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.- Bifurcation and Stability of Capillary-Grévity'Waveé ~ K
K. QUASTHOFF to ' . o -

]

P

. S o .
Es werden dreidimensionale Kapillar-Schwerewellen bei der stationiren Strémung einer Flis-
. sigkeit endlicher Tiefe Gber ebenem Boden betrachtet. Fir dic kleinsten kritischen Froude-
Zahlen zweigt einé zweidimensionale Welle von der trivialen Oberflichenform ab.

HccnenyoTca TpéXMepHbIC TpaBUTalioHibie KAMHIIAPHbE BOJHH B CTallMOHAPHOM noToKe
HHIAKOCTH KOHCYHON l'leG!&Hbl HAX NMAOCKUM llHOl\'l. n.ﬂﬂ HAMMCHBLIMX KPHUTIYECKHX 4#Ces . )
®poyNa BO3HUKAeT JABYMEPHAA BOJHA PA3BETBIAIOLIAACA OT TPHBHAJBHON KOHQHrypauun
ponepxuoc*m, : ‘. L ) C - ‘;. : o
Th'ree-dimengiona-l capillary-gravity waves of a fluid of finite depth are considered. The fluid
moves stationary over a plane bottom. For smallest critical Froude numbers there is a\two-
dimensional wave bifurcating from the trivial surface configuration.

. , ’ j : \ < ~ N !
1. Introduction
1:1. Introductory remarks. Starting with ZEIDLER [7], where a large class of- wave -

‘problems in two dimensions is studied by one method (conformidl mapping on the
unit circle), we will give an example treating uniformly three-dimensional problems. -
Consider the three-dimensional irrotational stationary motion of an.inviscid incom-,
pressible fluid of constant density ¢ and of finite depth B'in the presence of gravity -
(0, 0, —g) with surface tension' f§ acting at the free surface I'. A-trivial configuration

- of I for constant velocity (U, 0; 0) is a horizontal plane, which we take as Z = 0.
. Werare seeking for periodic and small amplitude functions Z = H(X, Y) as'solutions
for I'. To do this, we formulate the variational problem for thé boundary value prob-

. lem with given surface I. By normalization the solution & is uniquely determined.
" Inserting ® in the energy functional E: H — E(H) -of the system with free surface,
we get equilibrium states by minimization of £ in dependence on H."We will see that’
stationary points of E satisfy the Bernoulli equation of the boundary value problem.
‘with free I. With vanishing second variation we get the set of critical Froude numbers
_F, and critical Bond numbers b.. In two g]imen’sidns,, this set was studied by Kikcn-
cAssNER [1). For uncritical Froude numbers F and,Bond numbers b, theproblem in

_three dimensioris-but in the case of periodic bottom was studied by SHixNBroOT [5]. -
We are studying the smallest critical Froude numbers. With the results’of. BEYER
[2] we show: in the corresponding Sobolev spaces the minimum of E and its first and
_second variation are analytic in a small neighbourhood of critical points. We get the
bifurcation equation via Ljapunov-Schmidt .procedure. The symmetries underlying

© the physical problem give a nice structure of the equation. So we can solve it only"
with the Implicit Function Theorem. The solution is a two-dirhensional wave H(X)
= a(e, ) cos (mX [l + 9) with a depending on small parameters describing a neigh- .
bourhoad of b;, b = b(1 — u), and F,F = F(1 + ¢); m'is determined by b,, '
follows from the starting periodicity 2nl of H(X, Y), and 4 is free as the consequence
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oof Symmetry properties. But our variational approach also gives local stability results.

We find that the second variation is positive If [e] and |u] are small enoiigh and if the

wave-length I/ni is less than the product of the mean depth B and a constant ¢~ 4/5
SHgH . . - v .

Y

1.2.. The bounﬂéry value ‘problem. We ha.;'_e to solve the boundary value problem.
(AD = Pxx + Pyy + Pzz) i o

T ) . ~
AP =0  for—B<Z<HX,Y), . r )
‘ . o : (1
V?x!]x —}—,_.'q)yHy = ¢Z. on [', .. and : (DZ =0 for Z = —B. ) .
Mo;'cover, on I we have t’o fulfil the Bernoulli equation (V = (8/4X, ¢loY, 9/éZ) and .

V"= (0/0X, 8/2Y))

VORi2g + H — div (VHIVT § VHP) Blog = const. . (2)

Let Z denote the integers and R+ the positive rcal numbers. For fixed L, ke R* we
- define a’_lattice A' = {0’ = ko, + kywy': by, by € 2}, o, = 27l(1,0). and w,’ !
V= 2nk(0, 1)./Let R’ be the rectangle which'is formed by w,” and w,’ and let |R’| be its -
. -area. The dual lattice A-of A’ is given by A = {w: w'w/2rx € Z for all ' € A'}. A
" hasis in A is - : L SN o '
e

@ = (0,)/k. and @, — (1, ). ) | (‘;)

N ]_l,,, denotes the Sobolev spﬁce’ of A'-periodic functions H(X, Y) = 2 H, ¢ where
N ’ . PETH et & )
wr =, X + w, Y for & =(w,, w,), with finite norm ||H||,2 = |H,2 + 2 |wl?|H 2

-+ For the sake of incompressibility we assume - o . wed '
T

~

[H(X,Y)dXadY —=0. o @
R ] N . N : . _ N

" Let O(X, Y, Z) = U(®X, Y, 2) + X) and assume & to be A'-periadic, which means
that the X-axis has common direction with the mean flow U = f VOl wxndX dY|
L : y S B - e R o : )
|R’|, hence, U = |U|. So we consider our. problem only.in Q =R X{—B < 7 - )
< H(X, Y)}. By the transformation X = Bux,, Y = Bx,, Z = B(x; + v(2,, 2,, z3)), .
“where - g -7 . ' .

- 7 (2, a:z,‘x;) =} k. €“% sinh I(lwl —}—-\|o.»‘!.x;,)/s‘inh lo|, ' i ( .
. : o ~ . . o R 5)
H(X’ Y)‘:.B h(zl’ Z,), . (D(Xy Y) Z} = B (p(xly La, fvs):" .

" we map the fluid region 2 on'a region § = R X {—1 < z, < O} (R denotes the rec-
" tangle formed by w,’B and wy'B). with fixed bouridary and handle with dimension-
less quantities. We remark that » belongs to some function class (later see the proof
of Lemma 2), whercas a4 simpler transformation u(z,, 2,), = 3 h, ei%?, for instance,
would not have this property. The transformed dual lattice we call A = {w = (m/l,
- n/k)[B:m,n € Z}). Then k belongs to H,,, the corresponding Sobolev space over the
transformed lattice A’. We force the uniqueness of the solution of (1) by normalizing
a f @(,, 77, 0) dxy dz, =0, (SHiNErOT [5]). Finally we define the Bond number
o P S : . ’
b = BlogB® and the Froude number F = U2/gB. = L
t L ! ’ o
~ 7 7 : W ’
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S 2. Energy functronal, propertles and variations. -

PN

2.1.The equrvalent varlatlonal problem The potential energy of our physrca] sy stem
' ls o9k w lth

E —szfw + |VH|edAdY+
R

2U2
where &(X, ¥, Z) = U(H(X, Y A) + X) is- assumed to be A- perlodlc and has to
solve-the boum.lary value problem (1) for given H € H,,. Then E defines a functional -
over H,. For t ¢ R we consider a family of surfaces I';: Z = H(X, Y) + (X, Y)
“with I, = I', where £ is A" perlodle and satisfies (4). The potenmals we call @ again
and write 8(15(1\, Y,z tjjot = DX, Y, Z1). As first, vanatlon of E we then have:
(EH denotmg the Gateau\ (lerlvatlve) e -

(E,,, c) __dE H #:g Jdtli—o'= szf V'H v;/Vr T |v H|2dX dY

fHCdXdY+FB/2U)fg|V(I> dXdY
V+FB/U fV(DV(bd?dXdY T
:Beeausé IS v ) A . _‘ )
. - . HIXY) e o . .
- 0= 40X f d)X(I)d/dXdY — 'ﬁ(@nrb + DDy dV -
. R g ,V B ; R \,,“ . K
quBX«pX axav,. ., . .. ’
_partial mtegrat,lon gives e ’ - i T e o
- (En, c) - fc( b32 div (V" H/}/l T |v 11|2) ' H -+'(FB/(2U?) |‘v‘<1>|2)) dXdY .

- (If’B/UZ (chA(bd7 dX dY—{-ftpad)/ondXdY j«bqb,u:_,,dxu)

where a/on denotes the derivative in nor mal (lnectlon Smce @ solves (1), the mtegra]% _
containing & are vamshmg So by ‘suitable choice for ¢ the eguatron (L s 5) =0
nnphes (2) (see also WrrTRAM [6: p. 4351f.]).

.Finally we note E, the transfor me(l energy functlondl divided by ggB‘ In the,-

o following we write of/éx; = f,; for ¢ = 1,2, 3. Since t,hele can be no confusion, we -

call (8/02,, 8]9x,, 0/0x5) = V' and (8/xy, /8x2)v_ v’ agam ‘The relation (5 tmns-°
’form% the problcm E — min’into the prob]em . Pl '

. f T VAR de, day + ’—fhe dz, da + FJ—>m"h s®

Ve ‘ g
where. . - ' ' ‘ Co
2J = f (lwﬁ( wa) + 2\‘v v‘P'I’s + Wvl?«pql(l + ”3)) 14

. J ,

. —2 f ol x,, Ty, 0) b, dx, dx2

, : s
with dV. —dx, dx2 dx:, I‘akmg (1) into account with- L(X, Y) BC(%,,xQ) the

tmnsformed first variation is /

m,c)—fc( bdw(Vh/V1+lV*h]) k) da, dx2+F(J;.,¢>~’"_ (1) -

v
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looses its. posmvw) We have -y
“En(l, Olao = [ (b IVEE + 82) dy dey — Bl Olalo . .

. _ . ‘R . .
with T o o e : .
‘ Im(&, Dla=o= [ IVpi2 dV.— 2f¢'x;,x2, 0) &, day e, C(8)
. Y . ) o

i

W heleqa is detex mmcd by the Lulcr equabwn ——fzp Atp1 dV + fy) (@13 — ¢, )dx, d.z:z,

s
" whose solut;on is (p, : 2?’1«» elo ’, Plo. = 1w,Cw cosh (o] x4’ + |w[)/(]w| sinh |w}), an(l

, from now, on 0T = w2z, +- Wy Ls. ThlS we put inito (8), obtammg

with y(b F,w)= 1 4+ b ]wl2 lez(coth low})/|w]|. 'Den(‘)te

N Lem ma 1:The. /ollowmg ass’ertwns are tme

’

-*hyperbolic functions, we get y(b 1, (w, wz)) sinh7 = (b, 1, (w,, 0)) sinh r =3 |ew,]2 -

EM( é-)lh =0 —2}/(() F, (n) Cw|2 I ) AN

. . weA
7"

X (tanh |w|)/w,?, then Ep (¢, {)|a—o remains positively (leflmte unti] F < F, =

described by o ~
’

¢ (1)1}b>1/3 N(L )zslrwwlandF =1 Sy ’—\ :
(i) If b.<-1/3, F attains its minimaim only at points (r, 0), r = m/(Bl), m €. Z
Every r :t: O umquely determmes the crmcal pomts ' .

" .sinh (27) — 2r . .. . - 4sinh2y

b= L Fe= e

r2(8inh (27) + 2r) r(smh (27 )+ 2r)’

" and hy = - i gnd hy = e“”’l are a baszs in N(L) - BN T

(iii) If |w| =7, then »{lwl, bi(r), F (r)) >0 . e
Proof: F attains lts minimum for'w;? = |w)2. So weare studymg the case w = (s,0),
s € IR. (,onsmler . . y : . S

1

P = 8F/68 = ((bs2 — 1) sinh.(2s) + (682 ¥ 1 ) )/(2‘§2.cosh2 s)-

017’(0) is a rnmlmum of F 1f F,,(O = 2(b — 1,/3) > 0. So F,= F(0,b) = 1 for all
b

= 1/3! N(L) has the basic elements c“” with w € A and y(bc, F,, w) = O

‘~a).b =1/3:. We have yp(b,1,0).=0. Takmg the powel series ‘expansion of the

((4n2 + IOn +6)b— 20— 1)/(2n + 3= ¥ lw 2 (402 + dn + )/(‘3(272 +3)1):

.So’w, = 0 is the only solution of- y(b 1, (w,, wz)) = 0. Rcmarkmg that the mcom- .
‘ .prcssnbxhtv condltxon (4) hol(ls we have ( ) o -

b) b < 1/3: Vamshmg F for s &0 determmcs b— b, whence F=F, follows

an(l power series expansion of the second derlvatwe gives Fy(s) > 0. In corrcspond- :

ence withr (i) the limit case s — 0 glves b.-= 1/3 and F, = 1. In order to get N(L) we
set' || = w. Herice, f(w) = y(b,, Fe, ) = (const)? (w2(smh (2s) — 2s) + 82(5mh (2s)
‘+ 28) + 2ws(1 — cosh (2s)) coth w).. But (b, F,s) =0 and f, = (g(s) — g( w))/w
with’ g(w) (consz,tJ)2 (smh (2w) — 2w)/ w sinh?*w). Since g is a: strictly monotone

- . . < N [

,4 - \'>
W

2.2, Critical pomts We compute the second variation of E at b= 0 From the St&bl-l
lity theory it is clear.that blfurcatlons may occur at points' where the second varlatlon :

F = ol (14 o)

,mm{F(w w€ AN{0 }} For these F the trivial solution of (6), h = 0, is stable w1tlL
Tespect to the A’-periodic perturbations. Since the linear map L = Ep|r- 7 may -
- "possess nontrivial kernel N(L), we.call the F critical. che we are only studymg F,

\

.
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decreasing funct,non s = w is the onlv solution of y(b,, F,, w) = 0. Further F (9) is
a strictly monotone decreasmg Yunction. So different s really give different F.. This

- completes (ii). Since g is decreasing, f is mcreasmg (decreasing) for w > s (w < sy i

Therefore, y(bc, F s), w) > Oifw =i= s. The restrictionw = (s 0) €A glvess = m/(Bl -
withm e Z 1, L N . . _ )

Remark: Consnder ¥ in (9 asa continudus parametel Then (9) describes a curve
-C parametnzed with respect to 7 (Figure 1). Below C the trivial solution h=0 of
(1) (2) is stable, no bifurcations occur. At points ¥, = 1,b, > 1/3 by our:additiohal _
mcompres§1b1hby condition (4) the_bifurcating waves k.= const arc eliminated. So T
the bifurcation pomts F, < tandb, < 1/‘3 have to be studied. ' e

’ N |
). " .
e

13 S Fig. 1

NG . . N . EEN N

2. 3 Propertlcs of the encrgy functlonal Studymg the enexgv flm(,tlonal and jts first .
and second variation as maps in Sobolev spaces, we can. usé some results of BEYER.
.".[1]. We need some definitions given also’'in [1: § 3] et ¥, be’ the subspace of Hp .

Al

~ ¢ whose functions satisfy (4). For any open interval I on thc Ty-axis we denote bv llilx.

. the norm’ of @ in LyI). Let . L R S o

W,,,, — (p € Ly(I, Hy): (p("') — om /ax,,me Ly(1, Ho)y
- be the Sobolev space of A’-periodic junctlons P(x1, 2o, :va Z Pul3) e“‘” with dis- g
.tributional derivatives up to order m in Ly(R x Ij. The derivatives up to order m — 1

‘should. be A’-periodic, too. Let |igj 12 1. =lpolle® + Z (|w|®™ ”%,Hl + ||(pu,('") |12) be t,he\ .
_norm m Wi If m 2 1, we further defme

\ LY
' o

Vi =lp€ 1)(1 H,): @™ € LT, H,)} e

/

' with the norm |glar = gyl + X (lwi? llgulli®™ +- ||%‘"”H12) Henceforth \\(/: set\ .

cawed

b= b (1 — y) and F = Fc(l + ¢). So we'set £ = E(k g, ;4)

n

T Lemma,2 Assumes 25/2 Then ’ o i o . T

(i ) E(h i, €) maps a nezghbwr}wodﬂf (0,0, 0) E H, ><]R2 analytzcally 'mto ]R
(11) Enh, p, e) conszdered as a map from H, X R? znto H,_,is analytw at (0 0, 0

“(1ii) E,,,,(h My s) — ongmally considered as a map on Hy X H, — 18 contmuous on
Hl xH,, and its conhnwms extension on H, X ]‘[l as a map from H X IR? mto'

f(l{, X l{,, R) s analﬂzc at (0, 0,0 - v ‘ K L'
| Proof Settmg - . N S S R AT
i ‘ . . .
==Vt ea ¥+ (Vo Ve — [Vvi?m/(l roa)@0ny i
. \‘ / -
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', and tmnsformmg the varlatxonal cquatlon f Vd) Vy; dzZ dX dY =0 we get
j \7y)f dV = fV(p Vy)dV fzp(() h d:l:, dx2 for all p ¢ Vl

If we tal\e Q= ¢ —{—(p with Aq), =0in 8§, qo,;,—hl at x; =0, aml <P13—0 at
"3 = —1, then ¢, is given by ¢,.in Subsection 2.2 and_

fV‘(p/dV—fV(pVy)dV for all y € Vi, ‘with /_/(cpl T/(<p) (10) -

‘For.the Fourler series f = 2 /w(xs) el** this nnpllcs o~ . .
f (PoaPos + el o) deg = f (fwww 2 — i0fP) dog. (11).
< 1 - :
.(Jhoosmg Yo = (Pw and applymg Schwarz’s meqnahty we obtam N

1Gwal? 4+ @l [Pl < Hfoll (1Fusll + lo] |<Pw||)

hence |l<pw 2+ w2 1Pol2 < 2 lifuliz So, for m =0 we have shown that the unique
solution @ € 'V, of (10) belongs to V,,., and sat,lsflcs ]tpf,,,“ = ¢ ||fllm, with ¢ mdependent
of . leferentlat,mg the Euler equation of (11) (m = 1)- tlmcs we have —Po (m+1
+ o g, = —1wf m=1 _f tm for m > 0, whenee - :

e, MO < | Jo]? @m0 + Illw"’fw‘”' Y+ e "’"II

- follows. With the same argumcnt as for m = 0 it follows that

c IR < B(jwf |I<pw""+”||2 F w2 fm0E ey

‘Taklng notice of [|§,,™]2 < const (&% ||<p,‘,(_'”+")||2 + ”(pw([)H?/E"‘ ‘) for € >0, we get the .
proposition for m > 0. .
Let k¢ H,,,ﬂ,2 Obviously - our tran%formatlon function v in (5) belongs to V-

and as map of % it is analytic in 0: \Totlcc that || me; < 1/2 Blimsi72- Since the W, are
Banach algebras if s-> 3/2

/ (h (Pl, ) € Hm+1/2 X Vm+l X Vm+l ; /(k (pl: ‘P) € W

18 ana]ytlc at (0, 0, 0) lf\m > 2. So we can solve (10) via a fixed point theorem for
R Vw1, obtaining (k) analytic in 0, and then ¢ is- analytlc Since J in’(6) depends:
. analytically on (g, v) € Vi X Vi, power series expansion of ¢ and v gives the ana-
lyticity of J in & = 0. Obv1ously the other terms in E are analvtxc too, which glVCS

© (). Now it is time to'justify (7). The integrand in J is an ana]vtlc function in A,

Vo|z;=0 and v],,_o Since thlz,—o, Vo|z,=0 € H,,, 1/2» the integrahd belongs to H,,l 1/25
too. The term due to the Bond number belongs to H,,_ aje~- This completes (i1). Propo-
sition (iii) is independent of the concrete problem. It follows solely from the analyti--
cnty of E,. Proposmon (iii) is proved by estimating the cocfflclents of the power

* series expansion’of E via interpolation theory. The proof is glven in BEYE‘R [1: Corol- -

‘ lary 2. 2] 80.we omit it B .
3"I‘hé bifureation equations S o
L ) S
. 3.1. The Ljapunov -Schmidt procedure Let & € H In a small nelghbourhood of
(k, p,s €) = (0, 0; 0) and for all C € H we have to solvé (En(k, p, ), £) = 0. With (4)-
- we'get X _ ] o ’
Ey(h, 1 €) =Lh + N(h, i, ), .- e (12)
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whele N(h, ,u, e) denotes the nonlmear part of F,,(h, U, £). Let Q be the projection
" from H, onto the range of L. Then I — Q, with-J being the identity, _projects onto the
orthogonal complement. of the range of L, that means onto N(L*).. We have I — @
= {(,h )h, + (-, ha) ho* with hjsh, € N(L) and k¥, ho* € N(L*). Recall that the
norms in' N(L) and"N(L¥*) are different. But, since L is formally self-adjoint,: the

© . basic elements in N(L ) an(l N(L¥*) are. the same (h, = h, “and' hy = hy*). Now, (12)

is_equivalent to

and

(L = Q) Ex(hyu6) =0. o PRI '(m

’

Decdmposingb h=h + n with &' € N(L‘) an(l n € N(L)*, we find that (13) has the

~ unique solution n(h #, €). Recall from Lemma 2 that 7 is analytic. ]nsertmg th]S in

- (14), together with the lincar mdependencc of the k;* we get <E,,(h + ks p, €), p, € )
> = 0 for {; € N(L) with ¢ = 1, 2. Thén, regarding (Ln, i =0fori=1,2 and (12)

we get the bifurcation equatnons )

;QE;'(}?:%_S);—“O‘ : . I Y 3 o (1'3) )

,

= (N (r + n(h RONTY: 'C;) — 0 for tie N(L),i—=1,2, . "(15). S

whelc 7 has to be determined from o ' - A N
(L;;, 6 = —(QN(K + 110 €), £ forallze N{L)l. o -(16)'

A

¥ 3 2. Symmetnes Since we are lookmg for real h’, set B’ = z el + 7 e~1¢, . where:
z ='a ¢ with a, é € R. Taking into consideration the symmetries underlymg the .
physwal problem we are able to say W hat terms a™¢i%", m-€ N and n€ Z, only can
‘oceur. in our equatxon Here we supprcss the dcpendencc on the parameters in By

Defmltlon We call (Ey(k), £) = 0, Eyacting in a Hilbert space, covariant with

‘ - respect'to a unitary representatz(m Te of a compact group G if (Eh(h )Y = (E,, (T'gh), SD

for all g € G.

In our case we consider the tlans]atlons in the (x,, xz)-pla.ne via a vector a'w 1th the .
lepresentatlon T, and the rotation through 7 with the representation 1. If g is.an
- element of the translation or rotation group, we take the representation (T k) (2, 2,)

. = hg Yz, x,). Consider (12) with E, as analytic operator over a, Hilbert space. We -

FERY

hzwe E,(0,0,0) = 0.Li isa Fredholm opemtor of zero index. So we have the following..

Lemma. 3: [4: Thcorem 4.4). Let (Ey(h); L) = 0 be covarumt wuh respect to T, then

(i) Ty leaves N(L) zm)anant _ . i "y
(n ) L commutes with Tg; o -
(m) the bifurcation equations are covariant with respect to the /mzte -dimensional

representation Tg restricted to N(L). . » -

\

This we apply to prove the following, L P .
Lem ma 4: The bz/urcatzon equatwns (15) are reduced to one: equalzon )
G = 2 cmk,',u’e"a-'"“ = 0 - Conkj constants. A ‘
m+k—L;>0 . .

Proof Becausc of the analytnc;ty of E), and 77(h ) our blfurcatlon equatlons (15) zue

G=Z T Gl e WH—ONU—L%. o
¢ >0 ktm=n © . - S o D .
\ NI ’ B S

-

N

S
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D(®) = —2v,(0% + ?)3), and to ¢ 3 =0 on 23 = —1. The first approxunatlon of
@ with linear rlght sides is glven in (11). We get @,(h'%) from A(pz(h’2 = (<p,(k Yok ))' :
inS and @, ,,(k’2 0((])1 v(h’)) onzy = 0. Thls implies (i) since the rlght sides are .

/ero ) .

1th (18) quatlon (5) reads v(h) = v,(h ) + vg(nz) + h.o.t. Solvmg
A‘Ps(h 772 = A(‘Pz ’72) ”1(" ) +- ‘Pl(h' 7/2(’72 ) B in S
_ P3(h'n2) .3 = C(‘Ps(’?z ) vi(A') + @i(R]), ”2(7}2)) i . on z; =0, .
notice that ¢; 3 = —v; 5 and (p, g =0, fori = =1,2. Thls 1mp11es in that case A =C

-
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A 4 --’.~. -

eiwak Z‘ g k(/"’ z"'z" — 2 g ‘u 8) eiwn(m k) z"‘z"
+m=n k+

" This must, hold for all a € R2, whence m = Ic -+ 1follows.So we have G = )__,' gk‘(u, €)

X a1 = Q (i = 1,2) with some g,*. Thc covariance under 7', givesa relatlon bet\\ een
.G, and 62 The action of T', restricted to N(L) is T'xh, = hy and T'xh, = hy. So Lemma,
4/(iii) gives Gz(h,, h2 (N(T h,, T':hy), T wCa) = Gy(hy, ,), which completes the

proof - I°
5} : / y
3.3. Concrete coefflclents of the blfurcatlon equatnon Here we will solve-the bifurca-

+.j =4. At flrsb we have td ¢ompute soine Fom ier coefficients.of the next approxn-

\"matlone of p = Z (pk (R*). : . - o7

v -

Lemm& 5. Let

k — h' 772 =z elw: + z e~ iwz + 77 (22 e?lwz + 22 —2|wz) /(18)

and |23 = u. Then for the power series expanszon
. <P(h) = q)n(h + a(m2) + palh?) + %(nzk) + %(h St X ‘7’(772 h"")

: . \ . . 2%k+m>3
we get . ot L SR o : o
) @A) = o, e“”” + P, €710 wuh (pu, = iw cosh (w + r)/sinh 7, <p2(172)' = Peu e?ivz
) + (Pz e 2|w: (h'2) — 0 S - . o
T(ii) @3(12k ). = 0 as Founer coefficient o/ el in the Fourzer expamzon o/ <p3, .
) (m) the Fourzer coe//zczent of %% af 23 = 0 v L < N

<p3(h Vo l,,..o = 122 zw2 (—~183 smh (47') + — smh (2r) + 2r)/s’inh“ r.

The action of Ta-restricted to N(L) is Tk = el*®h; and T h2 = e"i*3h,. Applying
‘this to the terms of nth ordcr in (17), we get oo .

Proof: Transformatlon of ( ) with (5 ) lead% to (h.o.t. denotes hlgher order terms) o

. A(p = A(qrv) + B(»?) + h o.t. in § with

S Alpv) —2013¢’1 +2033<P3+2”1<P13—<P11”3+vs‘Pas, ’
B(va) = 4v 1” sV 33 + 5” 171 13 + ”2311 13>

to g _hl—{—C’(qu)—i—D(v")—{—hot on x3_0w1th C(qm) 2<p,v,+¢p3vs and‘

!

.= 0, which gives (ii). . o . .

" Finally the solution of
Agy(h3) = (va) = w4z2z(5 cosh (3u + 3r) — 4 cosh (u + r))/smh"

. _in 6 and ¢3(h 33 = D(v") = —21wzzz(3 + co(ch2 ryon x; = 0 glves (111) |

P

!

" tion equation. We \\111 see that it is eriough to know the coefficients ¢,4; up. tom + & '

\\'



/

" - Recall from (7) that (16) is-
‘ P

’ Lemma 51'('i)'vields

C . . .
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N

~.tion equations (15) we will also justify (18)..
Lemma 6: Thg solution n = X Tum(k k+2elu™) of (16) ) contains the terms

" kiltmz0 -
. - cosh (2r) e
M2 = Y200 = 7'/'(22 eg'“j" +z? e'z""’) , n = : :

—w — = .
=~ sinhrcoshr + 2’tanh‘r. — 3r

The nontnmal Fourier coefficients in 7210 and 150, are ‘only (Ma10)20 AN (M201)2w-

Proof Let 4 be the appro\lmatlon of n,. (lependmg on h"" Then ¢ = th,,(h")

\ang Th=h + 75 + X Nem( k+3glym) - implies ¢ = q),(h) —+— @ 77 + Z(pk(h ")

Tk+l+mz0 N

(Ln, 8 = — 5 Pl + &) (V08 = 29160, 8 = Fpans 2)

+ ,ub;(éh], &+ h.o.t. .

) = (—F.? cosh (2r)/(2sinh®r) + 0tr, & 10 1)) (22 eios
—+—Z£ _"“’rC)—*—hOb : A -

‘ \Vlth some § depending on ¢ and H. So 0 determines only (77201)20.' and (1)210 20 The last

’cquatmn must hold for all ¢ € N(L 1n H Choosmg ¢ =&y, c¥iur + {2 e Aoz we
get together with L(nzoo)m\:( —f—4w2b — 2wF coth (27-)) (77200 20 and \nth (9)

"'1200 = ')200 iR . N

v

our bifurcation equatlon : . '
. ~ . . R ) H

Theorem.1: The following assertions are true:
(i ) The bz{urcatzon equatwn (15) reads as o

Studying in w hich manner 7 from (16) contr lbutes to the 10\\ er terms in the bifurca-

-

- < L -

—(pu' =+ &) (u,(r + 4y’ ) a® + Z c;,g a"‘*:’c’/t’" =0, . (19)

k+l¢m * N

where p' = (sinh (2r) — 2r)/cp2; € = 2 sinh (2r)/w?, and

w(r) =" —-.% (sinh (2r) — 27) + (7 sinh (4r) — 4 sinh (2r) — 87')/sin'h2 r

v (i) The nonh wzal soluuon of (19 which only exists ifr > 7o for some ro ~ 0.8,1s )

'atz:-(g'_x_lu)/( +41;)+Z‘a,,s,u’ S : (20)f

©
'

Proof: The blfurcatlon equatlon (1:)) with the concrete terms from (7) reads as’

<(bc/t Ah' + FFc‘Pl 1) & > + 2bc< hllz’ h; 1) Cr)
= '—I’c«‘P:n + V‘Pl Vo, — 11,1923 — 7, I‘Pn 3 + 9§, 17)1 3) &) + hot., (21)

where h-o.t. denotes hl[,h(:l order terms in a* with k = 4. A simple computation with

the functions gwcn in Lemma 5and Lemma 6 and the b, and F, from (9) together

with Lemma 4 glves (1). The lmpllclt Functlon Theorem togethel with the condition
w(r) > 0 finally gives (ii) I, , 2 .

9 Analysis Bd. 9, Heft 2 (1990) -

[

\

A

> At tHis time we have determined all unl\no\\n fun(,tl(ms w hlch are Jmportdnt fox :
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Remark ‘We have cons1cfexed our ploblcm in thrcc dmlcnsmns However, we:*

have shown that at smallest critical Froude numbers the blfuxca‘omg wave is a two-
dimensional'one. Indeed, it is that wave which was derived in ZEIDLER [7: Chapter 4).

-Therefore, we have also Justlfled thé two-dimensional approach of [7]

Now in analogy to chCl [2], phe va,rlatlonal approach glvcs the stablllty of the- :

wave in'a natural way. . : v »
Stabllnty L
4 1. The second va.rmtlon sof E. Stablllty intervals we get, by the positive defmlteness
of the second variation of the potent,lal ‘energy. By LLemma 2, Ep has the structure
Eun(8,8) = (LL, &Y + X Ei(C2h4). 1f “c set t=¢ + Cz, where C, € N(L) and

€ N(L)*, this yields >0 ) Sy .

\

«

Lemma 7: For ] and || small enougk lhe stabzlzt y of the solutwn (20) zs determmed -

- by the posztwe definiteness of -

Eo = <L§2, Cz) + E C;Czh’) + E( )
where ’ S .
Cl =X (elwz+16 + er iwz— i&) and 4-2 — X (e 1(wx+6) _+_ e—zl(wz+6))

Proof 1. The inequality (EC, &y =iEal fol]ous by Lemma 1/(111 Recall from ’

(21) that h’ O(e u) as €, u — 0. Since ||£,}} ||CQH <2 |[§,||2 + 11Z.l1%/4, vshere we take
2 =& of A = 4, respectively, together with Part 1 we gct |E,(L2h'?)) << E2 (el

integration of the e*“* terms (k. = 1, 3) shows E,(C:%h') = 0. Hence, Eu(L, £)is given

" |ul). The same argument yiclds B, ()] -c”(lel -+ |ul) (IGil® + 16l [Eal). But:

by the sum ofaposmve parb (LC L‘) E L C2 and £ € N(L)L, of EO, and of other terms.

of hlgher order if |¢] and.[u| arc small enough. 3. With respect to )translatxons through’
. ‘any a = (a;, @) in the (x, ,)- plane the covariance of Ey(k) was given by T,Ey(k)
= E,,(T, )=0.For¢=1o0ri=2 dlfferentlatmg with lespect to the parametcrs-
'a yields Ep(Tah) 6(Tk)/éa; = 0. For a; =0 this is E’,,,,(h) = 0: But that is the"
well-known fact (see SATTINGER [3]) that the covariance of E, with respect to a ./

two paramct,er Lie group yields. two zero elgcmalues for Ey,;, so stability in our case -

: can only mean orbital stability. That is stability.ovér a subspace of all ¢ ¢ H, with

{ k) =0 for i =1,2 and k from (18). Let ¢y, ._Xl el and &, __Xz e2id”
Computing the scalar product we find 6 = 6’ —6“ 1 .

equation (15) and (16) that’

v (En k) = (L, &) + (N(K + ), c> + (NG + ), ¢,>

where L€ N(L )t (19) zmd (21) taken into, account thls lcads as

\ E(Eh, C); (smh (2r). — Gr +4tanh r)na2X2+2cosh (2r) aZX ~
R _ —}-,u)aX +w(r)a3X,+4na3X + hodt. C

’ ~

" But varlatmg h really means varlatmg every Fourier coefficient. So we havc to take

a(t) = a + tX, and %'(t) =%’ + tX,, which yields B, = E,,,,X -+ EpyX,. Therefore,
Ey=CX,? 4 20;X,X, + C,X,;? with: Oy =4("+ u), Cy= 2a2(smh (2r)-— 6r
+ 4 tanh 7), and C5 = 4a3. This quadratlc form is posm\e definite-if O’l + C'2 > 0

—

4. 2 The stablllty mterval Next we compute Eo We know from the sphtted Euler .

.

-

)
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re

and C,C, — Cy% > 0. The first condmon is fulfllled for all ¢, w> 0 Lhe second means

~ ((sinh (2r) — 2r)[sinh (2r)) u 4 2¢ < g(r) with a function g, ¢ g(r) > 0 for.7 > 0 and

g(0) = 0, with r = m/(Bl) where B is the mean- depth- and m/[l the wave-length

" determined by the choice of the critical parameters. The inequality shows that for small
'wave -length- the «dependence on ] becomes important. This fmally ynclds K

\
" Theorem 2: The bifugcating wave b = a(s i) cos (x,m/(Bl) + b) is stable with

' respect lo perlurbatzons whzch belong to Wy, if |€'} and |’ ] are small enough and if r > 7o

v
_ 7

7 o 1
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