo +Vaoo+yo) mxom/or 0.6 o; RGN
;pn(%.‘) = e (Vnm—'*"}’n + Wt 1) + 1 + an(%m) < 6..,., )
\pm(<pk,,)$6;,}2"3602"z/m€V0,m<n S T8
L O = bum gu_ Z"Pm(%v)z’u(%) zfmého,m<n; - )
(x,<pk,.,x,<p,,,,.)—02fm\s rE\‘o,m<n,rSn sSn,__ ’ .'-:(iQ) '
N ' z, €A, andx,éo'l,, e
| O - B
oD, = —6,0 R 6.,!, ‘—6.,,, -0, o L .('11)'.
| vy b e b o |
(Here weset 6,,_, ,._‘1 .—I "Z_’I::: - ;Z s = 0 "inAcase")'z = Ol) ' B S

m=l rs<n

‘Pr oof Applymg Statement 1 to the' fxmte-dlmensnonal vector space o(o there are
" unit vectors &y, ..., & € .7) le \’ such that 90() = max || lH, ey |IF&l} 18 '@ norm
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" on . Thus there is an &> 0 such that qo( ) = &olll- ||] on A, Now take a posmve

number &y = ! such that. dgy = 07  Yéoo + o + 1 =:'2, and set %o = Jobk»’
"k =1,!..,1 Then (6) and (7) in case n = 0 are fulfilled. :
We. conbmue by 1nduct10n Let » € N. Suppose that §;; and Prt for %, 7, k,LEN,
t=n—1,j<n <1,k <l.are chosen such that (6)—(11) are true in that case.
First’ take numbers 4, = Oums M = O ,n — 1, such that (9) is satlsfled Since-
D,,>0 by 1nductlon hvpothesus, there is a by = 50‘1 such that D, > 0 and for

vk__l L

K 6,,,. —5n l(yé,,,,—}—y,, +25n 1l 1)+ 1 +Epn(¢km =: /kn

mlv,l

Let & be the lmear space of T Py W here x, € A, x4 € ui,, m, s, r E No,m < 7,
r<m, s < n. Since. the vectors @, . are in D and 4 & .Y’*(.‘Z)), &'is a well- defmed
flmte d1mensxonal subspace of D. We cheéck that - : .

SUP (Pa(9) Pacr(9) i @ € D, ¢+ Oand g L &) = +oo 12

Assiume to the contrary that the supremum in (12) is finite, say equal to 2. Let e-be;

~ the orthogonal pro;ectlon with range &. Since the operators a,, ..:; a, are, of course,

bounded on c“o’ there isau>0 such that Palep) = u H(p” for @€ .‘Z) i }
* Thus - - N . U

(¢) < pn((l ~e) @) o+ pn(ew) < AP 1((1 —e) 9) + pn(w)
S)pn (@) 4 (2 + 1)#H¢>ll = (2 A+ /ﬂ +/t)p,. 1(<p) f0r<P €D -

\Vthh contradlcts (2) Let ke {1,., 1. Because of (1 ),_there is a vector @in €D
“such that @ | & and: p.(gin) > 7,,,,6,.,,2 p,, 1(@en), After mulmpllcatlon by some
constant we get Pn(@gn) = Agn- Since pp(-) < pu_y(-) for m < n — 1, we thus obtain |
(7) and (8) in case of n. (10) follows from ¢, 1 & . - :

Leb k E {1,...,1}. From (1) and (7) it follows that (Yen i = Z Pin; T € No) is a .
Cauchy sequence in the complete locally convex space .‘D[L,t] Heuce there is a vector

o €D such that ¢, = t‘,¢ — lim @in. That is; we have @ = Z xq)k,. for each x € oi in

the norm of Jf ) . B , . n=0 .-
v _ - . o .
" Statement 5: max ][xllw > q,(x) /or allz €A o " - _—
k= . .

Proof: First fix a ke (1, } Suppose m, n € 1\0, m <-n: Usmg (7)—(10),
getforz—l v Oy a11d7—1 o dy .

Kamzq’b an;‘l’k)] .
< Kaqu’km an;¢kn>| + 2 | iPrrs am‘Pks)I + Z (am|¢krany(pkr>] R "

rg<n . r=n+1 .

= pm(?"ku) pn(q’kn )+ X pm (Per) pn(¢k8) + Z P ‘Pkr) pn(‘pln) '

rg<n - rantl

ga—la 2— X4 5272 b,

re<n - r2n+1 T
By the defmltlon of the norm 11K ]|| thls ylelds , .
l(xm(pln xn‘?{t)l ”lxm”l I”xn”l n]a'x Ka'mt‘p—a am"’k)l T

KB} .. ; N
S S lEmlllllalll for 2 € Ay and 7, € oAy (13)

P
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By symmetry, (13)is s true for all m, m E N \v1th n =i= m. Letn € N : Singe d;r = land
hence p,,((pk,.) = 2 ' for r >-n, it follows from (8) and (7) that -

[on(#) = Balra < 2 Palo) +5 ):pn P)S 1+ E palgen)

. f n+
.o T . }
and pu(gr) < Pa(@en) + San S 20,n. By this and (7), R
. sr;_pn(q)k) —Pn-l(%). ' - v T 4 'l‘\ ) )
Z Ep {pn((Pkﬁ) —1— Z_'an(%m)} - 267!_—1.n—i‘= lénn + Vn g
P L s , : - X . ~ -
for n € N: Combining the latter with (4), \ve"gét'
[lan’kllz > (éun + yn ”lxnlllz fOl‘ Tn E ‘4 and n E N. o . (14)<
. Let xo E c/lo Since ||xoll < H1Zolll> (8) ylelds e ! )
”xoq’kﬂ > "xo%o“ - Zl“%%m“ ) 3 _
. m= ' . S
Oz opioll — 5 nxou e02 ™ 2 apiol = & ol

m=1 L .
. B . R
A2

F’for Ic = l A ‘-Cdmbihe(l with (6), this gives C ; e o -

kma\ ”"709"1:"2 — Yo 1ol l1? = oo |}1%oll|?- L N . o . (15)'
~~~~~ \ ~ . ) . . . ’
Now ]et x €A We wrlte z asa flmte sum x = Z x, w1th a:,. E u{ By (13) and (14
'\\ehavefork-—l Sl SN

”x“% - Qr(x)z'_ Z ”an’1:”2 - }’n |”xn“|2 + > meq’ka an’k>|

2 llZoell* — vo III%IH2 + ,Z'ém..lllxnlll2 E‘smn J[EMIE IIIxnIH

Therefore, by (15), T,

o (mas el = 00" 2 X dun a1 zémn|||xmn||l|lxn||| "

’

From (i1) it fo]lows that the lattel is non- negatlve ~,

3

Remark The plecedmg proof actua]ly shows the fo]lo“mg Let. A be as in- the
Theonem and assume that (i) is fulfilled. If the (finite- d1me1\1s1onal) vector space’
A of all bounded operators in 4 has a-separating-set consisting of I vectors Pry s
@1 € D (i.€/, if x €Al satisfies zg, = 0 for k = 1, ..., 1, then z = 0), then for each
‘seminorm q on A-there are-l vectors g, ..., @; € .‘Z) such that q(= ) = ‘max {||2|g;,, - -

\

]]x[[q,, }for all z ‘€ 4. In particular, if the multlples of the ndentnty are the onlv bounded« '

opel ators ind, then already one vector ¢, € D is sufficient. ~

LAY
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