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A Class of Nonlinear Singular Integro-Differential Equations 

L. V. WOLFERSDORF  

Dedicated to . G. Mikhlin on the occasion of his' 80th birthday 

Mit Hilfé des Jlauptsatzes der Theorie pseudo-monotoner Operatoren wird ein Existcnzsatz 
für eine Klasse von iichtlinearen singuliiren Integrodifferentialgicichungen vom Cauchyschen	- 
Typ und zwei zugehorige Klassen von nichtlinearen Integra1gleihungen bewiesen. 

C flOMOElIblO OCHOBHOfl TeopeMbi reopsait 1Iceu;wMoHoToHHbJx oneparopoia Aoiia3LiBa1TCR 
TeopeMa cy[uecTBoBaHHH AJIR ooro uiacca iieiisiieuix cIslIryJIRpubIx- HHTerpo-u14e-
peHuMaiibHblx ypaBHeHiatl tuna l-ouiia it gByX cnH3aHIiMx 0 HUM KJ1CC6B HeJ1IIHeHbix 
iIHTerpaJ1iHhlx ypanHeHiafi.	 S 

/ By means of th'e main theorem of the theory of pseudo-monotone operators, an existence 
theorern'is proved for a class of nonlinear singular integro-differential equations of Cauchy 
type and two related classes of nonlinear integral equations.  

Introduêtion 

In recent papers (cf. [3] and [5] for an overview), methods of monotone operator 
theory were applied for proving the existence of a solution to various classes of non-
linear gingular integral and integro-differential equations of- Cauchy type. In parti-
cular, in [4] by means of the theory of pseudO-monotone operators, the authol proves 

)an existence theoiem for a class of singular integro-differential equations of second 
order with linear main part. In the present paper we extend this approach to a 
corresponding class of second-order equations with nonlinear main part. Moreover, a 
class of nonlinear integral equations occuring in contact problems of elasticity theory - 

•	[2] are reduced to special singular integro-differential equations of , this type. 
N 

I. Fornulation of problem  

We deal with th& nonlinear singular iiUegro-differential equation 

_(P(u'))' + Q(U').+ S[u] '- fiS[il]	 S 

+(u) u' !'f Atp(u) = f	on [—a, a] 

under the boundary conditions u(.—a) = u(a) = 0, where S denotes the Cauchy 
operator	S	 S	 S 

6 

S[u] (x) = if u(  y) dy.	
.
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The data fulfil the basic Assumptions I: 
(i) P Q are continuous functions on IR satisfying the growth conditions 

JP(U)I	ci I U P' - ' + d1 , -	Q(U)I	UI' + d2	 / (2) 

for any U E IR with positive constants c, d 1, i = 1, 2, and some p E [2, co). 
(ii)y,ÔEL,0(—a,a).	 0 

(iii) /, ) E L1 (—a, a). 
(iv) a;fl E IR. 

•	(v)	E C(1R)	 .'-	 - 
In the sequel we are looking for generalized sàl-idlone u E *'(—a, a) of (1) which 

are defined by the integral identity 

a0(u, ).+ a1 (u, v) + a,(u, v) = b(v)	
(3)0 - 

• - 
for any v E Pp1(_a, a), where	 - 

a0(u, v) =f yP(u) v dx +f:Q(u v dx, 

a1(u, v) = af S[u] v dx - ,f S[u'] v dx, 

a2(u,.v):f(u)u'vdx+fA(u)dx 

-	= —f J(u)v' dx +fav'(u) v dx 

with 0 a primitive of q and  

b(v):=ffvdx.	 -	 (4) --

The problem (3) is-equivalent to the operator equation 
Au =b	for	u  X:=P,'(—a,a),	 (5) 

where A := A 0 ± A 1 + A2 , the operators Ak : X	k = 0,1,2, are defined by

(A/,u, v)1 : = ak(u, v) for u, V E X and b E X' is defind by (4). Namely, since / E 

•	
- L,(—a, a) and the Sobolev space W'(—a, a) is continuously imbedded in the space 

C[—a, a] of continuous functins on [—a, a], we have Ib(v)l	IItII, IIv I!c ^ Cp flfIj, Ilvil, 
S	0	 -	 0-	•	1/p 

• where	denotes the norm in X defined by h ull := hIuBw,, = (i EIu'I' + U P] dx) - 

and C, is the imbedding constant of W 1 (—a, a) inC[,—a,a]. Analogously one proves 
- - that under Assumptions I for any fixed u € X the expressions ak(u, .), k 0, 1, 2, 

represent bounded linear functionals on X. On account of (i), (ii) we have 

Iao(u, v)I	IHILf [c, IuP'+ d,] I v' I .dx + 11 611L4 [C, I u 'IP + d,] lvi dx 

-	Ib'1lVi ilu'Ji	+ dj2a) hlqlhIV iiL	0	 -• 

•	 + II Ô IIL	[c2 hiu'hI,, + d22a] IivhIc	ho(hlv fl) hi vhl-	 •	(6) 

4	
0	 .
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with	..
ho(fluJI) : = Ib"IIL [c	± (2a)hlq d1] + I1 5JILoo C[c2 J ju I!P + 2ad2], 

where q = p/(p - 1) is the exponent conjugate to p. By (iv) and the boundedness of 
the Cauchy operator S in L(—a, a) there holds 

Iai(u, v)I	EIaI IS[u]11 L9 ± II IIS[u '}II 9] IIVIILg 
^5 [c -ft- I fil ] B,IJ, I lull JIv il,	 (7) 

where B is the norm of S in L(—a,a) and D. the imbedding constant of W,'(,-7a, a) 
in L 0(a, a). 'Finlly, inview'of (v), u E C[—a, a], and A E L1 (—a, a) we have 
/	 al (u, v)l	l(u)Jl, II V IILD + lkllL, ll(u)Jlc llc 

[ll@t)llLq +.Cp h Au L , lh(u)hlcillv lJ .	. 

2. Existence theorem* 0 -	 S 

At first we state the-needed boundedness and continuity properties of the operators 
Ak,k=O,1;2. 

The operator A0 is bounded since by (6) we have llA oull	ho(JJuhl) . Further A 0 is 
continuou as follows from the estimations	-	 -	- 

la(, v) - ao(u, v)j	Ib'IIL llP (u') - P(Ufl ')!IL ljV'IIL,, 

S	 + llô lhLoo IQ(u') - Q(ufl')IJL,hlvlhC 
and 

=	 hlAou - A 0u l j = sup {l ao(u, v) - a0(u, v)l : II V II	11 

lIYlJL llP(u') - P(ufl ')JI L + Cp llÔIlL llQ(u')	Q(un')llL,. 
Under assumptions (i) the Neitskyi operators of P and Q are continuous from 
L(—a, a) to L(—a, a) and L 1 (—a, a), respectively. Since u,,' -- u' in L(—a, a) if 
u --> u in X = W'(—a, a), the assertion follows.	 - 

In view of (7) the linear operator A 1 i bounded and continuous. 
Finally, the operator A2 is completely continuous in the-sense that it maps weakl 

convergent.sequences (towards u E X) into strongly convergent ones (towards-A 2'ft 
E X*). Namely, let u	u in X. Then 11u,,11 5 Const and, due to the compact imbed-
ding of X	W'(—a, a) in C[—a, a], we have u,, -- u in.C[—a,.a]. By assumption

(v) then also w(u) .-^ (u) and b(u) -* O(u) in C[—a, a]. Therefore, 

llAu - A 2u ll = sup {1a2(u, v)	a2(u, v)l : JIVII.	1)  

S	 sup Jl (T) (u) . -	('ft'n)IlL lI V 'llL ± Il A ili, ll'(-) —'a ip (u )llc JvtJc} 

ll(u) - 'Ji(Ufl )ll Lq + Cp h),uL, ,(u) - 
tends to zero as n	co. As a completely continuous operator, .4 2 isbounded, too. 

Hence also A = A 0 '+ A 1 + A 2 isa boznded operator. 

For proving the monotonicity of the operator B = A0 + A-1 we make the additio-
nal A'sumptions II: 

(i) There exist constants co > 0 and d0 ^ 0 such that	 - 
[P(U1 ) - P(U2 )] [ U1 - U2] c0 ( U1 - U2)2, 	

8 
Q(U1) - Q(U2)1 ^ do 1U 1 - U2 1	for U11 U2 EIR. 

• ,
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(ii) y)yo>°,°• 
(iii) There holds the inequality, with A := Ifr51IL, 

Yoco
-	1.A2do2aI4	 if	(/4) Ad0; 
•	

- 1 2Ad0a/7z + 4a/ 2	if < (/4) Ado. 

Then we have	 2 

D:=(Bu1—Bu,u1—u2)1. 

=[a0 (u 1 ,u1 — u2) - ao(u2 ,u1 - u2)] + a1 (uj - u2 , u 1 - 
=fy[P(u i ') - P(u2 ')] (Ui . - U2 ' ) dx +f[Q(ui') - Q(')] (u - U2) dx 

—u2])(u1—u2)dx 

•	 •	 ocof (u 1' - u9)2 dx - /ldof ui+ —u2 I - u21 dx + --f (ü - )2 dx 

since (cf. [3]) 

fS[u] u dx = 0,	414u] u dx ^ 
f

u2 dx for u E *'(— a a) 

By means of the elementary inequality 2wz	iw + z2/z there follows

no Ad 

-	

•D^ (Yoco 
AdOL)f(	u)2dx + (-_)f(u - u2)2dx 

for any 4u > 0. In the sequel we choose	
-	 I 

	

.J(zldo/2fl)a.	iffl^!(n14)4d0, 
JU if<(/4) Ado 

and obtain -	 • 

-	
D (oco - A2do2a) f (U 

- 
)2 dx	if	Ada, 

D -2a(Yoco - 
Adoa) 

f (u - U2 )2 dx - (-i. Ad0 - ) 
--f (ui - )2 dx 

	

- :	-.	• -	- 2Ad0a +
	(ui' -	2 dx	if

 fl < 4Ad0 
r U-0	

_r2 ) 

	

71	f	
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in virtue, of Wirtinger's inequality	 V 

V	 fu2dx	(4a2/2)fu12 dx	for u € IV,'( — a, a).	

T 

V This yields D	0 if the inequality (9) is fulfilled. ' Therefore, B = A 0 + A,.- .is a

continuous monotone operator and since A 2 is a completely continuous operator, the V 

'operator A = B -f- A 2 is pseudo-monotone.	 V 

Finally we show the coerciv'ity of the operatorA undet the following additional 
Assumptions III:  

(i) There exist contants c3 > 0, d3 > 0 and 64' a 0, d4	0 such that	- V 

P(U) U ^ c3i U i P - d3 ,	. iQ(U)i	c4 I U + d4	for U E IR,	(10) 

where 0 < r ' :E^: p - 1 and in case of r = p - 1 there holds the inequality 

yoC > aatJc4,	
V	 •	 •+ V

	 (11) 
where ,, with 2 = 2/n is the constant in the generalized Wirtinger inequality below. 

(ii) 2(x) ^>_ 0 and there exists a constant v ^ 0 such that	 • 
u(u)	for  € IR.	 '	(12) 

Remark: Obviously, the conditions (2) and (10) for P are fulfilled for functions of type 
P(U) = UP 2 U being moreover monotonically increasing. Further the condition (8) for P is 
satisfied if P possesses a derivative ,greater than a positive cQnstant. Therefore the conditions 
(2), (8),-and (10) for P (in case of p > 2) are especially fulfilled for functionsof the form P(U) 

• V	 —IUIP2 U+cUc>0	 - V	 V 

	

The condition (10) for Q implies the condition (2) 'and the Lipschitz condition (8) for Q is;	V 

V

	

	 satisfied if Q possesses a bounded derivative. Therefore the conditions (2), (8), and (10) for Q,
are fulfilled if Q possesses a bounded derivative andgrows at' most as the power I UP-1 at in- 

	

finity, for instance for the J unctions functions Q( U) = arctan U + cu c€ IR, to mention a concrete	,	V.!

example.  

Under the additional assumptions (10) and (12). with 2 0 besides y ^ Yo > 0, 
•	 0 we have	 ' 

•,,	

V	

V 

V V

	

: = (Au, U)X  

V	
V	 =f yP(u') u' dx +f ÔQ(u') u dx 

V	 ,	 V	

V 

•	 .
V + af S[u]udx —f S[u']udx —f0(u)u'dx+f1(u)udx 

%V •	

V	

[c31u'IP - d3] dx -	f	+ d4 ] Jul dx - Va,.	
• V V V V 

where vo : = v  2 dx and we further used that  0(u) u' dx = 0 for u € W'a, a). 

In the following we introduce the equivalent norm -11-11 0 in IV,'(—a, a) defined by 

	

Noll : = iiu IL9 If r <p - 1, we put s = pfr and t the exponent conjugate to 8and	
V V obtain .	

V	

V	 V 

f l u'l l J u l dx Ji iin1i L. iUIIL	1iu il	iiUiiLj	E, llUIio'',	
V V

	

V 

V	
V 37*	 ,	•V
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Where. E, t	1, is the imbedding constant of IP 1 (_sa, a) in Lt (—a, a). Therefore, 

Do	YOC3 i u]lo - y0d.2a - Ac4 E IIuii ot - 4d4 E1 l lullo - VO 

from which in view of 'r + 1 <p the coercivity of A fqllow. In case r = p - 1 we 
have

•	fu'i	ui dx	llu'll;' llUilL	allullo	
S 

•	in virtue of the gèneralized'Wirtinger inequality (cf. [11)	 S. ' 

a	 a  

f u)dx a aPflu'lPdx	for uE *'(_a,a).'	
S 

Under the assumption (11) again the operator A is coercive.	• 

The main theorem of the theory of pseudo-monotone operators by Brézis (cf. [6: 
Theorem 27.2]) now yields the existence of a solution u to the operator equation (5). 

Theorem 1: Under Assumptions I—III the integro-differential equation (1) posses- 
ses'a generalized solution u E W'(—a, a), 2 p <co 

Remark 2: If 99 = = 0 and (9) is fulfilled as true inequality, the operator A- = 'B is 
striqtly monotone - and tile solution u € Jf'5 '(—a, a) of (1) is unique. 

Remark 3: Theorem l ' also holds if in the left-hand side of (1) an additional term of the 
form K1[u] + K2[u']is present, whereK 1 is a positive linear bounded operator in L(—a, a) 
(or, more generally, from L(—a, a) into L1 (a, —a)) and K2 is a linear bounded operator in 

L,(—a l	 I a) satisfying the condition K2[u u d 	0 for u E W'(—a a) 

3. Application to integral equations	 . 

S	

We-consider the integral equation  

S	

yP(ü') - N[u] —. ' #S[u] +. (I'(u) = F ± c	 (13) 

with a free onstant è € IR, where N denotes the, operator	 S 

-	

N[u].(x) 
=1f u(y)lnly - xj'dy,	 .	S 

is a 'continuously differentiable function on JR and. F an absolutely continuous 
function on [—a,'a]. This equation is equivalent to the equation ('1) with Q	0, 

= (P+, 'p 0, t = F' bbtained by differentiating (13). As a corollary to Theorem 1 
wethereforeget  

. Theorem 2: Let there be y EL(—a, a) with '(x) ^_> Yo.> 0, a E . R, fl E 1R+ , and P 
a continuous function on JR satisfying the conditions (2), (8), and (10). Then the equation 
(13) possesses a solution, u E 1P'(—a, a), 2	p < oo, for some c € R. - 

•	 Further we deal with the integral equation	•	
' .•	 S 

—yP(v) +fôQ(v) d+ fl[v]	F ± c	-	
'	•	

-	 (4) 

5'
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with a free constant c E IR and the additional condition 

fv(x)dx=d	 (15) 

with è given constant d € R. Again F is a given absolutely continuous function on 
[—a, a]. 

Equation (14) (with constant coefficients 6, y) occurs in a plane contact problem of denting 
a stamp into a plate with rough surface, where v is the sought function of the contact pressure, 
F the function describing the form of the basis of the stamp, Pthe tangential pressure on the 
surface.of the plate as function of v and Q a characteristic quantity for the roughness of the 
surface of the plate ("dislocation of micro-roughness") also asa function of v (cf. [2]). 

We again Aifferentiate the equation (14) and introduce the new unknown function 

u(x) = f v()id — d(x + a)/2a satisfying the conditions u( — a) -= u(a) = 0 in view 
—0-	 1 

of (15). This function u is asolution of the equation 
_(yP(u' +.))' + 6Q(u' + D) —'fl[u'] = /	 (16) 

with D:= d/2a and- f:= F' + DS[1] = F' + ' flDln [(a — x)/(a + x)]. This is a 
speci1 case of the equation (1). If u is a solution of (16), v(x) = u+(x) + d/2a is a solu-
tion of the equation (14) with (15). Theorem 1 . and Remark 2 imply the following - - 

Theorem 3: Let there be yE L(—a,'a) with y(x) ^ yo > 0, 6 € L,.(—a, a), E &.., 
P and Q continuoni functions on IR thtis/ying the -conditions (2), (8) with -(9), and (10) 
with (11). Then the equation (14) with (15) possesses a solution. v'E L(—a, a), 2	p 
-< oo which is uniquely deternined 1/in (9) the strict inequality sign holds. .	- 

Remark 4: IfQ is a lincar function and 6 is a constant, the term with Q in (16) can be viewed 
as a term of the form (u) u' in (1) (with an additional given function). Then the existence of a. 
solution v € L(—a, a) to (14) with (15) follos without assuming the inequality (9). Also the 

solutioh is unique since fu'u dx = 1/2[u2] = 0 so that the corresponding operator A is 
strictly, monotone.	 -	 .	- 

Remark 5: In [2], without proof, KUDIscH states an existenceand uniqueness theorem for 
nonnegative solutions of the equation (14)with (15) under certain monotonicity assumptions 
on- the functions P and Q without assuming an inequality- of the form (9). In pa'rticular h 
assumes that, if 6 is a negative constant, Q is a nonnegative increasing continuous funtion on 
IR, with Q(0) = 0 and the Nemitskyi operator of the integral of Q in (14) is a 'monotone opera- 
tor on a certain class of nonnegative function.	I	 - 

The corresponding assumption in our treatment of (solutions with arbitrary sign of) the 
.equation (14) in case of it positive constant 6 would be  

- -	-	f[Q(u1 ') - Q(u2')] (u . n2) dx ^! 0	'for u1 ,.u2 € W 1 (_a, a). - 

But 'as is easily seen' this requiremelit on Q i only fulfilled if Q is a linear function s'o that the. 
foregoing Remark 4 applies.  
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