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Fir dle Losung optimaler Stcucrprobleme mit dér Austandsglelchung ¥ +vAy + Bly) = u;
dxe durch cinen linearen Operator ‘A und einen nichtlinearen Operator B mit IlB(y)ll,l <

>< (1 + [igllm") gekennzelchnct ist, w1rd ein Fxnstenzsaw bewiesen.

Hox(a%maemﬂ TeopeMa cy LIeCTBOBANHA pememm uan np06n0\1 ONTHMAIBHOTO YTIPABIEHNH'

CHCTEMAMH, -KOTOphIE XapaKTePH3YIOTCA  ypaBHeHueM * cocrosHua 3 + vAy -+— Bly)=u ¢
-umennum oneparopow An nemmemlbm onepa'ropOM .B rae HB(y)ll,. <c(l + ]]y]l,,,’)

’ An existence theorem for thc solution of optxmal control problcms of systems govcrned by the

~

state equation § + vAy + B(y). = u is proved, where 4 is a linear operator and Ba nonlmear .

operator \vnth ||B(“/)'|n < ol + Wilm’)- . . o B

?
e

1."In‘tr0duct.ion ; . o - - -

A new method of provmg emstence, theorems for solutlons of control problcms for’
systems governed by nonlinear evolutlop equations was proposed in [1]. There this

method was applied to the Navier-Stokes system with positive or negative. v150031ty
and to the Euler system..A similar approach was used in [5] to treat control problems

' for systems with the state equation-§ — Ay = 3 + » in a bounded domain with -
appropriate boundary and initial conditions. In both cases orie can prove -existence -

theorems for control problems without an assumption’ concerning the uniqué sol-
va,blht,y of the state equation for the controlled system. One only needs that at least
one admissible couple of state and control exists for which the state equation is ful:

filled and the objective functional J is finite. Since this assumption gives an additional

a priori estimate for the solution of the state equation, the existence theorem to be

proved for the considered problem depends in'an essential way on parameters which

(lescrlbe the regularity properties of the functional J. -+ \

" The aim of the present paper is'the extension of existence théorems givenin [1 2,5].
to a class of control problems for systems which are governed by evolution equations .

with polynomial nonlinearities. Using general interpolation méquahtles one can also

1mprove the estimates of the linear and nonlinear operator in the state equation (cf. -

"Lemma 2.5 and Lemma 2.6): So it is possible-to enlarge the region of parameter
- values for which the'control problem has a solution in- corresponding function spaces.

A general approach to proving existence theorems for extremal problems is. develop-
“ed'in [3). Similar existence theorems for control probleins, which are proved in [4, 6],
are based on the Welerstrass theorem and the-theory of monotone operators
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2. Funetion spaces - B : oy 2N ' -

.
LN

Let H bc a real Hl]belt space w |LI1 norm || Il an(l'mner product (-, -). Let A:H = Il
‘be a selfadjomb positive.definite operator - w ith discrete spectrum. ‘We denote the

eigenvalues of 4 by 250 <2y €A <...,4—> 00 as i — 0o, and the correspdndmg
orthohormal basis in H consnstmg of thc elgcnvectors of A bv {e;}s2,. Foreach s€ R
. we set : ‘

A - o0 i
B {v —Fvein ¢ R, ||»||, - (2 7-."Ivalz) < 09}

. Lo =1 i=1 . Lo

and. . . : S .

E {v_—Zve v; € IR,"i*<oo}. . ’
'l‘he set E_is dense i in Hs for all s € R. From the definition of Hs Jb follows that for ,
any s € lR the operator A H® — H*2 is.continuous and that for s % 0 the norm .
. Jill-s is equal to the negative Lax norm sup {|(v w)|/|lwlly: we E \{0}}, where the

. inner product in H .and-the duality relation introduced by it w lll be denoted by the -,
. same symbol. We denote the inner product (and also the corresponding (luahty rela= |
tion) of the Hilbert space H* by (-, -), and note that, f01 a = 0,v ¢ Hsto an(] w € H®-9)
we have |(v, )| < [vlls+a lolls-o - : .o :

o Lem ma 2.1" Suppose that —oco < k < l < 0o, Then the tmbedding H'— H" s
~ continuous, and compact. ' . ~

Proof: Let {v#} be a sequence converging to v weakly in H!, (v# —v,w) -0 as
p — oo for all w € E. Using’ the Fourier expansion of ¢# and v in the orthonormal
basis {e;} we get (vi# — v;) >0 as u — oo for all 4, where v#, v; are the Fourier co-
effluents of v# and v, respectively. For every fixed i* and any ¢'> Q we find a py,
= ,uo(z*, £) > 0 such that :

e |w—v|2<s/2 forallu Zpm. ’

N i P N
Since the sequence {v#} is bounded in II‘ and 4; - oo, thcrc exists an i* = z*(s), w hlch
. does not’ dcpend on u, such that ' ~ ‘

Z)"Iv“—vlzS/"“Z/’]o!‘—v|2<e/2 :
=it . B
Combmmg both lllequalmes we get flor — 1/||,r <& f()x all u > u,, whigh means v# -
stmng:ly in HX. -,
Similarly to the sccond mequahty one can show that for all v € H¥ the mcqua]nty
Awlle = 2,%7 -0/2 |ly||; holds, from which the continuity of the imbedding follows @

" Lemma 2.2: Suppose that —oco <k <1 < m << o0 with k < m. Then, for v € H™,
tke interpolation mequaluy ol < Ilolle™— “/(’” B ||}, 4= 0ltm =k polds.

Proof Applying the Holder inequality with the exponents p = (m — k)/(m — l),
g = (m — k)|l — lc) to the deflnltlon of the norm |jv||; we get the asscrtlon L)

. We wnll denote the Banach space of all measurable and L -mtegrablc vcctor func-
tions y(-): [0, 1]~ H¥ by Ly(0, T "H*) with the norms

‘

] T i/r : ' T L
Ml 0,700 = (~f Nyl dl) s NYllio.riun = supess [ly(Olle: - | -~ =
- 0 - , [0,T) : ’ -
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L'to cstlmate b]lc last mtegml Since q(m — l)/( k— m) (¢ — 1)) < p we get

N N ,|/
k;—l 2m ml

“J(t)“m S |L/(t0)“m2 + ¢ |y”L,(0 T;HY) ”y”Lw(o T Hm) ”‘/”L (0 T;Hk) "

-

In- the case m < (k + 1)/2, it-follows from /Young s mequahty that, for x> (k — m)/
(k—l)—K(p, q); o

“./(t)”m2 S ||7/(50)||m ||./||L°°(o 7;H™) + < ||./||Lq(o T; )m -

~ - . o \
o Co o k—m o x(m 14 . T '
P O ox(k— )~ (k—m) tox(k—-1)—(k— m)
+ ce ”./| (0 T;H*) -

Here and later we will denote different constants \nth thc same symbol ¢ We can

choose t, such that |[y(t){l. = TV? ||z ||j||,, (0.7 ;E%)- ldl\mg now the supremum with respéct

to-t € [0, T] in the last mequallty we get the assertion of our lemma In the case

m = (k + 1)/2 the same is true for x > 1/2 1 N .
0

We will ‘denote the operator restricting a funétion g J( Jtot =1 by Ve ,yf: y(r)\
' From the prcv10us lemma it follows, for m < M(k, 1, p, q), that the operator y,:
Y"‘ — H"' is uniformly continuous w1th rcspcct to ¢ 6 [0, 7. ' .

8* A; ’ ' ' =

) - . . . . 1t

N ty .

/

-

Let Yp! ={y¢ L (0 T; H*) ¥ € Ly0, T, H')} bga the_Bariach'space‘\y'it,_}—l. the norm
”y”ykz = |yl Ly0.7;1%) + ”}’”L,(or - . P S ' :
Lemma 2.3: Suppose that i ¢ Y with I<k 1=p<od,1<q< oo Then
yE Lw({TT H'") wzth o ! o e e
: (kplg — D + '
T —-—.—— if 1 I
’ mé__M(k, Lp g =1 plg—1)+ /f /” e = o o
2 B (U P AT l/q <1, - 0
‘and, /or every £ >0 and xwith 1 = »x > K(p, q) := max {172, q/( plg — 1)+ q)},;'_
there exist constants c,(e) Cao(x) with cz(l) =1,and ¢z >0 such that, for all ye Y&, @
sup lly(t )Hm =e ”y”L,(o ey + 01(8) ||J||1,(or H) + 03 il 0,750y - -,""(2"1)‘;
Proof: By v1rtue of Lemma 2.1 we on]v ave to prove bhe lemma form = M(k,
L p,g). 1t follows from d(y(t), y(t))n /dt = 2( (1), Y(t))m that, for all te [0 T] and
almosb all ty€ [0, T'], we have =~ ) T . .
. 1] ! )
ly(©)lln? = ||y(to)||m‘~’( +2f (30, y(@)mde o,
. . e . to
- , . T ® . SR , S i
= lly(@)la" + 2 [ 9@y lem—r dz i o ~ N
T L - . A ST (e-1lq. N
o : = llyo)lln® + 2 ||?,'/HL;,(0,T;M') (f ”?/(T)“Z/rr(lq—l” dT) o7 -
. ‘- ’ o " o \o o / T
By (lefmltlon of m we h&ve m=2m—1= k. So we can use- the mterpolatuon n-
‘cquallty from Lemma 2, .2:in the for m : . . , R N
My llem-r: ||?/(T)Ilm“‘+' 2= m (@) llim ~Ok=m> ,' o P



"116° - B. Knause . T,
S ' . L . -

. 2 Lemma 24 Suppoae that l<k* 3 k, 1 <p<oo, 1 <q< 0. Then “the m-
beddmg Y"’ = L,(0, T; H¥) is compact. - . ,

- Proof: For ¢ > 1 phe lemma is pw\e(l in [7: 'Fheorem 4.4.1] and for g =1 the.
‘proof gnen in [7 Theorem 7.4. 1] can be extended from p = 2 to arbitrary p € (1,
w) l . t Y '
- -Lemma 2 5 Suppose that 1 S]) < 00, —00 < 1 =k —:2 Then for all-q wzth
(l) = 1/g < 1 the operator A: Yit — L (0 T; HY). is bounded, and for every >0,
. there exzsts a constant cA(s) not dependmg ony such lkat .

||Ay||1.q(o TS € |1?/||Lq(o i -+ Ca(€) ||?/||L,,(0 I ' . ('2-2) -
s where a(l) s given by o : v _
S C(Up k-2 ﬁzﬁk—yg S
e e R S l<k—4fp,
T 0 .- ., ifl<k— 4. a

k!l Then we use the mter-

Proof: Let m* S I+ 2 be a real number and y€ Yki.

" polation mequahty from Lcmma 2.2, Young S mcquallty and (2 1) w lth % = 1 to o

estlmatc Ay: « . T s ; - . ,

: . : : T - . T [ ! .
) q . : -
]IAJlqu(o.T;lll) = \||!/'l|l,q(0,1‘;11'*=) = f H?/(l)h‘{.;.‘_, dt. . . S

. X . ) . . - . ' B

| SMmﬂﬁWﬂ’ﬂmmw“w%kmm
- : = (é |:’/||Iq(0 T;my + CA( ) ||7}|=L,,(o 7; H“)) o »
The right-hand -side:is bounded, provided the con(htlons m* < M(k, 1, p,q) (cf.

Lemma 2.3) and p-= q(l + 2 — m*)/(k & m¥*) are ‘satisfied. Since this is clear for
: p ='¢ we only consider the case p << q. We' have to cnsure the exmtencc of a number

-m*. with (q(l.+ 2) — pk)/(q — ) ) S m* = M(k L, q). Hb\\ever this is done by
'the choice of ¢ glvcn in the lémma § ;
vNow we introduce a continuous nonlmeax operator

BlM»HﬂmmMWMSMWW')T>I‘ S 23

Lemma’ 26: Supposethat1<p<oo,l<7 <p+1 m<kandlo<l<oo'
: .szth . :
’ L ~ 00 ' zfp
s " Lm — ph(r = p) dr—1<p<r

Then for all q wzth Bl < 1/q < 1 the opemtor B: Y&l — L0, T; H") is bounded and

~on'y such that - .

\/- v llB( )||L,(o T;H™ S € ||?/||L,(o T3HY + cp(e) (l'?/”c Tor;me T 1), o \ (2.4)
© 7 where ﬂ(l is given by. . \\ ‘ : , S :
R rp&—m)(m—n..: ~ SR
t : l l < l >
pr(k—m) (k —1) ef0<\_,
1r.2m—k =1 R S v
) . B =.‘, 7 k=1 . . fh SLT<k —rk— mz‘, |
.o R { N : S
' 7_2}6\ ‘ ifk—rk—m)ysl, « !

£ N . \

contmuous and, for any ¢ > 0, there exist const(mts c B(e) > 0,-c B > r not dependmg
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- > - r+p-— .
with > 0, l, = "—o00 /or p=2r+1 and = m— —-——1 (k — m) /‘or

r—1<p<r+1 S ' : ‘ —p+ .

Proof.For.ye Y:‘q_we have A : T .
\ . T o

1|B(J)||L,(o T;Hm = f [|1By()||a2 dt < 01‘+ sz ”?/(.‘)“m'q dt.

, .
If rq < P, the boundedncss of B and the’ validity of (2.4) are ob\ lous since m S k.
We suppose now 7¢ > p and use the mtexpolatlon mequallb\ from Lemma 2.2 in
‘the form o S ‘.

>

MWMSWWW”W””WMW”W“”%'ﬁ*Sméh

wheré m* < M(k, %, p, q) (cf. Lemnia 2.3). Then we get from Lemma 23 )

k—m -~ T m—m*

: * e —me - r=ro :
IltB(y)llz,q(O.T;H") =6+ 6 ||?/”L°";(_O'"};,,,,,., f“?/(t)“k k-m*dt L b
c ) k—m

o J ’ é(‘e”ynlform;n’*“bl? (Hy” ,(O'rfm +1)) : -~ '

) R *
if the conditions x > K(p, q) and rq k—i < p are satisfied. Addlt,lonally,

. - k—m >
chose » such that xf ——— = 1. All these conditions are satlsfled if there cmsts

: . |k — m* . rqm — pk o
a number m* = M(k l .2 q) \nth — = m* =k — 7r(k — m) < k-
e K(p, q) r(k — m). \Totmg that M(lc l,g,p) < k— K(p,q) r(k — m) holds for

Al Tk~ r(k — m), we derive the existence of such a number m* by easy cal-
culations from the assumptions of the lemma formulated for l and 1/q. The continuity -
of the operator follows from the continuity of B: H™ => H", from the proved bounded- -
ness and from Lebesgue s (lomlmte(l convergence theorem § P -

-

3. The control problem.- . - « = .

. :

’ vLet Y,, Y and U be refle\we Banach spaces with Y, Y. Let Uy be a convex
closed subset of U, and letJ: ¥ x U~ R be a-convex furictional. From [1] we will
quote an existence theorcm for genelal e\t,remal Pr oblems of the type. -

J(?/, )—>1nf . ‘ S - . '. (‘31)
Lig,w) 4 F@) = 0, € U, ST 3

where the opelatms LY, X U - W and F: YI — W act in'a Banach space W. .

" A pair (y,u) € ¥y X Uy which satisfies (3.2) and for %hich J(y, u) < oo is called
an admissible element of the ploblem (3.1), (3.2). We denote the set of admissible
elements of (3.1), (3.2) by @. A pair (y*, u*)€ Q is called a solution of (3.1), (3. 2) if it

satisfies J(?; 4*) = inf J(y, u)\ . :
Q

Theore m ‘3 1: Suppose that the following assumptwns hold true:

1) the convex /unctzonal J:YXU—=Ris boundedf below and louer semzcontmuous

ii) the tmbedding Yl =Yis continuous, o ) B
N . . - . . \ .

-
[

. :
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ii) the operator L: Y, X U — W is linear and continuous, Lot
iv) the operator F: Y, = W s weakly sequentzall y contznuows, ‘ -
V) the set Q is non-emply, : '
vi) for all R > 0 the set {(y, w) € Q J(y, u) < R} is bounded n YyxU.

Then the problem (3. l) (3.2) has a solulzon (y*, u*) € Y, X U,y:
.;Pl oof: The proof plocee(ls exactly as in [1 Theorem 5.1]. The only difference is

that we do not need the space Y_, ,\\hmh was compactly imbedded in ¥,. The assump-
tion in [1] concerning the demicontinuity of the operator F: Y_, — W here is replaced

. by our a’ssumption iv). From this it follows directly that, for a subsequence {J,,} of

a minimizing sequence W ith , — y weakly in Yy; also (F(y,), v)w — (F(v/ ’l/>w, or
: all v € 8, where S is a dense subset of 4 | .

o Remark 3.1 Thcorcm 3.1isin accorddn(,e with the c‘(lstc'nce theorem for‘generai cxtremal
problems in[3]. W ith the help of our assumptions concerning the function spaces and operators

'~ we can eénsure that the conditions of compactnéss and closedness formulated in [3: Theorem .

3 ‘} 1.11] are satisfied for the, problun (3.1), (3.2).
4. Results -

Using Theorem 3.1 we prove in bllls section an existence tlleomm for control pnoblems
-of general nonlinear evolution cquamons To this purpose we specify the function -
_ spaces, opcmtors and the functional J i in Theorem 3.1 as follows..For real numbers

k,1L1*, p,q,q* with 1'<p,q,q* < oo’ we set Y = L0, T; H¥), Yy =Y, U

) 0, T HY and W = Lg(0, T; H") x H". With the operators A H"—>H* 27

\ ' , ‘and B H”' — H" defined in Secmon 2 (cf. (2.3)) we set, fon v€ IR,

L w) = G+ vdy —w ), F() = (B — v \_MQ
\’Vlbh a convex functional @: H" x H' - R satlsfymg the condltlon% B
‘ sup . d(y, u) < oo fox all R > 0, ) L (42)

sl LT
D(y, u) c1(||7/||k + [full?) —-'C'z with¢;, ¢, > 0

T - . - : o - -

©wes set J(z/, u) = flp(?/ u(t)) dt. Now"we. can write the problem (3.1), (3.2) for .,

N

(y,w) € ¥, X Uad in the form

. \ o .
J(y, f(D(y t),u(f)dl—»mf 3 . T (4.3)
y+My+mm q“mWw=%, S (4.4)

[ !
where U ad is a convex closed subset of U and 1/0 ¢ H" , v €IR.-

:Theorem 4.1: Suppose that v€ R, m < lc 1 < r<p-+1 and that the set @ o/
adm1sszble elements of (4.3), (4.4) is non-empty. Then, for any L€ R, 1 '< q < oo, there

- exists a solution (y*, u*) € YL X Uyq of (4.3),/(4. 4) if 1y < I*'< min (I, n, k— 2y, -
and 1> 1jg* > max (I/q, (L*) ﬂ(l*)) where lo, (), B(-) are dé/ined i?} Lemma 2.5 " ,

©and. Lemma 2.6. . s

"Proof: JFor ¢* > 1 all of the spaces Yl, Y, U are reflexive Banach spaces. We

prove that all of the '1ssun1ptlons 1)—vi) of Theonem 3.1 hold true.

/ -

~ N
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i) Smce P is convex the, functlonal J in (4 3) is convex and because of (4 2) 1t 1s
bounded below. The fact thatJ is lower semxconbmuous is proved in [1: Theorem 6. 1]

i) The continuity of the 1mbeddmg Y, < Y follows from Lemma 2.4.

iii) The continuity of the operator L: Y, X U — W defined in (4 1) follo“s fro om

the inequalities

Vo ',”?/”Lq.(o ’I"ul')‘ = H./”ykl‘: ”A7/||Lq-(0 ;a0 é c ”.7/”;»5.5;_,'

. where a(i*) < 1/q* < 1'(cf. Lemma 2.5), - : o
C e, i < ”u”Lq(O.T;H‘)’ for i* S, ¢* < =9, I
and . . Y R
. ”}’o./||ul-‘< ¢ ||7/Hy§g_, > since It = M(fc,'lf*, p, ) N
(cf*Lemma 2.3). ‘ s LT B ow

iv) We prove that the nonlinear operator F Y, = W\(lefmed in (4 1) is \\eal\lv :
“ sequentially continuous. To this-purpose let {y,} = ¥, be a scquence with y, —>g/ /

weakly in Y. Wc show that for any element v of the dense subset S ="C([0; T]; E,
KB of W* = Lgsjige-1(0, T -H ) x H-m, (F(./;,),v)w — (F( )/), v)w ‘We have

, T < . . C.
N <F(yu - I‘ (¥), v)w = f( (?/p ) - (?/(‘)) L(t)) . B A/,v
~ . . ) 4 0 . i N Lt R ’ ' 4
- 2 tellego. o f ||B(Jp(t ) - B(y(l))ﬂ,, dt. . (45) -

"By virtue of Lemma 2. 4, for m < k* < k, the lmbcddmg Y’;’;;C L,(0;T;H¥) is -

compact. That is why, y, — y strongly in L,(0, T'; H*"), an(l therefore, fon almost all

e [0, Ty llyult) — y(t e < ¢ llyu(t) — y(t)]k. —0 as_u —» co. Since B: H™ — H" .is

a.continuous operator the convergence of the integral in (4.5) follows from the esti-

mate ”B(y)”L,(O iy < c(T) IB(Y)il 1get0. 73575 from the boundedness of the operator --
B: Y1 — L0, 7 H") proved in Lemma 2.6 and from the boundedness of the sequence.

{Jp} lu Y, - : .

’

vIQ.=Wisa hvpothesns of our theorem. o o '

v1) As a consequence of the second inequality of (4.2) we. get for an a(lnusmble

' pair (y, w) of (4.3), (4.4), from J(y, u) = R that. [lyll1 o.1;am" T Il zgg0,7; 11 < C(R).

Using the estlmates (2 2) (2.4) with & = 1/4 |v| (lf v +0), £ = 1/4c respect,wel\ '
we conc]udc .

¢

||3/:|Lq.<o.r;n1° li;l ”Aylll,q.(o rifny + ¢ ||B(J)“an(0 i + ”u||1,,¢o'r-i1') :

5 1/2 I'y'nq.(o T;HI*) + C(l + Iyl L,,(o T; nt)) + e |1,,(o T3
From this estimate it follows that the set: {(y, c) € Q J(y,uw) < R} is boumled m'

N

Y]XU. . © . S

Remark 4.1: Theorem 4.1 is a genemlnatxon of [l Theorem 6.1].. Thcrc the state equatlon

‘of the control problem was the Navier-Stokes system with arbitrary v1scosxty » € R in a bounded

domain 2 = R¥, N = 2,3, ..., with-0Q2 € C®. The nonlmear operator B in the correspondmg
opcrator equation was “characterized by the estimate (2 .3) with n < ——-(N/2 ,m = 0 and

.r = 2. Under the same assumptlons concerning the objective functional as in [1: Thcorcm 4. 1]

the existence of an optimal pair of state and control (y*, u*) € YEL X L o0, T3 HY) with k > 0,
p=2,0* < min (~(1\’/2 + 1), 1) and. 1/¢* = -max (l/q, 2/p) was proved As a consequence of

. our Theorem 4.1 the region of parameter values p; ¢* for which a solution y* € Y;‘ exists'is
enlarged. The ‘values of * p and g* can be cliosen as functions of 'k >m=0,r =2 and I* -~

< min ((N/2 + 1), 1, k — 2) as follows: p > —20*/(k — I*) and 1/g*.> max (1/q, «(I*), B(I*)).

* This means that the case p = 2 mvestlgated m [l Theorem 6.6] does not need special considera-

tions. Moreover, Theorem 4.1 yiclds y* € Y . also for p < 2 and q >1. v

S LN
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