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" On the Existence of Solutions of a Semilinear Ellipti(; Boundary

"Value Problem with Superlinear Nonlinearities

.

P. DrABEK and T. Ruxsrt
| “

Wir beschiftigen uns ‘mit der Losbarl\elt, eines sumlmoaren Randwertproblems mit- super-
linearer \‘mhtlmedrlht in Raumen vom Besov- und Triebel-Lizorkin- Typ

N - v
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/
, We study the solvability. of a semilinear elliptic bounddry value problem with sup(‘rlmear non- -
lmeanty in spaces of Besov and Triebel-Lizorkin type /

. i o . "
1. Introduction DV o S o |
The ain of this paper is‘the study of the fulluwin‘g superlinear problem :lb
Lu = —g(u) + f(z) + ¢ in -O" 'y =0 on-9Q, ) T

\ ’

ivhere L is a umformly elliptic second order differential .operator and ¢ € R, More-
over, let g bé a sufficiently smooth functlon (lefmcd on R;.and satisfying the follow-
mg conditions: :

(n g(:c) 2 0 ifz=0 and g(0)y = 0
(lI) " The function g(x) + /vx, where 7, > 0 is the first exgenvalue of L, is- bounde(l .
“ from below. .

" We consider problems of this f01 m in the framewonk of real Besov spaces B (2)

and Triebel-Lizorkin spaces Fe 7.q(£2) on bounded C%-domains 2 = R, \\hele sns
arge enough. Roughly speakmg, we s}nll prove that for each fixed f there e\usts a
Lo(f) € R, 'such that .

. (1) has at least one solution if ¢ $'t0(/); -
= : (1) has no solution if £ < #(f).

e

\

Further more, we are interested in non-negative solutions of (1). Problems of this type .
were considered by many authors (see e.g. H. AMANN [1] and the references glvcn '
there) and arise for example in the theory of nonlinear diffusion processes and.in

- reactor theory. Questions of existence and smoothness of solutions of (1) are recuced
,tor ploblems involving nonlmeal mappings-in the spaces consuleled here (§ 2.3) an(l
"a maximum principle (§ 2. 2). '

‘Nonlinear elliptic equations in the flame\\ ork of Besov and Triebel-Lizorkin spaces .
were first considered by H. TRIEBEL [17). Further results in this direction may be
found in D. E. Epmuxps and H. TrIEBEL [2], and J. FRANKE and T. RuxsrT [5, 6]. -
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2. I’rehmmarles _ - Y-

2.1 Spaces. Let R, be the real Euclidean - spaces The theory of the spaces B ( R,)

and F% (R,) was developed in H:TRIEBEL [16]. We do not need the full theory, but
“only some properties, which we list in the sequel.
‘Let S be the Schwartz space of all complex-valued rapidly decreasmg mfmlt,ely

'

; differentiable functions on R,, 8’ the set of all tempcred distributions on -R,, F and
F-1 the Fourier transform and its inverse on §'(R,), respectively. Now let ¢ € 8 be

\ H

" Bm - {feS' (22””19' %711 LR, )n«) <<} e
\and - Ig" \ ' ’ |.~ ‘.. ’ . - . ' . |
/ 1 - ‘: . .
B R, {/eS' (zwu 0 7107) |2t <ot

a real-valued function such that ¢(z) = ¢(—2z) if x € suppp = {y € R,,\I Iyl S 2} ancl
Ple) =1 1f lz] < 1. Then we define a sequence {g;}32, of furictions by

A %(ﬂc = w(x), pi(x) = <P(2 z) —@(2 ’*’x) ( 1)’

for each-z ¢ R ‘We have (po(x) —+— (pl(x = ;'1 (x € R; ) If —oco.<s < oo,

0 < p, g < .00, then by definition N ;

(usual m()dlfl(:dtl()n if p"= oo andfor ¢ = ©0). .
It can be shown (cf. H. TRIEBEL [16]) that w1th the respectwe quasi-norms B} q(R )

,. and F3 q(R ) are quasi-Banach spaces; moreover, they are mdependent ‘of the parti-

’

\cular (,hmce of ¢ (equn alent quasi-norms). ‘. - oo N

‘Re mark 1: By means of the fact that ¢ isa real-valued even functlon we can introduce the
rea,l part of the > spaces B3 ((R,), ete,, denoted byB q(R,,) .. {for exact definitions se¢ J, FRAN-

" ke and T. RU'\ST [o Subscctlon 3. "]

- . N L o
Remark 2: Thesc two scales of- functlon spaces:include many well-known classical spaces.
Equwalont quasn norms for these spaces may be found in H. TRIEBEL [16] for instance’

oo(B ) = (g‘(R,,) (Aygmund spaces) if s > 0.’

Next we define the corrcspondmg spaces on open sets. Let 2 be a bounded C-
domain with boundary #2. Then one can introduce the spaces B}, ((9£2) and F3, (99)
by standard -procedure via local charts, cf. H. TRIEBEL [16: Snbsectlon 3.2. 2] The

. spaces Bj (2) and F3 (Q2) are defined as usual by the restriction method, cf. H.

TRIEBEL [1() Subsectlon 3.2 2] if —o0 < §-< 00 and 0 < P, g = oo, then for in-

" stance ' . ‘ v

B (2) /ED(.O |3geB (R,’,) with g|'9:/,-
If | Bpq(£2 II—mfIlng o Ra)ll, :

N

where the. infimum is taken over all‘ gE B;‘;;q(R,,) in t"he sense of (4). Silﬁlilal'ly-'one can -

: dcfmc the spaces, F3 q(!))

2.2 Traces and linear elliptic dlfferentlal operators Let 2 be a bounded C>-domain

in’R, and let £ be a function defined in 2 and belongmg to some function’spaces of the
above type. R denotes the restriction operator given by JRif =f| 282. The following

results are ‘well-known for 0 < ¢ < co and s > (n'— 1) (1/min (p, 1) — 1) + 1/p,

(for the proof see J. FraN KE [4] and H. . TRIEBEL [16 Subsect,lon 3.3.3)): K

o (4) ‘
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I 0 < y4 S 00, then :7! is‘a- lmear and contmuous mappmg from B; (92) ohto oo

B R(2Q).
If 0<p<oeo then <7£ is a lmear and contmuous mappmg from F q(Q) onto
LY B’_”P(o.Q) :
o As above,Qdenotesabounded C°°-domam in R, w1th boundary 8!2 LebL .
S —Izwwau(z) b Sa@Du@, . B
. / . la|=2 . lal=1 . L ‘

xz €. Q a,. E é°° !)) if o S 2 (1 e. the a, axe real C°°-funct10ns), be a second order o _‘
: umformly elllptlc operator: ’

C . 7" v
- \ . ‘._(,

. ,Za(x)1/°20]yi2>0 y.-ﬁ R,.,:y‘#:' 0~.' S o R

_ In this' paper we only consnder the correspondmg homogeneous Dirichlet problem
"We introduce- the notat1ons (for admissible couples (s, P))- R

oo BRge@) —{IEB”(Q)I flag =0y - R
ancl - x N L ‘ ’ : -
L Faiey () = /EF“ (Q)l f1292.=0). R

By S. Fudixk [7: Theorem 34. 10] we obtain the following result. If 2 denotes the small-
-est elgenva.lue ‘of LlBl . o@. With Dirichlet condition,. then 4, > 0. Furthermore,
S there ex1sts a umque norlned posmve elgenfunctlon p* € C°°(Q) to' 2 \nth ‘
/ N L
j<p*(z2dx—1 *(:c >01f:ve!2 4 LT (8)

- *|ao_o~ L¢*=)1<p _ - /"_.

((,f og M G. KRrEIN and M. A. RUTMA\ [9], M. A KRAS\OSELSKI [8]) Then the
following may be found in J. FRANKE [4](see also H. TrIEBEL [16: Subscction 3.3. ‘3])
for 0<g<ooands>(n—1) ((l/mm (1) — L)+ 1p'—2:

, "I 0 < p < oo, then L yields an 1somorphle mapping} _\ T (7'j:, .
- from B"*"’O(Q onto Bj ((2). ; . ‘ B ' o ro
TMo<p < o then L yields an 1somorphlc mappmg i ®)
from F“%(Q onto F? q(.Q) - b

"In order to prove our main result we. nee(l some' results about subsolutlons and . -
’ supersolutlons - ; .

! -

Definition 1: A distribution y € D’ (.Q is sald to be non- negatwe z/ w(@) ) =0 for
any @€ D(Q) with ¢ = 0.” l

"~Here D(2)’= CP(2) deriotes*as usual the collectlon of all complex -valued in-

finitely dlffelentlable functions f in R, with supp /= @, and D'(Q) is thedual space.
The set of non- negative dlstnbutlons is a(D (Q)) close(l T S

v \Definition 2: A functlon u € O( 5—2 is said to be a subsolutzon (supersolutzon) of
() if Lu < —g(w) + flx) + t (Lu >-— ( + /(x t) in Q in the above sense and~
u | 6!2 = 0

) * ‘ .l‘l . - ' .‘

Furthermore, _B’ q(.Q denotes the completlon of D(Q) in Bg, ,,(.Q) In Sectlon 3 we.
shall use the follo“mg ‘

"'.._, f -

P N
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~ Lemmal: Letig € 'Iu{vgf o(2):e > 0} and,u > 0. Ijv | 09 = Oand Lv + pv = 0
'(in the.sense of distributions) then v = 0.* . -

Proof:  Step1. Let w € B2, D<e< 1, ‘be nori- negmt;vc lfy) € C=(D), p| 02 =0,

then y € B37(Q). We prove that if 4 is non-negative, then'y can be appr oximated in. o

* B&4(Q) by non- negative C®-functions. To do this, we apply the method used in the
proof of H. TRIEBEL[16: Subsect 3.4.3]. VVlthout]oss of generality we may.assunie that

' C Q= Ryt = {2€ Ry |z = (2 x4), 2, > 0}. We define the extension operator & by

, ' g if 2, >0
P, wa)= 4 " T
tp(_x, Zn) . {y;(x’, —z,) i 2, <O.-

By our assimptions’it holds that the characteristic function is'a multiplier in B‘—‘(.O) .

" (cf. H. TrIEBEL [16: Subscction 2.8.7]: Hence we obtain

11y BJT'(R M~ 115y B‘_‘(R N+ VS | B}T(R = IIw I Bi’_l‘(R il

.'Now let {q),}l 0:be a system of non- negative C°-functions’ with (p, > () in D'(R,),
. _\\ here 6 is the Dirac (llbtllbllblol] “Then the system {'P;} = Sy * @, is the desired
approximation: |
- Step 2. Thus- p(w) is "well- defmed (fm “the dual’ %paco of - Bﬁ‘( ): (B°_‘(!2))' '
"= B52,(2) and non- negative. The result (Bs (0 )' = B,? (! )) where1 < p < o0, -
=g <oo, 1fp<s<oo, s—1/pgN, l/pTl/p_l/q l/q—l ‘may be’
found in' H T RIEBLL. [15: Subscctlon 4.8.2|, but it holds also if p = 1. Let .+
_—Zl)“a(x) ZDaa(x : e
i-“l Cjal=1 . c .
" (cf.(B)). lffE C'°°( ) is non- ncgatlve then there exists a non-negative g € C'°°(Q \nth :
gl 6’0 =0, Lg.+ pg —f (cf . Futix [7: Chapter 34]). According to f w(z) fla)ydx

—ftp z) 9(x) dxr we. obtam the followmg If (}) Xors (.Q then the umque solu-

~

tlon P of L*y +py = @, p | 92 = 0 is-non- ncgabwe if @ is.

~ Step 3. Let v be. the same as in the formulatlon of Lemma 1. Let ¢ € CO (£2) 'be
non- negative, ¢ = L*y + py with p € C'°°(Q) non- negatlve and p | ¢0 = 0. 'l‘hen an .

v casy lmntmg argumcnt proves

S ds = | (Z* £ ) @) )z Jvi@) (Lv<x) + () dz =0 1
\ 9' e _ . - .

2.3 \Idpbing propel:tlcs In this subsection we list some results which may be found

inT. RuxsT [14: Subsection 5.4]. In the following, let 2 be a bounded C®-domain _ ‘

-in R,,, ‘while Ce denotes as usual the classical Hélder space if ¢ > 0 is not-an integer
dn(l the well-known Banach space of (llff01 entiable functions if p > 0.is an mteger

‘As mentioned above, B, (R,) = 8’9(R ) if 0.> 0. For real s we put s =[s]- F {s },, -

[s] mteger, 0 < {s}, = 1

Lemma’ 2 (T Ruxsr [14 Subsectlon 5.4): Let 0 < q < oo, § > n(l/mm (p, 1)
— 1) 0 > max (1 s).and g.€ 69( ( ) Then .
(1 z/0<p<oolhen ’

' : ’ 4

||y(u) | #5 qII IIQ(u )Lyl -+ € ( Z Sup |9“’(u x))| llu R e | Lol-2

-~ -

\

o II_.que(uu? W ke | F gl uu R Lol of- ”.‘IIC“(u I e |F ,,”)
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: i
and - . .
_ ng(u) | Lpll <llg| C‘(u(!)))ll [l | Lpn (u € F; q(!z) n Lm(!z))
(i1) 2/0<p£ootken '

: . ' o
_Hg(@f) |‘B§,,,-,|| < llg(u) | Lp” + c ( 2 sllp' |90(u(z))| e | Byt e | -_Loo“l_l 7

\

.

- llg [ Co(u p))|| Hu | B3.dl Ilu | Lmll"" + o | C‘-’(u || llu | B qll)

Cand . : . . \

e N L
lg() | Lyll = |lg | 0‘(“ N e | Loll - (w € B;,q(Q) n Loc(Q))-
The following i'esult is a' consequcnce of Lemma 2. '

Corollary: Let0<p<oo(0<p£oo) 0<gq .wand9>n/p

() Let g€ Ce, o ¢ > max (1, s). Then thete exists a functzon Yo Vot o, oo) [0, o)

whzch 18 zndepmdent of u such that .~ _
-

gt0,] F3ll = ol | F ) o | F3ffor all i € By )
(lg(w) | Bygl < volllu | Byl lhu | Bydil for all u € B Q).

( i) Let g€ Cett,-0 > max(l,s). Then w—gw) is a Conliﬂum&é mapping from .
F5,(2) into F5 /() (from B}, (2) into B} (2)). S ' A

P.g

Proof: btep 1. We prove (i)., T]ns isa comequcnce of Lemma 2 and the contmuous )
imbedding F" 92 & Loo(Q) (B ) & Lo ) if s >"n/p. C
- Step 2. Wc can extend Lemma 2 and conseqnently part (i), of t,he nbove colollm\

" to the. case G e Ce, G: R, > R, m =1,2,. . Let g: u — g(u) for E F;q(--). We ‘

put b(x 11) (q( )— g(J))/(x —y) (x, Y€ R,). Then for

- o) — gu) — g(v) .
b (u, v) b( )) Ea— (.) ' )
we obtam t,hflt ||1)( , 0) | F,,ql = y(llui pq|| llv | F5 1) hol(ls \\hele the mappmg

{(x ), Z, y = 0} — [0,0) is mdcpcndent of u, v € 1”3 ( 2). Hence we get
lg) — g0) | Fygl S ¥ | Fagl Io | Fog e — 0 1 B3l G . (9)-

~ which yields the conbmmty (9) follow from the fact that Fs Q) isa mﬁ]tiplicatibn

. algebra if s > n/p, ef. H. TRIEBEL [16: Subsection 3.3.2], J. l‘RA\KL [3: Subsection
3.3], and T. RU\ST [14: Subscction 5.3]. 'l‘he proofs’'in thc case By, are "almost the

same ] 4 . )

Remark 3: Results in this"direction were also proved by J. PFLTRL {13] in thé case B;, @
s> n/p,! S p, g = oo, by Y. MEYER [11, 12]in the cascﬁ 1<p < o00;8 > n/p, M. Yanma-
ZAKT [18] and J°M ARSCHALL [10]. . _ . . o )

.

et B ) Pl
3. The: main resuit : SR ‘ o ' o L
Let !2 be a boun(led O°°-(lomam in R, and let
Li= —g(uw) + () +tin®2, u=0o0n 20 o)

be a second order elliptic boundary value problem, whele Lisa umformlv elliptic = .

second order (hffelcnt,lal operator as described by (5) andt € R,



at least one solutwn u€ B’ (Q), zf t > t, and has no-solution if t < t,.

’

- elgenvalue 7: > 0 see (6) It.is known that @* > 0in 2 and r.

'110 » P. DrRABEK a.r;d’~T.' Roxst - ) - . ] SRR ,
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Theorem Let0 < p,qg < 00,8 > n/p, te R,and letg € CGH(R,) 0 > max (1 S)
satzsfy the conditions (I) g(x) = 0 if x = 0 and g(0) =0, (II) the /unctwn g9(x) + Az,

 where 2, > 0 is the first éigenvalue of L, is boundéd from below.

(1) Let p < oo and f € F3‘2(Q) N Lo(2). Then there exists.a to(f)' 6, R, such that
problem (10) has at least one solution u e Fe Q(Q) if t > toand has no solution if t < f,.
(1) Let f € 33“2(!2) nL, (Q) Then there exists a t(f) € Ry such that problem (10) has

Proof We prove (i). The proof of (11) is the same. o
_Step 1. First of all we remark: that the Dirichlet problcm Lu = )u in Q w=0o0n"

912 has a unique normed positive elgenfunctlon o* correspondmg to the smallest

dp* oy < ¢ <.0onoR, ' ‘_ Co . ) . ' (11)
see S Fubik [7: Subsections 34. 10 34 12]. - : B .

\

Step 2. ‘We have f € F’—Z(Q) n L, (2). Hence -we can choose ¢t >0 so ]arge that -
f(x) + ¢ > 0 holds for z ¢ .Q Then u, = Oisa subsolutlon of (10). Here we used the

fact that g(0) = 0. We fix such at 5
Step.3. Because of / € F HQ)n Lm(Q) and the propertnes of L (see (7) ( )) there

‘ex1sts a functlon w € Ff, ql(!)) such that Lw > f(z).+ ¢t in 2 and w =0 on 2. Notice
_-that F .q(§2) < C(Q) if s > n/p. Now we choose r > 0 such ‘that w~+rg* > 0in Q
- holds. Thcrefore we apply (11) and the same arguments as in S. Fuék [7: Subsec-

tions 34.11 and 34.12]. Then %, = w + rp* is a supersolution of (10) ) because of
Lu, >. —g(us) + f(x) + £ in2, u, = 0'on 3!2 Here we used propex ty (I) of the func-

~ “tion:g. We have u, > u, in' Q.

Step 4. In what follows-we show: If u, is a subsolution and U a supersolutlon’of (10)
“and u,(x) < uy(z), z € L2, then there exists a function u € F’ o) such that w, < u

‘'L u, in Q and (10) holds This result is a,generalization of H AMANN [1], see also

S. Fudik: ['7 Suchctlon 34.7]. We apply the same arguments as.J. FRANKE :and .

.- T. Runst [6: Subsection 3.4]: The above condltlons yield ), 2 € C(Q) Let; w>0 be’ v

.such that =~ « .

o~ g'(t ) >0 for any & € [mm u, (%), max uy(z)].:
o . N TEQ A z€Q

Let T be the " operator which sassigns to each u ¢ C(Q) the umque solutlon
vE U{Emm(Q) e > Opof

- Lv+wv—f(x)—+—t—g(u)—{—umm!) v_Oona.Q ' - (12).

+ The deflnltlon of T is correct w1t,h respect to w > 0 and the ‘properties of L. We pub

o, u® = T, and 4, = Tru,, w here as usual 7' = T, T**! = T"T*. In analogy to

'S. Fuydixk [7: Subsectlon 34.7] we can show that T is monotone, i.e. if 4 < v in 2,

T (13) yleld

.then Tu < Tvin Q. For this we apply Lemma 1 (maximum prmcnple in the sense of
- distributions). By mductlon we get a monotomcally decreasing sequence

Lo u < u® <u® <. < uz(z) < uz(l) < u,. R . (13)
From (8), the Corollary in Subsectlon 2.3 and Uy 9 E LW(Q) we_deduce by (12) the
‘inequality I.u"‘*”F’ dl = +c Hu”‘) | F"“Il The imbedding C’(Q) (= F 7a(€) and;
"u(k) | F l < ¢ max (Ileey | C1l, ”"42 | Clly < 5. . ™

., s ‘7 : -
N .

s
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Applymg the well-known mequallty jw | F"‘Ei S 0 ||w | Fp ol + ¢s llw | F,, Al
follows that |uf*; 1 | F3 || < ¢yt 271 i) | Sl By induction we get .

ey 1 P Pl = ¢, C> max (2. ||u; | F5qlls oo | F3,00D) -

’

. Because of Fs q(Q) o Gy, s > n/p, the pomt\\ ise ltmlts o ;

*# " On the Existence of Solutions 111 «

L ui(x) —hm ul o(Z) B - : D S . (14)‘ ‘

{

.

both exxst NQw we apply the same argumcnts as J ' FRANKE and T. Runst [6: Sub-
section-3.4). Let  be the coretraction constructed in J. FRANKE [3: Subsection 4-.1].
We may assume that supp &g is umformly bounded for all ¢. The construction: of .
yields Ful¥)(z) — Fu 4 (z) pointwise: Icbesgue’s theorem proves that this holds also-
for the weak o(S(Ry, ), S (R.))-topology. Applying the Fatou property (cf. J. FRANKE

© 3 Subsection 2. ()] we get uy € Fp A9). By means of F’ o(R) & 6’(!)) if s > n/p it
_ follows that . € €(2). Finally Dini’s theorem yiclds t that (14) holds'in C(.Q) Now it
,is not h'u‘d to check that u are so]utlons of (10) o

‘Step 5. Here we prove the following: 1f (10).is solvable for some t, € R,, then it i is,
also solvable for all ¢ > ¢,. Let ¢, > ¢,. The solution of (10) with ¢ = 4L is denoted by
4. Then Buy, < —g(u,) + f(z) + &'in 2 and %, = 0 on Q. chce u, is a subsolution

. of (10) with'¢t = ¢,. Let us choose v € F,, q(Q) such that Lv > f(z) + t,binQandv =0 -

on 9Q and ¥ > 0 such that v. + np > wu,,in 2. Therefore:we use the same arguments
as in Step 3. Then u, = v + 7p* is a supersolution of (10) with { = ¢,. In analogy. to
Step 4 there exists a € Fe 5.q(52) satlsfymg u,y S u = Uy and DII. = —g(u) + f(x) 4ty

“in 2, w = 0 on 20.

~ Step 6. We put ty = mf {t € R, | (10) is solvable} We remark that by Step 4
to < 0o.

‘Step 1. We show that ty > —oo holds. Accordmg to the propertles of g the functlon .

s—> g()—)ls‘, _ . g '\' :‘" o - ',’ (lo)

is bounded from above. Let % be'a solutlon of (10) for someé ¢ € R,. Then we get

_L/d—)lu—-—g(u)—llu—}—f(:t)—{—th _-I o (16) \"_

\Tote that the -adjoint problem to Ly — ¢ =0in2, qz,— 0 ‘on 6.Q has also only
a one-dimensional space’,of solutions generated by a positive function y* € C°°(Q

) w1th f@*(x)z dz =1and y*e) Z0 if v € Q- (cf. S. FUéIK [7 Subsection 34. 12])

Hence it follows from (16) that

"o_f(Lu_z,u)(z) *(x')dx S

s = [ (=g —71u)(x)w*(x dz+f,f(x ¥¥(@) dx-}-tfy; L

Q2

' \Vthh together \Vlth the boundedness of (15) 1mp11es that ¢t = t(/) ‘holds I

Remarks 4. A correspondmg result holds also in the case I/u = g(u) + /(:z:) +¢ in’ Q
w=00ndR. 5. If u, €Fs 3,4(8) dre solutions of Lu = —g(u) + fi(x) in 2, .4'= 0 on 2,
it =1,2, then L fy S fs. lmplles 4, < uy. 6. Note that-the above proof yields the following result:
for each f € F‘ q(.Q) n Lw(Q) there exists a t,([) = 1o(f) such that (10) has a positive solution
forall t > ¢,(f). . .

N

3 ’ ’
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