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"D. CoNSTALES

N - -

Es werden die Existenz des Bergman- iind-Szegi-Kernes fiir separiert monogene ¥unktionen
in der Einheitskugel bewiesen und cxph?lte Relhenent\ncl\lungen fir diese angegeben!

.o .
onasmnae'rcu cyuwecrsoBatine sjep Bcprmaua " Cerc 711 OTREIbHO-MOHOTE€HHBIX (byumum
"B onmuwnom tuape 1 HPUROSNTCA UX HBHOC PASTOHEHIE B PAL. -

The existence of the Bcrgman and Szego kernels for separately monogenic functlons in the unit
“ball is proyed and explicit series e\pdnsnons are,obtained for them.

~

~ - 1..Preliminaries. Let » € N and let .

I Rn:'ud.@...@ﬁdp R b ' (1.1)

can generate it from an orthonormal basis (e}, .., e}, &>, ..., c;} y Py, eh ) of
2 b
\ ‘R, where each set (e,%; ..., €},) is an orthonormal basns of a termin (1. 1 To do so, we
) 3 . © dy H)
define the geometric pxoducb by the relation eje,* + e,fe;t = ——26,,45,,,, Then A is

a 2"-dimensional real associative algebra with a basis consisting of all products of

different basis vectors e;t, taken in some fixed order. A trace A — R:a —» (&), is

defined by taking the coefficient of the empty pxoduct in the lincar combination of

hasis clements that Iepresults «. An involution « — & is defined on A by the axioms

oo - /3 =&+ B, ocﬂ = fx, et = —¢ji, J=7if 2€ R. A norm in A is glven by

- 'j|c<]]02 = 2Ma&)o; we w;ll often write || for V(aa)o The pomt = (20, a2,
de

zf ) € R is identified with L 2f, where 2f =Y zj%et, so R” can be viewed as a sub-
Y space of A. -l yoog= d

g *,The classical Cauchy-Rlemann operator 9/6Z; is gencrali/cd to Di = L e,‘o/az i

and we also write D for Z D‘ A function /e C’(.Q A), QS R" bemg opﬂen is called

monogenic if Df =0 holds in .Q and sepuralely monogemc if I)‘f, =0inQfori =1,
p. Monogenic functions are a generaluatlon of holomorphic functions of one comple\
variable; scparately monogenic functions generalize holomorphic functions of
several comple\ variables. We -refer to [2] for monogemc and to [3] for separa,tely
monogenic functions.

‘ Function spaces having a reploducmg kernel are of greap relevance to functlon
theory Certainly one of the most important examples of them is given by the space,
of square mtegmble holomorphic functions in the-unit ball of C" (see [7]).- We will
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be an ()rbh(‘)gdna,l decomposition, where the d; are integers largér than 2. If Af is the .
Clifford algebra constructed over a real quadratic n-dimensional vector space, we’
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examine the case of separately monogenic functions’ in'the um't ball of R~ For the'
- case of monogenic functions the reader is referred to [2]. Throughout this article we:
, sha,ll use the notations and the results of [3] for separate]y monogemc functions.

2 Exnstence of reproducmg kermls MLz(B ) is the rxght Hilbert A-module of all
: monogemc funcmons / defined in the unit ball B, of R" such that ‘ -

Il/llm,mn) =3 f”f”o2 dV < oo,

\ . .
B glven the mner product (/, g) = (1/V,,) f fa dV where'V,, is the Lebesgue measure

- of B, Sxmllarly, MLz(aB,,) is the right - Hrlbert A module of all monogemc functions -
: defmed in B; such that - . - . :

' o1 S { ‘

”f”au,iaz_z,.) = __llm P Jif(ru))l? dS, < oo,

Ir>] n
§n-1 -

wrth inner ploduct {, g) = ]1m —f (jg) (ru) dS,,, w,, bemg the area of Sn-1.
Sn 1 R
Assummg 8 given decomposwlon (1.1) such that d; > 2 for i=1,-., p, we may
consnder the space SM (B, ) of separately monogemc functlons defmed in the umt; ball.

. Deflnltlon 1: The L spaces associated to the sepa.rately monogenic functlons
in_the unit ball B, of R* are SMLz(B,,) = MLZ( ,,)n SM( ,,) and SML,(@B,,)
="MLy(9B,) n SM (B,,) -

The Szego kernel for monogemc functlons iie. the reproducmg kernel for M L,(éB, )
is explicitly known to cqua] (sce'[2)) SWL.("?B,. (u, t) = (1 + ut)/|1 + w™ We can per- »
) form the carionical expansion - . . !

. ~

L SML,(aB ) (%, ¢) ZPI: uL,(aB,.)(u l), : IR "/. (2-1)
! ' - .
where for allk, Py, (aB,.) is'a monogemc polynomial of degree k'inu. By the ortho-
' gonality properties of spherlcal monogenics (see [2]) the polynomial Py 1,35, must
. be the reproducing kernel for -the subspace ML, ,(éB,) of homogeneous monogenic
pelynomials of degree k in MLy(B,).-In [4] ML, (B,).and ‘M L,(0B,) were shown to
be right ‘Hilbert A-modules with reproducmg kernél, by establishing, for a,ll te B,,, :

the exnstence of positive constants C,, C’, such that the estimates

Il/(t)llo = Cilfllwrysy  and - l]/( Mo < O Il/llm,(asn) - (2:2) '4

/
hold for all monogemc functions defined in B, Furthermore these constants can be
“chosen to. depend smoothly on ¢, so sup C, and sup C,’ are finite for a,ll compact

subsets K 0£B By the very definition of SML,B ,,) and SMLz(aB,,), 81mlla,r inequali- .
ties hold for them invoking [2] and Welerstrass Theorem (see [‘%]) we, geb

K

s~

... Theorem 1 T'he spaces SMLg(B,,) and SMLz(aB,,) are right Hzlbert A-modules
- wzth reproducmg kernel. , .

3. Series expansion of the Berg'man and Szegid kernels. We now try to obtain a series
expansion for the reproducing kernels. This leads us to define on R".a coordinate
. system assocxated to the chosen decomposition,.as follows. Take the usual polar .

I . . .
- . . X L.
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« " coordinates on each Ré: and call ~t'hem>r 2t \‘vhere «' stands for the (d; — 1)- -dimen-
" . sional spherical part. Then clearly the set (ri, w!, ..., 75, uP) is'a coordma.te system on

‘R The followmg lemmas | group some comp'ﬁtatlons required later on.

Lemma, 27 The surface average o/ﬂr 2 gs gwen by o ) CT S
,‘ ‘ i=1 L N . . .
. f nr‘"«ds —(11/d/2 )/(n/2) L R
.o : \ - ' .
L N - rd : ) . E ) .
. where/m a€ Randke ,(a)k stu7zds/orﬂ(a+7— 1) RN
.‘- o Y o \
Proof Consuderl = f ( IT 72’") e(p (—rl cer =R )dV As : ‘
] . ) R \i=1 . B - -
. _', I — (fryg"—lﬁ-?f',+..4-§ 2k, exp (_7 ) ( f H r”" dS) .‘ ;
0 §nti=1 e
. - N A N . . - ) /- “ N
~where r.= Vr,? + -+« 4 1,2 is the polar dlstance on R", we fmd» . ‘
A - l 4‘ . ;
) 1—1]2F(7z/2+2k)f]]r2"d8 R
. ’ : l Sn-l §=:) - )
On bhe othcr hand _ _ A ’, _
' TP - v .. ' i C
I=]] fr“"te\p(—r)dV,-~ A .
=1 Rdl : o . : .'; ’ . 1
- p . 00 N , ' ) pi Ly d ,
=11 fd oxp (=) fdsi ~llgoar (% +x)
- ' Whencev co- e R S ) ‘
TR | B T@if2 + k). ﬁ(n/2‘+2ki
v L ak‘ = {
e T H i (Q Tam I\ T Trep )"
. 'Y 1 8§n- . . ) ! ) . ~ L.
In the sequc] we will put . e !
o f nr“‘ as. S @

~ -
- .

Lemma 3 The volume az/emge o/ H 7, 2 zs,given by

K ‘, a o . 7. !
| _f‘qm"”’ = Yio. kv/(l +_2k‘): BRI I
1= . \ .

e

Proof Usmg polar coordmates in R®, the mtegral equals -

N e
S . frn—n»f-’zk‘ dr f H,,2k. dS . s o L
) Ao ' Sn1 =1 . t ) -

" and the-result follows from the previouslemma‘l

- N N : : ' A
| . . R r o, ’
T ‘ A - S )
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" (see [3)): and 2 1s a constant Clifford number. For such a term,

N

“in which Qu,. .« _y must be thc roproducmg kernel for SM L,

Y

X ’ Let us now con51de1 the subspace SMLo(k‘ Lk ,(6B,,) c SML,,_(@B,,) of sepamtely
‘monogenic po]ynomla.ls homogcneous of: degzee k; in the variables z,f, ..., zj, for

every i =1, ..., p. This homogeneity and the orthogonahty properties of sphcncalf

monogenics- -ensure that ‘these spaces are pairwise orthogonal: By the- ‘Taylor expan-
sion for separately monogenic functions (see [3]) the span of all the SM Ly ...« (0B,)

-is"the whole of SM L,(dB,). Hence SM L,(&B,)-has an orthogonal dccomposxtlon as
.direct sum of the SML, .

,,,,, k, )(BB,,) But on each. SM Lo,k (8B,) the rcprodu-
_cmg kernel can be com])uted as follows. Puttmg, Py, for the polynomla]s of the expan-

sum of terms [[ V'(r u') 7, where the V; are Fueter polynomlals in MLs ,,‘(oB,,)

N

. N _ ’7 ; N . . . . - o R .
<P(k',,....kp), 1 Vira) ;-> . . T e
L =1 . °. t ) '
C . 1 P — L. R \" ] -
< = P [ 1 ‘(7‘,~"""'P}ﬁ(u‘, th) Vi(uY)) 2 dS

. . .l,” nS""‘ 1=1 o - ) . . ‘ b

‘ 1 » 1 — o

— ——-—f r (r 2 f P';;'(Ut, [’) V'(ui) dSw;) 2°dS .
L PRk, @Wh i=1 W, ' ,
N c -§n-1 . sdi-y .o

N

.. . 1 \ . P *
—_——_— "k,]/t ll ‘» dS — Vi /.i J .
] 7,‘.1'__'__,%(»,,5 :[ ( H (¢ ) . . (.I=—11 d{ ))‘/_.

'
‘where we have e\plmtcd the commutatwnty of Piand Viw hen i :#: j and av eragcd
over cach of the u‘ This proves the xeproducmg property of Pe...kp B

We now only have to sum bhoqe kernels to‘obtain.the S/ego kernel for SMLa(aB ).
T heo rem 5: ’l’he Szcgo kernel o/ SML,(0B;) is given by '

(=< . N
N : . Co :
Ssnu,,(an y = X Pl )5 : . ~
ke B0 c -

uhere the multzple series converges bolh in SM L2(6B ) and unz‘;’ormly on the compact
‘subsets of B,.

Proof: We know Ss,,,L,(g,,, to omst if, we decompose it wnth respect to the
SMLQ (,,, k(0B ) we get a serics convergmg in SMLy(9B,), for f:\ed L

. SSML(an,. (u, t) 2 Q(A. PRI

. . . -—

kernel is unique SO Quk,.. k) (U, 8) = P PRICTS tyalmost everyw hel'o"provmg the series
-expansion in SML,(08, ) Uniform conv ergence on compact subsets follows at once
from thc estlma.tc (2 2) 8

‘Y
<

,)(313,,) But, this .

.. sion (2.1) applled to R“« We obtain * ! _ S o
Lemma. 4: The reproducmg lemel o/ SM Lo ,... ,},,)(EB,,) 78 _ ‘ L
o . : - ) \ .
f-’(k,.....k,;)(u, t)y = - H 7 "'p,. (ui, i)
. : , ..... > i=1, ' ]
o Proof: Llcally ]’(A, ,,,,, k) € SM Ly, 4,(@By). Any f € SMLo, . .k,(0B,) is the’
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:

) Merely repla.cir;g ‘the constants y,}l ,,,,, ky OY Vieyiok /(1 + ’n Z k ) in this section,

=1
we can prove a similar result for/the Bergman kernel B accordmg to Lemma 3.

Theorem ,6: The Bcrgman kernel is qwen by

\

‘ Bs-vu,(n,.;(u, )y =" 2 (1 + — ZL.) Sern k(8 85 ‘
kypn kp=0 noi=r - -

(he series com;ergmg both in SM Ly(B,) and um/orml y on all compact subsets of B,.

“  These. convergence propertles a]low us to prove the followmg result W here ]‘,, Is

asinf2].-

"Co rollary 7: The Bergman and Szego kernels for separatel y monogenic /wwtzons - e

in the unit ball of R" are related by Bsar 1,p(u, 1) = (1 = 20711, ) stLz(ggn)(u t).

4 Twplu it formul.ls for the reproduung -kernels. The S/ego kernel for monogcmc

Afunctions in By is glvcn by
Sus (agd)(’lb 1) = (14w /|1 + ut|" . u,l € By.

Henceforth™ we shall write v = ut and ('(v = Sy (agd,(u, t). Notiee that v = - ¢
+ u.At, where u At is a bivector and u - Lis real. (We refer to{6] for the definition of
“dot a.nd wedge products m-a Cllfford algebra.) Furthermore, vo = %v = |u? |¢|? and

S 4 2= (1 4 ») (1 +°7). Let % and ¢ be fixed. The subalgebra of \ genemted by .

Randu At w111 be wrltten Ryne; from (u A 1)? €“R it follows that Rya, = —{— (unt)yR.
Also, v, 7 € RuM We define th(, mapplng P: R,,M — C: a + (u A t) b —>a —{— ilu A L| b
(lhm makcs sense-even if u A't =0.) "% .

'.Lom ma 8: ¢ has the following properlies: for. all ’/‘p Vo € Ru,\,,

?j_(7’1 ‘f“ v} = p(vi) 4+ @(v:), ‘7’(7?17)2) = @(vy) ‘P(v‘z'); o

o P =2 2€ R, g@) Z9@), el =l BERCRY

9‘0(7’1)—0@"/1—0 ' a T ’

a This @ will now be used to rclate the rcproducmg kerncls with their. values for
comp]e\ alguments ;o v ; R
Theorem 9 Lel v o=l u, b€ Bd, then - S o

,m=0

C(v) 3 @z—1, d/2 (—1)Hm ofpm)(Uml)y

\ B

tlze senes convergmg absolutely.
Pr oof Rclymg on' the properties of ® obta,med in Lcmma 8 ‘we have

\ 1490 T+g) 1+ e
ﬂqm“u+md‘W(+wwa+¢ww

.

From now on, let us write Z = g(v), theh Jzl < Tand~ S _ .

.l_“*_'_f__‘_‘ \i—df2 —dj2 _ \" L 4 *’ W'"' 2zm
\“+z|d_(l+2) . ( +Z)/ 'lmO 2 «'11‘2111( 1) l'm’

b b a \ [(d . vigm
‘ = V = — 1 — —1)ism
- 1.;:0"’((2' ),(2),,.( & _l!m!)
‘ C=limo{ .} — —1 —) (—1)m )
Lo : k—boo(p (1+ﬁgk (2. U )1 (2),,,( ) S ltm!

\ -

- ) . c~ o . \

7’
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' T ‘ , d - d) o V' '
- L= li VO —1) (= 1 l+m
) . o 7 (k—l::: 1+f77;k (2 ), (2),,, =0 uml) .
) - © (d a - o
. ) . __: — _.1 A lbm -
] (p (1",2:0 (2 ‘ ), (2),,,( 1 llml) .

where (p ‘and the limit can be exchanged because of (4.1); this also ensures absolute
convergence. The theofem then follows from the injectivity of ¢ I :

Corollar y 10 The Szego kernel can be cxpressed as a series:

S e .
pk Mz,(au,.)(u t) = J (d/2 — 1 (d/2)m (—1)um Tl S
+m- m! -~ Y

e

vm

\

Theorem 11: Let F(v,7) = 2 c, ,,,v‘v'”, u,here c,,,, € R be absolutely convergent

' ’and let 2 —<p(v) Then o _ s ‘ .
: < F(z z), . . S , - 'i/uAt:O,. ‘
- Fe,9) =11 wAl N o L uat ’ .
»\{ o ? (1 — Iu /\[I l).F(Z, Z) +§- (1 +—|'u'—,\—tl )F(Z Z OlheTWQse.
Proof: If « AN=009=F=2=3 and the result is obvious. In the genera.l case,

notlce that for all v € Rung, -

= (o) + 90) - (w1 t/lu A i) ilpt) — s/
and that (p(F(v 7)) = F(z Z); lf’(z,') F(z z) 1

We apply these results to the computatlon ‘of the reproducmg kemels To start, we -

add indices, corresponding to the R%, g1v1ng the notations v; = wt;, u;;v;'€ Bd‘,

@i R,,‘M‘ —C, z; = @;(v3); wrltmg D =gy, -+ @pp and S(v) = SSM,,(aBn)((ul, i Up),

“(ts .5 tp)), we sec that through répeated apphca.tlon of Theorem 11, e\(phomknow
- ledge of (ﬁ(S(v)) extends to S(»). T E P LT '
Relying on Theorem 5, we see that P C ' ‘

2

;! my!

@(S(?})) = . f ., ! (2) ' ﬁ 2 — 1 1( (dl/2 m (___1)[ Flml ll‘ @ '

Ut mg i=1 ( /2)11*'"'(

Q &yeens {p.my,..., m,,—O

convergmg a,bsolutely in the-set |2y] + -+ 12l < 1 (cf. [5] for a general method to - -

\

.obtain the convergence domain of such a series). In the special case where all z; are -

real we obtaln (through an elementary 1dent1ty mvolvmg bmomlal coefflclents) /

oo n\ Py — D) (—2p)k S
S@)) = = S . .
( __(, )) ' kn--~-,2k‘p=0 (2)k.+ 3 ky tg ' (d 2 kit - T I N
4 = I’WA("L/2 (d o-=09 (d|/2 §=0> ( Zl)l- ) - ) ‘ R o
where 7y stands for the generahzed hypergcomgtrlc function of Lauricella type
~- . oo P (b;) Bk, 2" k; . :
FA(a';- (bl)f;l > ( )x l > (2 i l) _k‘;(‘) (a)kx+ I=] (c')k‘ k P

6o This_‘fux']ction has the interesting property
B 71 G2 G AR OO AR A I

~

P \-8 . g p p’ | 0
= (vl — Z'Z;') F'(a; (ci — b)fys (ca)fars (—z;/(l - X z,)) ‘ ),_ (4.2)
. i=1 . . - o . j%l i=1 .
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i=1

- 'whlch if all dimensions d; are even,'is a mtwnal functlon of the zi. We refer to [5]
* for a full treatment of these generalizéd hypergeometric functions. Relying-on the

properties of the beta function, we can now lmk the Szego kernel for general argu-

‘ments tosthis funetlons o :

'

Theorem 12 The Szego kernel fm SMLg(aB,,) is, gwen by .

\

1

' ,'D(S(”)).;: ,, — . f th¢/° 21~ ,)a(lz 1‘ -:"."

-~the formu]a,s of this section.

H B(d /2 d./2 _ 1 \‘l_o l,,—O . e (

- ™ o
XFA(7L/2 (d; — ,,l,(d/Z, l,( 12,—(1—!,)2 )dt1 d
1f all d; are even, one can apply the identity (4.2) under the mtegra.l sign; the inte-

grz}l can then be computed explicitly, yielding an expression in terms of ra,tlonal'
functnons a,nd logarlthms Asa consequence of Theorem 6 and because . :

[

K (1 ¥ (2/n)2(l + m.)) (n/2) 5iics - —(n/2+ 1)‘“‘”0

« : ~

similar results for the Bergma.n kernel may be obtamed by substntutmg n + 2 for n n

S : : . i
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