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A Nehari Fype Problem for Matricial Schur Functions
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.

Unter Vcrwendung von 1 \Iethoden der Schur-Analysis wird ein spcnclles Erwelterungsproblem
fir matrizielle Schur-Funktionen behandelt, welches als ein Analogon‘zu einem jiingst von den
Autoren untersichten vera.l]gememcrtcn Nehari- Problem fur matnzxellc Carathéodory- Eunl\-
tionen’ dngesehen werden kann.
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" npobaemtr Hexapu ana matpuunbix gynxunit Kapareonopu, myqemlon anTGpamu HEJaBHO.

. Using Schur ana]ysns methods a particular completlon problem for matricial Schur funct,lons
- 'will be' treated which can be. conceived as an analogue of a generalized Nchari problem for

matricial Carathéodory functions recently studied by the authors:

S ' ,/ R . . . . . ) : )
This paper. is strongly related to the author’s investigations [11] on a generalized

Nehari problem raised by Kaznerso~x [14]. He named ,that. problem after Nehari.

.because it contains as a special case the matricial Nehari problem /studied in ‘the

fundamental paper of ADaMIAN, AROV and KREIN [1] (compare also DyMm and Goun--
,BERG [8] and GouBERG, KaAsHOEK and vaN- ScHAGEN [13]), which in turn can be’

‘considered as a matricial generahmtlon of the classical work of NEHARI [15]. 1t

_ should be méntioned that Kaznelson 'stated several equivalent versions of the proh-
. lém in question (compare also [11]). In [11] we worked mainly in that version which

can ‘be interpreted:as a certain completion problem for matricial . Cara.theodony
functions. The method used there can be classified as a certain form of what is called
toda,y Schur analysis. Schur analysis - has its origin in the famous paper of ScHur
[16] where bounded holomorphic functions in the unit disc were parametnzed via a
sequence of contractive parameters, In the' meantime several matricial and opera-
" torial versions of that -method were developcd (compane e.g. the survey paper of
ARSENE, CEAUSESCU and’CoxsTANTINEScU [4])..In this paper, using Schur analysis

m,ethods a speual completion problem for matricial Schur functions will be studied, .

which can be conceived as an analogue of the afore-mentioned generalized Nehari ‘

problem for matricial Carathéodory functions. In‘order to formulate the main prob-
- lem in this paper we give some notations.

. Throughout this paper, let p,¢,7,s € N and let ‘U?,,xq be the ‘set of all complex
P X q matrices. Denote 1, the unit matrix of order q. Let p x g- -G he the p X g Schur
class in the open unit d:sc D = {we C: |w] < 1}, i.e. the set of all matrix functions

D = Myxy which are holomorphic in D and satisfy I, — f(u,) [fw)}* =0 for
each w € D. We shall consider the following completzon problem (S) for matricial -

Sckur functions: . o |

~ ‘
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. set of all ma,tnx functlons & sa.txsfymg thesc conditions.

and

. i - '

I’roblem (S) Loba D~ “JZ,,X,, B: l) - ‘Dtpx, and 6 D— “qus be’ matn\ functlons
which are holomorphic i in D.

(Sl) lee necessary and suffncxent condmons for the existence of a matn( function
E: D — Myxr such that = > . \

. -_\c\ﬁ . - - T - \

belongs to the. Schur class (p + q) X {r + $)-&. Descnbe the set of a.ll ‘matrix func-
\tlons & for which f € (p 4+ q) X (r + 8)- -G.

'

(82) Let n € Vo and zg, 2, ..., %, € 9)2,,)(, ‘Give necessary and sufflclent condltlons ;

for the exnstence of a matrix functlon &: D — Myxr such that f € (p + q) X (r + 8)-6
and that z,, Ty, ooy Ty ATC just the first. n+1 Taylor coefﬁcxcnts of §. Dcscrlbe the

K

In the case & = =0,8="0andd = 0 (S2) 00mcndeq with.the matricial version of the .

voJ [5, Part VIJ considered several other types of completlon problems for_matricial
'Schur functions. : N

“This paper is organmed as follows: In Sectlon 2, we shall recall some basic facts on

matrix balls du€ to SMuLsaxN [17). Furthermore, wé shall'state tivo algebralc lemmas.

. classical Schur problem which was studied mdepedently by different methods in -
. ‘Aroy and KrEix [3], DuBovos (5], Dy [7] and in the duthor’s papers [10]. The
" scalar version®of which was treated-in Scuur [16]. It should be remarked that DuBo-

s

>

In Section 3, we shall work out a Schur ana.ly31s approach to problem (S), which™

“ enables us to give a' description of all solutions in terms of Taylor coefficients. More- - -

over, what concerns part (S1) of (8) we formulate a necessary and sufficient condltlon .

_in terms of so- called kernels of mixed Toeplitz- Ha.nke] type.

-

Prelunmarus S ; \ L. ,

Flrst we glve some results on matn\ balls duc to Ssuryan [17]. Let Kay,,, be the set’

" of-all contractive p X gmatrices, i.e. theset ofall K € M, ; satisfying [, — KK* = 0.

For M € 3,7 A € Wy, and B € Mxi, denote KM ; 4, B) = (M + AKB: K € Ke,.)) -

the matrix ball with.center M, left semi-radius' A and right semi- ‘radius: B. Then" "

(M A, B) = (M }lffA—OorB__O AssummgA:#:OandB:t:O K(M; A, B)

 =R(M; A, B) iff M =M and there exists o € R, 0 > 0, such that A4* = oA A*
E and B*B = 1/oB*B. Hence, ‘R(M; 4, B) = M,VAA*, VYB*B). The following

xesult is basic for our mvestlbatlom : .

N

Lemma 1 (SuULJA,\ [17] -Let (S“(M,,, Am B )),,‘eN be .u nested sequencel of matrix :

- bulls. Then - . L . N

a) The sequence (M ) is ronverqent 1f M denoles the lamzl thén' ﬂ (M, A,,, B,)-is
« matriz-ball § with center M. .
h) There exist sequences (A,) = “2,,\,,, (B,,) lamg ‘quq such that

M, A,y By = UM A,,,B,.), neN, SR ()

A

AA*>A,.‘,A,,,,, E*B >B,,,,Bm, neN. 2)

// (44) = Mypxiys (B )C: ‘“Z,,xq ure arbzémry sequences. satzsfyzng (1) and (2), them

S“(M Ve, VD) where'C = lim 4,4 ,* aid D _hmB *B,.

N
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/

For 4 ¢ ‘“?,,xq denote 4* the M oore-Penrose inverseof A. . .~
Lemma 2:Forje{l, 2 3} and k, € A1, 2} let mj, n, € N and C,k E 9)2m,x,.,, Suppose

tkal C = (C,,,) salisfies v _ _ . - o
¢ cor sz,,,_+,,,,+,,,, SN - ®)
Then [ <L = L dvhere L = I, — Cyy(Ia, — 021) om, . -
O S
0= 12) . c:;C,C,, e o et 4) -
) B (021 022) : T o ) o o E‘)
and L — [m. —¢(Lp4n, — C*C)+ c* .- . T . | o
Proof Clearly, the condmon (3) is fulfllled if and only 1f R s
/ .:: Ny TNy oL > . oL , ; 5 .
| g _(o | Im,-,,.,’,L,,.,) zo . , @
- holds, (compare eg EFIMOV and PO'rgrov [9:p. 88]) °We choose the block partltlon ©
: I, (0, o 11) Ch o Gy i ‘ o -
B 0 Loy CHY " (CRN " (CR\Y -, 7 ’
S@ = ' \Ci/™ \C, _Im, 0 0 . S t"_
: <\ Ca ' (Co, 0) B 0- RN o . L.
A ] 4 i /031 (032’\0) 0‘ K Im, ] Ly ,
' '_ and apply Lemma 3in [11]. Then we obtain 0= .[’ < £ where R
o g wien CF \F[e*\ .. '
_ A . 1'"" B (c o ( ' lm.iﬁm;)\‘ (0 ’. -
R | A S
beobeh =1, — (Cy,. v Ca) T (Om) S N
o ' s “ f - (031 ) (021 . Im’) (0 )i . . ' - .
. - . .. \ . .
o Usmg Lemma. 4 from [12] and (o) we get L = L and .2” =L

' l,et, us present a flnther result which can bc ploved s:mlla.rly
Lemma. 3 JForje 1, 2) and, K € {1, 2 ‘3} let my;ne € N and C’k € ‘Dlm,mu Suppose °
that C = (Cy) satisfies CO* < I,,,,+,,, 'hen O SRR where k= [,,‘ — 021(1

_022032) C’mund ' . , -
e[y Ci Ci\ [Ci: -CR\*|¢/C -
Bl [ ou)J R

¥ Solutmn of Problem (S) - - N | T : .

7 .

Assume that «: D — Mpxr, B: D = Mpxs and 6 D— Wth, are glven matrix func
tions holomorpl'uc in D. Denote’ by S .

sy =5 awt, weD, - D e
: . k=0 . . o R .

. p L \

~



' - ) : . .
. . \ R

T 76 - B. FritzscrE and B. KIRSTEIN X . /
° v N . - N - N '
. ﬁ("b) 2 bkw" weD, . & . ' . ! . (7))
. C D0 - k=0 . ] . . .o . \
| - . . 1, . . ) A
o © . ] o ‘ v .
o(w) = Z dkw", - weD, < N ” > (8)
- k=0 v . 0 . [

, thelr Taylor series. Obv10us]y in order to study problem (S) it is sufficient to con- - -
snder holomorphlc matru functions E Therefore, we can write the Taylor.series | :

BV s . . . e - B -
¢ - : . _ ‘
. For k €-N; and ¢4, 033 (e € sm,,xq we define - L.
! Co 0 .J oo, L. 0 N
. . . E c, . .CO ‘ A . - . 0 . 4
‘ .'jk(co,'cl,...,.c,» — :' - L N : (10 \,
’ ck' ck——'l : .. .o (}0
“ Séttiﬁg', o - S S -
B P % S T L
E, = (“‘ "), keN,, AR .
T A T , . . .

- ‘/ . N
from DuBovos [5: Theorem 1.2] (compare also [10: Part LI, Theorém 3]) we know =~
that fe (p + (1) X (r + s) © iff for each k € Ny the matrix S, = T (E,, E,, ...‘, Ey .
satisfies- ' A R T K

SpSi* = ](k*l)(lli-q% s _' . e (11) N
- Clearly, fqr k€N, there e\lst unitary matrlces U,‘ ¢ Sﬂt(“,,(,,uq,x(kﬂ,(,,ﬂ, and .
’ Vk sJJZ(k+l)(f—*—s)X(k+l)(r-—s) SuLh that/ UkSka = Hk where

> ! ' .
\ - o . g - ! : . ) A ' o ‘ . -
N ’ Ak ‘ .Bk ’ ' AR . N 4/
: . = : A . ~ 1
S Hy (Xk . Dk)’ . . : ) : : ( 2)\
. ] a ) . L CoN
and .° ' - . . o : I
' A =T ilag, ay cvad), Be=Twbo by, b, RN B
X =T oo, 25 -0 20, Dy = Jk(do;‘d,; cody T v (14)
' (the matrices. Uk and V.’ only change rows and columns respectxvely) Hence for;,
k E \' the mequa.llty (11) 18 equwalent to . R P
Hka* S Tikinp+ar - o o - ' .. - (15) .

Consequently, f€(p + q) X (r + 8)-6 1ff (15),1s8 true for k € N,. \ow we shall study
certain submatnces of the matrices H,. X

- . . . . 1
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Then for L€ | i m€10,1,
~ follows Glqul,,. = ’u+v WP+ +pPe,

7

L m) and - v {max (0g—1 — u), ..

-,

< N

77 -

. Lemma 4: Let -j,m,n €Ny, and let ayay,. ,.a,m € ‘th,,x',, by, b;, . 3 bjemen )
€ Mpxss Tos Ty, o0y X € ‘JR‘,X, and do, dy, .., djyy € ‘J)?qx, Further let the mamces
Ao, Ayy ooy Ajis Bo, B,, ..., Biimin X0, Xy, ..., X; and Do, Dy, ..., Dj;q be de/med
b1/ (13) a’nd (14) Denote G}[.o}o = H[ and - .

(- " 0oy . »
‘ : (B.—x ) . ’ (Af)~ . BH" ~ - um = (_)L
. D,.,)’ 0 4 we {1;..., n};
NS . ' . ._ (Xl) . Dy, "/ { : }
‘ ‘ 3 - o . _ Al+p Bl—}-;; ,u'e {1 "n},
Gorpr =g W B Glar = ((xb 0) . (DO v=0,
O. o \ . ( ) . B . |' R .
A \(Ap—l-) . By, - Airy et \ /“€~{1"-”)m"}r
R 0o o0y ° . ) - L,..,n},
o ° (-1, 0) (x, 0) - D O] e
. . ] L (16)
for L€ {0, 1, o) Sdppose o K ‘
G;muG;mn .= J(]+n+l)(?+q)+mp R

(17

., n}*there

-«

Proof: Recall the well- known fact that each submatrix of a cont‘ractivé matrix

i8 contractive, too. Therefore it is sufficient.to show that Gy, is a submatnx of G,,,,,,
Elrst we consnder the case [ > —1 and s » > 0. Then '

~.

. fAirp }(l+#+1)73
Ai+m = Tl

)

Ja+na

RN

Ji-0e'

-7

0 1 X,
. Y X,‘ B
* * } G+m=1-wp . *
- — - : s N
d+p+1)y (jrm—l—pr - Q+r G- l)r
. N .
<
* -0 - 0\ Jm—wwp ‘
Bjimin =" * - Biiuss 0 |} datntvenp, o
: * * 0 /) } Grm—t—prp
B ad e, mae’ e '
(n—v} ({+pt+v+l)s (G+m—I—pk
“_ . \ = : L}
* 0. 0\ }in—»a Y
5 .
Djy =1 * Dy -7 0 YAty 0 o '
- * * C ok }(”_I)q . LN
~—~ —_— =T ,‘ ,
(n—v)» (U+v+1)s (G-Ds
'
\ oo . -
’ N
o
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.- o N . . N ; . : .
and, consequently, ' . ' -
. T N .
- (i )
. 0 3
o (A ' B;+m+n /. N
Q. j+m - ) N
~ :lmn (O } 0) (D 0) ’\ ' )
! i+ns
N F\\X; L0 , .
7. - N \
* * o* * ;% }(n -v)p
0.\ - . B
(A[+ ,' ’ . ¥ * Bl+y+v * s (+u }-v-Ll)p
u .
\ * * * * R * }(7+m l—u)p A/
. . * * * x x |- e,
. . . . .
2 10 0 S \ .
’ B | (le o/ - * * (D, 0). C* (lLv+1)e
:,/' \';, . *- s B * oA _ }(7 ha

(l+#+1)r (Ftm—1— u)r (n ¥)8 (l*va-Ll)a (j+m -l—p)s ,

. Ana,logously, in the othcr cases one can also show that Gy, 18 a submatm\ of G,,,m L §

‘Lemma 5: Let k ¢ Ny, und let a; € Mpxss b 6 Mpxcs, 2; € Moxcrs-dj € Moxs, T € {0, 1,

k). Further, let H‘ Be defmed by (12). Then (1) is fulfilled zf/ (17) holds for -
]6{—10 ‘k}, €1{0,1,. k—;}andne{max(o —j— ), . k—;—m} :

Proof ‘First suppose that (10 is satisfied. From Hk =G 0Zj+m+n<k
and Lemma 4 ‘e, see that (15) lmplles . ¢ : ’

G;m+n 0 OG, min0o = I(1+m+n+l)(pw~q) . T ) (18,)/
: Now consnder the case k =2,5 > —1 and m > 0. Then

@ . | A’*"‘ﬂ" B;+m+n =
j+tm+n,0,0 — ) -

..Xj+m+n Di+m+n
. e

\.' *. 0 !
y ("‘ ,'A—M ) | Bi;fm 1 o o
= . Q 0\\. ) (Di+n 0) o, B R
* x S . 1ma
- ’_V - ‘ :
nr . .
lLe., - ) O . : . L »
o : e G\ ' ' . o '
G"m -n = ) mn B . . : 19) -
‘nr

a,nd thus in:view of (18), the mequa.hty (17) is sa.blsflcd Analogously, in all other
. cases oné can obtam the block partition (19) and, consequently, (17). Converse]y,.

for j=km=n= O the condlblon (17) coincides w1th (15) I '
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Remark 1: Let j, m € Ny, and let by, by, -, biom € Mpegs dos dl, o i € My g TG om0
>.0,then let'ag, a,, ..., djsm’y € Mpyr- If j > 0, then let z,, z,, ..., %j_; € Mg, Then

o [Siate ~ A &
Gi—l.m,mﬂ = ( ! . : B < . v (20)
N . €i_1,m o . .- ) R
where -, N - , . o PSR '
,, " L 'Bo," T * ’ ‘j—_—'m=0, :
- 3i—‘_z,m+1 = (Am-l) Bzm ' s o j=0,m> 0, S ./‘ (21). .
‘ 0 (Dml, - ~g 4 ' .\' .

l Gi_o.mer; im1s Yy > 0, m,g;.O;

P D" Y T ".—_-m=0,,. . )
Aei_,'m = f{ ,_0. - A}..‘ . . - o A L . ) (22)
(Zj-tms dj-rm)y ]+ m >0 o
. A @y Tjes -5 %)y L j>0,m=0, .
' Ej—l,m = 0‘6‘9R.quf? ) ' . . . l] = 0, m > 0, St - ‘ (23)
o s @iy Zioas oo %00 0) € Mgijiomyr, . . 7> 0,m> 0; U
s ddi s dy), m=0, - . '
A ={(, jraseor do) 4 o 2 .
'(dﬁm’ dj+m—1r = dov 0) € gqu(; +2m l)a’ m > 0 ] . h A
1f — ‘ -t . . v : T v
; ‘ Gj—l.m,m-{-lG;—l,m.rln;l = I(j-'rm+l)(p+q)+mp’ . ’ No- - W (25) -
i Itae L o |
then, in view of [6: Theorem 5], and (20) the matrix , . A ) -
C ij =. Iq"j ej—ll.m(I(jé-;r‘n)(r+s)>+(m+l)a - 3’;—2.": -;13;‘—2.m+1)+.e;—1;m ’ (26)‘.

is'ﬁo;i-nega_t.ive Hermitian. . . N : oL \ -
. I T R N ’ N / : . . .' R '
, "Remark2: Let j,mg Ny, and let ag, '@y, ---s @jim € Mpsis Bos b1y - 103 Bjram € Mpys- I
j +m>0, then let dg, dy. «..s djyn € Mg s If j > 0, then let z,, z,, ..., zj; € ‘.)qux',.. Then

we have the block pa.rt,ition L . - ‘ ;
. G;—l m+1,m = (j;—-l m» S’_,, m+1) . ) ,1 T ; “(27)" :
where Eica, mty i is defmed by (21) and e 4 . SR
-, ) . « /. . ze
ay, j=m=0, Y - - A
s I N Y K 30
/j—:.m/— (‘Pi 1, m) j4+m>0, Pi-1,0 = . , 'Pi—l.ov— : G y 7 )
— - ‘P;—l m ! . N\ . i .
: . A aj Zj-1.
andmthecnscm>0 . . . - )
7
-0 0 € 9J2l,,,qu, tj=0,
) .- Qg K , . - R o - 4 0 - - ./““ .
. . = . o U Ty . . <. -

S e = e € Memanars Vienw =LY C My mignrs G > 0.

. aj-{lm..- - ] o . . L :ti;-l Lo ' _ ’ » .

I _ . . . : : ’ : s .
) G1—1 m+1 mG;—l m(»l m é I(;nn)(p+q)+(m+ Np» - (2§)"

then, in view of [6: Thcorem 5], the nmtrm o
vy -~
.R.- =1, f,—l m(1(7~rm)(p7q)+(m+l)p 7 3;—2 m+ 13;—2 m+1) /, -1,m . (29)- R

is non- ncgutlve Hermltmn

4
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Lemma 6: Let j,m € Ny, and let Qoy Gy -y Bjim € sm,,x,, bo, b, ..., bisam € Mpysr

T, Tyy -y X € Mous and dy, dy, ..., djypy € Moxs- Let 8’,,,, be de/zned by- (21) and

S,o = H _ . - , (30)
‘respectwely,/wkere H is given by (12) Tken B .
. - SimSim = Iu+m+n(qu)+mp - » - .' @31,
if and only if (25), (28) and’ = Y ) o

I, € ‘le = 'Q(Mfm: b 7m, ’ ;m) 4. . S . i (‘;2)
are satzs/zed where. . L .

M;m = &1, m(I(1+m)(r H)+(m+l)3 - S’_., m +1$‘;—2 m+l) “f’_, m+1/; Lm: (33)

Proof: For j, m € N, we have o , SN ‘
'gim — (/I—l.m S,y—z m+1) "
Zi. " Ciam N -

In view of Remarks 1, 2 the apphca.tlon of [6 Theorem 5] completes the proof l

Lemma’ 7 Let 7 € VO and m E N Assume ao: ay, - :a’;+m € 9Rp)(ry bo: bl’ [ b;+ém ’ ’
© €Mpxsand do,d,, dirm € Myxs- Furthermore, ifji> 0 then let xy, 2y, ..., j_, € ‘U?qx,
A Suppose that %25) and (28) are fulfilled. Tken Kim S Rjmos- . .

Proof Assume z € Rjm- Setting z; /= =z  from (25), (28) and Lemma 6 we obtaln
(31). Because of Eim= G',,,,,,, then Lemma.4 provides &; m 88 | = Gy iy ma 1, m—1
= I(,+,,,)(,,+q,+(,,, Ny In view of Lemma 6 thus we have z = z; € K;.m1

. Lemma, 8: Let 5 € \'0 and m € N. Assume a,, a,, ..., Gjspm € Mpsir, bo, b,, -+ bjrom
' E Em,,x,and do, ds, .. iim € S))?qm Ifurthermore if 7> 0, then let Lo, X1 o s Tim € Mg -
Then - "« X N

a) (25) implies 0 < Lin < Limoy, b) (28) implies 0 < R < R,

Proof First assume j*= 2. From (21) then we have

. * * ok S % } »
: ; 0 s . . ‘ ) ' |
‘o ' Ay * Bjiam 2 * G+ oam — - 1p . | .
5’)’—2.m+1 = *’ * . - *“. S ‘. (34) .
- e oy \ , -
.".' ) i (X,-z 0) * (Di+m—2: 0) = }(, m— 1) ) ' ~
—’_d =~ —v—‘ '
J+m—1D)r r+s(G+2m—1)s 3
and : . . _ . |
0 ; o : .
‘(A l) Bi12m—2 . x . ) o,
T S =TT | (35)

. Yo o L - | . 5
' ) ’ . (Xi—2 O) (Di+m-—2_, 0) . K . ’ . L.

In view of (22)—(24), ' ‘ c . .
€i1m = (5.7'—1.m—1: . Ai—l.r‘n—‘l) - *): eifl,m—;.: (Ei—l,m—h _/.17-_1’,,,_1).‘ (36)

T N N e S’ [ S— ——
S Gitm-—DrrtsG+em -1 s
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Defining the unipafy matrices B v . »
= RIS . 0 " I . 0 I . ) - . )
- U; ——( o ”“), vV =( ""),"~ - 37
_ m I(1+2m 1)p° 0 S . fm I(j+2m;1)a 0 i . ’ ( i
. 4 ’ U;m - dla'g (Ip: U"m L(ﬂ-m—l)q): ?/ym = dla’g (I(i-"-m—'l)n V;m’ Ia) . (38)’
and * : . K » A
. : ’lz,m4_ dlag (U’m,. q) . ;oo A +(39)~
- f|0m ("0), (‘34 —(36) we sec that thc matrix . ' - o .
. o o, . R . .
A - u;mc’] 1,m mH?/;m . . . < o ST 3 (40/)
has t,llle block pa-rtntlon : O, _
. ‘ (C'u)k 123 R o oL (41)
: ~ =12 ' - - N .o
with .- o . : - o -
Oy = g;’—"m: Car = €joimre o ' . . (42)
' \Iore()\ er, we have ~ . S . ' et
: 5’_2,“*0 CVps - am =CUh . @

where C and ¢ are defined.in-(4). Analogously, in /the cases j = 0 1 onc can prow.,

that the matrix K;n, defined by (40) fulfils (41)— (43). (In the case j = 0 andm =1,"" -

" (38) must be ‘replaced by 001 = diag(Ip; Ugy), Vo = diag (Vou, 1)) Brom (25)
and (40) we get KimKin S ’(1+m+1)(p+q)+mp Applylng Lemma 2 \uth C = K,,,, from
~ (42) and (4) we ‘obtain: . .

R U= L =1, 6(1(7*m)(r+al+(m+l)s C*C) c* = L; m-1- ) ©e(44)

- ]n view of (43) and the fact that (UEU*)* =.UE+*U* holds for each E’ € “)Z,,x,, and
_(,ach unitary p X p matrix U we can conclude

L = [ - c[‘v;m(](;+m)(r+a)*(m+l)s - ?]}mC*Uij;.mg(v;m) ?};m]+ C* v"
= I cv;m[.l(ﬁm)(rﬂ)ﬂmvl)a (U;,,,C?};m)‘ (U;‘mov ]+ W;mC*

-/
= Iq - 9171.m(l(i+m)(r+a)+(m+l)s - 25”__2 mﬂgy-z m+l) e’_, m

- = " . - N . . ’ /
. .= Li"’ . S . Lo ’ ] . . -
'.I‘Hus, because of (44) part a) is’proyéd. ‘ T
. To verify part b) first oné shows that -~ -~~~ . ‘
2 i . :
PO N * E T . . [
l ’ U- mj-1,me1 mVim (/’_) ni Sitm .) PN . o

holds wheu, V,,,, = dlag (I,, Vim)--'Applying Lemma 3 then one can obtam 0 S l»,,,‘
< R, me1 ana,logously to.part a)."We-omit the details B _

\Iow we are able to formulate an ans“er to part (Sl) of Prob]em (S)

Theo rem 1: Lela: D ‘\R,,x,,ﬂ D —>‘UZ,,,<, and 6: D — “)qu, be matriz functions
holomorphic in D. I)enotc (6)—(8) the Taylor series of o, ﬂ and 0, rcspeclwely ’l‘hen

a) ’I’here exists u matriz /unctzon £&:D - Ué,,x, such that .

st P
- (3 Analysis, Bd. 0, Heft 1 (1000) .
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S

N belbngs to the Schur class (p + q) X (r + s)-/@ if and only if

5 3__] m = ]m(2p+q)’ m"é 'N . . v ’ ~ (46)

where §. Lm 88 de/med by (16) and (21). ‘
b) Let &: D — WM, ., be a matriz function such that f € (p + q) X (r+ 8)-&. Then

& is holomorphic in D. Denote (9) the ’I‘aylor series of &. Then for j € N, there.exist the

limits .
M; = lim M,,,,, L, = lim L,,,,, R; =lim R, A (47)

S
m—>o00 - e m—oo - m—»00

where M, L., and R,,,, are de/med by (‘3‘%) (26) and (29) respectzvely For jE€ N the. '

-~ malrices L; cmd R; are non-negative Hermitian and, moreover, x; e (M ,,\VL,, VR)

c) Assumzng (46) the following’ procedure for the.successive determination’ of the
coef/zczenls x; in the Taylor series (9) yields all matrix functzons &:D— ‘JJqu, such that
/€(P+Q)><(7+S)© . o .-

Step j: If j > 0, then assume lhat Zgy Tyy - -y x,_, are already determmed Then
there exist the limits (47), where L and R; are non-negative Hermztzan Choose z; € (M ;

- VL, VE)._ -

"Proof : First suppose that there e\lsts a matrix function & such that f € (p+.9)

X-.(r +.5)-&. Then ¢ is holomorphlc in D. Denote (9) the Taylor series of £. As we
showcd above, then (15) is fulfilled for k£ € N,, where H, is defmed by (12) Therefore,
accordmg to Lemma 5 we get, .

A

» ‘;; i m‘g);— mo= I(y+m)(p+q)+mp c . . 2 (48) .,'

for all 7, m-€ Ny with j 4+ m > 0. In partlcular we have (46). Furthermore from

. Leémma 6 we see_ that (25), (28) and (‘%2) hold for 7, m € N,. Hence;

\

L% EMQOS?;M TEN,, - o 49).

 Let 7 € Ng. Then Lemma 7 shows that

S-t\i.m«&lg ‘QJ"; : C ' c Lo . (50) '
holds. Moreover, Lemma 8 provides o . '

0 g-Li,v;H»'l = L, 0= RBjm = Rﬂ,n’ m € N0

Cellscquently, in view of Lemma 1, there exist _the limits- M, L; and R; qﬁd

~
\

3»5?,;":@(%;1//7,.,@). o @

[

Thus, part b) is proved. Now we-assume (46) and show that the procedure glven in c)

" yields a matrix function £ with f € (p + ¢) x. (r + 8)-&. Let je No. If j >0, we -

suppose that zy, z,, ..., Zjy are already chosen in_the prescribed way:. Addltlona.lly,
we assume (48) for m € N. (In the case j = 0 these conditions coincide with (46).)
Thus, Lemma 4 provxdes (2:)) and (28) for m € N,. Hence, from Lemma 7 we have

" (50). From Lemma 8 we can conclude that (L,,,,),,,eN, and (R;n,)men, are non-increasing -

sequences of non-negative Hermitian ¢ X ¢ and 7 X r matrices, respectively. There- .
fore, according to Lemma 1 there exist the limits (47) \vhere L; and R; are non-
negatlve Hermitian and, ‘moreover, (51) follows. Consequcntly, we can, choose

Z;€ ( (M, ; ]/L,, VR; ) G,learly, (32) holds for m € Ny Usmg Lemma 6 from (20) (28) .

- ‘
» ' !



o~

-+ and (32) we obta,m (31) for m € N,. Therefore, the procedure glven in c) can always:
be carried out and (31) is ensured for j,m € Ny. In particular, in ‘'view of (30), the .
Hence, in order to prove that f € (p + ¢)

inequality (15) is fulfilled for k € N,.

- o f
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"X (14 8)-© it remains to show t,hat the series (9) converges for w.€ D. For j.€ N,
\the matrix z; is & submatrix of H; and, consequently, satisfies z;x;* < I,. Thus, the

sequence (z;)en, is bounded and (9) defines a matrix function & whrch is holomorphlc ‘

_in'D. Therefore, f€(p+q) X+ s) CH

/

— (45) belongs to ( +q) X (r + $)-6 and that xo, Zy, ...

\

‘A slrght modlflcatlorl of the last proof shows that the’ followmg theorem holds
- which glves an answer to part (S2) ‘of Problem (S).. - ‘ :

Theorem 2 Let «: D—>Myxs, B: D—>‘1J2,,x,and6 D—>912qx,bematnxfunctwns

holomoirphic in D. Denote (6)—(8) the Taylor series of «,'f and o, respectwely Further- -
~more; let k € Ny, and let x;, z,, . »

o % € M, Then:.

a) There exists a (kolomorphu:) matriz function £D — ‘Jﬁqx, such that f de/med by

. coef/wzents of & iff .

7.

(S,kmskm = I(k+m+l)(p+q)+mp» T oomE

No.

h) Suppose (52). Then for § ¢ {k b1,k 42,
Taylor coefficients z; in (9) according to step j descrzbed in Theorem 1 yzelds all matrix

functions §: D —~ ‘Ut,,x, such that /6 (p™~+q) X (r + s)- 6and that x,, 1, -

" first. k+1 Taylor coefficients of £.

, T are 7ust the first k + 1 Taylor

52)

..} the successive determination of the

1

* Now wé reformulate part a) of Theorem 1 in terms of & kernel of mixed Toephu—

Hankel type (compare [10: Theorem 2J).

Theorem 3: Let &: D—>57Rpx,,ﬂ Do>M,x,and d: D—»“J?qx,be matnxfunctwns

holomorphic in D. Denote (6)—
P:Nyx N, g g-]-.)2(21:4»q+r+2s)><(2x7+q+r+25) by

o . I, 0 . a%,
S o 1, b,

am-ri\bm—n lp
0 Q bhinn
00 0

00 O

°

statements are equivalent:,

(1) There exists a matrix /unctwn § D - ‘Jqu ; such that / de/med by (45) belongs to-

(p+q)><(r+s)6
“'(ii) The kernel P is. positive de/zmle

Proof Let I € N,. Then the block matrix (P(m n)),,, n=0....1 ATises by sxmultaneous

mt;ercha,ngmg of rows and columns from

((I(1+1)(r+2s) g-—-l 141 )

8_in T ryepeq)

I,

bom
\dn—m
.where a_ i=06€ Myx,, b -, = 0 € sm,,x,, d_, = O € qux,, y 6 N. ’]’hen the /ollowmg

0

/

(8) ‘the Taylor series of o, 8 and &, respectively. De/me

0 Q
o ool .
butnsr- 0 0 o ‘
b dim \|’

I, 0 , .
0 '];, '

’°

vy,

.....

i

The apphcat)on of part a) of Theorem 1 completes the proof | [ T

l‘mally, ‘it should be mentioned that some kernels of mixed Toephtz-Ha.nkel type

'

. play a key role in AROCENA and COTLAR [2] (compare also.the references therein).

% are tke .

v
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