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0 neTepoBocTil if cffMBoJIax MnxlJHHa 011epaTOPOB Tana CIIhIFJUIHbIX 
HHTCFAbHbIX oriepaTOPOB Co C)BHI'OM - 

10. H. KA pjloBu q , B. F. KPABEHKO H F. C. JIHTBHH'WK 

rIocqaernc. C. r. Muxzuity x e0cb.4tu0ecilmu./Iemu! e2o pocehu.c1  

Es wird eine Ubersiht fiber ailgemeine UntersucbungsmethodenderNoetherschen Bedingung 
fur soiche linearen Operatoren.gegeb'en, die vom Typ eindimensionaler singulkrer Integral-
operatoren mit Translation und mit Koeffizienten mit Unstetigkçitcn 1. und 2.Art sind. 

JaeTcH 0630p o61utx MCT00B 0cc IeoBaHua ua HeTepocoeTh JIIIHCt1HbIX 'oneparopoe Tuna 
OJHOMflh1X duHry11HpIlMx HHTJIb}!bIX onepaopoa Co CBHMH o HO34mL11eHTaM1T, 
I1MeionI4Mu pa3pbIBM 1-ro 11 2-rQ poa. 

A review of general methods of investigation of the noetheriannes is given for operators being 
of the type of one-dimensional singular integral operators with shifts and coefficients having 
discóntinuities of the 1st and 2nd kind.	 - 

1. BBeJdnHe 

IlycTb W - 3atx11yTan'noJaJ1re6paaJire6pb1 .)°(X) acex oi'paHu'ieuHbix JIH}LCIIHbIX 
onepaTopoB B GauaxoBoM IIpOCTpaHCTBp X (u.iin, 6oiee o6uw, 9i - IlexoTopao 
()I4KcupoBaHHan COBOxyIIHOCTh 3MFHTh1X 011epaTOpOB, JeficTBy1O1W4X a X), I - 
ToecTBeHHbIi onepaTop, P, 	HellpephlBohlii ROFTOP B X ii	= I - P, 
Tho6oft oiepaop B11a	- 

	

TAB=.AP++BPL,	:	 ( 1) 

re A, B € 9R, 6yeM HaabIaaTb nap1ktbt.41 onepamopo (cm., HanpuMep, [33]). '1{iac-
..dll qecxnM npoMepoM napHor'o oilepa'ropa SIBJIHeTCH oJHO1%1epHh1I CuHuyJIHpI(blil MuTe-
rpaJIbHb(f onepaTop, noJIya1OI1HlCH 13 (1), ecru A H  -. onepaopi yMHonceHIIlI 
iia f[)yHxlulH aagaIlHorO xnacca, P = (I'± S)12-S - orepaop CHHryJIHpIlOrO im-
Terpiipoi3amin C flJOM 1- oui1. Xopomo ilanecTilo, 'ITO Teopun ojwoMepHhlxdunI'y- 
JIHpHhIX ldHTel'paJIbI1wx onepaTopoa nociyicuia OTL1PBHbIM M0MeHT0M gan pa3pa-
60TxH o6iitx MeTooB ilccJ1e)oBanwn }IeTeOBOCTM	3JIHH	jc b1X jiaccoa JIIIIICfiHhIX 

oriepaTopoB. B paGoTax 3. 14. XAJIHJIOBA, 10. I&. MEPcxoro, 14. . FoxBEPrA, 14. A. 
(bEJIbJMMIA, 3. fl}'eCJOP(I'A H )pyI'11X 3BTOOB (CM. [33], a Tax?xe 9]) a6cTparllpo-
BaJinob HeKOTOPhle CBOiICTBa oneparopa- S o CTOI1JICb eopun HeTepa noJIy9aeMhlx 

- flpIl 3TOM napHblX onepaTopon. 'laxofi nojxoy 1-103130JI11J1 coaaTb eoyjo o6uyio 
cxey nocTpoeHun HeTepOBCKOfi Teoplill, B XoTOpyIO yRjiaAbIBaJOTCf1 iax cnHry-
.mnplIbIe l4HTerpaJtbHhIe •ypLIBHeHHH, TaX H I-lCRoTopbIe HJIaccbI HHTCOJIbHbIX U 

;uIcxpeTahlx ypaBHeH14fi B	 3a1eTHM, qTo cpeiui jpyrx Ba}cHy10 POJTIb npii 
I1OCTp0eHH11 3flOMHHYTOI1 a6cTpaxTHofi CXMb1 iirpaeT CBOCTBO	- 

• (a) OGpaTIlMhie B 9U1 oneparopblo6paay1oT rIJIoTI-IoeM.HoxecTBo B 9J. 

Om-ia xo a a.nbHetiweM •o6HapyxI1j1ocI, 'ITO B 3TY o6tuyio exeMy. UccJIeoBaHhiH 
neTepoBocT! He yxJ1aJu1Ba1OTCfl cIiHryJiiipHbIe HuTerpaiiiie ouepaopi co CJB11POM
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( o ILpejLeJ1eHle ci. lll4e). Tai, HalipuMep,, B TOI4fl DTHX onepaTopoll B Ha qeCTBe 931 
MOICT 4l4rypllpoiiam aire6pa (I)yIIHIu IoIIaJIbHux onepaTopoB, HoTopan He 
JIeTBopHeT CBOFiCTBy (a).	 - 

B cepeji,iine 60-x roioii H. B. CUMOHF.IIHO pa3pa60TaJi ([35], cii. Tal*le [36]) 
noliHil o61iiti MCTO Tt uccJ1eoBaHl4a JuiHeillihix onepaTopHblx ypaBlie)iHrl nil_La cry 
.JIHpHbIX IIHTCI'paJIBIIbIX ypaBIleIIHi, HOTOpbie, H rJpnllIHne, moaRjio PCCMTl_1BTh 
}aH AajiCKO i-iynee o6o6u,ei-iiie napllblx onepaTopoB Ha TOT c.rIyau, icorga BMecTo 
Ilaphi IlpOeKTopoB BBOIWTCH 6ecoHeliaa aSeJieBa noJiyrpyrnia npoeHTopOB. Toqijee, 
MM 6MJIM paccMOTpellhI OnepaTophi, HaauaaHhle onepamopa;tu JiOhaibn020 muna, 
KOTOpble C TO'IIIOCTbIO L O icoMnaFcrnoro one . paTOpa }-WMMyTHpyIOT C JII06bIM onepaopoi 
yMHO?ReIIIIH I-la - Hellpephlrnlyio (ylIKIulo. JTOFcaJIbHblli MeToJ llOJly414J1 JaJIblleiLllee 

: paaBliTue B pa6oTaX 1'. AJIJIAHA, P. ,LYriIAcA H j. CAPACOHA, H. I. FOXBEPI'A H 
II. H. KPYrIHH}A it ipyrrix aBTopoB (CM., HanpnMe, [1,2,8,11]). 0HaIo oiaaaioci, 
TO Talcoro poa }iapua}IThJ H o606euiin JioKaJibRoro MCTOAa HeJIbaH.flpnMeHHTb ic 

CIIHE'yJTHpHblM HhlTerpaJlbHhlM 011epaTOpaM CO CJBHI'OM, BO BCHHOM cJIyae, ecJll4 
CRBIIF lIe}capJIeMaHoBcFduhI, T. - e. IlOpORJaeT 6ecKoHeI1yIo IU 1KJ1n 'lecKy Io - pyrrny 
nTepawiit. Jejro B TOM, WO CHHryJlflpHhIe HHTerpaJmnbIe onepaTopblc llelcapJIeMallOB- 
CII1M CLBHrOM I-IC HBJIHIOTCH oriepaTopaMH Jiolca jiliHoro Tuna 11	 HL Tpe6ylOT ITpHnnuaJibHo 
uouoro nojxoa. OTCioJa nOHnTHo, 'ITO pa3BnTI4e Teopull cIlHryJIapHbIx uliTerpaJib-

- HhIX OnepaTopoB CO CBMl'OM II03BOJIHJI0 pa3pa60TaTh o6ni-ie MeTObI HCCJ1e)OBaHHH 
HCTepOBOCTII l-IOBb1X IcJIaCCOB 011epaTopoB. TacTI44Ho 3TH MTOhI HaIIIJ1Il oTpalceHue 
H 063OpHO CTaThe aB'ropoB [18]. flopo6HOe I13JI07fceIIIle COepaI4TCn B [17]. C 
llOMOIEblO 3THX MeToloB B. [17] nocTpoel-ia HeTepoucI-cafi TeOpHH )JH aJlre6p CuHry- - 
JII-IpHMX UHrel'paJIbuhlx onepaTopoB C J1HHeLqaThIMu Ic03(IxIuLLIenTaMn (T. e. paB-
IloMepHblMH ILpeaeJlaMu IcycO'Illo-Henpepbrnllhlx 4yiiicijuii) it UHKJlli'ICHO rpyiinoi 
cJ Bl1rOB, HMelouux. FcOHe'lhlOe MIIO?IcCCTBO lleuogBufcHblx TO'IeFc. 

OcHouliafi LejII, HaCTOHI1eii cTa'rbu COCTOLIT B TOM, 'ITOSbI jAaTb OSBOpHOe (Sea 
LoKaaaTeJIbCTB) llajLotceI-Itie' pja lIocJleJHLlx peay.r!bTaToB B pa3pa6oTlce MeTOLoB 

l •lccJIeJoHaHHH HeTepoBocTu CLlHryJInpnbJx HHTCrpaJIbHbIx 011epaTOpOB CO CRBHFOM. 
IIepBe HanpaBJieHile, paaBHuaeMoe B. P. HPAB'IEIIKO [23, 24] H OTpa?KeIIHOC B U. 2, 
o6o6IaeT MeTo [17] iia }leorpaHll'IeI-IHbie onepa'ropbl H TCCH9 CBH3aHO C HpO6J1eMo1 
I4CCJIeJOBaHHH HC3JIJ1IIHTB4CCFcHx (no TepMuhIoJIorHH 3-. [1 PeCJOPA [331) ClillryJlHplLhIx 

* uuTerpa.nbHblx onepaTopou CO CgBHFOM (CM. [25, 26]). BTopoe HarLpaBJIeHMe, pa3Bl'I-
HaeMoe 10. H. HAPJIOBH'IEM [16], ,cI3113aIIo C pa3pa6oTIco1 JIoEcaJIbllblx MeToJon IIC-
cJ1eJoBalII4n HeTepouocTu' orpaHI-i qeulihix oneparopou HeJioHaJibiloro Tuna it lIpuJIo-fce-
HUeM BTFIX MeToJoB - 1c aJr'eSpaM ollepaTopoll Tuna CBPT}M C MHCHTHhJM11rpynnaMli 
CLW Ur0B H HOa41IIu1eHTaMl1, LOrIyc}ca1ouHMIl P&3PblBbI 1 -ro it 2;ro poia (CM. [14-16]). 
B 3TOM HarIpaBJIeHuH .paapa6oTano wa o6uux a6c-rpaFcTuhix ieTaa COOTBCTCTHeHHO 
gi.i,q SauaxoBa I4 . ruJnSepTOBa lLpocTpalICTBa. llepwni MTOi (cm .. it. 3) cyIIecTIieI1IIo 
pa3BHBaeT MTO) [17], ' 4m flO3B0.flHeT, B 'IacTHocTll, CTpOFITb CIIMBOJIhI MIIxJIUHa II 
I1cCJ1eJoBaTb Ha HeTepoBocTb B IlpoCTpaHcTBax L aJire5p1L CHIII'yJlHpHhlx HHTC-
l'paJIbl-lbrx onepaTopoB C HeIlircJ1u'IecJcuMH II HCIcÔMMyTaTHBHbIMIl JuaCEcpeTI-lbIMI.1 
rpynnaMu CBHrOB, a Tame aJ!reSphl CLIHryJInpHbIx HHTerpaJIbHbIx ollepaTopoB C 
LLHIcJIII qCCIcIIML, rpyIIIIaMl-1, uopoicJelr14MMI1 3pFo)UeCIclIM (6e3 nepuojHecicux 
TO qeic) CBLIrOM. BTOpofi MTOJ (CM. n. 5), TCCHO CBH3aIIHhII1 C 113y'IeHHeM cicpeuel-1Hhjx 
upoFI3BeJeHui C-aJIre6p U iia rpyluIbl, gefiCTIlyfOlIkile *aHToM0p(u31aML! Ha U, 
II03BOJIHCT 110 e)HHO1 CxeMe LTCCJIeoBaTbHeTepoBoCTbB IIpOCTpaHCTBeL 2 LJIH paaJLF1'I-
ilbix a.rire6p }CH OJ H OMepllhlX. Talc LI MHOI'OMepllbIx ollepaTopoB Tuna CHCpTI-dil C 
JuCIcpeTlIbIMu' rpyllnaMll cJuMlroB HO HHMh1M it jBOiiCTBeI1IIh!M no ype nepeMen- 

- HUM lipli IIOJ1H'IHLI pa3pbTBOB y RO3MrnUHeHToB H 1lJ)CCHMBOiIOB. B n. 4-6 pace- 
• MoTpenH pa3J114Hh1e npHJloaceHHH yIlOMHHymLx BhHJIC JIByX iiOFcaJlbHhIx MeToJoB Id -


llOCTpOeI-IHI0 CIIMBOJI0I1 MHXJLIHa H JIcCJ1eoBaHuI0 HCTCO8OCTH ollepaTopoB 143
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}coLfIpeTHhIx 3JTI'C6p 4yHHLHoHaJIbHbIX onepaTopoB, CBHI'yJuIpHbIX flHTJIbHhIX 
• oneparopoB CO CyBHI'OM H onepa TOPOB Tilna CBepTKH Co C)BHraMM H OCLiiJIJI11py1O-

FWTh111 rcoafnHhIueHTaMM. 
KpHTepHH HTOHOCTH OI1CTOOB Bbi?K1OTCH HaMI! B TMI11-f3X CHMBOJIOB 

Mnxjmaa. flOHHTl4e CEI51130JIa oI'lepaTopa Bnep Bbie ôwio BB)IIO C. 1". M11x.ni1HhI'1 

B 1936 r. ([29, 301, CM. Taie [31]). B aJIbHe(hueM nog aJ2e6poti cu16oiL0e Muxiutna 
paccMaTpuaeMofi a.rire5phI SR onepaTopoB noHilMaeTcH 6aHaxoBa aare6pa Y', 1430-
Mop4)Haa a14Top-aJ1re6pe 110(X), i'e 10(X) - iu eaJi FcoMuaKTIIhix- B X oI'iepaTo-

•poi. ' Kai npaiiJio, aire6pa CUMBOJIOB MHXJI 'IlHa ycrpoeua npoiite IICXOgHOiI a.i-
re6pbl ' oriepaTopol3. 06wHo ai .re6pbi Y it HBJIRIOTCH narIoJlHeIIHbIMJi II 
TOI'a HCTepOBOCTb OIIC3TOOB 113 91 aicBiiBaJieiiTiia O6paTLIMOCT14 H Y HX CI4MBOJIOB 
MHx.riHHa.	 •..	 . 

C. F. MHXJII4H. BO'r y+ce 'IeTBepTb BeKa BHIiMaTeJIbHo cJIeJwT 3a P3BITHM TeOpllH 
CI4HryJ11pHh1X H}ITeI'paJlbnbix orleparopoB CO • CBI1 j OM. Ra?Kb1ii 113 3BTOPOB BTOLI 
cTamll aa 3T11 rorni He pa3 OH1yTI4JI Ha ceöe ero )o6pQ?IeJIaTeJIbuoe 9THOIIIeHHe H 
3a5OTJInBy10 iiouepiy CTapmel'O HoJiJiern. 3T0 fl11)3J1O HaM cMeJIo3TLL npeaJlOMcllTb. 
Ja1IHyio cTamlo B HOMCP HcypHaJla, noCBH1reHHbii1 80-JieT1110 jjopororo CoJ1o1oHa 
t'pnI'opbeB11a.	 • 

2. HeorpaIIncHIIiIc IIapHbIe oncpaopt	 - 

IIypTb l(X) - COBOHyIJHOCTb BCCX 33MKIITb1X oliepaTopoB. JWIICTBYIOEIkHX 113 X 
B X. - '4epe3 9J o6O3Ha'IIIM MHoa4ecTBo oneparopoB A € '(X), TtJlfl KOTOb1X Oue-
paopi PAP- ii 'P_API. FcoMrlaBTHI.i oTHocwrJ1bHO AP_ 14 AP" cooTBeTcTBeHHo. 
(flo nono.,y onpeaeileHllil n CBoiCTB IIeorpaIIu'leIIHbIx ouepa-ropoB, lICIloJlbaoBaH-
FIhIX HaMu, MhI ordhiJIaeM q uTaTeJlfl F MoHorpa(IMIU [21].) FlycTb TA = AP^ ± AP. 
it KA =APq - P^A	P  — AP_. 0IMCT11M, iro. T	A, HO He oH1aTeJ1b1lo 
TA=A.	

•_\ 

JTeMMa 1: Onepamop A E '(X) npuna0i1efcum 93 mo2öa it moi1b?w mOd3a, 
,coiôa oñepamop KA )co..ttnavJnen omnocutnejibno onepanwpa TA. 

Taici o6pa3o1, 9)1I n 1(X) - 3T0 COBO}cynHocTb ncex JuiHeililbix oI'paHllqeHHh!X 
oI'IepaTopoB, HOMMT111OUHX C TO qHOCTbIO JO KoMnaFcTHoro C I -IpoeHTOpaMH P± 
RaH H3BeCTH0 (CM., HaupMep, [33]), j111 A, B € TZ I n 1(X) 113 HCTep0B0CTH 'A 11 
B CJieyer HeTepoBocTb TAB. B cJ1yae HeorpaHll'4eHHbIx A, B € 9J? 3TO, Boo61Ie 
I'oBopn, He TaH. I-IanoMHnM 'iTo aaMKHymIii ouepaop Ha3hIBaeTc1r n (d)-nopMad1b-
iu,it LUIII 0, (&)-oñepanopot, edJli-1 oii IIopMaiuiIo pa3pewtim it cr0 aap (LoH)po) - 

• F(oHeHoMepF1o. CnpaBejJ111Ba'	 • 

'JIeMMa 2:,Eciui A, BE 9J 1 it oneparnop& TA ; u TB nemepoet •(oOnoepe.ienno 
n- u.iiu- d-nop.tai1bn&), nio onepamop TA .B nemepoc (coomcemcmoenuo n- itiut d-nop- 

..Ma./zeu).	 •	 • 

• P8CCMOTp1IM BOHOC 0 HeO6XOJUIMOCTII yCJI0BIlrI HeTepoBocTu 3aMiHyToro napHoro 
onepaTopa. HaK .JIer}co rioHHTb, yenotme A, B € 9J1, Boo6Eue FOBOpIl, He CBR3BHO 
C aTO1 3aJaqeft. Heo5xouiM1,I pyrue oI'panu'leHHFi Ha 1o3(i4uIuIeHTbl. 0)Ho 113 HHX 
cB1I3aHo CO CBO1CT130M (a) MHoFcecTBa 9J, oTMe'leHHoM BO BBeJe111111. Mi,i paCCMOTpI4M 
apyl'He nOX0hI 11 3T011 I'lpO6JleMe. flycTh 21(A) - O6JIaCTb OflpeJeJ1CHIIR onepaTopaA. 

'\' OnpeeJIeH ne 1: ByjeL r0OpHTb, 4To"onepanlop A € '(X) u.ltee,h cyu(ecm-
iiewwe .co3po (to)po) o,nnocu,ne,no onepàmopa EE 1(X), eCJILI CyueCrByeT 'Talcoli 
onepaop '17 € 1(X), 'i-ro irn Hc 21(A) n J)(AE) it onepaop AT! (COOTBCTCTBeI-IHO 
HA) 'HBJlHeTCn, a oriepaop E17 (HE) tie RBJIHCTCH A- it AE-K0MHaHTIIbiM 011epaTopoM. 

2 Analysis, Md. 9, Heft 1 (1990)	 •	 •	 •	 •' 

)	 •	 •	 •

V
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I1ycTi (e, A) - cono1ynHocm TaHux onepaTopoB A, E (X), 'iTO (A,, A) < e, 
rje 5(A,,'A) — PCTBO eiy aaM1HyT&1MM onepaTopal1u A, u A. 4epe3 91 0 060-
BnaqplM MHOHecTBO ouepaopo A E (X)- TalcuX, 'iTO J1H J110601'O e> 0 HafiyTcn 
onepaop A, € (X) ii IT, € .'(X), in HOTOb1X A,P± € '(c, AP) It BhInoJu{HeTcn 
XOTJI fib! 0H0 143 yCJ1qB14i 

(i) im 17,c: Y(A,) n 2(Kk,) u A,11,, KA [I,' — IcoMiIa}cTHhIe, a PTI,, P-R, — lie 
1coMi1aITHhle onepaTophi; -	- 

(ii) oriepaop J1,A, ii JJ,KA , FcoMnaFTlib1 '0THOdnTeJIbli0 TA ; a '1j — 
He ioi'inaii'i-iiie onepaTophr. OTMeTIIM, 'iTO onepaop A € 9310 HC o6H3aH npHHaJ1e-IaTh 
MHO?KCTB Oj}IaFCo, ec.nu AJ1fi J110601'O e > 0 yL aeTCH flOCTpOnTb A, € 9R,, TO AJlfl 
npnuaaJieiocu A € Ul0 AOCTaTWIHO, 'rroflM A, nMei cyuecmei-rnoe HJpO 14J114 HOflJpO 
oTHoduTeJihilo P. 

,lIeMMa 3: [Jycthb TAB E C(X). Ec.,tu xom g 6u oun u3 onepamopocA 1MU B npu-
naÔjecum9)10 ,-To oneparnop 'A.B ije uemepm 

flycTh fli(X) — COBOKy1IHOCTb ricex HTOPOBh1X onepaopo 113 C(X ) ii O(X)




COBOKyIIHOCTb ucex raimx onepaTopoB A € '(X), qi'o TA €.O(X). 143 JIeMM 2143 cjiejye 
'Feopeital,: Ecjuj A, B € (J n (X)) u I)l, mo onepamop TA,B nemepo8 lno2Oa 

U moivaw moOa, KoOa onepainopbi TA u TB nemep0661.	 - 

- TeopeMy 1 MO?KHO O6O6ILUITb Ha TOT CJiy'iaft, KOra HTPOBb1 A 11 B . He npHHa-
JLeaaT 9)l. )J.TIH OTOI'O BBeeM HOHIITIIe OTHodHTej1b11O HeTCpOBOCTH. I IycTb X, Y, Z it W 
- 6anaxoi 11POCTUHCTB it 1(X,: Y) - COBOKyHHOcTb IoMi!a1T1Ihix onepaTo. 

•	.OB 143 Y(X, Y).	 -	- 
•	

-

 

0npee.r1eH11e 2: l.HycTn T: X —> Y, H1 : X Z-u .Z(H 1 )	D(T). Oneparop 
- -	B1: Y	Z Ha30BeM Jlee&M H 1 -peyiixpuaamopoM oiiepaopa T, ecrnt 11(B 1 )	im T.


1-i CyUeCTByeT TaKoi onepaop K1 € .f0(X, Z), 'ITO R1 Tx = H 1 x + K1 x,x € 11(T). 

2. flyci T: X -* Y, Hi : 'W -- Y: Oneparop B2 : W - X H3oBeM npwmt 1-12-pe. 
•	ey.iiiipuaamopo.i onepaopa T, ec.rin 11(R2 )	11(H2), R2 J)(H2 )	11(T) ii cyuecT.


BT TaKOÜ oneparop K2 € .1' 0(W, -Y), 'ITO TR2w = H2w + K2w, w € 11(H2). 

- 3. Eyjet roBopnTb, 'ITO onepaop T uemep06omuocumeAbHo napu onepamopoe H11 
it H2 ujiu, copo'ie, (H 1 , H2 )-nemepoc, ec.rni y Hero cywedTByloT orpaHI49eIIIIbIe JleBblIi 
11 1 -peryJIsipn3aTop H npaBbIl 112 .peryJl!rpu3aTop. Ecjrn X = W, Z = Y nH1 = 112 
= H,TO FOBOIIM o6 H-iie,nepoeocrhii onepaTopa T.	-	 - - 

3aMeTu1, 'ITO, eciu T € (X, Y) ii IiTCOB, TO OH TaK,Ie - (H i, H2 )-lIeTepoB jj.nit 
- JIloflbIx JIuhlethihIX OL'paHH1eHHhIX OnepaTopoB H, : . X -^ Z Ii H2 : W —* Y. OHáHo, - 

ecJI1 xOTR 6b! O)14H 113 OHCPUTOPOB H 1 , H2 He OrpaHIi'ieH, TO 3TO, Boo611e roBop, He
TaR. BoJiee TOVO, HC oerja cyEqeCTByeT game hIeorpaHu'iehI1lhIi lipaBbIll H-2-peryjin 

- pu34rop. CupaBeairnua	- - -	 - 

- JieMita 4: Ilycmb 'I' € if(X, Y), H 1 : X -- Z, H2 : W - Y, 11(11) .7)(T) ii one-
pamop T nemef]oe.- To20a onepamop T cceOa usteem IleebIui H1 -pe2yJxpu3amop, a 
npaebiii' H2-pe2ydlapudamop cyuecmeyem moa U moJzbco moi3a, oöa ô.ii.i neKomo-
poao npoeicmopa IT: Y im T oneparnop (I — )'2 OohycKaem uenpep&eiwe pad-

- -	uupenue.	- -	/	 .	- 
'	- HCHO,.'ITO B cJIy'iae 3MKHTOO oiiepaopa T 11 or'paHII'ieHHbIx HeTepoBbIX onep'a-

ropou H 1 itH2 (H1 , H2 )-HeTepouocTb oneparopa T a}cBIIBa.nenTHa ero HeTeponocTil.



0 H eTepOBOCTII it d11Mno1ax MHXJItIHa	19 

Ilo3ToMy flOHflTite 0THocIiTejihHoi HeTep0B0CTH HenocpeJcTBeHHo O6o6IqaeT ROHHTHC 
HTC0B0CTi1 orlepa'ropa. 0110 OHaahIBaeTCFl oco6elHo y1o6IIhm1 npIi L1CCJIej0BaH1i11 
onepaTopa, }co rRa aupmopH neno, wro yc.riornln HeTeponocTH oneparopa cogepicai 
paaI1oxapaITepHwe 'iacrii, Tai i-aic n03BoJIReT n3ynTb H1IO 113 BTIIX qacTe B 
oTeJ1bHocT14. 

B )aJIb1Iefku1e( r1peJI1oJ1araeM, 'ITO BCe paccruaTPHBaeAtEje HaMn onepaTopii 3aM-
}Hym!. 

JIeMMa 5: Eciu oneparnopb A it B n-nop zb!oi u napnuü onepamop TA.B u.4eem 
opanu'ennue .iieeue P.AP- it P+BP_-pe2ypu3amojmt, mo onepamop TAB n-nop-
.AaJzen. 

JIeMMa 6: Hycmb onepamojmi TA a T B uMelom opanuenn&e npaebie pe2ydliipu-
amopt U napnttti onepamop TAB uteëm npaeie KA- u KB-peyii.cipu3amopi,& RA it 

B8 coomeemcmee?uw rnaue, 'mo .7J(RA ) = 2)(TA ) it .Z(R) = 2(TB). ToaOa onepamop 
TA.B u4teem Opanu'ennuü npaeblü peyJzitpu3amop. 

Teopeia 2: Eciu A, B E . ^b(X) u 9J Q , mo onepamop T4, B. nemepoe mo2Oa U rnoib- 
KO moa, Koaaa onepamopu TA u TB iemepoeu it aAA onepamopa TAB e&noiuvomcit 
yciun.ze.st5u6.	-	

\ 
Taciii o6paaoM, yciona HeTepoBocT11 naporo ortepaopa TA B COCTORT 118 JBYX 

pa3HoxaparTep1-ihix qacTe: ycJIoBHi4, o6ecrIeq14Ba1onnx HcTepoBoc'rb onepaopo 
TA 11 TB 14 ycJIoBlli1, o6edueq14BaIounx oTHodnTeJmHylo -HeTepoBocTb napnoro ollepa-
opa. Ha nocJe)HeM itbi ocTaHoBBMcH 6oiee nopo6Ho iIH?ce, paCCMaTpwnan 0['paHH-

ueI-ulbIe oltepaTopb!. A ceiac, jJIH • HJ1JIIocTpaInH npnBeJeHHhIx l)aIToB paçcMoTpllM 
iieroope Heorpann qelluhle dnHry.nnpn1Ie ItHTerpaJIbHhIe ouepaopi (CM; TaKe 
[23-26]). 

flycTb r0	eJHHHqHan OHpy711HocTb, S - onepaop CFIHPyJIHpHOrO ililTerpilpo-




HaHn,! C H0M Kourn, 'r.e. (Sw) (t) = (vii)' f (v - t)'ç(r) dT, P = (I ± 5)12 11 
r1 

TO	P1. b =' a + bP_: L --> L, 1 <p < cc. C fl0M0ubIO JIeMMbI 3 .nerHo oHa3br-




BaeTcR 

•

	

	JIeMMa 7: Ec.'iu a, b - u&epuAtue yn,ctuu uonepamop TO . b nemepoc, mo

essinf{ja(t)I: t E I'}'> 0, ess'inf {1b1: t € I'} >0. 

flycTb e - HeorpnIaTeJmHan 113MPIIMB 4YHKW1H Ha-P0 Ta1aci, 'ITO Ino E L1 . Mepe3 
e(e) 6yeM 0603Ha qarb yrJloBoe ripeeioe aHa'IeHIle (npn z -- t, jzj < 1) BHem1Ie 

yHKIHn: ,(z) = exp {(2r)_ 1 ,f ((r ± z)/(r _z)) in e( r) JdTI}. flyCTIS HsMepI-!MaH 

•	y}I}u11n a npecTaBJ1enaBBIfje a = âà, re d()= 1, Jorja a(t)] > 1, i-i a(t) = 1, 
orja Ia(t)I ^5 1. Mepe3 QC 0603Ha'II41 COBORynII0CTB I13MFIMh!X l)yHHI11l a, Aim 

IOT0pbJX in IaJ E L n ae(1a1 1 ), e ( I a I - ') € H + C. HaIIoMHIIM (cM., HanpnMep, 
[5: c. 374]), 'iTO 'lepe3 QC 0603Ha4aeTcH C0B0}yUH0CTI EBa3nnenpeph!BHhIx (f)y1i}cUti, 
T. e. QC = (Ha, + C) n H. + C. fICHO, 'ITO QC QC. I-Ia ocnone eopeMi 1 oa-
abIBaeTCg 

• T e op e ri a 3: JlyCrnb a, b € QC. To2aa CU112y.4.9pflb 1ttneepaulbnbtü onepamop 
T0 . b : L -* L,, netnepoe 8 MOM U modtb)to rnot cily'Iae, ?coaaa i ternepoebt onepatnop& 
TO=aP++aPuTb=bP++bP. 

Teopeiy 3 J0110JIHHT	-	- 

Teopeiiia 4: Jiycmb a € QC Onepamop Ta: L 	L. itenpepwito o6pamitst moaôa

moJuo moaa, ,coôa 1. ess inf {la(t)I: tE P0} > 0 u2. e(IaI) e(1 a1') € QC. 

2*	 •
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ycTbQC - COBOFy11HOCTb TaIux4)yt-IKuu1i a E QC, jJ1H KOTopblX JH160 He BbIITIOJ1- 
HHeTCHyCJOBI1e 1,,j6o BhIIIOJIbHHIOTCJI ojuioBpeMeHiiotBa yc.noiia 1 ii 2 eope-

Mb14. IICHO, qTO QCcQCcQC. 

TeopeMa 5: Hycmb a, b E QU. fl. ,noáo, 'trno6& onepaniop 10b 6ii nemepoc, 
neo6xoE1uo U aocrnamo'no 6&flOJiflCFUiJi yciweuü Aem.lfbt 7. Eciut onepamop Ta b ne- 
mepoc, mo md TO b	lfld be ( 1 b 1 1 ) - indae (1a11). 

3. OrpanlPleHnbIenapHhIe 011OTOhl H IIX O6o5iIkeII1uh 

/ HOP111,11i meTOA nceaeAommH neTepoBocTot 

13 cjiyae Or'paHIl'IeHHhIX iiapHix onepaTopoB ecTecTBeILHo rIpeJWoJIo?KHTb, 1aRy?Ke 
oTMe qaJIocb, 'ITO ero Ko ()HLUIeHTb1 6epyTCH Ha HeKoTopoli tIo)iaJIJ'e6phL 1J1ci(X). A 
0T0, B CBQIO o'IepeJb, UHB0HT HC K Heo6xou1M0cTH paccopeiiui oiiepaopo 
na HallMeHblneü 3aMKHyToi ailre6phl 91, coepaaueii 9J1 it onepaTophl P. Ito orlepa-
TO (1), BooôHe roBopfl, iie nBJiHeTca TI4flU4HbI51 1IpeJcTaBHTeJIeM aJrreôphl 91. 
JIto6ok onepaop 3T0I a.JI1'e6pbl, KoHe'IHo, MoaeT 6bITh 3flHCH H BHJC (1), HO T61'La 
ero K03(414IuIeHThI He O6RBaHhI UMHaJe?BaTh 9)1. A aTO, KK uolcaahlBaeT -reope Ma 
2, aa-rpyjuie ero HCCJJJOBIIH Ha HeTepoBocTb. Yj061-10 BMCTO ollepaTopa (1), 
paCCMaTpI4BaTh onepaop 

N=A +P,±AP+Ho,	 (2) 
•rjeA E9)17 all0 fl111-1ICK11T HeROTOpOMy tweaiy	a.are6pbl 91. IIpeje q eM OHH-

cblBam F1gea'r , I43ôaBuMcg enë OT o)Horo . orpan qeiin. B aJ1bHehue1 6yei 
cqIlTaTh, 'ITO	14 P_ - OFHl41HhibT onepaTophl (lie o6r3aTeJlbu10 llpoe}cTophl), 

yoBi1eTsopHIoIII1e yCJIOBMIO P +P- = I. 06o311a'Iw1 P. - 'P- = S. HCHO, 'ITO 

= (I ± 8)12 it P+P_ = 'P_P-,,= (I - S2)/4. ByjeM cq IlTam, 'ITO . 0(X) c 91, 
H I10 6yje1riouHMaTh MHHIIMaJIbHhI1I aHYCTOPOHHIIU 3aMHByh1ü iieai aire5-
pM 91, coepaaILn .'0(X), onepaTop (I -- 82)14 14 BCe HOMMT3TObI [A, 8] 
= AS - SA, A E 9)1. B eTame [.17] (CM. Ta}c?Ke [181) oniicai-ia cxeMa uecJieJoBaIIliR 
ña lIeTepoBoCTb'oriepaopoB BiIa(2), i-corja 9)1cc (P(X) u 9)lo• ECTeCTBeHHOIi peaJill-
aaw4eu riapiiix OflCPTOOB äBJIHIOTCH C1IHPHHb1 llHTqrpaJIbIlhIe oriepaopx CO 
CJBHI'OM. 0HaKO YCJIOB14C 9.11 O(X). U 9)1 0 BhInoJIHReTcn. He juiii BCCX KJIaCC0B 
TaKnx onepaopoB. 14ccJ1ejoBaHHe HOBbIX KJIaccoB IlpuBeJIo 10. I'I. hapJloBHqa K 

• Heo6xoUIMOcTI4 o6O61JHTb noHaTHe HaJn4 q wI y ollepaopa CyIUeCTBCHHOI'O Futpa 
(icoajpa). 

flycm I-TI = inf {IIT ± K! ! : K E ."o(K)} - CyEUeCTBeHHaH HopMa onepaTopa T. 
Ciiaqaia YCTI1OBUM yCJIOBMH, ripti KOTObIX HeTepOBOCTb N BJIO qeT 66paTHMoc-rb 
onepaTOPOB A. E 9)1. flyom 

(Hi) 1JIH juo6orO He66paTliMoro ollepaTopa A Ei9)l, .iiio6oro H0 €	ii .rii060i'o e > 0 
uagyTcsI TKflC onepa-roplil A. E 9)1 it H, € •), 'ITO IA - A,!	IHO - ii I < 
It BbrnoJIHaeTdn OJV-IO 143 JByX yCJ1OBIII-1: 

(i) CyneCTBy1OT gBe rIocJ1eoBaTeJ1bHocTH {/,,4} a.rieMeiIToB fn € X c eJLI4IIH'1I1ot 
'liOPMOrl TaHile, 'ITO nocJ1e)OBaTeJlbHocTn {A,/±} H (JJf, ±} JJtR BCeX Ii € , = 
52 - I, PH,, H,P) CXOJ BTCH B X, a I100JIegOBaTeJIBH0cTH {P/} ii	 He 
coAep?KaT CXOH1HXCH B X nonOcJIeOBa'reJibuOCTe4;  

(ii) CyIIeCTBy1OT ABe noc.ueoBaTeJlbi4OCTI1 {q4} aJIeMCHTOB	E X'' c e1iiiiqH01i 
HopMoi Ta}clie, qTO nO6JIeoBaTeJIbHQcTI1 {A,*q'n±}.Il {H*q n ± }'	n BCCX H € , cxo-
JHTCH B X, a nOCJ1eOBaTeJth1-locTH	 H {P_p,,} He COO?KT CXOJ511W1XCR B 
X" norLoCJIeLoBaTeJ1bHOcTek.	 -
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06paTII1ocTb cjiea (cripaBa) onepaopo A CJ1eyeT 1,13 m(d)-HopMaJI bH ocTIl onepa-

Topa N npt 66iee CHJ1bHOM npenoJ10?FeHH11 (111') Aim ii66oro Heo6paTHMor'o ejieBa 
(dnpaBa) oneparopa A € )l, jnoôoro H0 € H .riio6oro e > 0 Ha}iLyTcH THHC orlepaTo-

phi A, € 9)1 it. H, € ), 'ITO IA - A,I < E, I fI, ,- H,I < E 11 BbJnoJIIIHeTcrI yCiloBile 
(i)(000TBeTcTBeIIllo,ycJloBlle (ii)). 

Teopeta 6: 1. Hpu e&noitneiutu ([Ii') 143 n (d)-uoptaiibnocmu onepamopa.(2) 
e&rhetaemo6parnu.1t0cmb c.eaa (cnpaoa) onepaniopoc A; 2. ecIut wnoahsemca (11 1), 

mo onepamop (2) nenzepoe nzoa U moiio mo2ôa, ?co2a o6pamu.& onepamop& 
A,€ Jl u onepamop N H-nemepoeO ecex H € (N)\Y0(X), &e (N) = {[A,S], 
[A ±, 22], J - 22, H0}. 

CJI66TBHe 1: TIpu enoznenuu (111) (coomeenlcnieenno, (111.')) onepamop A E U1 
nemepoe (n (d)-nopAtaJIen) mo2aa u fllOJbK0 mo2ôa, voeaa on o6pamu (o6pamuM 
citeca (cnpaea)).	 . 

Bo BT0p0t 'lacTil MeioJLa HccJ1ek013aluIe H-HeTepOBOcTH N CBOu1TCB ic JIOHaJbHOMy 
uccJIe]oBaHrno Ii-HeTepoBocTLi, a 0110, B CBOIO o'lepeb, C B OJUffCH E uCCJ1eoBaH11I0 
o6ii'nioü HeTepoBocTu .no}caJlbHhlx npeJcTaBI1TeJIe. 

,1Jrin A, BE .(X) o603IIa'4HM A	B, ecm A —B € .Y0(X), H A < B, ecjiii0 

A AB BA. MHoecTBor € ."(X)\.°(X) Haah!BaeTcfl i1oKaJu3youfu )JUZC-

cost (cp. [8: c. 353]), ecjiii AJIff JII06bIx a1 , a2 € n cyuecTBye'r TaFcoi onepaop a € z, 

'ITO a < a1 (j =1, 2. - flycm 41 = U (Ji x11)), rje iI, J (1 E A) -. Helcorophie 
1A	 - 

HerlycTble Mno?FecTBa, i4 3aJaI-1a JByxnapaMeTpII'lecHaH dllcTeMa J10HaJ1w3y1onHX Hilac-
COB {rf': (x, 2) E 41}, yJ0BJ1eTB0pH1O[1afl cJ1ejyloWeMy ycJioBno: 

(112) 1. reHdMecTBo -3 = U 712' paBHoMep,-10 oi'paHH'IeHo 110 cyUeCTBeHnou HOpMC 
(2)(Jt 

2. }coMMyTaTopbi JIIO6bIX 1BYX onepaTOPO5 113 iw-1onecTBa 13 BBJIH1OTCH IcoMnaicT-
1IhIMM onepaTopaMil;	 .	--
- 3. -jin ' jiio6or'o coHe'lhloro MHofcecTBa A 0	A H JllOGhlx cc4 € 34 (2 € A0) CyUeCT-




BCT CucTeMa {17: A E A0} nonapi-lo opTQI'OHaJibHhlx npOeHTOpOB 17 € IA; 

4. cyecyeT raxan IcOHCTaHTa C> 0, -iro yn uo6oü oueqiiocncTeMbi [107 
napo opToroHaJIb'-IblX 1lpOeIcTOpOB {H2 : 2 E A0), rje 172 E'r: = U nf', H iuo5oi'o 
I. 

IcOHC'11401O MHo?KecTBa {A i : 2. E A 0yc .'(X) BbIIIOJI1IHCTCB HepaBeHcTBo	' 172A1171 

:!z^ c max I11A4174I;  
5. JJ1H J110601'O e > 0 u mo6Mx A € A, N, € 3 2	W2, Wf' E :rA* cyecTuyeT 

oneparop WA O €	TaHoI3, 'ITO I(Wf' - Wf') 1V 2 I •< ; 
6. jn jno6wx 1 € A, cc € 32	WA I €	cyuAeCTByeT Ta}cO1 ripoeicTop hf' € xf' 

'ITO Hf' < Wf'.	 . 

Orieparopw 4, B € .'(X) Ha3oB6i A-9961 l6aiteummumY (AL B), ecjin iui jiio6oi'o 

e> 0 it luo6oro cc € 31 CylleCTByeT'OnepaTOp Wf' € f' Talcoft, 'iTO I(A — B) Wf' 
<, I WA-(A —1 )I < s. B 4aCTHOCTH, corjlacHo YCJIOBIIHM (112)12,5 B }ca?KoM JioHa-

JlH3yIOJueM H.nacce a l l iio6ie kB 3JIeMeHTa A-3IcBIIBaJIeHTHhi. Hocurneitet onepamopa 
A E 1(X) A mBOBeNl MHoMecTno s(A) —. A \ (2€ A: A 10).	 --

(113) Eriri'.riio5bro 2 E A cyLUeCTByI0T ;ByCTOpOHHl4e 8M1HTb1C I-1JeaJ1bI	c: 
COCTOnll1ie na oriepaopoi I-ia C OI1HOTO4C'1HbIM HOCLITeJIeM 8(1-1 1 ) = (A). 

erK  3:OnepaTop A € 1(X) Ha3OB6ManflpOFcCU.MaTflIt6'iO iocaiiusyeAtuit 
(no.cnoascec,neyA), eCJIII jJ!fI jiio6oi'o 1>.0 niio6oli Bh160p1111 {JVf': (cc, 1) E 4t) onepa- 

Topon W4 € '14 CU1CTBYT FcoHe'Iuoe MHoacecTBo A 0 cz A ii raican cucreMa (174 :1 E A} 
is
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nouapiio opToroHarlbHblx 11pOeTopoB J1 E 7r,, 'ITO I A - ' JJA AH1 < e if 
1a,ioro A € /1 0 1-11 < WA' 11p14 He}coTopoM a E J1. 

ArInpoKcHMaTllBuali JIoEcaJIu3yeMocTb nBJule'rcfl aHa.3o1'bM HOHHTHH onepaTopa. 
JioHaJiliHoro TFIna [35] 11 o6o6ueHHe1I HOHHTFIR JIo}caJHI3yeMocTI•I 113 [17]. Cor.sacHo [17] 
oriepaop H E	HasbIBaeTcll paccdlaucaeAtb&4t., ecilil jJrn jiio6oro A E A H ± H2 if 
H1 E	. 

	

•	(114) llycm	jii orlepaTop H € rp annpo!ccIlMaTnBHo .)lolcaJllIayeM 11 pacc.rIaIIBaeM. 

143 ([I 2)—(fl4) cJIeyeT, WO AJIfT jito6oro H€ MHO?1cecTBO s(H) ne 6oJfee .qeM C'TT-
HO HyCTI -	- 

(115) aKTop-aJ1re6pa	= /(X) llaIIojrneHa, T. C. y.ma Ha?KOro o6pT11Moro 
aJleMeHTa 113	ero o6paTHbIft TO?fce npHuayJie?KnT

 
(116) CyEIeCTnyeT BHOMHO orpaHn'Ie}IFioe ceMeicTBo rOMOMOp(ll13MOB IPA aJIre6pbl 

B iieo'ropie 6aHa6B1i aJIreGpld Y A () E A), y901311eTBopnI(rnee YCJI0BURM:	- 
1. cyuecTBy1oT TaHile IJOCTOflI-IHh!e C 1 , C2 > 0, 'ITO JJ1}1 J1106b1X A € A if H2 E 

BhIHOJIH}IIOTCH HepaBencTia C 1 IHA	! kvi(H1)IJ	c2 H2 ;	 - 
2. j.rjn -xa oro A € A 3aMbIHaHne Tj MH07KecTBa fp2- HaIlojl,IeI-uIaa 6aiia- 

• xoBa noaire6pa aJlreôphl Y,.	 -  
0npeJeJIeHHe 4: Oitepa'rop N2 E . ITA Ha30B6M .'ioPiaJlbnbi%t npeöcmaounieiie.st one-


	

•	• pamopi N c mo'ce A-, ecin g.n- Juo6['o H2 €	dnpaBeV1I1BhT paBelIcTBa ip2(NH2) 
Ntpi(H;), ip2 (H 4 N) = . 1p2 (H2 ) N2 .	-	 -	 •	- 

060siiaqii A(N) = U .s(H). C ELOM)llhO TeopeMi 6 J1o!a3b1BaeTcn 

	

S	 - 

Teoperea 7: Ecizu-o&nomjuomc.c ycioaze (fl1)—(f16 mo onepamop (2) nènlepos 
nioe3a a mo.,uo moa, Koaaa o6pamun onepamop&. A E 931, aA.R Juo6oJo A € /1(N) 
o6pamuMb2 .IzoFcajlbuue npei9cma6urneiiu N 4 = (N) it sup { J N2 1 I1: A € A(N)} < Co. 

- 4. He'reponocm H C1131110211,1 MnxJiuIIa dHHryJI$lpHbIx5nHTerpaJibIIbIx onepaTopoB	- 
co CBHrOM	

. S	 • . 

JIpIIMeHIIM Teoperey 7 . H CI4HTYJ11IHb1M MhlTel'paJIhlIbrM OnepaTopare Co CB11FOM. 
flycrb JJ1H UPOCTOThI I' - 3aMRnyTut rJia)K14i lcOHTyp, - kHCKpeTI1an rpyuria 
coxpaHfllon11x OpHeHTalH1O rOMeOMoprn3MoB -KonTypa 1' na ce651 C Hyco'IHo-He-
flpepblBHbIMn npoHsBogHhIMu, ReHCTByioLLxafl Ha I' TOFtOJ1O1'I4'IeCiH cHo60Ho, T e. 

.iin .iiio6oro IcoHe'uloro MHO?IceCTBa ,F c 0 a iio6o1 iyre y	I' CywcCTB yeT Toca 

	

•	 t € y  nOnaplIopa3JIII4HhIMn o6paaaMn g(t)-(g € F) B npocTpace X = 
1 < p < co, paCCMOTpwA 6aiiaXOBy aJn'eópy ))1 4)yHH[HoHa.nbHhrx - oulepaTopoB, 

	

•	nopoHeHHy10 orzepaTopaMn ymimmeHIIII Ha -KYCO'IHO-HenpepbIBlIhIe (yH}U.H11 It 
H3OMCTpM'IecHnMII onepaTopaMH cmBllra 00 (g €0), rje ( U09,) (t) = g'(t)j' IP q[g(t)], 
t € I'. flycr& Sjt - 6aHaxoBa aJlre6pa dnHI'yJIuJpHbIx HhlTerpa.nhulblx onepaTopoB CO 
cgBFIroM, HOJIy'IaeMaFL pacluhlpel-IHeM aJlre6phl )R C IiOM011b10 onepaTopa S CIIHFy-
inpiroro ldHTerpHpoBaHl4n no r c HJpOM homn. HCHO, 'ITO njeaji ., (i 0(X))	• 

uIOpo?HaeTcR H0MMyTaTOpaMH [A, 5] [(A E Wi) H XapaKTepu3yeT OC ,O6CHHOCTM HO3()- 
(IntHeHTOB H CJBHOB (a B O6EUCM cJIy'Iae, 11 HonTypa). JLo1aJiuIaaUnH HpOBOJ11TCH 
110 0-op6nTaM 0(t) = (g(t) g € 0) To'Iel •t €-r. B ee OCHOBy no j1o7}eno CBOiCTBO 

- OT)CJIHMOCTI1 .J1106h1X1 HOHe qilbIx MHOnepTB, Jie?lcaiiIix ua pa3HhlX Op6HTaX. IlycTb - 
A - tioceco Bcex pa3jjH qHMX O-Op6HT 'ro qeK t €1', S72 - coBoIcynnoCTr Bcex
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IoHeqHwx 11oMiio?fcecTB Ha opGHTe 2 € A. 1 'orja jimiaim3yioLLI tte Kac ((, A) 
€ 11t) QOCTOHT 113 oaepaTOPOB yiiionei1IIa iia xapaKTepIIcT11ecHMe y1IFwnhi oEpecT-
HocTeil HoHe qnhlx MHo-BecTB x opÔuT A. jByCTopoHHl1i 3aMKHyTb1i iijeaJi ' 
ropoiaeTca jito6bim oriepaopo S],'rie t € 2, )y11HIUlR C t HeflpepblBHa ija 
P\ {t} H B Toq Ke t liMeeT- paaphiB 1vo poa. XOTH; 1aK rLpaBllJIO, duHryJlHpHbIe 
ItlITerpaJlhHbLe onepaopi Co CB11FOM He annpO1-CUMaTHBHo J1OKaJ1l3yeMh1, one-
paTophi H €	alu'LpoKCHMaTHBHO J1o}aJ1H3yeMbI H paccJlallBaeMhl. B Ja,qecTne Y' 
BhIóupaeTcH aii'e6pa .r(L9(IR, 1(2, C 2))), re C2	[IpOCTpaHCTB0 ByMep11bIx 
lcoMnJIeKcHhIx HETOOB =	c HOpMOi j = (1 ' + 12I' B ciyae ITpoIla-
BOJIbHOUO HoHe q ilorO MHo3cecTea P	0 xacoy 4yHH4I1OHa.nbHoMy oltepaTOpy 

A = ' a8 U3	 -	 - (3) 
SEP	—	 - 

C !ycoqHq-Henpeph BHb MB BO3t4 HLUI eHTaMH a8 ' H ma-KJo op6I4Te 2€ A COROCTaBHM. 
ThCCTBY1OIW1e B Up0CTpHHCTBC l(G) wipeniwe onepaTophIA ± ITO flBMJ1 (A 2 ±/) ( g) 
= ' a3 [g(t1 + 0)] /(gs), g € 0, rje. t 1 -- ITpOlI3BOJIhHHH 4nlHcHpoBaHlIaH TO'{Ica op-

ThlThl). H rpyriiia G jCfiCTBYeT Ha Pciipaaa, T. e. (gs) (.) = s[g( . )].	,	 S 

JIeMMa 8: Ec.iia 2pynnaG Oeücmayern na Fmono. 'zoeu'ecca coo6oano a I	p	co, -

mo OAA ,uo6ow A € A coorneemcrneue A - A± np080lldfcaemc.'L i3o w.EtoMopq5u3.4f a 
aize6p& IJ1 c .E'(l(G)), npu'te.t a.ii ecex A € )1 jA i 'II	IAII, hAil 0 := inf hIA thI : j/ 

= 1)	jiAhi.  

HanoMIIHre, '4Torpylrna G Ha3h1BaeTcsT cy6accnoneJuua4bnoü [3] ' ecJ1B JJ1H jiio5oro 
Holleq iloro MiIoIcecTBa F 0 urn F'j' 1 = 1, rae Fi - ' InCJ10 pa3JlH'iHbIX OJIOB 

J1HHh1 fl. cocTaBJldHHnlx 113 3J1eMeHTOB g € F. B qaciliocTit, Cy63KCITOIIeHIUlaJlbHbl 

IcoHeq i-ible I'pyIIIibl, IcoMMyTaTI-iuHble, PYELElb1 noiTHHoMIlaJIbHoro poca II apyrHe. 
J1oIaJibIlhie yCJIOBIl11 oGpaTIiMocTH )yHKLU1oHaJ1bHhtX OflepTOOB aaeT 

eopeia 8: Eciw 2pynna 0 cy6ahcnoncnqaalibna it ôeüc,nayem naF ,h0110fi02ltqec?CU 
co6oi9no, mo aAee6pa!fiyuKtfuonaAb1tNX onepaniopoc 9)1 nano4nena a a1i.9 o6parnuiiocmu '1 

- oneparnopoc A € 9J o ,apocmpancmde L,(] ) I- 1 :!g p cc, neo6xoôuAw, a npu yc.IIOCUL 

-	IA 11 = sup {IIA ahi : A € A),	A € 93,	.'	 / (4) 

it 0oc,nani,to, minom Thin Juo6o2o 2 € A 6 npocrnpancrnie l,(G) óbiIlU o6paFnuiihL one-
parnopt A 1 ± it sup {M( A i)'ii : 2 € A) z cc.	-	 S 

ECJRI p = 2, To' paBeucTuo (4) BbLIJOJIIIHCTCH aHTOMaTIteCIIt Bee yCJIOBLIH TeopeMbi 
S BbIIIOJLHHIOTCH. HatipilMep, ec.riu 0 - tiJiiiecan rpvlLlia C.iBH1'OB, 1iopO#elIHaH 

lLOHOOTOM oKpy?IIlOCTH iia yroil, ne CoHaMepnMbIii C 2i, HJIII JU1()4eOMop(j)U3MOM 
I'JIaJlKOI'o 3aM}fl-lyTOrO icOliTypa, l-IMeIOLIu-M KoHe qHoe MHo?KecTHo uepHOail'-ieCIdHX 

. To'leKllpu 3TOM'B llepBOM ëJiyae a.iii jiio6oro oiiepaopa 4 € 9)1 Ii -jiio6oi'o A € A 
hAil = II A II, 11A110, il A aIio, it oliepaTop A € 9)1 oGpaTHM 'ii LP-(I'), 1	p < cc, 

Toi'.a ii TOJIbIcO Toraa, Icor,ia o6paTLlM XOTH Gb! O. TkilII oueaTop A 1 (aBnBaJIenTlIo.	-S 
oce A 1 ± ). 3a1eT1,I1, 'ITO H ciyae 1-coHe'lHoro F	0 ycJloBue (4) gan OGpaTnMdCTn

ollepaTopoB (3) c jIuhle ji qaThIMu Fco4) tl)It1A hI eH TaMI! nBJlneTcn JIHUII1IIM.  

011epaTop-j)yhIH.IUihO Jt(2)	diag.(A i , A 2 -), 2' € A, Co ahla qehlunMhl u aire6p

.1'(1(G) + l(G)) it nopMoi I4I1 = S il l) hIc4(')Ii1(:cG--IG) - ecTecTueHilo IIa3Barb CUM-

-	JEiI	 —	 - 

6040.21 4yhhHtuloh4aslbuoro onepa'ropa A. B ciuiy (4) MhlonecTBo 'cY'(9J1) CIIMBOJIOB 
onepaTopou'A € 9)1 nBJIHCTCfl Gauaxouoii aiireGpoii, n3oMop()noiiaJ1re6pe 9Y1 (1o?Icuo - --

•	aOGhtThCn 1taoMeTpll4hIocTht!).	 -	 -	-
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TeopeMa 9: Ilycrnb 1 < p< oo u sunoirnelLu ycAo6uA meopemm 8. Toôa 
1. .iu 6oü onepamop NE 91 npeôcrnaeut e euOe (2),.öe'A E 9R, H0 E	U Coomoeni- 

cmoua N .--> A± juwuornc.c e'0.4to op(/u3a.4tu a.li2e6p& 91 na aie6py 931, yaoiiem- 
copJuOUfuAtlI yciioeulo IIA Il	c,,, I N , c, = max fig (t/2p), ctg (n/2p)); 

2. a.iee6pa, 91 yôoeiiemcop.ciem npenoocenu.t (11 1)— (116), npa'ë.it o.4tOMop- 
tp a.ne6pu 91 a ae6p& . = J(L(JR,l(2, C2)))3aaa,omcx /OJMtyJtOItVA (N) 

=	 CTX, eOe: 91-*i(l(2, C 2 ))(2.E A, x  IR)— 2O40.4Wp(fiU3t&CP.8pO.4, 
•	coaepd:cauu ./'0(L(I7)), onpeöedRe.xbie na o6pa3yloufux ae6pu 91 paeencmeau


= diag {dia {a(t 4- 0), aft - 0)1}tEA, 

• (S - d	cth[(x.±ip')]	—(sh [iv(x - ip)])-1A ) - iag 1((sh1[,-r(.x + ipT')] ) - ' —clh [(x + r)]	 ea	- 
1 x( Ug )	(ut.T)t.?(;,, 

	

dia {g'(t +	g'(t - O)}, - ecjiu g(t) = 

10	 , ecu g(t) r= r; 

- npeo6paaoaanue (.byphe (p) (x) =f erY q(y) dy, x E JR 

B ilTore, B CJIy'iae 1 ( 7) < 00 jmmgomy cnryinpoy H1-ITerpaJibHoMy one-
P1'OPY Co cJBI4rot N, ipoe CLIMBOJIOB cJL (I)y11H1H0HaJJbHbIX OI1 I)lTOJ) OB A cono-
CTaBJJHeTCH ceMeiicTHo onepaTop-y1IKIIHi3 CA') = Vj . . (N): JR	J(l()., C2)) , E A) 
C HOpMO1. IjcJViII	ITX 'P1.x(1)	zM.r(L9(R.L9(2.c'))). MHOeCTBO Ha6OpoB OflCM1TOJi-

(I)VHHUIIiI K = {JLf , 4_, iV (2 E A)} C rLoaJ1eMeHTHb1MIl OflepaIHflMI4 CJIOeHHH - 
H yMao?lelnI1t,, a •Ta pte yMHo?HeI-IUH na }coMnJjeKcIIhle Cicaimphi, cHa6?fë}IIIb1x hOp-
MO1 II-4'iI = max	sup I/ViII}, CTaH0BIITCH H0pMHp0BaHH0f1 aire6pol Y(T). 

	

AEA.	 I	 - 
11a5op V ececseuio Ha3Bam CUMCO.'jO.%t cunyizxpno2o unmepa.fibFwo onepamopa 
Co cOauo.it N.	

•	 I -	/	-	•	
• 

Teoperia 10: [Iycrnb 6uno.vienbi yciioeux meopett 8. Toa. 
1. /Ja?crnop-aii2e6pa 911.E 0 (L( 1)) 1130top,6na6anaxoeort 612e6pe . f(91); 
2. onepamop N E T .ijemepo6 a npocmpancmoe L(J'), 1 <p < oc, moOa a moibc.o 

rno20a, ,co.ôa a L([') o6pamn.ahi onepamopu A E 911, am uo6o2o 2 E A a ecex 
'x E & a npocrnpancrnae 1,()., C') o6painumbi onepamopht iV Ax = PA. X(N) U nopAt& 
onepamopoc [vA (N)] 1 =' cT'(N) )' Tr C L(1R, 1,,(2, (C2))	 6apaitumemu. 
no).E-A.	 . .	. 

Ci Cfl CT B iie 2 Ilpu aunoitnenuu yciloauü. !neope.w 8 nernepoeocm )̂ ,'n,1 uonau1h-
no2o onepàmopa A E 9)1 a npocrnpancmee L( T'), 1 <p < oc, 3c6116aiienmJa edo. o6pa-
mu.4focmu.	 •	 -	 -.	 — 

F1oiveiii,i TaHae o6oGueHHH TeopeM 8-10 J1ft IIOCTHCTB .L(T'), fl ^ 1, a 
IyCoHo-rJ1aJufllx HOHTypax 3e3 HyJIeBhIX yI'JIOB H W1CKpeTHbIX rpyirn CJBH1'OB, HaK 
COxpaHHIO1LHX, Th H n3MeHcII0ItHx ophIeHTaLnho, 1OnyCKaionHx PP""" 1-ro po&a 
y ce6n H CBOIIX UBhIX I1pOH3Bo)Hb1x, a TaN+e HMeIoI!Hx MaCCHBHMe,, MHo?heCTBa 
nepnoju1hecHI4x To qec. B p.9 Re. cJiy qaeB "yiaeri hIOJIy'lI4Tb JOCTaTO qHo	e-
Tuanhie }pI4TepI4H o6paTiiMoCT11 iL uCic peTnblx ollepaTopoB A± u N2.. B qacnocn, 
B ciyae uii nitecioi rpynnj CBHrOB C }OHC q Hb1M MHO?1CCTBOM HehIoB11aHhIx 
To1eH B [15] lloJIy'hel-1 6oee 34) eIcTllBHb1 (no cpaBl-leIIrhIo C TeopëMoi 10) JpHTepHü 
HeTepoBoeTil B L H B1, q I1cJeh1M mipembi 3Ha'hIaTeJIbHo 6oiee o6uwx orLèpaTOpoB 
Tuna CBepThu Co CwHroM.	• • - -	 • -	 -	 -



	

0 HerepoRocTit it cuMBoJIax Miixniiia' -	25 

5. Ca.'ire6pii ouepa'ropon. Bropoli itmgHccJIeJoBamLa Ile'repoRocTn 

Eciii p	2, TO aJIre6phl )yIIHtHoaaJ!b}IMx OrIepaTOpOB 'U ii C11HryJIipHhIX IIHTe-
CO CJBL1rOM 91 nBJIHIOTCII C*ajre6pa'ii1, It Torya.npuMeHI1M 

BT`OPOfl MCTOX H3CHH9 o6paTIIIoCTu orlepaTOpOB A € 9R It HeTepoBoCTI4 &tepa-
TOOB N € IN. r1 P I.I 3TOM cIIHryJlflpHbIe IIHTeI'paJlbHbIe,onepaTopbl CO CBH1'OM yLO6HO 
3a1I1,16bIBaTb (cp. c (2))'B BIIe rLpexeJIa oltepaTopoB Biija f A Q UQ , rjeA 9 HBJIHIOTCH 
cHnryJInpHbIMH. IIHTePpaJIBHbIMH onepaTopaMu 6e3 cgBlra, a ' . g rlpo6eraeT KOI(C{-
Hoe nOithO-KeCTBO PpyliIIhl.G. YIlOMHHyTh1ftMeTOL HBJIHeTCH B&HHTOM JIOKaJIbHO- 
TpaeKTopHoro MeToia (cp. [3, 28]),, eCTeCTBeHI-Io o6o6iIa1oLI1t JIOlaJIbH MCTOJ 
[11, 35] ita oueparopbl ueJ1O!aJIbLioro Tina. Cyn. Cr0 COCTOIIT B uOJIyeHHM ipu-
epnn HeTepoBocTil olTeparopoB Bima f A, U, (i iix npe)leJToB) B Tepmuiiax o6parH- 

MOOTH JioHaJiblihix npeJCTa13I4TeJ1eii, oTBeqaIoIlHx ITOpOe}IHbIM rpyrinorl 0 op6HTaM 
ToqeI KoMua}cTa MaHCIIMaJIbHhIx IiJeaJ1OB HeKoTOpoI ueHTpaJIbHOft rIoJaJIre6pbI C 
aJlre6ph! onepaTopHhlx Ho344nwIellToB A, 3TOT MeToj, XOTH H liplIMeIII1M TOJIbRO 

B cJiyae rliJIbepToBa ILpOCTpaHCTBa x BMecre C TeM IIO3BOJIHeT 113y'lHTb 3Ha'114-
Tejibilo 6oiiee wpone fcJlaCChI OI1CTOOB CO CBnraMu (B qaCTHOCTH, paCIHHpHTb 
M1Io?lecTBo I'pyILIl CBHI'OB, lonycTIITb y 1cO34)HLU1eHTOB HH)Y C pa3pEJBamm 1-i'o 

	

poa pa3pBhI nOJIy-flOTl4-HepUoJuIeCEOrO [34] Tuna, IIccJIejoBaTb co)ep?IaukL4e	. S 

T aJlrC6pbI OtLTOOB Villa CBepTKII CO c U3i1raMU ) . flepeft!leM K ero u3J1OeHu1() 
(cm -. [16]) 

flycm U - neioropaii C* ii o J arn.e6pa (C eHH1ILeii) aJlre5pIi 1(H) jniHe-
HhIX orpaHHeI-nlbIx OlTepaTOpOB B I'HJIh6CpT0BOM np0CTpaHCTBC fI,Z - HeKOTOpaH 
uewrpa.rinan C*nojajire6pa U c e;in-iureii, 0 - wicpeTiian rpyuua. U: g - U9 
- ynnapnoe upemcTaRJIeHHe 0 B H, C(U, UG), - C*iioja.jire6pa 1(H), 
nopoi-JeHHan olJepaTopaMH a € U it U9 (g € 0). [Iycm 

(WI) jiri .nto6oi'o g €0 oTo6pa?leHuH a9 : a+U9aU9 * HBJ1nIOTCII *aBToop4u3MaIu 
C*aji re6p U it Z.  

	

liyCTh M - } oMnaKTMa}dHMaJ) hu1btx iijeaion aJlreôpbl Z. llpii BbinoJ	nI 

	

IHeHI	(Yl) 
vcTaHaBJ1HBaeTCII rOMoMOp4)113M rpyuimi 0 .H Dpyiiny FOMeOMOp4m3MOB M no npa-
BuJIy:. g —>g(•), re I'OMCOMOpH13M g( . ) onpeeJineTcn paliClICT13am, it z(g(t)) = [a9(z)] (I) 
(z € Z, t € M), B HOTObIX z( . ) - npeo6pa3oBaH1le ['eJIba1ua ajiezmeiiTa z. 

(W2) G. - jiicipeTiiaiI aMeFIaSeJl r,itau rpyiina. 

I-IanoMHIlM, 'ITO 1 t1,ICMPeTHaH rpyrina 0 HaabIBaeTCn a.Hena6eJbn0u [10: C. 131. 
CCJ1M Ha IIpOCTpaHCTBe B(G) I3CCX orpaHn'ICHHbIX HOMllJICICHb1X (I) yH FaUlfiJia 0. c SUp-.• 
IIOpMOi cyIueCTByeT J1eBolIHapuaHTHhIiI (HJIII upaotiuBapuauTiibi il) noJlo?IUITeJI i-
Hb11 JIMneiiHblii tj)YHHWIOHaJI C em IIiIt1H O ii uopMoi, Ha3h1BaeMb1i cocmo.'nuet. 3aoe-
TIIM, 'ITO Cy63}Cl16IIe1H1U4aJIhIIh1e rpyiini aMeHaGeJIbHbl, iio ne nao6opo' [6]. 

IlyCTb 3, - £ ByCTopoHuufi 3aMI-IliyTbIii liiLeaJI C*a.rire6pb1 U, nopouclI!1b1ft 
14;teajloM t € M, P11 - M}io?IeCTBo 111ICTbIX cocrontIiii [4: c. 611 C*aJu.e6pI,I U, 5 
= P11 n ,7J • Hiio, 'ITO P11 = U 3)• 

tEsI	 S 

(Y3) -,LI,jiii jjjo6oro- F > 0, ii66i,ix HOHe'IHblX MI-Io?IceCTII 11 0 c	U, .1"	0, 11 \.nio6oro 
It € P11 cyuecTByioT t € -iW it 3 €	(TaKHC, 'ITO a) v(a) - p(a)l < t win J1IOI)01'O

a € U 0 if 6) g(r) # t J1H0100I'og € F \ { e}. 

I -Iapny c C*a.,ii7e6po.ii B paccMoTpiiM cpeineiiuoe flpOIl3HeJt0IIU0 ii ® 0 [4:


c. 145], rto q aeMoe 1,13 nHBOJ1IOTRHHOi GaHaxonoti aJlre6pbl 1(G, U) C HOpMOII 11x111 

X Ix( q)IIu < 00, o6hI'-Iub1lu oriepaiuinu JIlIHeiilioro ILp0CTpaHCTBa. '1I1o+ceuh1eM 

/
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14 11I1BoJ1IoLMe Bi•ija 

(xy) (g) =	x(h) c[y(h 1g)]; x*(g) = a9([x(91)]*), g E 0, 
hEG 

'nonoJIHeHneM 110 IloBoli nope IjxM = sup jjn(x)jj	11x111, ,i'e z npo6eraer MHO-.

IecTBo ncex r1pecTaBJ1eHHf l(G, U) B rI!.rtbGepToBbIx upocTpaHcTuax. 

Teopeia if: llpuc&ao.imenuu (YO—(V3) C*a i e6jmi 93 it U ® 0 (113oempu-
93 U ® G. 

flpit 6oiiee ?IcOCTHx YCSIOBIIHX Teopema it -in juicipe-ruiix i'pyriri noiyeiia 'B 
1eJ1oM pje pa6oT (CM-., HallpHMep, [3, 27, 32] 11 IINIeIOWY1OC q TaM 6H6nHo1'parn1o) 

flycm M0 - 'aloe aaMKHyToe n0JMI!o?EecTB0 M, 'ITO T04Iy T B yCJ10BHII (Y3) 
,M0MI10 Bh16paTb 113 opôFITbI G(M0) MHoecTBa M0 ;' Q(X) — MHoecTBo G-op6wr 
Toqeic t E X ((= M), S?0 = Q(M0), t =	— npoI13BOJIblIaH 4)HCHpoBaHHaiT T04I-ca 
op6uTH co E	H. 	I'HJIb6CpTOB0 110CTHCTB0 113oMeTpI1'IecIoro npejcaieiiva 

(ia1Top-aJIre6pM 1113 1 , g — eCTeCTBeIIHhIi1l'OMO MOp (tMI 3M -u —> U/ 1 , r' =	o


PaccMoTpHM IT1pe.LcTaBJleHue 71.: 93 -- .(l2('G, H,)),. oIlpeJeJIHeMoe 4iOpMyJIaMH 

	

•	 [(a) /] (g) = -i t '(a(a)) /(g), ['(Uh) /](g) = /(gh)	(a E U; h, g E0). 

	

•	 JJ1fl Ha6opa npejcTaBJ1ei-uiü'{: cv E P0 } 4)opMyJnlpyeM ycioite 

	

•	(Y4) S?0 10HeqH0 HJIH cylIecTByIoT dllcTeMhl 9J, (i = 0, 1,.., n) 1r3MeJ1b'IaIoIrxca 
3aMX1IyTbIX rloaMHo?KecTB 113 M0 TaKI4e, 'ITO 

	

•	1. MnoaecTHo 9J1 COCTOHT na oiioro aJieMea M;  
2.	 aJIeMeHTa XE X. MHoecTBo G-op61i Q(X) KoI-le4Ho; - 

	

• '	3. ajin Ka3cJOro i = 0, 1, ..., n — 1 11 JioGhix e > 0, X € iJI, x  X it

a E Ker 7tG(X) cyuwcTByioT 0TKbITH 0IpeCTl1oCTh u(x) Ct Al It TaHoe Mi-iomcecTBo 
Y € 4ti, i I 'ITO V ( X H JJ1fl Bcex cv € Q((x) n X) \ Q( Y) BbrnoJIHBe-rcfl iiepa-
BeHc'rBo !ii,,(a)II < E. C !1OMOHbio TeopeMbi 11 JLoHaabIBaeTcH (cp. [3, 28]) 

-

	

	'Fe op Q Ma 12: EcAz obinod! omc.ycAoeu.c (Yl) - (Y3), mo onepamop b € 93 o6pamuAt

e npocmpancnce Ii moa U moAbxo mo2öa, Ico2Oa öul ,casci3oü op6umu cv.E S?0 onepa-

•	mop	(b) o6pamzt.it a npocmpancmee 12(G,H,,,) a sup {II(7r o (b))_ 1 II: to € Q6} < co. 
Ilpu eunoJu-tenuu yc.'ioeu(i (Y1)—(Y4) o6pamuiiiocmb onepandpoc b € 93 ntcuea-. 

liciunna o0no6pe.Iienno(i o6pamuocmu cccx onepamopoc -,r,(b) '(cv € Q0). 

• B [16] noiyen Tale ana.aor TeopeMbi 12 n Ciiyae HapyweHllH (Y3), OpHeHTHpo-
•BaHHbJfi Ha HccJ1eoBaHHe lieTepoBocTIl oflepa'ropoB N € 91 iipit Hajili q ilil y CB1f1'OB Ha 

•	M ,,MacdHBHbIx" MlioKecTn uenou3iiacHhrx To'IeK.	• 
lIpilMelInH Teopembi 12 ii 7 coo'rBeTcTBeHHo ii C"a.rire6pai 9)1 ii 91, noayaei 

cJ1e)yloiuHi peayJIhTaT.	 -	 -	 •	 - 

T 
cope a 13: , Ectu 0 - aitena6cjunwt opynna c0ouoo1 Oetcmc oua. monwio-

u'eccu cco6oKo na I', mo npu p = 2 cnpaeea.ciluJbt ymGepdscöenu. meopet 8— 10, 
np1Le.At c meope.Me tO ¶Yl/10(L2(I')) •	C°(91) U Sill) thJV h II: 2 € fl} = sup {IIN:


- (1,x)EA XIR}.  

Taivai C*aJi re6pa 91 y;oBxeTBop11e	CJ1OBH1O ([Ii'), TO 113 TCOMhl 6 

•

	

	CJ1eJCTBHC 3: ilpu ci,cnoilnenuu ycAoeuCz rneope.%u 13 n (d)-nopMallbnocmb c L'2(I')

66ynIcluonaitbn020 onepamopa"A € 9)1 dheucwienrnna co o6pafnuiiocmuciwca (capaca). 

\

I	 -	 -	 -
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6. CnIffyJrnpJible 111ITerpazEmbie OnepaTOphi Co CB1IFOM C OClii.'IJL1lPYlOiwIMH 

KoanIneuTaM11	 V 

• C I1OMOLUbIO MeToa, H3JlOfleHHOrO B II. 5, B TCMBHX oSpaTuMocTH i•uCicpeTHb1X 
onepaTOPOB l!o.fl yqeuhl icpuepnii He'repoBocTl4 B IJOCTHCTB L2 (IR), n 1, ain 
mHpoIoro Kjlacca C*aji re6p CI1HPJIRHbJX iIHTerpaJIbHbIx onepaTopoB C UiCKT-
HbIMHrpyrIflaMil CBHF0B H Fcoa4HUHeHTaMH, gonymmouxtimit pa3pbI3hIiIOJ1y-nOTH-.' 
nepuoiuiecoro Tuiia. Hpi_i 3TOM onepaopi npeCTaBJiHiOTCH B 
Bu)e onepaTopoB ruria CBepT1H Co CBIIFaMH no 11PRINIOR H )80cTBeHHoi no cDypbe 
nepeMeHHhlMu. Oninnem noJIyaeMhie C*aJIre6pH onepaTOPOB l'l_ma CBepTldH H AJIfl 
pnia aii'e6p npIlBeëii ipuTepL1u HeTepoBoCTil lix aiiemeHTOEI. JJIH iipOCTOTbi pace-. 
MOTPUM cjiyqati n = 1.	 •	 V	 V 

HyCTB Tenepb U - MHHHMaJIhH0C padllIHpeHHe aJl['e6pbl CnHryJlHpilhlx ;IHTe-
fPhHMX onepaTopoB B L2(R) C jInhIeii'iaTuni Hoa4mIuel4Taiu, F1I-rnapuaHTHoe 
oTHoCItTeJIbBo upeo5pa3oBaHul1 A - U9AU9-', A —> eA (g E 2), h E IR), rje 
2) — MHo?+ecTBo coxpaiiiioiiuix opueiiauiaio CL BHFOB iia IR, noiiyaeiux nepecawbü 
C euiiiinofi o1ynHocTH Ha 0Gb q ROMOIUbTO Jpo5Ho-J!1lHeiHoro ILpeo5pa3oBaHi 
.ru4eoMop4113MoB, HMelotw•lx BTopbieTethopoBcxue [33: 0. 87] npoll3BojHhIe; (U9ç,) (1) 

q'(t)1 / [g(t)], t e R. Hoiuio CHHI'yJIHpHbIX nHTerpaJIb}IhIx onepaTopoB H OUC-
paTopoB CB6pTHI4 C4)yHIul_lHMli ii_iacca L 1 , C*ajne6pa U COI C?f1T oriepaTopbI 
uiva aU9 1bU9-' (a, b — JIHi-IeiaTH, g E 2), T — upeo6paaoBaHue (Dypbe), 
CyMMEI npoHaBeIeuIni TaHux onepaopon H UX paBiloMepilbie lLpeeJIbt. Pac6tnoTpl11 
C*a.fjre6pij 8,	ii	nope eHHbIe onepaopaiu Bl_IJa. 

B =	A 9 U9 ,	C =	A,, .2 e 1 2 I,	D = 2' C9. ug  
9	 '9 

i'ge A 9 , A,,, 2 E U, C9 E , ?1c,3 ( X) = x it 212(x) = ( 2 — x)- 1 (2t ± 1) (2, x € JR), g, 
h it A npoSeraloT flOi13BOJIbHbIC 1one qHb1e n0MHo?feeT8a G, 1R it IR = JR u {oo}, 0 
— HeHoTopafi aMeHaôeJIbHan rpyniia CJLBHr0B HjIacca2). 0qeuuiio, C*a.rIre6pM 

It Z COBUaJaIOT COOTBCTCTBeHHO C aJIi'e6paMIt CiIiIryJlHpHhIX HHTFJIbHbIX one-
paopon It CHhI['yJIHpHhIX HHTeI'paJIbHbIX onepaTOPOB CO C,BIIFOM B L2(IR), ion-
( 1)H UH eHTbI HOTOb1X gortycHalOT P3PhIBbi riOJ1y-ll0TH 7 11epilOUHIeCicOrO Tuna. 

CHaaJ1a 01111111cM Teopi4io HeTepa onepaopou A€ U. OHa riocTpOeHa B [14, 15] 
win Bcex p E (1, oo). Ann nogaJl[e6pMU	U, lIopoeHHoftouepaTopaMuaT'b 
C HyCQ'1HO-lIerIpCpbIBHbIM14 tyiitwnriu a n b, Teopim HeTepa B ciyae I < p < cc 
IlocTpodlla panee P. B. WJV'JAB	(c1. [12, 13]). !'1TaI, I1CTb JR — omioTo qe qllaa, a 
R -,  yxo'ie'iiian IcoMrlaHTw)HFcaL11H BeE1eCTBeII iioi ocu JR , Q = (JR x IR) \ ( {oo} XIR) 
— EOMnaKT C I3BeJeHHoi B[7] ToiioJiorucii, C2 - j yepoe IoMnJieIcCnoe CBKJIHJWBO 
llpocTpal-IcTBo. 06pa3yloEu11iH C*aJ1re6pM U HBJIHIOTCH onepaopw A = aWb.2 

rye 2 € IR, a it b - xyco'lHo-HenpepblBHble yHuuit, V, = I, 
(VVi(P) (x) = ' (x - AY' pr(x)1 (x, ) € IR). I'IM C ' O[IOCTaBJIHtOTCH 3aIaIii-IbIe HH 

Y = 1RxQcuiBoJ1l,1


= 

• . {a(t - 0) [b(x ± O) &() + b(x - 0) (1 —())] a(t — 0) '() [b(x + 0) —b(x —0)] 
• Lat + 0) v() [b(x + 0)— b(x — 0)] a(t + 0) [b(x + 0) (1 — fA()) ± b(x — 

B IcOTOphix 1u() = (1 -i-' th x)/2, v() = (2 ch r)-' it rtpn t + 2 1)31l itwn b a-
MCIIHTCH Ha b (b°(+x) = b(± oo ) npu X > 0). COOTBeTCTBIIe A — A(t, x, ) 
IIpooJ1?HaeTcfl go *roMoMopuaMa C*a J1 re6p h! U iia C*aJl reGpy Y 3aJtaHHbIx 

J
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na . Y MaTPHL-YHKLU41 4(t, x, ) = (a11(t, x,	C HopMoil onepaopa ,AI 13


fl0CTPHCTB 4( y , C2 ) ii cBoicTBaMll: 

1. j jin J11060U0 4)iIFCC14pOBaHHOI'o t 'E JR yioiwiit a11 (t, x, 4), a 12(t, x; ), a21 (t, x, ) 
H a22(t, x, —).HerIpeph!BHII no (x, ) EQ; 

2.a 1(t,x, ±oo) =OjJ1nBcex(t,x)EJR x 1R•iti==j; 
3. (Dyiuciuiu a 1 ( . , 00, +00) J1IiHeilaThI H& JR npu i = 1, 2; 
4. B najoi TO4HO t 0 E JR ajieMel-Irbi MaTpH -()yHH1U4I4 4(t, x, ) — CJVA(t, x, ) 

J4Me1oTHyJ1eBb1enpeJeJmrno t --> t. o paitHoMepHo oTIlodHTeJlbHo (x, ) E'Q, re CJV.4 — 
CI4MBOJI CIHI'yJllipHoro nHTerpaJlbHorO onepaopa NA = aP + a.P_ c 
iHeHTaMu a = a11 ( . , 00, +00) a r1poeHTopaMu Pitcca P = Y-1[(1 + sign  

1' eopeia 14: HAteem .%tecmo u3oAwpg5u3M U/10(L2(1R))  

•

	

	OnepaTopbi A E U HBJIHIOTCII onepaTopaMil JIonaJibi-loro Tana H IIX CIMBOJIhI CTpo-




sITCH iia OCHOBO MOu1tfnKawlH [8] JIo1aJ!bHoro MeToa (cm. [14], cp. Tane [13]). 
flyoTh U0 — IIJIOTHoe B U MHO13eCTBO onepaTopoit .BHW1 

A	(Cil Wb.Ci 2	... c, Wb.),	- 

re c,, ii b17 - 1yco'1Ho-iIenpepb1Bnb1e yHiuiu, )jj E R. ,iJ.iia A E U° o603Ha4IIL 
U {2,}.	.	 .	•	 . 
a,) 

T eo p e Ma 15: Onepainop A E 11 neinepoc c npocmpaucrnee L,( R) mo20a it mOlt bKO 
moaöa, Kojaa det 4(t x, ) = Oô.,,ecex (t, x, ) E V. Hpu mtno.'tnenuu drn00 yclioduJi 
Oiza onepamnopoc A

I	de  .4(A, x, ) 
indA==—	arg 

2r €flA	• a22 ., x, +oo) a220, x, —00) (x,)Q 

-

	

	 1 Jdet.4(t, 0, —)
— -- -1ai g "(t,
 0, —00) a22(t, 0, + 00 ) (C E)EQ\( 1XR) 

me md A = Iirn md A k , ecitu A	urn Ak (4k E U°). 30ecb flpupav(enUJI ap2yMenrnofm

non-it ta,o,ncir couiacno [7]. 

PaCCMOTpIIM TellCpb aiire6py 0. rlycT*b G — rpynfia CBHFOB Ha IR KJIacca D H 

jin .ji1060ii TOqKH (t, x, ) E Y 71 - rrpejcaitieae 3 B 12(G, C2 ), onpeineoe 
paBeHcTBoM . 

• [ztxE (.' A 8 u 3)	 ( g ) = ,' Og(t) c.48 (g(t), k(e) X, ) 0,'(t)' f(gs), g E G, (5) 

re kg(t) = ' lirn [(1 + xt) ( 1 + [g(x)2)_1g(x)], aTpitia Og(t) = diag 11, — 1}ç ecj1I 

g(oo) 4z 00 11 g(t) E {oo, g(cc)j, H 09(t) — C)Hh114HaH maTpmAa gim OCTaJlbnbJx 

(g, 1) E 0 x R. AHajiorli q i-lo [22: c. 79] jotaiae'rcn 

31 
M n a 9: ECItU. 0 {e} — - pynna coxpan.1ouçux 0puénrna1uo 2oMeo.4wpu3Acoc 

3aAtrJe?/nio2o (paaouenymo2o) ncopôanoea iwumypa F ita ce6.,'ceo6oThi (m. e. caeu2u 
g E G \ {e} me ilAlelom )eenoOe11$cflbix mo'emt ita F) qeiicmeyiowaa tea F (coomemcmeenno 

- tea FO = F\ {r}, 2(3e T,. — ?COltlibt F), mo .Apioncecmdo P = P[G(t)] npeôeiin&xmo'eet 
op6umhI 0(1) = {g(t)': g E G} ne 3dCUCUfl? our I E P(t E I'°), g(P) = P ô.iuz ccex g E 0 a 
itu6o • P	F, .'ru6o P — cocepviennoe nhe2ôe tee, niionrnoe noôl1nod;Cecm6o F, .iiu6o 
P=ø(P={r4).	 -	'•	.	 - 

-	 -
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IlycTb Y(u) - MHOeCTBO Toqel-c t E u, nopowgatommX Bee,pa3jimfilhie G-opöømi 
na u IR: B cJIyae CBO60HOI'O geflCTBHfl G Ha- r = JR rlojlaraeM 

= (Y(ik) xIR x ik)u {(t0 , co, +oo)}, ecu P = IR, 
YG

L(JR)-xQ,	 ecini P=1R,	- 

rje 'to	flOH3BOJIhHH	 To4ica R. B IcaqeeTBe Z 9bI6epeM


ñojaire6py an'e6pii U, 1Lop67eHHyI0 oILepa'ropaMl4 aWb .2(a, b E C(IR), A, E IR). 

Toria Ha ocHoBe reoperii 12 gotia3bIBamfl 

Teopeia 16: Eciiu G - atena6eIIbnai epynna c8eu0e KAacca2), ceo6oOno &ücm-
•	cy,ouai na IR, mo 8AA nemepoeocmu onepamopoc B € 93 teoaxoauo u Oocmwnooto, 

'rnw6it O.iziz ecex (t, x, ) E Yc 6&.iiu o6pamui.tbi onepamop	U, ipote m020,6 
c.iiyae 0 == P == JR 6hu paenostepHo oepanu'enit nop.t&	)7111 na Yc. 

•	C*.ajIr.e6py t(93), coc.TonIIy1O its oneparopoB	{r, , ( B): (t, x, ) € YG) (BE 93), 
eIICTBy1OEIHX B fl0CTHCTB l.2(Y, 1,( G , C2)) , ecTecTBenHo Ha3BaTb aie6poii cust-

co.eoe MuxAuKa- PnepamopO8 muna ceepmhu C ylcaaaHHocr UgpeRpeTHori rpynnot 0. 
•	0'IeBHHO, 93/2'0 (L2(&))	x(93). 

CJICCTBIIe 4: Eciut G - necomopait 2pynna cacuoe - (2 E IR), nopo1cöënnbix 
itoeopiimatu oipy;cnocmu, mo onepamop& B € 93 nemepo6bt moaa IL mo. 'lbKO mO29a, 
Fw2(3a aa g ecex (t, x, ) E YG o6pamuwt onepamop& 2ItE(B), 2ôe Y T(1R) X Q 

U Y = (3(IR) >< JR >< i1) u {(t0 , 00, ±oo)} coomcemcniaenno aAA Kone'oLou U óecKo-
neuioü 2pynnbi 0, npuLë.4t c (5) k9 (t)= 1. 

C*aji re6pa 93 I43y1eHa TaKe B cJlyqanx: I. 0 - aMeIIa6e,TbHaH rpyima cB11ro8 - 

Hilacca 2 C HeIIyCThIM MHOneCTBOM A o6nu	n HnH x Heo,BbJx 'roqeic, 4aKTop-rpynubl 

= GIG,,,,' rje G,,, = {g € U: g(t) ,= t jwiarno6oro t € y} - HopMaJlbHaH noJrpyITfla 

U, CBO60HO Je1CTBy10T Ha CBB3HhIX H0MU0HeH'rax y,.MHoaecTBa JR \ A it MHOnceCTBO 

rpyrui {G,} HoHeqHO(B qacTHocTn, cioa BXOJ HT 1MHJu1qecI1e rpynri CBHrOB C 
RpOM3BOJIbHbmI MHo?iecTBoM HerIOBinKHbIX T01eH y o6paaylo[UHx); 2..G -- npoii3. 
FtoJlbHafl rpyrina J1IIHbtiHblX CBHI'OB Ha OCH. 

B yia3ai1i'ibix cJiyaHx C*a.ure6pM CI4MBOJIOB MUXJIHHa yCTpOCHbI aHaqwrejlbHo 
cJ1oHee. 3T0 cBn3ano C 60JtO CJTOffttdt CTpyITypOh MHOeCTB'HeROBI1nHh1X 'roqeK: 
ecirn B i'eopeee 16 Bee cjiiirti 113 0 \ {e} H e ni ejiii Heno/B11?RHhIx TOqeK, TO B CJIyae 1 

•OHM IIMéIOT ripOHBBOJIbHOe MHonecTBo o6iwix HenoJBu?HHb1X Toqeii l a jpyriix He 
MMeIo'r,' a B CJIyae2 ItMeloT xaic 06uy10 HerLoLB1IHyIO ToFcy t 00, Talc H He o6niie 

HerLo/WH?lcHble TO q icli. flpeCTaBJ1eHl4iT B yKaMHHblX cy qax HBJIHIOTCJI HeoJU1OpO-

IIM411: OHM pa3.TIHal0TCH )J1H Heno/BH?fcHb1X To'ieK CLHOB 14 AJIFI OCTa.TIbHLIX Toqelc JR. 
Bo Bcex npMnejWllHbIX cryanx i1ccJIeoBaHa it C"-aJire6pa Z. ,T1rIH IlpitMepa 

cIjlopMynHpyeM pe3yJlbTaT JiH FHflht G, paccMaTpMBaeMoi u 'reopeMe 16. 06pa-

- 31OEIHMM C*aJIre6pbf 7iBJrnioTcn onepa'ropi	 . 

•	 K	A,8 eU8 (A, ,8 € U: h € JR,2 €	€ 0). •	-	• • 

YCJIOBI4MCH, 4TO B IaJ1hHetu1eM MHo?fcec'rno 311aMe4ilii h BcerlLa coJepaHT 0. 

•	 17: Ec.iiu 6binoAnxiomca ycioeux ,neope.it& 16, mo onepamop D E 

• ,nepoe motha U, n?OJlb?cO moOa, th2ôa ôjz.,i cccx- (t, ) € Y(R) x JR o6pa,nut& one-
.;
 jamopu rg(D) it a ciiyae 0 == P + JR sup (fl (iri,E(D))'I: (t, ) € Y_(R) X i} <00, 

•	
I	 ,	 •	 •
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- npeacmaeiiei-w.c C*a itee6p& 1Z e 12(G x IR, C 2 ) , uAteloufue eua 

K) .1] (g, ) =	0(t) h.8 (g(t), k9(t) 	e> 

•

	

	 X Og(t) f(gs, X	hkg'(t)),	(g, jr) € G x &; 

h(t) = Jim [g(g)(g(_(x))) - kg'(i) X], 
- x-+oo 

I 08(t, x) ) = 0 (t, x, ) +	 x, ) -	..•	•-.	-	.	 (6) 
I. ClA(t, x ,'E) = -4M,8 (t, x, E),	h == 0.	 • 

B a'roi cJiyqae C* aJIreipari () C11MB0JI0B MHxJiI1Ia oriepaTopoB D E Z COCTOIIT 
113 oriepaTopon	{-r(D): (t, ') E T(IR) x ) ( D € ), ei3cTByIollux B I'HJIb6epT0B0M 
npocTpaHCTBe l2 ('T(1R) X IR, 12(G X IR, Cl)), ripHqeM Tl(C) 

B ciyqae C*aJI ue6pbi cIzTyaIIaa ynpouaeTcn. 

•	 TeopeMâ 18: Onep.amop CE ( nemepoc moeôa u moiio moOa, K020a Oiccex .- - 
(t, ) E JR x 11 o6pamumu onepamopor re.(C), Oe	npeacmae.itenu. ae6pbi 

e 12(IR, C2) onpeaeitestte pwiencmea.itu -	-	
[ftu(f A h.A e'' I. fl (x)	(t, x, ) /(x - h);	x € &,	- 

-	/]	 S 

U J,, noJya,omc.c U3 cl' 3 3a4tenoa e (6) c1t51 8 na 
- 

S	 Paiiee B [19 7'20, 34] 6iuia nocTpoel-ia Teop4n HeTepa CIIHrYJ1HPHhIXIIHTerpa.IIbHHX 
onepaopo Bwa aP+ +-a-P- 'E B IIOCTHCTBX	(1 < p < co, fl	Co 
CTeIIeHHh!M BecoM.	 S 
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