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Es ‘wird ein gewisses Mehrpunktproblem fiir ‘eine 'Differentiolgléichhﬁé von nichtganzzakliger
". Ordnung betrachtet. Das Problem ist aquivalent zu einer nichtlinearen Integmlg]exchung, und -
auf dlese Weise wird dxe Existenz seiner globalcn Losnng bewxesen - .
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A certam multipoint. problem for an extraordmdry dxfferentnal equation’is consndered “This ,

: problem is equivalent to a certain nonlme'u' mtegral equa.tlon and in this way the’ exxstence of. ..

Cits’ global solutlon is shown. _ . . i S - _ )
o S e \ o o

1. Derivative of an arbitrary order. Let I = (0, 4) be a finite interval of R and let

I’ .denote the Gamma function. For convenience we recall the definition. and some .

propertles of the Riemann-Liouville derivative of ‘an arbitrary order | (with respect

to' 0) (cf. [3: pp. 567—575]). For any mtegrab]e functlon y: I — R we define. the -

: derlvatlve oforder L e R - . . '

. . o

’

e '(a_é — Oy dyI(—=7) - for2 <05 - L
CLyW(z) = ' T N
- e ~~_"--fou‘=0 ey
a,nd yMNz) = (y(’1 ”(x))(“ for 2> 0, where I = —[ 2] and [2)is the largest mteger :
not exceeding 2 provided that integrals and derivatives on,the right-hand side exist.
In virtue of the Fubihi theorem the derivative y™ for 2 < 0 exists almost every- :
- where (a.e.) on I and is integrable. Moreover, if u > 0 and y* exists and is integrable
" (which immediately yields that the fuﬁ‘ctlons Y= for k = 1,'2,". jm o= ——[ -1
. are absolutely contmuous) then for, every A > 0 the’ formula i 4 )

o

v
‘
’

- C ' (y(»)(x))(—u = y“‘““(z 2 xl ky(u-ln(o)/p 1 +; — k) B

/

‘18 va.lld a.e. on I On the other hand we ha,ve (y‘—“(x))“" = gy=4 () ,u'Z 0), assum-
ing that for u = 2 the right-hand side exists, hence the differentiation is:not com-
mutative. In further reasoning we also need the formula. . :

(xr/I‘(l +7))(n -—x/-xl’(l + = )) (y > —1,72¢ IR) i | | - K

\

‘ 1) AMS- classnf;catlon 26A33 34A99. Presented at- the IVth Intcrnatlonnl Symposnum on' v
Intcgra.l Equatlons, Wursu.w Umversxty of Technology, 8 11,12 . 1987, .
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2. The problem Let n €N, . x> 0,8 < o (l = 1,2,.:., n) be fmed numbers a,nd let,:
f:IxR" R be a given functign. Set p = —[—a] ‘and denote by {y} the n-cle-
ment sequence of derivatives y‘ﬁ" "We shall consider the nonlinear extraordinary dlf-'.; S

(7 =1,2,...,p), where 0 < T < A, my; € ]N ;,k,‘ni ¢ R are fixed n'u'rﬁb'ers, D

b I >IR are given | functions. .. = .

The multlpomt problem of similar type for\a ]mear ordmary dlfferentml equatlon was flrst

formulated by J. D. Tamarkin (cf. [9: p. 113 and references]). It can be notided that ifz, =0 .
(13137Sp,k_12 ,m),andm,landzkare suchthatz,l—}- +z,,,,u=6,~‘.
(1 =t =7 < p), where §;; is the Kronecker symbol, then -the multnpomt problcm 0),'(2) -

becomes the. Cauchy one (cf (1,2,5,17,8, 10])

Let ‘us examme the Bellman type condlt,lons A :

fbeuwm@wx—m‘ w=12;m.x e

1 . ’

w here 77, ¢ R and b are glven functions. If the b; have. mtegrable derlvatlves of

..order p — j 1<y £ p), respectively, then mtcgratmg by parts'the integral appear-.
ing in (3), we have the conditions (2) with ziji;= 0 and by; = (—1)7=i §;;bP—1, .
' By a solution of equution (1) in I we mean any mtegra.ble function y: 7 — IR such
_that the derivative y* exists a.nd is 1ntegrable the derivative of order p — 1 of
J‘“ P s, absolutely contmuous and equa,tlon (1) is fulf]lled a.e. on 1.

-We assume the followmg . . A

(I) The functlon f fulfl]s the Carathéodory condltlons (cf [4 p 158]) and

\

mamrsz,ZKA@mw“ memaemﬂ)~‘.«l ) @x

where- n, € lN 0 < y,, = % << 1 are fixed numbers and I\,, i —->IR are glven func-,

~tions of class Ll/(l ) respectlvely

(II) The functxons b,, (1 SISy < < p).a'.re mtegrable a,nd
(

1
My

It can be proved by cla.ssxcal arguments (cf [4 pp 161—163]) that Assumpblon I ,

ylelds I

PR

ferentla,l equatlon R [ . e )
Y =il ) Een L '

‘with the multlpomt conditions C . : o -

' t " Comy o . - 'I o
Z{Zzw“mm+fmwyﬂwm4—m.,g L@

24¢+I% )dz 0 (;L?;hmﬁ--ﬂ, e

Lemmal;: The substztutzon operator ](sl, .. ,,) = /( ()‘) maps ( (I))"‘ z'ntd_"

L(I ), &8 conlznuous and btmnded

iy

3: Solution of the problcm If y isa solutxon of (1) (2) then =y ie a solution of .

the nonlinear mtegral equation

where | -

w(x) Zc,z“ 7/P(1+a—7) _ \ o o (7):'A

i~ . [ . ‘.,

(x) = /( w(ﬂ.)( ) + S(ﬂ,—a)(x)}) : ::’ R g | .~(61) "
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":Aa,nd bysettmgza,_01f7<z, B s

O . ) . J [ my ‘. ‘ . ’. R
) "Ci' = Cf‘_l {'H 2 [\2 Zijs! ™ ’(x.,k) +.f b.,(x) 8“"(76) ] et
- : o i=1bke=1 . L

.

SO £ YRS D e TP T <
‘»"—26,‘.)3' [Zz,,kznk +f :r,' e d:c]/(z - r)'} ' “ T (8) '4 P

~r1':—‘r k-

And mversely, if s 1s a solution of equa.tlon (6) then
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S —w@ s '5_'(9)..

‘ ,1s a solution of the multlpomt problem (1) (2). ~
Let us examine ‘the transformation. 7' defined’ by the right-hand side of -(6). This

o transformatlon is a superposition of opera.tors N, N 8= w‘f’“ + s“’"“’ and the sub-

stltutxon operator f. In further. rea.sonmg ‘we a,ssume . R R .o
(Ill) The functions w"’l’ (¢ =1,2,...,n)are mtegra.ble . V

s

Rema.rk 1: Assumptxon IIlis alwa,ys Tulfilled if elther x = ﬂ, —-P > —lor ﬁ, = — 1

prove

i

from L(I) inlo L(I)

'/

"Proof: Due to re]a,tlon (8) and.the Fubml theorem we ha,ve (ef.. a,lso (3: p. 569])‘ .
INs)) = const (1 4 [js]}), where here and in-the, sequel -bhe constant is independent. -
e of s, hence the oper&tors N s are bounded from LT, 1nto 1tself Let h > 0 and denote by o

[ RPN

. z+h
s,, f s(t) dt/2h the Steklov average of s. By dxrect calculatlon one can prove that

~the mequahty ]](N,s),, — N,s]l < const sl A , where B/ = min (a — ﬂ,, 1), holds ’
" and if s-€ B,, for fixed o, ‘then (N,s), tends to, N;s as-h-—0 umformly ‘with respect to -

Defme B, = {s 6 L(I) ]|s]| =eh where -1 denotes the norm. 1_n L(l_).. Now we can -

Lemma, 2 Under Assumplzon 111, lhe operators N, are linear, bounded and compact .

.. 8. By the well-known Kolmogonov theorem on compactness m L(I), the set {N,s :

o S€ B o} 18 compact in L(I) whlch ends the proof I : . . i R

Usmg relatlon (4) we can observe tha.t the mequahty

. ‘-.[Ts ()] SZ Z (p .,(x) ( > ]c i P + o — ,3, a 7)|m + |sm,_a)(x)l,,,,) |

I=11i=1.

~ holds true a. e. on I In v1rtue of formula’ (8), the method of mathematlcal induction
and .the Jensen: mequallty, respectlvely, we obtain |¢;| < const ‘1 4 Jisih) and

JIK i ls=2 |} < const][s]l"" *Bearing in mind these relations, we have the estimate. o
JITs]| < const (1 + [|s||). Hence, for 0 so large that const (1 + o*) < p; the trans-

' . formation 7' maps B, into B,. Moreover, it is completely ‘continuous (cf. Lemmas 1

and 2). Applying the Schauder fixed point theorem to the transformation 7' and the .

-set B we notice that the set of solutions of equatlon (6) is'non- empty and compact in
L(I )- The aforegomg considerations 1mply N

. Theorem 1: If Assumptzons I—III are fulfilled, then tke multzpomt pmblem (1) (2-): =

"/ has a solution given by (9), where s is a solution of (6): S N

“'. Remark 2: The operator defined by the right-hand snde of (9) is linear, ‘bounded and
compact (cf.. Lemmu 2 with 8, = 0). and hence the set of solutions: of the consndered multi-
‘point problem is compact o ! L e .
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4. Thc case 0 < ¢« — 1 < i< el ‘In the following part of the paper we examine -,

-separately the multlpomt problem (1), (2) with 0 < & — 1 < B, </x. In this case'we
- have to find a function y subject to.the multlpomt condltjons (2) with 7 = 2 3,.. s P
a,nd sa.tlsfymg the equatlon -~ o

Y@ =ue) T @eD); : : U o
where u is a solutlon of. the equatlon u (:c = j( u"l’(x)}) (ye ="1 + Bi — a) ful-

flllmg the mult1pomt condltlon P zl‘“,u(xm) + f by, (x) u(x) dx _771 Assummg the -

a k=1 .-

C

emstencc of a solutlon of th:s problem and mtcgratmg equa,tlon (10), we have .

y(x) 2 c i~ '/F(l + . — 7) + u“ “’(x) (c, constants)
Il \
) Imposmg on the functxon y the multlpomt condltlons (2) with j = 2, 3 oD, We '
“obtain for the unknown consta,nts €3 €3 o c,, the system of algebra.lc equa,tlons

s

i=r/

> oo ] my W ' .
- =ﬁr—“(2zwﬂwm»+fmeWMMM)-,q=a&¢wm

k=17

with dctermmant W. = Cz : C,,, by relatlon (5) different from 0. The a.bove results
Theorem 1 and the theory of a]gebra,lc systems imply © - p

\Theorem 2: If Assumptions, I and II are satzs/zed then the multzpoznt problem (1),
(2) u,zlh o — 1 S ,.‘3, <a has « solution. , .

\

- . .
.. ’l‘he linear case, Lct us consxder the lmear extraordmary dlfferentla.l equatlon

- Y-

) = bla) +Za;(x) ”“(x) o ; o _"'" L (11).

W 1th mult1p01nt condxtlons (2) The right-hand side of (11) does not fulf11 Assumptlon
1. We solve the linear multlpomt problem (11), (2) only for 0 < «'< 1. Allconsidera-.
tlons for.the general case are a,nalogous We assume the followmg ' .

(IV) The functxons b and a,, (l =1, 2 . n) are 1ntcgra,ble ’

The general solution of equa.tlon (11) With'0 < = 1has the form (9) withp =1,
. where c (we ‘omit the- 1nde\1) is an a.rbltra,ry constant and the functlon s satisfies the

lmear Volterra 1ntegral equa.tlon s(x) = b(z) + ca(x + f K(z, t) s(t) dt where -

-

Keo=Ziue—WﬂHwa—m),md7mh=mef

: Denotmg by ER the resolvent kerncl of K we ha.ve the formula
‘“~-,an;m>+mm+fmunwo+wmm
Hence R . R T I_

| '/y(x.) (c:v“ ! + f (x — t)“” [b(t) + ca(‘) + f 5R(t t) [b(f) + ca(r ]df])/ ()

e
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Imposmg on. thJS functron the multipoint conditions (2) wrth p = 1 one can observe
. that c satisfies the a,]gebralc equatxon .

- .

o (cl + :;j“z,,sz' [a(t + f sn(z 7) a(7) dt] a "
+ f dx~f~‘_bu(x) [a(t) + f R, ) a(r) dr] dt)-. L N

my Ziix

,’-' : ""71 Zzukf [ t)-}—f?ﬁ(t f)b(f)dt:ldt ) N \

\

L {.—fdxfbn(x)[ ®) +jén(t 7) b(r) dr] . ae T (13) o

Bearmg in'mind the above’ conSIderatlons we can esta,bllsh o L v

Theorem 3: "If- Assumptions 11 (without (5)) dnd IV are satzsfzed and if (1‘3) has a-

+ solution, then there exists at least one solution of the maullipoint problem (11), (2) with_ .

"0 < x=< 1 M oreover, the solutum is unzque if (13) has a umque solution as well.
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