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Es werden die Hauptaufgaben''der Statik der klassischen Elastizititstheorie fiir eine Kugel
und fir einen ganzen Raum mit einem kugelférmigen Hohlraum in Quadraturen gelost. Die
Losung wird unter den allgemeinsten und natiirlichsten Einschrinkungen konstruiert. Viele
Randwertaufgaben der\mathematmchen Physik werden mit, Hilfe spezieller Potentiale auf
singulére Integralgleichungen zurickgefihrt. Diese werden fiir. einige Gebiete explizit, gelost,
die Losungen der entsprechenden Randwertaufgaben in Quadraturen konstruiert. Fiir Gebiete
~mit kugelfésrmigem Rand erweist sich eine Darstellung der Lésungen recht giinstig, dic manch--
mal nach Trefftz benannt wird (siehe z. B. [9)oder [16]), aber erstmals wahrscheinlich bereits
1904 in einer Arbeit von R. Marcolongo [11] vorkommt. Es wird gezeigt, daB dlese Darstellung
auch in den Aufgaben der Thermoelastizitatstheorie zum Ziel fiihrt. )

Pemalorca B xaanpa'rypax OCHOBHHE 3aJauu CTATHKH KJIACCHYECKOH TEOPUM TepMOYMpY-
TOCTH JAJIA WApa M BCEro MPOCTPAHCTBA C IAPOBOH MONOCTHIO. Pewenne crpoutca B naubosee
OGIMX M eCTeCTBEHHKIX OTPaHM4eHMAX . MHOrME TPaHUYHbIE 321Ul MATEMATHYECKOH PUBHKH
C MOMOMWIBIO CMEUHANBHHX MOTEHUHMAIOB CBONATCA K CUHTYJIADHHM MHTETPAbHWM YDAaB-
HennAM. OHH [UIA .HEKOTOPHX 06IacTelt peIIAlTCA ABHO, W pelICHHA COOTBETCTBYIOIMX
FPaHMYHHX 3aa4 CTPOATCA B Kpajparypax. Jas 06nac1‘eﬂ co chepiueckoit rpaHuueh
OKAa3hIBAETCHA BECbMA YAOOHHM cneuuanbHoe NpeNcTaBieHMe pelelnfi, Ha3HBaeM0Oe HHOTHA
npezwrae.neuuem Tpepdrua (cm. Hanpumep, [9] nau [16]), Ho BCTpevaroUwleecn, Mo-BUIHMOMY,,
BnepBue ewe B 1904 rony B paGore P. Mapkonounro [11]. IoxasmBaerca, uTo 370 mpep-
CTaBJieHHe IPOBOJMT K LeH U B 3aJ1a4aX TEPMOYNPYroCTH. )

) The basic statlc problems of classical thermoelasticity. are solved in quadratures fora sphere
and the entire space with a spherical cavity. The olution is constructed under the most general
and natural restrictions. Many boundary valué problems of mathematical physics arereduced
-by means of special potgntials to singular integral equations. For some domains these equations
are solved explicitly and solutions of the corresponding boundary value problems are construct- *
ed in quadratures. For domains with a spherical boundary it appears to be convenient, to use
* aspecial representation of solutions sometimes called the Trefftz representatlon (see, forexam- -
ple {9] or [18]) but evidently occuring for the first time as early as 1904 -in a paper of Marco-" .
- longo [11]. It is shown that this representation is also valid for problems of thermdelasticity.

r.
' . Y

§.1 Formulation of the pl"oblcin and some auxiliary statements

' Consider the system of st.atic equatidns\bf thernioe]usticity [6] :
pdu(z) + (2 + p) grad div u(z) ~ y grad 8(z) = 0,
A6(x) = 0, ) A

where z — (21, %9, 73) is a point of the three- dlmensmna] Euclidean space R3, 4 is

. the Laplace operator, u = (u,, %,, u3) is the dlsplacement vector, 8 is the temperature,
Aand u are the Lamé constants, y = «(34 + 2u), « is the coeffxcnent of lmear thermal

R (L.1y

.
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expansion. The.constants-);, u, and y satisfy the conditions . .
3814+24>0,  u>0, ‘y+0. o )

vWe introduce the notatlons S =80,R)={y¢ R3.| Iyl = R}, Bt = B*(O,R)
. ={z€R3||z|.<R),’B*=pB*uS, B-=B(0,R)=R*\B*, B"=B"uS. Let
. @ be a function defmed on B* ot B. Boundary values will be denoted by '

C (@)t (9) = lim g(a), (o ()= lim gz).
B*ez—»yes . B~ Bz—wes .
’ /
. The followmg boundary value problems will be solved: Find in Bi a palr (%, 8) which

is a solution of system (1.1) if any one of" the pairs of boundary conditions given .
below is.satisfied: .

Problem (LI)*: * (w}*(3) = 1@ OF ) =90)
Problem (LID%:  (w)* (y) = f(y), (90/om)* (v) = g(@)- -
Problem (ILI)#: (™ — yln)* (y)*f(y) 0)* (¥) —g(y)
Problom (ILI: (=) — p0n)* () = f(9) (@610m)* () = g(9).-

Here n(y) = (nl( nz(y), n3(J)) is the unit normal to § at the pomt y,

- i . x o , - B . -
ne() = 7" z € R*\ 0y; r=la|= Vzlz + 22 4 xaz; _ (1.3)
co S ' .
T — yOn is the stress vector in thermoelasticity ‘and t"" is the stress vector in clas-
sical clasticity: v = (r,"” 7o', 1:3("’),

) au .. : .

() i g K (= . .
7™ = /.n. 22 +u (8:1:, + ') . .(z =1,2, 3),_ » | (1.4)
f = (f1, for f3) and g are functlons glven on S For / =0andg = 0 the problems will
be'called homogeneous and denoted by (LI, (LII)s*, (ILI)e%, (ILII)%, respectively.
The solution (%, 8) of system (1.1) will be called regular [6] if %, 6 € CY(B%) n'C¥(B*),
In addition to regular- solutions, we shall /also be ‘interested in classical ones. The.
solutions (u, 6) of Problems (LI)* to (ILII)* will be called classical if u, 8 € C(B*)
n C*(B%) and, addltlonally, if (80/on)x € C(S) for Problem (I.II)%, (r(’")i € C(S) for
: Problem (II. I)* and (7™, (00/on)* € €(S) for Problem (IL.II)*.
For general domains the boundary value problems of classxcal elastlclty and
. thermoelasticity have been investigated with sufficient completeness in [6] by the
methods of a potential and integral equations. The existence and the uniqueness of
regular solutions have, been considered and the necessary and sufficient conditions
for boundary value problems to be solvable have been established. The results of. [6] :
- readily yield the following theorems, which are helpful for our purpose '

LN

.- Theorem 1.1: If in a neighbourhood of the pomt |z] = + o0 the regular solutions of
+ Problems (1.1),~, (1.IL)y~, (I1.I)™, (IL.II)y~ satzs/y the conditions .

6(z) = O(|21™),  uilz) = (lxl'l), du; (x)/ax, = o(lz ), (1.5)
then these problems can have only the. trwzal solutions u(z) =0, 0(z) =0, z€B .

Theorem 1.2: Problem (I.I)o can have only the trivial regular solutwn u(x) = 0
6(x) = 0, z € B*. ( , _ :
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-

. .. : _ . oA
- .Theorem 1.3: All regular solutions of Problem (L.IL),* have the.form u(z) = 0,
0(z) = 6y, x € B+, whgre 6y s an arbitrary constant. .

Thgorem 1.4: Al reguldr solutions of Problem (I11.1),* have the /brm u(z) - [@ X z]
+ b, 0(z) = 0, = € B*, where a = (a,, a, ay), b = (b, by, b) are arbitrary constant
vectors and the symbol X denotes the vector product. )

.~ Theorem 1.5: All regular solutions o} Problem (ILIL),* have the form u(z) = y6,
X w(z)+-[a@ X 2] + b,0(x) = 65,z € B*, where 0 is an arbitrary constant, a = (ay, a,, as),
b, = (b1, by, b3) are arbitrary. constant vectors, 4 is a reqular solution of the boundary

value problem . L '
cpdu+ 24 pygraddive =0, () (y) =nly): " (1.6)
. The latter prdblem is solvablé and its solution ‘w.ill be constructed below. ~

Theorems 1.1 to-1.5 can be easily proved, taking into account the fact that static problems
of thermoelasticity are divided into those for 6 (boundary value problems for Laplace equa-
tions) and those for u (boundary value problems of classical elasticity). For example, if (u, 0)
is a regular solution of Problem (IL.II)*+: . ’ C

49=0,  (36jon)r =0, o R %)
plu + (A + p)grad dive —pgrad 0 =0, ('™ —Bn)* =0, . . _ (1.8)

t,hen', as follows frorh [13], the Neumann problem (1..7) i;as t,hé;soint,ion 0 = 0,, where.f, is an
arbitrary/constant. The substitution of § = 6, in (1.8) gives us the problem of classical elasticity -
. ) A}

pdu + (4 + jp) gradidive =0, * _ (zM)yt = yOn. - e (1.9)
Since the conditions for problem (1.9) t6 be solvable [ n(y) d,8 = 0, S n(y) X n(y)]d,S =0
. s s .
-are-fulfilled and its solution is unique [6], one can easily prove Theorem 1.5. )

Let us now discuss the solvability conditions of boundary value problems. Problems
(LL)#, (LII)~, (ILI)-, (ILII)~ are solvable for arbitrary sufficiently smooth -[6]
boundary values (i.e., for arbitrary smooth f and g). Consider Problem (IL.T)*:

pduw+ (A + p)grad dive — ygrad 0 =20, (2 — yn)* =f,  (1.10)
A A9=0, . (6)r =g. - S ' (1.11)

-

It is well-known ﬁhat problem (1.11) is solvable for arbitrary g. Subsﬁituting 0,
determined from (1.11),"in (1.10), we obtain the second boundary value problem of
classical elasticity: . : - - _ S

plu 4+ (A + p)graddivu = &, () = F,

where @ = y érad 6, F = f + p(0)* n. For this problem fo be solvable it is necessary:
and sufficient that the conditions ‘ o - b N

[ o@ dz~ [Fy)d,8=0, [[zx®@]dz— [ [yxFy)]dsS =0
. B* s - . B* S '
 or, taking into account expressions for @ and F,

[IdS=0, [lyxfnldS=0 B N ¢ E)
S N . :

{

34 Analysis Bd. 8, Heft 6 (1989) ~ ,
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be fulfilled [6]. These condltlons will be assumed to be fulfilled for Problem (II I)*.

For Problem (II II)* the solvability conditions have the form - -
I )d”S—o Jwxsunds =, fg(y)d,s—o (13

and for Problem (1. II)* they are written as ' . _
jg »dSs=0 o C ) -_(1.14)

When solvmg Problems (L.I)% to (II 1I)#; we shall make use of the well-known re-
presentations of solutions of the Neumann and Dirichlet problems for the Laplace
equation. Namely, the solution of the Dirichlet problem for B*: .

Yz e B*: Av(w). = vy es o) (¥) = 9(v),.
is ngen by the Poisson formula [13]

2

. o
v(x)=17(g),(z EMRfly o ()d,,S : . ‘(1.15)

; and that of the Dlnchlet problem for B" L .
Ve Buidum) =0,  Vy€S: () ()= g(0);

is given by the Poisson formula v

1 . |
e =1 @) = =3 '—fﬁg(y) as. . s

/'

. The solution of the Neqmann problem i:or B*:

Vz € Bt:dv(@) =0,  ([on)* (y) =9, N L)
is gilven by the Neumann formula [5] , ' ‘ ' ‘_ A
1 [{ 2R o
”(Z) N(g) (x) e f(m In ((lz — ¥ + 1‘3)2 ll‘l )) 9(y) du‘S:
(1.18)
- - and that of the Neumann problem for B - _ , K
Vz € B :dv(z) =0,  (dv/on)" (y) = 9(y), o : (1.19)

is given by the Bjerknes formula'[5]: -

e L [(2B gl AR
o0 =N @ = g [ (75 - Y L) s
. S

.’ . ‘ : T (1.20)

N . .
-Throughout this paper we shall never use the expansion of a function in a series, but for the -

" method to be complete, we should note that the Poisson, Neumann and Bjerknes formulas can

be obtained without using the series expansion. Let us derive the Neumann and Bjerkness
- formulas. It is easy to venfy that the Neumann problem (1.17) is equivalent to finding a func-

tion v that is harmcnic in B* from the equation r(8v/dr). = RII(g), where g obeys condition
(1. 14) It islikewise easy to verlfy that. the solution of- thls equation has’ the form v(z)

=R f II(g) (m:/r) 1)"1 dn. Hence it follows that v(z) = R f I(g) (xz) 7! dr.. ‘Applying in the

0 , )

4.
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latter integral the identity

R — fraf _ 2 2/ 1y — el +R)? — fraf?

ly — tz|3 = ly — x| R ) . 2t :
(e Bty €S, 1 €0, 1)), we easlly.obtam formula (1.18). Similarly, prob]em (1. 19) is equnva-
lent to fmdmg a functton v tha.t is harmonic i in 'B- from the equatlon r(dv/or) = RIT'(g), whose

. 1 !
solutlon has the form v(:p) = —R f ' (g) (x/t) ldr. Hence, using the 1dent,1ty
: = ° 0 - N
) . 2._ 2 2 " v i N . ) M .
R ey EE SUY(ISPVLE Y JEPRY R 5 P T
e — tyl3 |x — vyl R _ . oy /

(xE B‘ yeS, te (0 1)) we obta.m formula- (1.20). !

LA

In construct,mg t,he solutions of Problems (LI)* to (ILII)# an essential use is made
of the special. representation of displacements by means of harmonic functxons We
have the following theorems, whlch are easy to prove.

T_heorem 1.6: If = a R S comr
._ w=vt 1/2(1%%- ") giad p, . ‘ " ey,
. where Ay = 0, Ay = 0, ; | R . L
G e (122)

- Risan arbztrary con.stant 6 is an arbitrary solutzon of the Laplace egwmon AG =0,
r= lx]’ °
= pl(+ 3, B= @+ w2 30, =y ) | <1.23).
then (u, 6) is a solution of system (1.1). '

Theorem 1.7: If

L u(x)—v(x)+"(w<x)+2r aw(f))+. }3'2 grad p@), (124

~

o whereAv—O Atp—O
b 21—}-# atp 31’—}-2/4

y=n0 ~dive, ‘4§=0,"

- . 0
. 2r‘-a— + g r——. }. +
S N . - - ‘ (1.25)
tken‘(u, 6) is a solution of system (l.l) and ' =
(t("(”)(z) — yn(z) 8(z)) = yh(x) + u(R? — 72) rd grad () Wors ('1'126)
Here n(:v) s determmed from (1.3), h = (h,, hy, hs), ) .' '
. ki) = a:,(av-(x)/ax, + av-(x)/ax‘) — zydivo(z): - . (1.27)

Representatlon (1.21) will be used for solvmg Problems (I.T)* and, (L.II)%. Repre-
" sentation (1.24), which is'virtually of the same form as (1. 21), is convenient for solv-
mg Probleme (ILI)* and (II. II)i '

N

. 34‘
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§ 2 Solutlon of Problems (L.I)=, (I II)i

We begin by formally solving Problem (I.I)*. After the formal constructlon of solu-

- tions it will be proved that the formula obtained gives t,he classical solutxon for con-

tinuous boundary values.

We find the dlsplacement vector u in'the form of (1.21). Now, as.can be easily
verified, we have the Dmchlet problem for B* relative to 6 and » which can be written
in the form (see (1.15)) .

©

o S @, e =A@ L @y
) Substltutlng the found values of 6 and v in (1 22) and treating it as a dlfferentlal'

equation relatlve to y, we obtain 7(dy/or) + ay = F, where

F(=z )—ﬂ(de(f) (@) —all(g) () .:. @Y

" This equation is rewritten in a more convenient form

otp o) +atp =9 =F—ac, @3

! where ¢ is a constant and oc = F(0). It is clear from (1.21) that the addition of the

constant to the function y does not influence » and therefore to detcrmine p we can,

- instead of (2.3), consider the equation r(aw(x /ar) + ay(x) = F(z) — F(0). Integrat--

ing this equatlon with respect to the va.rla.ble r and assummg that ¢ is a regular har-

monic function, we obtain p(z) = r‘“f [F(nx/r) F )] n*"tdn. The substltutlon

of n = o brmgs this equallty to’ the form p(x) = f (F(m:) —_F(O)) 7! dr. Takmg

"mto a.ccount (2 2), we have - 0

|rz|? 1 3xy dr
- v = 47:13_[ f(lj—rxP_R_R?'T gl )d"S S
-\

,V f |rxl2 1\ dr
- f (e 5+

9(y) d;»S, . (2.4)

where by virtue of (1. 2) 0 < a <12 ‘On account of (1.21), (2 1) and (2 4) the solutlon N

of Problem (I.I)* can be represented in the form

o) = [ Kee.) ()68 +7 ] O p o) &5, b = () @), (25)
) s s L

where’ -/ . . : . |
E = |K;lloxa ’ (28)
. - 1 RZ — ‘CL‘P ﬂ(Rz _ |9’J|2) . .
Kz, ?/)- = 4aR ( ly — 2° O -2
. l N ’ . | ‘ '
2 - 2 R? — |z|? 1 3zy \ drv ) '
- : * B, o, f( = BB ) . @D

' . . . - . ) .

’
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0 =V(0b @2: 63):

T . .
(. — BB — 12 R — %> 1) de
On(x, y) ] 87!()» + /l) R 327, f( Iy — r:l:|3 R) tl_a-

27

s

, Il?roblem (LII)* is solved exactly i in the se,l;le mannér and its solution has the forﬁ.
=K@ 045+ [ 8@ 90) 4,8, )
6(z) = Nig)(z) + 6, - e

where K is determined by (2. 6) and N by (1:18), S
= (0,,8,0,), ‘ R T @)

. 1 . .
= . BRE— |z?) . 2R . - (ly — x| + R — |zz|?\ dr
: ="' —_— \ —_— — l - — 4] .
Oy = — i F ) B ax, \g = 2 e aw e

: s -

We have constructed the solutlons of Problems (I.I)* and (I II)+ Let- us now
establish their differential properties. First, we shall derive some estimates’ to be
used below. It is easy to verify that -

o R 2?1 3xy dv
0 .

1
R — |1z|? dr

v =l 7

A

+ C(x, Y)-
0.5

Here ¢ and-its derivatives up to the second order 1nelus1ve are: bounded functlons
since, for € [0,5; 1], : . .

|y — 72| = R — |tz = B — 0,5R = 0,6R (x € B'*; y€8). (2.10)
- Using the identities . ' . o . A .
R —|wz2 1 @ 1 : 4
g = P R — X 2.11) -
y—waP g~ T2 Ty — @1,
1 1 2 . (ly — vz] + R)? — |vaf?
— e — 7 v (2.1
=l R o " 2z - - ( 2)
~ and the mequallty V ‘ o
w—muﬂmw—ﬂ _(t€[0;1),z€ B, ye8), - (2.13)

we arrive at the representation ) )
f"~uzy—mn—m+hww |82 o(z, y) oz, 02;] < cfle — Y. (2.14)

Therefore . .
IK(z, y)| = C(B* — |z13)]ly — =I®, S e . (2:1B)
18(z, y)|, 10(x, y)| < C(RY — lxlz)lly —z* . (z€B*,yel), - (2.16)

\
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and we have the representation -

S 2, 3. : . L
. K=K+K+K, ~ N , (2.17)
where o ) A
1 1 R |z? \
Ko = lmm = e’
L Ry BB Byt o
K(z,y) —! TR amim e’ . (2.(18) -

- 3 . . . : : )
K(xr y) = (B? = |zI®) xis(=, y) ”3><3a : ]Xl;(x: l S ¢/lz — ylz
Moreover, by v1rtue of the property of the Poisson kernel

ey f (B — [a)ly — a4, . -
'b we easxly find (6;;.— Kronecker symbol) ) y |
f Ky d,,s = a‘, [CE B+). e o (2.19) ..
N ’ e

The followmg auxrhary theorem is va,hd

Theorem 2.1: If fe €3(S), g € cx 8, 0<y =1 then the pair (u 6) determmed
by formula (2.5) is a regular solutzon of Problem (I I)*, :

\

Proof: It is easy to verlfy that under the assumptions of the theorem we have

II(f) € C3¥(B*), II(g) € C* Y(B* B K ' (2.20)

Consider the expressions . T ‘ : -

lfxl

E@) ——f(r 7, |y w|3 d”S)’ d

—f 8(1’ H(g) (Tx) d‘t’, ) P

, , (1- # [RE—jup
B Li X)) = —— Tf? 82:{ ox; - 1z|3
L) 4”Rof ;) =l

1 . ‘
k 32 ] . N
- f W ) (xydr.

By virtue of (2 20) E;, L; € cu y(B‘”) Therefore 6, u € C‘(B*) and, in v1eW of the pro-
perties of the Poisson- mtegral . .

“lim w(z) = /(y), llm B(x) = g(y):
B’Bz—wes v —»yes

Oh'viously; 0, € C¥(B*) and the pair (u, 0) is a solution of system (1.1) B .

i

—~

@) '&,S') =l

,
~ ’
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‘Theorem 2.2: If 8 u € C(B*) n C¥B*) and the. pazr (%, 0) is a solution. of syslem
(1. 1) (w)* (y) =0, (6)* (y) = 0, then u(z) = 0, 6(z) = O z € B*.

Proof: Smce for 0 we have the Dirichlet problem, under the assumptlons of the » -

theorem, as-known, 6(x) = 0, = € B*. Therefore for © we have the first boundary
value problem of class:cal elasticity

pAu-{-().-{-,u)graddlvu:O - (u)* (y) = 0. Co "(»221)

" Since % is continuous in Bt it is unlformly continuous. Therefore- by virtue of
(2.21) there exists for any number € > 0'a number é > 0 such that ju(z)| < ¢ for."
vy € 8(0, Ro), where Ro =R —6,and 0 < d, < 4. Let 2z € B flxed Assuming that

60 < B — |2|, we have z € B*(0, R,). From the  assumptions of the theorem it follows

that € C?(B*(0, Ry)). Therefore [6] u € C2(B*(0, Ry)). By virtue of Theorem2.1,
we ‘have from (2.5) the representat,lon u(x) = f K(z,y) u(y) d,S. Hence with (2. 15)

taken 1nto account we obtain “  S(0.Ry
- ’ IZI ce " Ry? —I I2
d . : d,S =
|u(z)| < o Ro f e ?/)I vS < F, = ,,S ce.

S(0.R,) 9(0 Ro)

* Therefore u(z) =0 and the theorem is proved ]

Theorem 2.3: If f, g € C(S), then the pair (u, 0) determined by formula (2.5) zsa

- solutwn of system (1.1): %, 8 € C(B*) n C(B*) and

@ @ =@, O @=g&. - . | (2.22)°
Proof: For § the statements of the theorem are obvious. If f € C(8),. then it is.

.o

clear that.u, as determined by (2.5), is continuous and has derivatives of all orders ,

~ in B*. It ig also easy to verify that the pair (u, §) satisfies system (1.1). Let us venfy
the flrst of condmons (2. 22) By virtue of (2.5) and’ (2 19) we write " .

ufz) & f(z) = f K(z,9) (o) = f(2)) 4,8 + 7 f 0(96, ¥) 9(y) ¢5'
and then on account of (2. 15) and (2. 16) we have

2 : i .
ju(z) —/(z)Scfly e = f@ids

| R +ec V32 I%I2 max [g(&)] f lx — y|=3/2 d,,S . (2.23)
. B . . Ees . . )
ut o i _ . . -
f |z — yl"*”2 4,8 é c (x € BY), . . (2.24)

‘

where ¢ is a constant depending only on R. Passmg to the llmlt in (2 23). and takmg
into account (2.24) and the properties of the Poisson integral, we obtain lim u(z),

= f(z). Hence it follows, in-turn, that » € C(B*) | IS ‘ _ o BT
o o

‘Combining Theorems 2.2 and 2. 3, we obtain

Theorem 2.4: Ij f, 9 € C(8S), then the pair (u,6) determmed by (2. 5) 8 the unique
classu:al solutwn of Problem (I. I)+
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We have a 81m11ar proof for

Theorem2.5: If f,g € C(S) and g satzsfzes condition (1.14), then the pair (u, 0)
determined by formula (2.8) is the classical solution of Problem (L.II)*. Note that u is
determined umquely and 0 to within an arbztmry constant term. .

Let us prove the lemma to be used in provmg - Problems’ (IL.I)*, (IL.IT)*.
‘Lemma 21: If f = (f1, fo, fo), f € C(S), then -

’;, lim (R — |z[?) grad dlvf[ ftw) d,,S o " (2.25)

B*3z—2¢S |

Pfqof: It is clear from (2:23) that

Conmder cxpansxon (2.17). By virtue of the property of the Poisson mtegral

: Takmg into account (2.18) and (2. 24), we have

m [ K@) (@)d,8 = () : ry

B3z—2¢S S

Jim jK:c, f(y)d,S:/(z. R e

B"az-rzes S

lim fK:z:,y)/ d,,s—o : T 229)

B*3z—>z¢S S

From (2.26) to (2.28) we obtain (2.25) §

Represeﬁtations of solutions of Problems (‘I.I)_‘ and (I.II)~ are constructed simi-
larly to (2.5) and (2.8). For Problem (I.I)~ We,\have ~

.

= [ K@ 9 @) dS +7 [ 09 9@)d,S, 6@z =II(g) (), 2.29)
S. : ) . - .

’

and for Problem (I.II)-,

where

fK (@, y) 1(¥) d,,S + ‘on (=, 4) 9(y) 4,8, 0(-’6) N'(g) (=), (2.30)

K’ = ||Kijlsxs,

' (2.31)
. ) .
1 [|z)2 — R? P — R & [leP—R? .
"(x’ v = 4nR |z — y|3 6‘,i +‘ﬂ4 2 oxiox; ) |z — vyl ' fh ’
; B
= (@llx Q2,: 08;):
- ) 1 . .
- 2 _ p2 2 __ 2R2 ) .
O, y) = — LUl = B 0 [|al® = <K dr, - (2.32)

82(A + u) R oz; ) lx — wyP
(1]
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&' = (6,8, 6y, : ce. ' ©(2.33)
61, gy Bl = ijif(z&"”nw_W“Hﬂ+dﬁiL

(A +p) R 3z, ) \le— vyl |z — wy| + |2l — tR) T+e

.Using thé estimates ’ . o . \ :
K’ (2, )| < of|z]> — RY/|lz — y|3, ‘ . (2.34)

10'(z, y)I, 16"(z, 9)| < c(lzl — RY)/lx — y? (€ B-,yeH), (2.35)

fley]—slzd,sgc (x € B), . S (236)

the followmg auxiliary theorem can be proved. - -

Theorem 2.6: I f € > #(S), 9 € C*> V(S) 0 <y = 1, then the pair (u, 0)- determmed =

by formula (2.29) is a regular solution of Problem (1.1)-, satisfying conditions (1.5).
L Lemma 22:Ifx€ B, then

J Kz 9 dS=xx), = - (2.37)
. s - . . {
where - ’ _ . ) N : :
' ' : - R A4 p |22 — R? *R||x
wm=wmmm,mn=m%+m+&'b e
. ) P 7

Proof Consider palrs (u 0), where u( ) = #im(x), 8(x) =0 (3, m=1,2,3). It -

is easy to verify tha,t, (u 0) isa regu]ar solutlon of system (1.1), satlsfymg conditions
(l 5) and . i ..

lim  %y(z) = 8;n, lim’ o(x)"= 0< ~ o . (2.38)

) B‘Bz—»ygs ’ B-3z—yeS

’ Thus the pair (u 0) is the unique regular solution of Problem (I.I)-. Therefore by
Theorem 2 6 formula. (2. 29) holds for (u 0) xim(x) = _f K:,,, (x, y)a,8 l

Th eorem 2 7: If f,g¢€ C(S), then the pair (u, 6) determmed by formula (2.29)
[(2.30)] is the umque classical solution of Problem (1.I)~ ((L.II)").

The theorem is proved just like the corresponding theorems for Problems (1. I)*i
and (I II)*r We shall verify only the property lim %(z) = f(z). Taking into ac- -

B-3z—z¢S

count, (2 34), (2.35) and (2.36), we ha.ve on the basis of (2.29) and (2 37)
lu(z) — x(x) 1(2)] , ‘
—fK(x,J) (f(y) —IZ))d./S'+yf0(x,y)gy)d¢S'

" lz|* — R®

Ix 53 l/(y) /(Z)I da,8 + ¢ Vief — B2 max l9(6))=

°

Hence by virtue of the properties of the Pomson mtegral lim (u(x) —x x) /(z)) =0

'and therefore., lim u(z).= hm x(z) f(z) = f(z) B B7>zes
. B~3z-»2¢S : . ] )
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, lntegral (1. 15) wrltten in, the form:

!

N s

§ 3 Solution of Problems (IL. I)i (L n)t - . -

' The solution of Problems (II. I)+ and (ILII)* is sought for in the form of (1.24). It
is easy to verify that &, as determined by (1.27), is harmonic in B*; takmg into

account the boundary condltxon e have by virtue of (1.26)

() () = (Blw) fv) - | . RS 1)‘

Thus h solves the Dirichlet problem and can therefore be represented by the Poisson

‘

 be) = () [ () + SR 45, (32
wbere SR e IR ’ L " | . ..; '
Oo(e,9) = (B — al)flz — PP — YR —Smy/R. . (33

The latter formula takes into account the first of condltlons (1. 12) It is clear from
relatlon (1.27) that

divh=—divy, S R VT

‘and therefore. from the same relation we have
z,(av.(x>/ax, + an, (@)l om) = pila) [ X))
where : ) . N .
(P,, Py, Py), Pifa)y = hi(z) — 2 dw h). . (3.6)

Applymg the operat;ron rd| 3r to both parts of (3. 5) we obtam _
& % ~_oP,
o (av i2) | av,m) e ( vlz) o Pva) ) _,P@)

ox; 0x; oz, ax, 0z, 0z; .87'

Scalar-multlplymg z by (3.5) and then dlfferentlatmg, we have.

Fa 30.(.'1:) ov;(x) ) - 9%; (x) -1 8(xP(x)) ‘
i ( ox; + éx; + Ui “org 0x; or; =2 oz
) h
%vi() .9’ 3'05(:1:) ovi(z) , 9%i(z) - » T
Since ;. . r—g 7 - B v- B =7 P the latter ‘equahtles grve
for v the equatlon N ' ' .
r* o(z)[or = r 3P(:c)/3r —1/2 grad (zP(z)). G2 )}

From the second of conditions (1. 12) it follows that

f yili(y) 4,8 = f vifdy) d,S  (i,5=1,2, 3). SR (3.8)

By virtue of (3.2), (3.3), (3.6) and (3.8) equa.tlon (3.7) can be rewrltt,en in the form .

2 1 o, : ’ ' oD,
2 0 v,(:r:) 87, ((2 Og: ?/) (x, y)) " — T o2, 3/)
H -
v 3

2
6_/7 \ 0x;

i) 4,5
(3.9)

a ¢o(z: ?/))

o(x, y)) + 1

\

N
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Consider a simpler condition' : L -
72 Pwort = - NERRRNC XY
The particular solutaon of (3.9’ ) is. w(a:, y) f f d)o(tx/r, y)/¢* dt. Using the Dmchlet :
rr ' .
' formula [ [o)dt = f(r — 0 ¢(t) dt, we have
0.0 .
w=¢2—¢1,' o T (3a0)
. where ‘ ’ ‘ " :
. . '1 . . \ ' . - h . -2
Dy(z, y) = [ Py(z2, y)/T v~ ; ' (3.11)
o 0 . oo - .
. l >
Dy(z; y) = f Py(72, y)/-;2 de. . : S (3.12)

N\

Substituting (3.10) in (3.9 ), we obtain the identity
L ey=re@,—eyer. . : (3.19)
Hence usmg the formulas r 845,/87 (150, r a¢2/ar = @, + &, we have .
. . 2r 6(150/67' D, = ,.z XD, — D )/(’31'2 r 6450/67' — Py =12 82115,/67'2 (3.14)
On account of (3. 13) (3.14) equatlon (3.9) takes the form Lo "

& APz, y)— Bola, )]
’“\37 (”*‘x) “;‘;;7,; f ((,‘N% 9+ Pz, ) aik+/xk~‘ = y?ax‘ dz.0)
. : S , . ;
0Dy(z, y) Dy (z, y) — ¢2(x, y)) _
T T o 5r )"y’ds) 0
Hence . S . . | |
. - 1 . a(p , b7 ,
ul) =§;[ ((‘pn(x, Y) + Pulz, y) du + Calt y)axi 2% Y)
o ; ,

84’1(% ¥) o 32(‘1’2(% y) —

— 2x;
32:,, ot 3:::, 3.’1:

P(z, ))).fk(?/) d!,S + ¢;;a; + b'n’
' ‘ - 1 (3.15)

\

where ¢;;, b; are arbitrary constants. .

Rém&rk If w is a regular scalar function harmonic in B+, then the general solution of the
equatlon #? 8%w(z)/dr* = 0, has the form w(z) = axy + b, wheré ay, @,, @3 and b are arbitrary
constants. This cu‘cumstance explams why. the term c;;x; 4+ b; has been added to formula
(3.15).

Choose constants ¢;;,- b; such that equallty (1.27) is fulfilled. On account of (3.15)-
we have .
{

x,(av;(z)/ax, + 31), x)/@x.) — z; div v(:z:) ' . ‘ -
l/ 4”’") f QO(Z: ?/) / )dy‘g + (c., + c;i - ckk(si)) ZL‘,
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; Therefore for (1 27) to be valid it is sufflcxent by virtue of (3.3) that ¢;; + Cii — Cuidij
= 3/(4:t,uR3)fy,f‘ )dyS Hence .
\ g . . -

Cij ¢ = mf (yifiy) — 5af2/kfk(:1{)) 4,8 (i,j= lf 2,3).

S

-~

' Taking the latter equality into aécount we-hav_é

Cij; = 1/2(0,, + c,,) z; + 1/2(0” - i) @ .
1 P 3

where &;;i i8,the Lev1 Clv1ta symbol, 2a, = cw Casy 205 = €13 — Ca1, 203 = Cy; - c,z.'
Fmally, for v; determined by (3.15) we have Y : ‘

1

vi(z) = Sn,u

((¢l(x: 1‘/) ¢2(x: ) 6:&

0 3 -9 : 3
+ e (i) — B w) - ””) — 1 (20 + 32)

. .,
L —}—-r. 0x;°0%;

(Q),‘,A(x', y) — ¢‘l_(-’5, .7/))) fely) dyS+ €452 Tg +'5i-

o determine p we have on'account of (1 25) and (3.4) the equatlon

o Jy 2l+lu azp 31—}—2/4
2 9 il
2’or’a + ;+,4 or T At g

p'= n‘div 0 + div k;

which we rewrite in the equ1valent form

2 T@(y)'—c) P 22 + u 6(1/1—6) n 31+ 2u

or (p—o) =F, (3.16)

A S Sl SR K R
where _
- ¢ = ﬁ (n0(0) + div k(0)), S, G EY)
F(x) - n(o‘(vx) — 6(0) + div h(z) — div h(O)).-.' ' T (3.18)

(3.16).is' Euler’s equation relative to r. Introducing the variable ¢ by the formAu]a.' o

t=Inr, —co <t < InR, we have

By —c) 24 u Ay — o 3,1+2,; o '
2 —c)=2F. . :
Pt T S S e = (3.19)
- The charactenstlc equatlon : - ’ -

28+ 2((22 + WA + m) K+ (314 20/ 4+ ) = 0 T (320)



Basic Problems of Thermoelasticity 529

~

has roots k = (21 + u + ¥V —222 — 64u — 3u2)/2(2 + ). Keepmg in view conditions
. (1.2), we shall here consider three cases

~2 V3—-3 . A_.V§’—3

f§ﬂ<1<“2 B | B

for which the characteristic equation has, respécblvé]y, two different real roots, a’

3-3

-

multiple real root, two complex-conjugate roots and therefore the solution of equa-

tion (3.19) differs in form. Let 2 > 1/2(]/—— *3) ji. Then equatlon (3.20) has the
complex-conjugate roots —k, + ik, and —k, — ik,, where k; = (24 + u)/2(A + 4,
05 <k <1, and k, = Y222 + 61u + 3u2[2(2 + u), k, > 0. Now it is not difficult
to write the solution’'of the homogeneous equation in the general form y(z) — ¢
= e ki(c,cos kyt + ¢, sin kyt). Assummg that v is harmonic in B*, the’particular
solution of equatlon (3. 23) can be glven in the form

.t
: 1 : Y "z o
— = — —ki(t—&) gi t — — et .
v memg [erensng—pr (Zo)a.

: . o—es . ',. ’ o,
Taking mto account that in thls formula. t=1Inr and 1ntroducmg the varlable
T =7r"1¢ef, we fmally obtain ) : .

1 ' -

w(x) = —% .Fj(tx)' sin (ky In 7) th—1 dv + c..

o

The cases —2/3,u <i< 1/2(}/_ — 3);4 and A = 1/2(]/3 — 3),ua,re treated SImllarly

Note that F is determmed by (3.18),and therefore 5,

1

(=) = mfpx(x, ¥ 9y dys-f- — d1vf¢s(17 y) [(y) 4,8 +o
. S
. in the.case of Problem (IL.I)*, . . : -
$o) = gty [ oo a5+ - aw [ o 04,54
. S ’ e S - o

.in the case of Problem- (I1.II)*. Here

Y

. l .- : ) '
1 R? — |22 1 3z . : T
¢3(Z" y) = —Tz (ly_——l'[—xlla —- E "— —‘ng) sSin (k2 ID T) ;2_—1‘1, ) (321)
- | / 2 2 : ’ N
1 {R? — |tz 1\ -dr Co
.Pl(x, y) = _‘%2— (Iy——lerL - f) sin (k? Int) ey ’ ' (3.22)
R ] B 4 ;
P?(x: 3/) - ) : .
! o . * : :
. L [ 2R (Jtz — y| + R)? — Ir:z:l2 ~ dr
T—‘—l-c‘z—'f(m—z—ln iR: . ln(kglnf) -k’
T 0 : * . .- ' . -

(3.23)
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.y ~ 30+ ) .
= GBI o) szg(y .,S+ 4———7#(3; 2 )Rafyl(z() s,
u) B .
L B+
] Ca’—"m&TgZ)—fyf(y)de

On account of (1 24) the solution of Prob]em (II I)* takes the form

-

6() = 1T(g) (), L
ui(z) ' ' C L > : ' '
- §71;; | ' (( ®, (z Y + Pz, 9)) du + 2 (q),(x, y) ¢2(x, y) + 3xy).
. .8 . . , : ) .
+ T 9 (27' - Dy, y)— ¢a(¢', y) — 2‘éi(§” y) — 3}.—_?_2;[ 313;1)
: ® - 2 az;zs(z;i/) o 62@2(;, 0=l = O ) 4 05 :
o sy (= (('35%% * P‘Ex”y" o &gﬂ) .
. 8 , | N
| + .Rz —2 372181)‘12::{?/_ ) de + e,,ka,zk + b, I 4(3~24):"

- and the stress vector has by virtue of. (l 26) the form
o)) — yB(z) n(2) ‘

1 R2 —. 2. R ’ .
o pmpes ,
‘. N N,
‘o R _ 2 [ Ldi P o » 2\¢ . J
+ S f grad 1.v/(r7 32, ¥) —4 3(2, y)) )‘(y). ¢5'
. S ) ' j
s R2 . 2
) - F 8};,:2(). + ;t)rR)r grad (’— P 1(-"» y) — Py(z, y)) a(y) d,S §3.25)

The solutlon of Problem (II II)* can be wntten as follows ’
M)Nmm+%‘ S

o P . 9 : : " 3xy\ . ]
() = o f ((mx, Y) + B, y) du z.,.-a;;,(ebl(x,y) — By(z;y) + %)
. A 9 ) '_ . 9 _V' A ' 3xy
R (2r o Dol 9 — P, y) — 20 9) — g F)
| CRE—r2 R S
4 ¢3(x’ y)

2 0% 0z
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1y (O 9) = 05 9) — i) B 45

l .

. < R -~ RT3 9 .
oy (Pew 495 P TS *(””’y)) e
.08 ! .

et Yhotii(z) + Eii;a;‘?k + b;. (3.26)‘ .
The stress \yect,or_ h.a.s,the.form C o ey
@) (z) — yh(z) n(z)
1 R _ .2 ' - S Y

. = dar | |x—?/|3Af(y)dVg T L 8 o
s :

N

RR—p2 [ o o : 4
8w f grad div (" o Pz, y) — 2Py(z, ?/)) fy)d,S
5 . ' Do

~ . , | (3.27) -
. R—r [ [ d N
+os/::251 T p)rR)r grad (’E Py, y) — Po(2, ?/)) 9(y) 4,8 - -
A s _ .

+ HNz) — yyn(z), | :
: ) ‘t("(”)(z) _ ;.nl(z) auk( ) ,( ) ((a t(x) au}(z)) o

6 27, 3.’1:; v

Cla.ssical solutions of Problems (II I)* and (IL.II)* can be' obtamed using the
uniqueness theorems similar to Theorems 1.1, 1.4 and 1.5. They result from the vali-
dity of Green’s formula for classical solutlons [6]. . :

Let us investigate solutions of Problems (II.I)* and (II.II)* when the boundary
values f and g are continuous on S. We have to.prove that the inclusion u € C(B+)
is valid for % determined by (3.24) or (3.26) and the inclusion (z'® — y6r)* € C(S)

-.is valid for 7™ — y6n determined by (3.25) or (3.27). We begin by establishing some
properties of the functions @,, @,, &;, P,, P, that are determined by equalities (3.11),
(3.12), (3.21)—(3.23), respectively. It is easy to verify that r 0@;/or — (1 — k) D,
+ @, where

S~
~

N - 1

. ([RP—|ur 1 3z |
(Do(x, y) = f (_,__Iy — thL -5 R;:I ) cos (kz In r)
. o .

On account of (2. 10) to (2. 12) we have

~

3xy 1

2
N = —————— _ — 2 2 —_— 2
} .‘P;({C; ) =% ?/I 111 ((Ix yl + R)? I z| ) 7 In (4R v 2)»
o o | (3.28)
Do s 3Pk(x, y) ¢ | ®Pyz,y) c
1P, 9, |,_ e e S "
(k_12z7_123), RN
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2 . . !
TN B, y)= — 215 (I — 9l BY) — fal?)

+ [ In (e — y| + B
05

2 A+
Ix—?/l (7+)

[y

@4(27, ?/) =

In (|2 — 91 + R)? — |z|

~ [} @a(@) de + 'z, 9),

).

+ f In (jez — 3| + B)? — [52]?) @ulv) dv + ot v,

. (3.29)

7 (3.30)

where @, and @, and their derivatives up to the second order inclusive, as well as

¢, and @,, are bounded functions. Using the formula

) 2—1 1 3q .
‘/‘(‘202 — 3at + 1)32 +7z+ T) dt = —

2
2at+

. 2 ' -
e M +3aln(JE= 2at+1+1—at)
we obtain ‘
2 3z — ¥l 3zy '
<Dz(“’: ) Ty T T R - -R_a.ln

+(3ln4R2—-5)—+—

By virtue of (3. 28) and (3.31), a vector u determined by (3 24) or (3. 26) can be

represented asu = u + u + u, where
u(x) fL‘-T y) f(y) 4,8,
u(x) = (B* — lez) f L¥(z, y) f(y) 4,8

Sa) = '—'ﬂ f D2, 9) f9) 4,5,
S

Lm = ||Lfllhxs (m=1,2,3),

. , L .
~ |z, )l = v 9l = iz — g

L) - (¢2<x, y) — By(z, y) — Dol y))/ax‘ ox;.

Therefore u, - € C(B*). Now we shall prove that % € C(B*) By virtue of equalxtles

(3 28), (3.29), (3.31) we write
DoY) — Pulz,y) — d’a(x, y) = B(z,9) )

1 .
+ [1In (e — gl + B — jealt) o) di
70,5 ) W o,

lal <1,

((z — o] + B?) —TJa?)

[ 74

- (3.31)
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where @, as well as @ and its dérivatives 6f the first order, a-re'bounded functions and .
'|62¢(z: Y)[ox; ox;| < ¢lle—y| (3,5 = 1,2, 3). Thus to prove the inclusion 12 € C(B*)
it is sufficient to show that y € C(B*), where ' :

@) = f(f grad div In ((jrz — y| + R) = |z2l?) (x) dé) 1) d,8.
C .S Vo ' N :

Obvidﬁsly, 2 € C(B*) and it can therefore be assumed that 05R < [x|. < R. Since
(le—yl + B = |2* 2 2R |z —yl, |z —yilllz—yl <1, |yl <R, for z€ B,
y € 8, we easily obtain : : A e . .

|o1n ((jez — 4] + B — |oal?) o, o)) < dffez — g1 .

On’account of this estimate, for expressions
P . E
1

v ) o2 N . .
Wil = | ——In{(lzx — vy R)? — |tz)?) @(7) dr
e y) fﬁxgaxi (= — 4| + B)® — |zaf?) p(z) dr
. 0.5 , . . . ‘

we have . ,

\

.

. 1. i .
. d o t—gq =R
[Pz, y)l = ¢ : S = A arctg ————— ,
. 05 z—9* RVl -at " Yl-a t=lzi2R ”

w};ere a = zy/R |z| = cos y “Therefore . ]Y)ii(x, P} = c/VI — a?. Let z € B* and
let z, be a point of the sphere S such that |z — z| = min {lx —yl:y € 8).
. Then |y — 25| = 2R |sin (y/2)], |y + x| = 2R |cos (y/2)|, and therefore V1 — a2
= V1 —cos?y = Jsiny| = |y — | |y + #|/2R. Thus . L

y o f9) 4,8
':Iji' z, é ’ x g.c-/‘ . )
S e R ] ey

Kéeping in mind_that |y — 25| > R if |y + | <R and, conversely, ly + 2] > R
if |y — x| = R and repeating the reasoning used. in proving the continuity of the
harmonic single-la_,yer.pot,éﬁtia,] [13), we can easily establish the inclusion y € C(B*).
Thus; « € C(B*). : ' ol

We next prove the inclusiofl‘ (™ — yOn)*+ € C(S). On the basis of representatiéns
-(3:29) and (3.30) for ©'™ — y6n determined: by (3.25) or (3.27) we have

[]

B —ja* [ o
+ ngrad div
s .

(")) — 79(35_)(’1(37) = £ II(f) (=) + (R%.— |2]2) f,Q(a:, y) dv\S»'

- ¥) 4,8 + nlx

\ ] . . . o B
lim #n(z) = 0. Now by virtue of Lemma 2.1,
B*¥3z—yeS-- . N

“where 1Q(z,9)| < cfle — yI?,
_estimate (2.24) and the property of the Poisson integral it can be easily verified

35 Analysis Bd. 8, Heft 6 (1989)
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that
lim  (dno)(@) — y6(z) n(z)) = /(@) )
Bt3z—yeS .

and therefore the inclusion (z™.— y()n)—“‘r € ¢(S) is valid. Thus we }iave

Theorem 3.1: If f,g € C(S) and conditions (1.12) [(1.13)] are satisfied, then .tke '

pair (u,0) determined by formula (3 24) [(‘S 26)] is the classwal solution of Pmbiem
(IL.I)* (1. II)*]

Problems (II.I)- and (IL.II)~ are solved in a-similar manner. No new difficulty
arises in constructing and investigating the differential properties of their solutions.

§4 Concllfding fema_rks. Historical backgrouhd

Static equations of .thermoelasticity in terms of displacement and temperature components:

give rise to system (1.1), which consists of four equations for four unknown values u,, u,, ug, 6.
) The temperature 0 satisfies the Laplace equation. If 0 is known, then thc‘dlsplaccmenb u = (u,,
#,, ug) is determined by the system of classical elasticity. At the same time, in the case of Pro-
blems (I.I)* to (IL.II)%, to find 8 we have the Dirichlet or the Neumann problem for the Laplace
equation. 6 can therefore be determined in quadratures by formulas (1.15), (1.16), (1.18) or
(1.20). Substituting the obtained value of 8 in system (1. l) a.nd in the bounda.ry condltlons we
determine » by so]vmg the following prob]ems .

Find in B# a solution of the system

\ BN ‘ : i , '
pdu 4 (A + u) grad dive =F _ \ : (4.1)

,

satlsfymg the condition (u)* = y in case of Problem (I)#, or the condition (z'™)% = y in case of

Problem (I1)#, as well as the condition of damping at infinity (1.5) in the case of the domain B-. -

Here F and y are expressed exphcltly (cffectively) by means of quadratures in terms of
boundary values f and g.

One particular solution of system (4.1) is given by the volume potentlal V(F) with the den-
mty F [6]. 1t is expressed by means of quadratures in terms of F. In this case, if u isrepresented
in the form u.= V(F) — u,, then uy must be the solution of the same Problems (I)* or (XI)* in

-which F = 0 and y is expressed by means of quadratures in terms of F. We denote.these prob-
lems by (I),* and (II),*. Their solutions dre constructed in quadratures [15, 20].

-Though the presented algorithm for ‘the solution of Problems (L.I)% to (IL.II)* leads to the
plrpose, the solufion representations obtained in this manner are rather cumbersome (they
contain both surface and .volume integrals) as compared with represenmtlons (2.5), (2.8),
(2.29), (2. 3()) (3.24), (3.26).

Quite a few ma,thematlcxans have trled to solve Problems (1)t and (II),*. The first work i in
this direction belongs to G. LaME [7], who obtained the representation in terms of series of
spherical coordinates of the displacement vector. W. TmoMso~ [18] obtained the representation
in terms of series of Cartesian coordinates of the displacement vector. The results of G. Lamé
and W. Thomson were afterwards repéated and used in the specific situations. Some authors
represented them in a different form. The first paper in which solutions of the above problems
are constructed in quadratures belongs to C. W. BorcHARDT [1]. Simpler representations of
solutions in qua,dra,turcs are also obtained in CERRUTI [3), O. TEDOXNE and C. SoMiGLIANA [17],
and in others. Special mention should be made of R. MARCOLONGO’s paper [11: pp 279-299],
in which & 'simple procedure of deriving the solution by means of representation (1.21) was
evidently given for the first time. This representation was later used by E. TREFFTZ [19], who
is often believed to be its 'author [9, 16]. Problem (II),* was solved in quadratures for the first

~

.
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time in [20]..The same problem is solved by the expansion in a series in LorRYE {10]). Detailed’
bibliographical references concerning all these problems can be found in [4, 8—11, 16].

‘Note that we can also solve in quadratures problems with concentrated singularities for- the
sphere. They are formulated as follows: Let z,, ..., z, be interior points of the sphere B+, and
let p,, ..., p, be some non-negative numbers. : ’ .

Problem (L.I)p+: Find in B+ a pair (u, 0) which is regular in B+ \ {:z:l, «.o, &} =B, and_ -
satisfies system (1.1) in B,*, the boundary conditions (v)* = £, (§)* = g on 8, and the condition
lu(@)] S cflz — xifps (s = 1, ..., 7). : . :

If all p; < 1, then Problems (I.I)* and (I. I),+ are equivalent, i.e., they have the same solu-(
tion. If at least one p; > 1, then Problem (I. I),* will have — im addltlon to the solution of'
Problem (LI)* — other singular solutions whlch can be constructed in quadratures, using the
formulas given in the present paper and the algorithm from [2]. Problems (LI)-, (I.II)%,

(II I)* (ILII)% are formulated and solved in a similar manner.
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