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Multipoint Problem for an Extraordinary Differential Equation') 

MABEK W MICnALSKI 

Es wird ein gewisses Mehrpunktproblem fur'eine Differentia lgleichun von nichtganzzaliliger 
Ordnun betrachtet. Das Problem ist iiquivalent'zu einer nichtlinearen Integrálgleichung, urid 
uf these Weise wird die Existenz seiner globlen Losung bewiesen	- 

PaccMaTpileaeTcri HeKorppasi MiioroTo{eInasi 3aaqa lJ1H Ju(4epeHwiai1bHoro ypaBHeiu1 
.Heuejloro nopsiwa. 3Ta 3aa qa panhiocwnbna ogioMy HeiiiueflhloMy uHverpaJiiuoMy ypaB 
neliMlo ii TalcuM o6pa361 0lca3hinaeTcic CICTBOBHL18 ee rno6aJIbHoro peweiiuii 

A certain multipoint problem for an extraordinary differential equ Ition is considered This 
problem is equivalent .to a certain nonlinear integral equatjoui'and in this way the existene of. 
its global solution is shown 

1.' Derivative of an arbitrary order; Let I = (0, A) be a finite interval of IR and let 
f.denote the Gamma function. For cof'ivenience we recall the definition, and some. 
properties of the Rieman n-LiouviIle derivative of .'all arbitrary order ;(with respect 
to)(cf. [3: pp. 567-575]). For any integrable function' y: .1 - we define, the 
derivative of 'order 2. E IR  

	

f( - 1) - ' y(t) dt/P(-7;.)	for) <0 
...y (11(x) =	 .	.	..	.	.	. .	.	.	- 

'.for 2 =•0  

and y 1 (x) = (y(' — ')(x)) for 2 > 0 where I = —[--2] and [2] is the largest integer 
not exceeding 2 provided that iutegrals , andderivatives onA6 right-hand side exist. 
In virtue of the Fuhini theorem the derivative y) for 2. <0 exists almost every-
where (a.e.) on I and is integrable. Moreover, if' 1a > 0 and y exists and is integrabl 
(which immediately yields that the fuffotions y(Ik) for k = 1 2,	m m  
are absolutely continuous) then for every 2. > 0 the formula	 - 

(y(z)) ) = y(U A)(x) -Z xA_ky(_k)(0)/P(l +2 - k) 

is alid a.e. On I. On the other hind we have (Y -Nx))( 14 	y() (A, -0), assum-
ing that for	) the right hand side exists, hence the differentiation is not com-



mutative. In further reasoning we also need the formula.  

(xr/P(1 + y )) ( 2) = x' 2F(1	 Y - ) ( > —1,) E IR) 
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2. The problem. Let n EN, c > 0, th< a (1 = 1, 2, .'., h) he fixed nürnbers,and let 
f:1 x'IR" —^ JR be given functin. Se,t p ^= —[— a' ] and denote by {y(Pi)} the n-ele-' 
ment sequence of derivatives y. We shall consider the . nonlinear extraordinary dif-,-
ferentialequatidn	 •.	 - .	 •'	 .	 - 

y() (x ) = 7(x, {y((x)))	- ,(x El) ,	 l 

with the niultipoint conditiotis  
A  

•	 ,	 .
' ,'	 +'f b(x)y 1 (x) dx , =	'.'	'	 . (2) 

	

L=i	-	•.	 0 

(j	2, ..., p), where 0 :5 Xijk	A, m 11 E N, Zjjk,j E JR are fixed n u! m/ bers,
b 15 : I— R' are given functions.  

The multipoint problin of similar type fora linear ordinary differential equation was first 
•	formulated byJ. D. Tamarkin (cf.[9: p. 113 and reference's]). It can be noticed that if.x,k = 0, 

(1	i ^ j ^'p; k = 1,2.....m),'and m1 and	are	s uch that z +	+Zjm,, = ô,j (1	i	j	p),'wherè ô, is the Kronecker symbol, then the multipoint problem (1),'(2) 
becomes the.Cauchy one (cf. [1, 2, 5, 7, 8, 10]).  

Let us examine the Bellman type conditions ''.	S 

-P)(x)dx =	(2 = 1,2 	, p)	 (3) 

where Il i E JR and - bj are given functions. If the bi have integrable ,derivatives- of 
order p	j(1 :!E^ j !S^ p), respectively, 'then intcgratihg by paçs'the integral appear- 
ing in (3), ive have the conditions (2) with	0 and b 1 = (-- 1)9i 

By a soli.Uion of,equation'(l) in I we mean an	 -y integrable'funetion y: I JR such 
that , the derivative	exist's and is integrable, the derivative of order p - 1 Of 
y('P) is absolutely continuous and equation' (l)' is fulfilleda.e. onl. 

We assume the following:'  
(I) The function fulfils the Carathéódory conditions (cf. [4: p. 158]) and 

fl
r ,,.	'	 ' 

	

It(x, {z i })F,	' .,^' ,2' .K 1 (x) , 1z1141' (z1 E R; a.e. on-1) ., '	,. ,	,	(4) 

where ',1 E N,.0	< 1 are fixed numbers and K,:I -* IR are given func-' 
• tions of class LhI(1&, respectively.  

•	' , (II) The functions b, (1	i :!E^ j _;::^p) are integrable and 

	

in,5	 A	 S.	 , 

Z, + f 6i -(x) . dx = 0	'(2 = 1 2	, p)	 (5, 

It can be proved by classical arguments (cf. [4: pp. 161-163]) that Assumption I 
yields  

Lemma]: The substitution operator	..., s ) : = •, {Sj ( . )}') maps (L(1))' intO 
L(1), is continuous and bounded.	 .	

5 5

	

5 . S ' 

3 Solution of the pro blem. If .y is'a solutiOn of (1),.(2), then s := y() is a solution of 
the nonlinear integral equation , ,	5	

5 0

	 •	 -	S	 •	 ' ' 

s(x) 'rz/(x,' {w(x) + s(fr'(x)})',	'"'.	S	 .	 . (6), 

where	 S	 S	 '	 • '	
55	 '	 '	 '	 '	 .	 S 

, w(x) = , 'cjxa_i/r(1 
r 0, 	 (7) 

5	
5	 .	 S	 •	,_	 •	,	_	 .	

'	 '1	'	.	,	-	S	 ,	 •	 S
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and, by settings' a, = Oifj < z 

c1 = j 1 {i —	[- Zjk8 1 (Xjj) +f b(x) s(_ 1 Yd] S 

•	 i=i'k=i	 0	 S 

 
A mq-,	 •	•'	

] /	 - 
' c 	;L' Z1JXjT- + f x'b(x) dx 	(i —. r)!J.	 (8) 

• ti	 i=r k-i	 /	 - 

• And inversely, if . s is a solution of quatiori (6),'then  
•	 y(?v)==w(x)+s((x)	 '•	 S	

(9).. 

is-a solution of the multipoint problem ('1), (2). - - 

	

• Let us examine the transformation. T defined by the right-hand side of (6): This	• - • -

	

	transformation isa superposition of operators NI— Nis =	+	and the sub-



stitution operator : In further reasoning we assume: 
(Ill) The functions w(z (1 = 1, 2, ..:, n) are integrable: - 

Remark!: Assumption III is always'fulfilled if either cc— , — p > —.1 or fl, = oc -- 1. 

' Define BQ = {s E L(I) lisil < }, where II denotes the norm. in L(I) Now we can 
prove	:'	'	

0	 -'	
:	 -	

0• 

Lemma 2: Under Assumption III, the operators N, are linthr, bounded and conipqct 
•	from L(-I) into L(I).	.	 .	. 

• Fioof: Due to relation (8)-and5the Fubini theorem, we have'(cf. also [3: p.569]) 
lNzsJI ;5 const (1 +. sll), where here and in -the, sequel the onstaht is independent 

	

• of s, hence the operators N, are bounded from L(I) into itself. Let h> 0 and denote by	.. 
•	x+h  

8h =fs(t) dl/2h the Steklov average o' f s By direct calculation one can prove that 

the inequality 'Jj(N,$), — NsJI ^5 constJIsIIhi', where- ,' = mm (c — ,,1), holds 
and ifs. E B, for fixed Q , then (Nis),, tends toN,s as'h-*0 uniformly-with respect to -' 
8. By-the well-known Kolmogorov-theorem on compactness in.L(I), the set (Nis: 
s E B,} is cmpact in L(I) which ends the proof I'  

	

Using relation (4) we can'obsefve that the inequality. ,	' •	 . 

lTs(x)I ;5 '	(p + 1) K 11 (x)	' c#x zi1,T'(1 +-'x — fl, - A l" + s )" •	

. 1i 1=1	-	••.	 \j=i	 .	.	. 
- .

	

	holds true a.e. o'ni. In virtue of formula (8), the method of mathematical induction	.. . - 
- and the Jensen inequality*, ' . respectively, we obtain c11 ^5 const(l + llsJI) and 

ilK,,	ii' ;5 const '][sfl u /Bearing in mind these relations, we have the estimate. 
il'I'sJl 	const (1 +,1lsll) . Hence, for • so large that const (1 ± 

o")	 'o; 
the trans-:, 

:. formation T maps B into B,. Morebver, it is completely continuous (bf. Lemmas 1 
and 2): Applying the' Schauder fixed point theorem to the transformation T and the 
set B. we notice that the set of solutions of equation 6) is'non-empty and compact in 
L(I). The -aforegoing considerations imply,	' ••,	'	- -' heorem 1:' 1/ Assumptions 1-111 are fulfilled,* then the multipoint prOblem (1), (2) 
has a solution ?,iven by (9), where s is a solution 0/(6). , .. •	 -	 S 

	

Remark 2:The operator defined by the right-hand side of -(9) is linear, 'bounded and	• 
compact (cf. Lemma 2 withfi, —_'0)  and hence the set of solutions- of the considered multi- -' 
point problem iscompaët.	- •	 S	 . '	 -	

:' '	 • 

S	 •'	 S	 -	 S	 -	 •	
5,	

0•	 5	 ,	 -
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4. The ease 0 'a• — 1	1t < c."In thefollowing part of the paper we qxamine 
• separately f he multipoint.roblem (1), (2) with 0 < a — 1	</a. In this c,ase'we

have to find a fiiiiction'y subject to.the thultipoint . conditions (2) with j = 2, 3,,... 1 . 1 p 

and satisfying the equation 
•	 .	 S 

y"(x)	 u(x) "	(xEI);	.	 (10)
where, u is a 'solution, of. the equatin ux) = f(x, {UYZ)(X)}) (yz =. 1 +th — a) ful- 

/ filling the multipoint condition' ZiikU(xlik) + f bii (x) u(x) dx =77, Assuming the 

existence of a solution of this problem and integrating equation (10), we have 

y(x) =,Z cx -/( + a — r) +	(x)	(Cr constants) 
r=2	 5/	

5' 

Imposing on the function y the multipoint conditions (2) with j = 29-3,  , p we 
obtain for the unknown constants 62 C3, , C, the system of algebraic equations 

A	,	 /	 . 5	 — 

• •'	,	27	(27 Z jjkX j - f ,x1 b 11 (x) dx)! (i —r)! - 
r=2	=r' k=i	 o	'	I 

s	,	,	,j •j m 5 '	A 

= — 27(27 ZjjkUU	 + f b1(x)u(1_1)(x)dx) •, (j = 2,3, ...,p) 
i-i k=i	 0	 Z '	- 

with determinant W = 2	, by relation (5), different from 0 The above results,
Theorem 1 and the theory 'of algebraic systems imply 

.Thebrem 2:1/ Assuintions,I and II are satisfied, then the militipoint problem (1), 
• (2) with a — 1	<a has a solutior.  

5 The linear case Let us consider the linear extraordinary differential equation 

( 1 (x) = b(x)	a1(x) y(x)	 (11) 

• with multipoint conditions (2). The right-hand side of (11) does not fulfil A'ssumption 
• I. W6 solve the' linear multipoint problem (11), (2) only for 0 < a	1. All'considera-, 

tions for the general case are ,analogous. We assume the following:  

• (IV) The functions b and a1 (l'	1, 2, ..., n) are integrable. 

	

The general solution of equation (11) 'with 'O <a	1 has the' form (9) with p = 
where C (we omit the index) is an arbitrary constant and the function s satisfies the 

linear Volterra integral equation s(x) = b(x) + ca(x) + f K(x, 1) s(t) dt where 

K(x 1) =E a1 (x) (x — t)	'/P(a - )	and	a(x) = K(x 0) 

Denoting by R the resolvent kernel of K we have the formula 

/ s(x) = b(x) + ca(x) + I (x, I) [b(t)	ca(t)] dt 

Hence	'',.	•	''	S	 •	 - 

—i +f (x	t),-'[b(t) + ca(t) +f (t r) [b(r) + ca(r)] d])/f(a) y(x) = (  

.5.	 •1	 .	S	 •	 ,.	 S	 •



-	
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- Imposing on this function the multipoint conditions (2) with p = 1 one can obse'rve 
that c satisfies the algebraic equation	 0 

-	 m	 I	 - 

C
	 Zj1f [a(t) + f (t v) a(r) dv] dt 

+/dxlbjj(X) [a(t) +f 91 (t, r) a(r) dot] dt)  

-	
= 1i 

k=l	f	± [(t, ) b(t) dv] dl  

'A :. 

	

-7.f dxf b11 (x) [b(t) +f R(t ot) b(r) dv] dt	 (13)

Bearing in mind the above consideratiOns we can establish 
•

	

	Theorem 3:1/'Assun 'ptionsII (without (5)) dnd IV are satisfied and if (13) has-a,.' 
solution, then there exists at least one solution. of the multipoint problem (11), (2) with 
0 <a :^-, 1 Moreover, the solution is unique if (13) has a unique solution as well 
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