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A Nehari Type 'ProbIen for Matricial Schur Functions  

B. FRITZSCHE and B. KIRSTErN  

'[Inter Verwendung von Methoden der Schur-Analysis wird cin spezielIesEiveiterungsprolem 
• für matrizielle Schur-Funktionen behandelt, weiches als ein Analogon'zu einem jüngst von den 

Autoren unterschten veraligemeinerten Nhari-Problem für matrizielle Cara théodory-Funk-
tionenangesehen werden ka.  

l'ldfloJJbayn MeTo1n auaJTn3a fflypa 113ylaeTdn HeKoTopaFi HpoGJleMa &OIIOJ1HCHl1H JLJIU 
• MaTpnIHaIx yIIFniItt illypa, HOTopan MoHeT 6Mm pactopeiia iiaii aiianor o6o6neilIIor( 

npo6JleMbL Hexapn 1nHMaTp1 ,14II1Ix 4)yti. tiLjHft IcapaTooaopM, uay'IeHuofi ,anTpaMuI!eI1a13u0. S 

Using Schur analysis methods a particular comp1etin problem for matjicial Schur functions	--

• will be' treated which can be conceived as an anñiogue of a generalized Nehari problem for 
matricial Carathéodory functions iecently studied by the authors 

1. Introduction	S	 /	 S	 S 

/	 S	 S	 •	 S 

This paper, is strongly related to the author's investigations [ii]' on a generalized 
Nehari problem raised by KAZNELSON [14]. He named ,that, problem after Nehari. 

• . because it contains as a special case the -matricial Nehari problefri' studied in 'the 
fundamental paper of ADAMJAN, Aaov and KREIN [11 (compare also DYM and Goii-' 
BERG [8] and GOHBERG, KAASHOEK and VANSCHAGEN [131), which in turn can he 
considered as a matricial generalization of the classical work 61 NEHARI [15]. It 
should he mëntiond that Kaznelsonttted several equivalent versions of the proh	.	S 

1cm in question (compare also [11]). in [1 . 1] we worked mainly in that version which 
can be intôrpreted'as a certain completion problem for matricial 'Carathéodory 
functions. The method used there can be classified as a 'certain form form of what is called 
today Schur analysis. Schur analysis 'has its origin in the famous paper 0f,SOHUR 
[16] where bounded holomorphic functions in the unit' disc were parametrized via a 
seque ice of contracive parameters. In the' qieantime several matricial and opera- 

•	tonal' versions of that method were developed (compare e.g. the * survey paper of 
ARSENE, CEAuSE5CU'andCoNsTANTINEscLJ[4]).ln this paper, using Schu 'r analysis 
in a' special completioh prohieni for maticiâl Schur functio(s will be studied,. 
which can be cOnceived as an analogue of the afore-mentioned generalized Nehari 
problem for matricial Carathéodory functions. in order to formulate the main prob-
lem in this paper we give some notations.	 S 

S	 .Throughout this paper, let p, 4, r, s € N and let J)tP X Q he the 'set of all complex 
p x q matrices. Denote 'q the unit matrix of order q.Let p x	he the p x q Schur
class in the opentinit disc D = {wE C: j wj < 1}, i.e. the set of all matrix functiohs 
I: D 	31Xq' which are holomorphie in D and satisfy I - /(w) [f(w)]*	0 for
'each ,w € D. We shall consider the 'following completion. problem ( '8) for matriciat '	Schur/unctions:	 S	 S 

-
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• Problem (S): Let: B .- 9Jl><, fl: D '->J1-and : D* — JqX be-matrix functions 
which are holomórphic in B.	-	 • 
(Si) Give necessary and sufficient conditions for the existence of a matrix functioii 

- ¶Thqxr such that 

_(a\ '	0	 -	 S	 S 

belongs to .the Schur class (j ± q) x (r + s)-. Describe the set of all matrix func-
tions for which / (p +- q) X (r -}- s)-.	 •• 
(S2) Let n € N0 and xo, x 1 ,	x,, € J1qXr Give necessary and sufficient conditions 
for the existence . Ofmatrixfunction :'IY- 9JIqXr sucfi that / € (p + q) x (r + s):	•._-' 

	

-	and that x0, x1 , ..., x,, are just the firstn + 1 •Tayloi coefficients of . Describe the 
set of all matrix' functions satisfying these conditions. 

In the case a = 0' = 0 and ( = 0 (S2 coincides ith the matricial version of the 
classical Schur problem which was studied indepedently by different methods in 

• Aaov and KREIN [3], J)uBovoJ [5], Dr [7] and in the author's papers [10]. The 

	

•	scalar versionof which'-was treatedin SHuR[l6]. It should beremarked that DUB0-
voj [5, Part VI] c'onsidered several other types of completion problems formatricia.l 

	

•	Schur functions.	 • 
• -This paper is organized as follows: In Section 2; we shall recall some basic facts on 

matrix balls dué'to SMIJLJAN [17]. Furthermore, we shallstate tvo algebraic lemmas. 
In Section 3, we shall work out a Schur analysis approach to problem (S), which 

- enables us to give & description of all solilitions in terms of Taylor coefficients. More 
•	over, what concerns part (S I) of (S) we formulate a necessary and sufficient conditi9n 

in terms of so-called kernels of mixed Toeplitz-Hankel type.	- - 

	

•	2. Preliminaries  

	

S O	 -	

. \_	 S	 S	

SI 

	

• ' First,.we give some results on matrix balls due to S1%1uiJAN [17]. Let	be the set 

	

• ()fallcontractivcp x qmatrices, i.e. thesetofallK € 9JL p x g satisfyiiig I - KK.	0.
For M € 9J?,A € 9<,, and BE 931qxq denote (M A, B) = {M + AKB: K E 

•	- the matrix ball 'with . center M, left semi-radius A and right semi-radius B. Then'
• .i(M-; A, B) = {M} iff A = 0 or B = 0. Assuming A =r0 and B + 0, S(M; A, B) 
= S'(M;A,.) iff M = Mnd there existsq'E II-, n >0, such that AA* =AA* 
and	1/0BB. Hence, ''(M; A, B) = '(M; IIAA*, i/ ) . The following 

• result is basic for our investigations.	:	•	 . 

	

Lemma I (SMUL.JAN [17]): -Let (S(M A,	be a nested sequence of matrix 
balls. Then-: •	 - •,	'	 S • 

	

•	a) The sequence (M e ) is convergent; 1/ M denotes the limit, then. fl S(M; A, B,,) 'is	• 
• •	a nwtrix•balI Pf with center M.	 S	

•	 "	
0 

h) There exist sequences (A,,)	TZ P X P , (&)	Nq X q such that 

A n , B n )= n-E, '	'	•	 (1) 
and	•	 -	

S	 5	 -	 •	

0	 •	 •	 S - 

A,, 1 A:	 n € N	 (2) 

• If (A n )	9-px:v ' (L)	9Mqx q 'w.-e arbitrarysequences. satis/yin . (1) and (2), them 
= (M; 	}'D) where ' C = lirn AA,,* and D = lim L*L 

	

/	S	S	S	/	-	•	-	-	•0 

	

•	-S.	 --.5	-	 •	-.1
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For A E 1j?>< denote A the Moore-Penrose inverse of A. .	 0 

Lemma 2: For  E 11,2, 31 and k.E{1, 2} let mj , nk E Nand Ck E 9)1.1x. Suppose 
that C	(C k) salis/ies	 .	 . 

3) 
Then. 0 L L where L =	- C31 (I - C 1 C21 ) C1 

= (C l

f_ :)	
c = 'C31 93 )	 (4) 

and L= I. - c(I +n - c*c)+ 

Proof: Clearly, the condition (3) is fulfilled 'if and only'if 

/ 
(C	I
 

:m+m)o 	(5) 

: holds (compare e.g. EFIMOV and PoT.rov [9: p. 88j).-We choose the block partition 

i i t'l l	(0	 C I 1)	C 1	C1 
j (0 \ (Ill,"-C2\ (C2*22\ (C2

G =I \C1i/	 C 12 Imj	 0 ) \0 ) I 
(C22 ,O)	'm	0'	

/	 S 

•	.	\ C31	(C3'2 0)	0	I,, I	,	 .	.• 

	

-	0•	 .	S. 

and apply. Lemma' 3 in [11]. Then we obtain 0	rhere	
0 

	

-	 -	 0	
(	

•_	
/	 - 

f	.	II	C	+';i*	 -.	 S 

= I,,, - (c, 0) (fl+	- . ) (  \0	-.	 . 

	

•0	

OS-	

/	

.5) 

1' = 1,,, —(C31 
0) ('') (p')  

	

C21 IM',

Using Lemma 4 from [42] and (5) we get Y= .and .' =Ii I	 .

Let us present a fitither result which can be pioed similarly. 

Lemma 3 :For fE j 1, 2}and./ E (1, 2; 3) let m,;n.k E N and C k E	 Suppose 
that :C = (CIk ) 'satisfies CC* < Im+m. Then 0 < 1? < .1? where I? =	- Ci(1m 

C22C	C21 and  I	Ic' . jO \ Jfl	/'.s't*].j-/fl \	 -	S 
p •_ r	 ic's 'c's ci

	

((!22* 

12	13 j' 12	 I 1 11
ii'	21/ I	+'fl. - - 1I	I II 23! \ 22	23/ J \ 21 

3. Solution of Problem (S)	 5	
0	-	

0	/	- 

•5	0	 ,0	 •\	 - 
Assume that a: -D  	JpXr, : B _* 1pXs and : D +	are given matrix func-
tions holornorphic in L. Denote- by	.	t.	• ,.	-.	5	

.	-. 

• . •	 (.w)-=,Eakwk,	w E D,	
-;	 •	 •	0	

- ((i) 

/	•.	 :	 - 

-S	 .
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•V	 - 

j(u) ='bkw&	W. € 1) 

V	

O(w) =!dkwk ,	7V  D,	
V -

	

( 8). 
k=O	 -.,	V	 V 

their Taylor. series. Obviously in order to study problem (S) it J .s sufficient to con-
sider holomorphie matrix functions Therefore we can write the Taylor series 

•	 . ..	 V_V	-	 -'	 .	V	V	 -	 - 

• E(w) ='xw",	WE n:	 (9)
k=O  

For k ENo and c0 , C 1 ; ..., Ck E 31pxq we define	 V	 - 

•

(ck.

co	0	.	.	0
c 1 V	 . .	 0 

	

(c0 C1

Ck_i	.	V	 V 

•.• SettingV _- V -. -. V• 

','

 

(Xk

a.	bk\- 
I!ik. = 	 k E 1 o '	 V 

 dk/	-	 V	 VV	 ' 	 V 

•VVtI	
VV	 V	 - 

from Dunovoj [5: Theorem 'I.2] (compare also [10: Part II, Theorm 3]) NA e-know 
V 

V	 that / E (p + q) x (r + s)iff for each k EN0 the matrix 8k = Tk(EO , F 1 , ...; Ei) 
V	 satisfies-	V	

V 
•	 .	

.	 V	

V 

V	 V	 -	 V	 V 

	

'(L-i)(pq)	 (ii) 

Clearly, fqr A. E ? there exist unitary matrices Uk €	kl)(p.Lq)x(k+i)(p+q ) and 
V V
	

,

 

Vk € 9)l(k+i)(r±S)X(k+i)(r+8) suchthat . Uk*S'k Vk = Hk where	V	 V	

V	
V 

	

V	 V	 V	 I	 I 

-	 V	 V	 V	 V	 -	 V	 V	 V 

(Xk

Ak	' Bk
Hk	 r'. 	 (12) 

 V	 .L/k/	 V	 V	 V	
V	

V	 V 

•	 .	 V	 V	 V	 V	 V 

and 	 -	V.	 V	 •-

V	

V,	 V V	 A = Yk(aO, a1, . ., a),	
V 

Bk = rk(bO, b 1 ,	 V	V	(1 :•) 

Xk = kKX0 , X1	Xk)	Dk = cTk(dO d 1	dk)	 ((14) 

- ' (the matrices U,-and Vk only change rows and columns, respectively). Hence, for-,V 

	

•	V	e No the inequalit (11) is equivalent to	.	•	.,	, -	V	 V 
V	HkHk*	'(k±i)(p+q)	-	-	 V	V	 V (15) 

Conseciently, / € (p + q) x (r + s)	iff (15) is true,for k € N 0 . Now we shall study 

	

V V V	V certain submatrices of the matrices Hk .	 V V V	 V
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Lemma 4: Let j, rn, n E N0, and let a0 , a 1 ,. .,a,+m E	pxr ' b0, b 1 , .. 
x0 , X 1 , ..., x1 € 93QXr and d0, d1 , ..., d + € )Qx Further, let the matrices 

A 0, A 1 , ..., A j+m , B0 , B 1 ,...., Bj m+n, X0 , X 1 , ..., X . and D0, D 1 ,...,. D1+ be defined 
.bij (13) and (14). Denote 0:0.0 = H1 and

... 

(D_1 Y 0
B,1 	

A. B1^.	
=

1  \ DI, I	3'/E{l;...,fl}; 

\kx1)	 - 

0'	 V 11	nj, 
•	 (A, 1 ,	-i),	

= (x1, 0)	(D,,'0))	
E 
v= 

((_) B
1 -1 
	 \	E{1 

All 

:	
. (D, 1 , 0) /	\(,	) • (D1,,.0)J. v € • { 1

, ..., 

S .	 (16) 

for I 	0, 1, .., f). Suppose 

/ .	.	. GjnG rnn J(). +n+ I1( p+q)+mp.	.	 (17) 

Then for I ,{ —1,0, . . ., j},. y E 10, 1,..., i} and . v	(max (O,c —1 - ), ...., n) , there 
follows	'(I+1+I+q+ip	 .	.	.	 — 

Proof: Recall the well-known fact that each submatrix of a contractive matrix 
is contractive, too. Therefore it is sufficient. to show that G,,, is a submatrix of 0,m.. 
First we consider the case 1> - , I and z, v> 0. Then  

- . 
•

	

	
-	 0 \ } (1+p+1)p	 - fX1 '.0 \ }(1+1)q 

A
- \	- . * / }(J+m_i—)p'	 *	* ) }(i-1)q 

-	5__.___	 5_s__	 .	 5/ •S	
•5_5	 __S•

Xj 

	

(1+i.-frl)r j±m—1 —.)r	.	 .	(1+ 1)r 5 (j—Or	. 

0	-	 . 

. 0	..	O\}n—P)P	S 

Bj+rn+n 
= ( 

*	 0 ) (l+p+v+1)p,	 ., 

'p	 0 / } (j+m-1—p)p	•	- 

(n — ). (!±p+"+l)s (5+m—L—)s	•..	 . . .	 .	 S 

\	-	. •	.	/ ,*	0	0' \ (n —,)q
. Dj+jj

= ( *	D,,. .	() ) }(1+v+i)q	-	.	. 

S •	•	
'	 \ *	*	* / }(j-1)q	•.,	 .	 .	 '	

. 

S.-'-	 __-S	 - 5__ S	 '	

-	 /	 •	.	 S	 - 

•	

(i—')s (l++ 1)s (1)s	 .	 . 

'.4
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and, qopsequently,	. 

/fO\	
B I I ,	 j+m+n	 / 

,jmn	 0 

/	

) 

( Di+: 0)) 

*	*	 *	} (n-v)p 
0 

(Al+^
 

-. 

	

*	*	*	*	*	*	} (i+rn—L)p 

-	*	*	*	*	 * 

* 

-	(l+i+1)r (j--tn—l-1*)r (n—*')s (i+*±v±1)8	(j+m--1—p)s 

	

0 0)	
(1+41)q 

	

(XI. 0	 N. 

• Analogously, in the other cases one can a 1so show that 0 1 , is a submatrix of Gjmn 1 

Lemma 5: Let k (N0, and let a1 € J1pxr, b E 9)1pX, Xj E 9N,Xr* di € 9)lqxs,YE  
k}. Further, let Hk be defined by (12). Then. (15) is fulfilled'ill (17) holds for

	

jE (-1,0, ..., k}, mE (0, 1, ...,k - j}. and A € {rnax (0,	w), ..., k—  

Proof First suppose .that (15) Is satisfied From Hk = Gkoo 0 2 + m + n	k 

	

and Lemma 4 vsee that (15) implies	 S 

°7*-m+n 0 0G, m ', 11, 6 .0 5 '(J+'n+n-4-1)(p1-q)	 (18) / 
Now consider the case k > 2 > —1 and m> 0 Then 

•	 •G
1IA5+m+n Bj+m+n 

j-fm+n.0,0 
.	 \ j+m+n	j+m+n	 - 

	

0	 - 
* ,- 4 i-m I. 

S	 = f f, 0 \\. /(D,+	) 
X	

\	,	. 

(I

I	Bj+m+n 

	

(	
\,0/J	(	

O

J	. 

	

* / \	*	/}mq 

nr 

i.e.,	 •. ••'	0	

5 

	

*	 0 

j+m-f n. 0,o - I	I	.	 ( 19) 

	

• '.	 - 
0	 0	 .\ *mq . 

	

0	
0• 

-	 fl? 
- I	 .-	 •0 

	

•	
and thus, in view of (18), the inequality (17) is satisfied. Analogously, in all other 

• cases one can obtain the block partition (19) and, consequently, (17.). Conversely,. 
f6r' 7 = k, m = 71 = 0 the condition (17) coincides with (15) I 

0 •	 S.	
-	 -
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Remark 1: Let;j, m EN0 , and let b0 , b 1 ,..., b j+m E Wpx	d0;d, ..; dj.m EJ? 8 . Tij	. m	- 

>Oft then let'a0, a1 ,..., a,+mL i E	If j > 0, then letx0 , x....., Xj_i.E . 9.flqxr .	'hen 

•	\e,_1,	I	-. •	where	•,	 .	 .	
5	-	1,,. 

•'	 ',	
.	 -B0,	.	-	 j='ni=O,	 - S 

0 \ '	•'\-	 - 
j-2,m+1=	ft4m_1)	B2m	 j=0,m>O, (21) 

\0	(Prn_i3O)/  

I. 	7-2. M 	m+1	 > 0 in	0 

- I	 '	.	j=rm0	:	 .	5- D
5	 .	

' -J	0
-- 

(29 	•- 
- • i	 .	 - •	 -1.m

'01 >'O;  

•1(xj_i,xi_o,...;xo), .	-	- -	j>0,th0, . 

m = . 0 JJ1qxmr.	S	 -	
-	 j=0,m>0,	''	- (23)- 

L( '1_1 x,_	zo, 0)E9J 0	jm)r	> 0 m> 0 

-	S	 ((d.,d1_ .....d0 ),	 m'0,
(24)-	- 

-	I(djm , dj m_ i ,..., d0 , 0) E 9i q>(j+2m i 108'	m > 0-; ..	-•	..	.	-	-	- 

S if	-	 .••	 S	 -	 .	 S

- 
-	 .m+1G...i.m,n+i	'(j+,i+1))p+q)+mp'	 / -	(25) -	- 

then, in view of [6 i Thedrem 5], and (20) the matrix  

-	-

	

Ling	- e,_i m('J-m))r-8).ni+1)8 -	'-	ni i-2.m . i)+,-';-1, M (26). 

is 4on negitive Hermitian 
- -	

Remark 2:	Lt	j, mE N0 ,	and	lt	a0 , a 1 ,..., aj+m E 9Jp,	o, b 1 , .	., b) + lmEJJ?p .	If	- -	
- 
j +m > 0, then Jet d0 , d 1 .	 E 'JJl, 3 ; If j > 0, then let x0 , x1 , ... . x1 _ 1 E Blqr . 'Then 
we have the block partition	• -	 -	 -	 ,	 :-	

-.	 •	 S -	 - 

•	 ,	 •	 = (Iji,m ' S j-2.m+0	-	-	'	-	-	•	 -	 s'	-	 - •,•	 .(27) 

'	
where 3j-2.m+1 is defined by (21) tnd '	'	• -,	

-	 -	

.	 .	 5	

.

2 

-	 (a0,
/a\.  

j=m=0,	 /.	 - Xl -
• 

1.m, 1(92;1.m ) j+rn>0, '	
,j10(ai	

),	
, y> o,. -. 

-	S
i m	 •	 -( -	-.	 -	-	\a1 (	-	• 

and in the case m> 0.  

-	 •	-	.	j	0	\ 	-	-	- • 'O.s	E9)mqxr,' 'j0, -	 - 

-	 •-/	a0 •	 '•	 .	

-•' /0\

-	- -	E	Jl )j+2m±1)PXr,	j-i,P	=

XO
--	9)j+mqxr ' )> 0 

-	S	 •	-	•	 -	, a5^	•_	 -	 - I,	X1..1	-	'	 - -• - 

-.

	

if 	 --	S	 •	 ' 

- 
S	 0-J.'m+1,m0j-l.rn F1,m	'(j+m)(p+q)+'(m	1)p'	'	 -- - -	(28)-

-	
- then, in view of [6: Theorem 5], the matrix	-	'	.	-	- -	-	-	• 

R1 m =	- /_i m('7,n)pq+(m	i)p -	)-2m4 I2 m+i)	li -i m	
- (29) 

is non-negative Hermitian..  

S	
-	 •	 S	 '	 •	S
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Lemma 6: Let j, m € N0, and let a0 , a 1, . , E 931pxr, b 0 , b 1, ., bj+2rn € 93pxi 
X0	...,	€ 9Jlqx 3 and d0 , d 1 , ., dj±m E T1, x Let Sim be defined by-(21) and 

- t

	

	 $0:=H,	 -	 (30)
•respec1ively,where H is given by (12). Then 

jm 7m	'(j+m+l)(p+q)+mp	 (31) 
if and only if (25),-(28) and	

S - 

X E Rim : 
= ( Mim ; V'Z j/)	.	 -	 (32) 

are satisfied, where	 - S 

AIjm	j-1,m('(j+m)(r+a)+(rn+1)s - 'j-2.m f1j2.m+i) 3-2.m+l/j-t.m	(33) 
Proof: For j,mEN0wehave  

•	

-

(xi."i €j_,	) -	-	 S	

s	 - - In view of Remarks 1, 2 the application of [6: Theorem 
5 1 completes the proof I. 

Lemma 7: Let j  N0 and mE N. Assume a0 ,a 1 , ..,aj^mE Jlpxr, bo,bi,.;.,bj+m -' 
E 9Rpxsafld d0 ,d 1 , .. .;d14., €	Furthermore, if j> 0, them let x0 , x 1 , ..., xi-I E .IJ0Xt.
Suppose that (25) and (28) are fulfilled. Then Sjm  

Proof: Assume x € jm• Setting x, : = x from (25), (28) and Lemma 6 we obtain - - 
(31). Because of 'jm' = Gjmm then Lemma 4 provides	 mi n1m1 

.'(j+m)(p+q)-f(m-1)p.ifl view of Lemma 6 thus we have x 
= x € j,m-I 1 - - 

Lemma- 8: Let 
j 

€ No and m € N. Assume a0 , a 1 , . . -, a,+m €	b0, b 1 , ...; bj+2m 

	

•	E 9J?X and d0 , d 1 , .. -, dj+m € X)lq x s - Furthermore if j> 0, then let x0, x 1 ; ..., Xj_ i € )J1qXS.
Then

a) (25) implies 0	Lim	Lj .rn_ i, h) (28) implies 0	' Rim	',mi.  
- Proof: First assume	2 From (21) then we have 

•'	

-	 -	 *	 *	*	 • *	}p	 - 
/0	-\	 - 
I A - - )	

* B 121,, 2	*	
J 

(5 + 2m T 1) p

.34 j-2,m+1 -	*	* * -	 * - }	-- q 

-'	 0	0.	-	- 
(x_2 o) 

* (Dj+m_2,0) * }(5 - m 

	

(5+m-1)rr±s(j+2m-1)s '-	 -	- 
and  

-	f(0 -

	) 
Bf22  

- S	 -•	 -	
-	 j+m-1	--	 -	

. •	
''j-2,m	

-'

 ^(O	) (Dj+m2 , 0)  
-	 j-2	 - 

•	In view of (22)-(-24),  
• •
	 ej_i,m = (Sj_ i,m_ i , . *,	-• *), Cj_1,rn_1 -=	 i,m-i) - (36) 

- - - 
-	-	-- (i±m-1)r r+ g (j+Zm-1)8 8	 -	-
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Defining the unitary matrices	''	 -.	S S 

•	
'j''	

(' .0
	Ip+q)	Vim =("i, 0	Ir+s)	:	•	(37) 

•	 (j+2m—l)p	 2m-1)s	0 

= diag (Ip U,m) 1(,+m-1)q)	Vim = diag ('()r, Vim I,)	(38)
and  

• '?tjm d iag (t1jm, 'q)	 S	
/	- •	 :(? 

from (20) (34)—('6) we see that the matii 

•	-	•	Kjm	21jmOj_I,m.m+i?1jm	
.5	 S	 .	 (40)	- 

has the block partition  

A im = (CkL)_i23	 (41) 

with  
C01 j-2,m ,

	
C31	ej_ i ,m_j.	.	

0	

•.• (42)	- 

Moreover, we • have
 

	

rn—i = O m cv;m	e,1 m = cV	 (43) 

• where C and care defined- in '(4). 'Analogously, in" the cases I	0, 1 one can prove
that the matrix Kjm (41 .)'

; 
defined by (40) fulfils (41)—(43). (In he case j = Q and m = 1, 

(38) must be replaced by U. = diag'(I, U01 ), V1 = diag (V01 ,13 ).) From (25) 
•	and (40) we get KjmK7m' '(j+,+1)(p+q)I-mp- Applying Lemma .2 with C	Kim from 
•	(42) and (4) we obtain  

0,	:=I - C(I(j+)(r+s)^(m+1)s - C*C)+,c*	Lj,m_i. 	() 
in view of (43) and the fact that (UEU*)'' . UE+U* holds for each F € 1JXJ and 
each unitary p x p matrix U we can conclude	 •	.	"	• '. 

=	- C[V m (I (;+ m )( r^8 pm+1)8	V1mQ*U,rnU1mQV, rn ) V, m1' C* 

	

CV;n[J(j±m)(r±e)+(m+i)s - (U;mcv,'m) (07mc'17m)] VjmC* S	 • - 

7	 II	 p.	''-p	\-	•. 
=	- ej s i ,m (j

. q	+m)(r+8)+(m+1)8 - 'j-2.m+1"j-2.m+1) e,,,,i.m	-	,	 • 

	

Lim.-	 • -

	 -- -- / S 

•	Thus, because of (44) part a) is proyd.	 S	

-	 S	 •• 

To *verify part b) first Qn6 shows that -'	S	
- -	

•	 ;	
5	 -	 • 

m0 ,_i m+i mm	
(S 

-	S	 •	 •	 tj-1,m--1	j-2,m	*	•	
•	

,	 S	 •	 '	 •	 'S 

holds-where, =diag(!r, Vjm ).Applying Lemma 3 then one can obtain 0 
1? i analogously to.-part a). 'We omit the details I •	 -	

, •. 

Now we are able to formulate an answer to part (SI) of Problem (S). •	 -, - 

'Theorem 1: Leto: D +9J? p xr,	D--).)J1 3 andâ: B -_*uJ4x 8 benlat'rixfunction$	•' 

liolomorphic in B. Denote (6)—(8) the Taylor series of	and 6, respectively. Then:	• 

• - a) There exists 'a matrix function : B - 9Jq'xr such that	•	- 
S	 '	

• 

t=(; )
	

(45) 

	

• 6' Analysis, lId. o; Heft 1 (1990) • -	 '	 • S	

-
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belongs to the Schur claès (p + q) x (r+ s)-e if and only if 

.4(21+1), m	 -	 (46) 
where -1m tS defined by (16) and (21).	 . 

h) Let : B _± 9Jqxr be a matrix function such that / E (p + q) x (r+ s)-(. Then 
- is holoinorphic in D. Denote (9) the Taylor series of . Then fof j E No there-exist the 
limits	 - 

411 =llfllM,m	L,	limL,m	R, .= III'fl Rim	 (47) 

where Mim, Lim and Rim are defined by (33), (26) and (29), respectively. For j EN 0 the. 
'matrices L1 and .R, are non-negative Hermitian all, moreover, x, E S(M; 1j/L1 , 1"R). 
• c) Assuming (46) the following procedure for the. successive determina1ion' of the 
coefficients x in the Taylor series (9) yields all matrix functions : B - JJlqX r such that 
/E(p+q)x(r±s)-G:  

Step j: If y> 0, than assume that x0 , x1 , ..., x5_ 1 are alreadydetermined. Then 
there exist the limits (47), where L and R5 are non-negative Hermitia2j. Choose x E 

•	Proof: First suppose that there exists a n\atrx function' E such that f € (p +.q 
x--(r	Then is holomorphic in D. Dnote (9) the Taylor series of . As .'e
showed above, then (15) is fulfilled for k EN,, where Hk is defined by (12). Therefore, 
according to Lemma 5 we get	- 

-	'j-i.m8j—i.m	'(j+m)(pq)+mp	 (48) 
for all j, 211-E,N0 with j + rn > 0. In particular; we haie (46). Furthermore, from Lmma 6 we see that (25), (28) and (32) hold for j, m € N0 . Hene, 

S	 -6o . 
-	. X E ñ	,	'1 E N.	 -	 (49). .	m=Q 

Let j € N0 . Then Lemma 7 shos that	 - 
- -	-	

j.m+i	 -	 S	 -	 •.	 (50) 
- holds. Moreover,-Lemma 8 provides  

0 L1 ,,+1	'jm	0	Rj m+i :E^ Rim ,	in  N0 ..	 - 
Consequently, in view of Lemma 1, there exist the limitM 1 , L and R, and 

	

= '(M; i'Z, i/R	 -	 -	(51) 
M=O  

Thus, part b) is proved. Now we-assume (46)'and show that the procedure given in c) 
• yields a matrix' function with f € (p + q) x.(r + s)-G. Let j E N0. If j> 0, we -

suppose that x0 , x1 , ..., x,_ 1 are already chosen in the prescribed way:. Additionally, 

	

•	 we assume (48) for rn E N. (In the case j =.0 these conditions coincide with (46).) 
•	Thus, Lemma 4 provides (25) and (28) form, E N 0 . Hence, from Lemma 7 we have 

• (50). From Lemma 8 we can conclude that (Li.)-EN. and (Rjm ) m€N, are non-increasing-
sequences of non-negative Hermitian q x q and r x r matrices, respectively. There-
fore, according to Lemma 1 theie exist the limits (47) where L and R are non-
negative Hermitian and, 'moreover, (51) follows. Consequently, we can , choose 
x, E S'(M 7 T/L, I'R,) Aearly, (32) holds for in € No. Using Lemma 6 from (25) (28)
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and (32) we obtain (31) for m € N0 . Therefore, the procedure given in c) cn always - 
be carried out and (31) is ensured 'for j, m € N0 . In particular, in 'view of (30), the 
inequality (15) is fulfilled for k E No. Hence; in order to prove \ that / € (p + q) 
x (r± 8)-G it remains to show that the series (9) converges for wk D. For j.E No 

\the matrix x, is a submatrix of H, and, consequently, *satisfies xx 	i,. Thus, the
sequence (X,),EN. is'bounded and (9) defines a matrix function which is holomorphic 
in -D. Therefore, / E(p + q) x (r-J--'s)-I  

/ 'A slight- - m6dific.ation of the last proof shows that the following theorem holds 
-which give an answer to part (S2) of Problem (S).  

Theorem 2: Leta: D*93?p x r , fl: D-*Jl 8 an 6: D	)ilqxsbmatrixfnction.s 
holomorphic in D. Denote (6)— (8) the Taylor series of. a, 9 and 6, respectively. Further- 
more; let k € N0, and let X, X 1 ,:.., Xk E Ulq\r. Then: 

•

	

	a) There exist. a (hclomorphic) matrix function ' : 'D 	JYqx such that / defined by
(45) belongs to (p + q) x (r+ s)- G and that x0, x 1 , ..., xk are just the first k + 1 , Taylor 
coefficients of ill	'	 •.	 . 

•	 ç'krnm	J(k+m+I)(p+q)+mp,	m € N 0 .	 .	 (52) 
' b)Suppoe (52). Then for j'€ {k'-f- 1, k + 2,	the successive determination of the 
Taylor coefficients x in (9) according to step / described in Theorem 1, yields all matrix 

•	functions : D	flqxr such that /€ ('+ q) > (r + s)-(and that x0, x1 , ...', x are the
firstk +.1 Taylor coefficients of . .  

•	Now we reformulate part a) of Theorem I in terms of a kernel of mixed Toeplitz- 
Hankel type (compaie [10: Theorem 2]).	..	, '	• 

Theorem 3: Let c: DYpxr, i9: D-))?58 and 6: D - )Jtqxsbe matrix functions

	

'	'	•
• holomorphic in D. Denote (6)—(8) the Taylor series of x,fl and 5, respectively. Define 

F: No x No	9J1up+q+r+2s)x(2p+q+r+23) by 	 . 

 (am-n-

1	'0 . 	a\	

/rn+n+i 0 o

0	0
0.'I	 n)	(0	0 0.

- brn,.n	ip 	\b /(m, 11) - j	,,	,,. '	 • •	 /	.	..	rn+n+j	S	n—rn.	n—rn 
(0 0 0	

..	
i	0P. 

•	 0 '0 0 	,d,,.,,,' 0'Iq 
where a_ = 0 € TI, Xr, b_, = 0 E 9JlpX 8 d_, = 0 € J gxs 7 € '\ ,, Then the following 
statements are equivalent:,

	

'.	..	 .	'	 •-	 ,	- 
(i) There exists a matrix function.:D	J?Q> such that / defined by (45) belongs to' 

(ii) The kernel P is positive definite./ 

Proqi Let 1 € N0 . Then the block matrix (P(m, n.))mno...... arises by simultaneous 
interchanging of rows and columns from  

((I(I+1)(r+23)	 '. . I.1+1	'	 .•	 -	•(. •• .•••	--	 • 

'(i+1)(2p+q)j 
•	The application of part a) of Theore'm '1 completes the proof I 

• Finally, it should be mentioned that some kernels of mixed Toeplitz-Hankel typa' 
- •, play a key role in AROCENA and COTLAR [2] (compare also, the references therein). 

.0*	•-	'	'

S..	 -	•\	'
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