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Error Estlmates for lete-Element Solutlons ot Elliptic Boundary Value
Problems in \on-Smooth Domains ~ - L

A.-M. SRN})IG_ -

.o : . ’ ) L o o *
, .
Es werden behlembschatlungon in verschiedenen Normen (namllch m W”‘ (Q) und L?(.Q),
2 < p < oo) von standarden Finite-Element-Loésungen von clllptlsohen Randwertproblemen -
in beschmnktcn Gebieten im IRN mit konischen Punkten oder. mchtuberschneldenden Kanten'
betrachtet. o o
N

Pacc“arpunalomﬂ OUEHKIt TOr peumoc*ru B PasIHUHBIX HopMax (a HMEHHO B ym. 2(.Q) 1
Lr(2), 2 < p £ o) ot CTAHJAPTHBIX .KOHEYHO- JCMCHTHLIX peureHnit Z)JIJIHIITH'IOCl\MX rpa-
HUUHBIX llpOGJ’lC\l B orpauulicmmx ‘o6nacrax B RY ¢ KOHIMECKHMH TO‘lHaMH I Henepecekalos .

"IUIMHCA. pebpamid. ., : . N

Error estimates in different norms (namely in" W™2(Q) and LP(Q), 2 < p = o) of standard
let,e Elemerit Solutions of elliptic boundary value problems in bounded domdms in R¥ \nt}y
eomcal pomts or non-intersecting edges are consndered
0. Introduction. . : _ ’ R N

N .

Boun(lmv value problem% are difficult to treat numer |callv when thcy are defmed in .

domams “with non-smooth- boundaries or when the type of the boundary conditions
chang(,s In this situation standard- ‘techniques losc accuracy near the resulting singu-
larities and global pollution takes place. "The.reason for- the appeaxancc of this effect -
.is the lower regularity of the solutions of Such problems in comparison w ith those
. having smooth boundaries. Therefore we first study the regularity of the'solutions of
elllptlc boundary value’ problemb in domains with .conical points or non-intersecting
" edgesin the framework of wéightéd Sobolev spaces using results of V. A. KONDRATJEV
[3—=17).and V. G. Maz’sa and B. A. PLAMENEVSKIJ [9—12]). We formulaté under
‘which .conditions these regularity results are valid for weak solutions of the boundary,
value problem, too. We introduce standard “Fmﬂ&Flcmcnt” spaces and prove error
estimates in different norms, namely.in W™2(Q) and LT’(Q) 2 < p < o0, using essen-
tially the above-mentioned regularity results for the weak solutions.of t,he boundary

value problems. The investigation of non-symmetric bilinear forms is included. Re-
sults of H. BLum [1] and M. DoBRrOWOLSKI [‘3] are specnal cases.

. ’l‘he boundary value problems

Lt 'l‘he domams. ( )'An infinite cone K < IRY with the vertex O is defined by its '
surface equation -7~ r. '

. 4 x.v‘*i’:.‘ 2 @iy b x'h! +q() : _ S

[Rals +'.N‘l=2p

‘~wh’ei‘e 2 =20,qisa smoot,h function. such that lg(x z)| = of(z® + -+ + ':cﬁ,:,')”),'

p>0andx_(’c, - xy). : L . s
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- .. (il) Let'2 be an open subset of R¥ with the compact closure £ whose boundary

012 is an (N — 1)-dimensional manifold. 0 € 92 is a conical point if there is a neigh-
bourhood,U.(0) of 0 such that U,(0) n 2 is diffeomorphic to a cone K intérsected with
the unit ball. The intersection of K with the unit sphere is a domain @ with a’ smooth
boundary éG. If N = 2, then the comcal points are corner pomts (\nth the anglc

wy F W) o
(iii) D RY, N = 3;iSa (llhedral ang]e ifD=Kx ]R” 2 whele K= {y = (Y1, Y2) "« -

= (r cos w, 7 sin w) € lR* 0<r<oo, 0 << wo} is an infinite cone with -the
sndes y* ={y € R®: w =.0} and ¥° ={y € R?: w = w,}. The faces of D are [I'*

= y% X R¥-2and the edge of D is Mp = {(0,0)} x R¥~2 S P
A (iv) Let Q= R¥ N =3, be a bounded domain with the (N — 1)-dimensional
" boundary Q. 2 is a domain-with non-intersecting (N — 2)-dimensional -edges .’

My, ... jPIT lc_ 0 if M =M, u--- uMy_;divides 82 in smooth disjoint connected

. componcnts Iy,..., I’y (the faces) ‘such that ¢Q =.M v u--- uly and if there

is a neighbour hood of each.point of M in w h]ch is (llffe,omorphlc to an. N-dlmcusw-

nal dlhedla] ang](, D. .

L 2 Tho dlfferentlal operators We consider the’ lmear dlfferentlal opelatms o

w herc AM is the set of comcal pomt% or the. set of . edges We denote

- ’ - a¢1+ +“N.
D = (—i) :

L ’
m\ (—l)'°’ L = (o, ay) € No“'-‘
.- 1t N ,

A .
-

A(x D=z (—l'f‘o’(a,ex)oﬂ)ez <>D° L Y]
‘vniBl<sm ) ' lal<2m Ty . .
- and A _ / . . L
T ,B,-(xD 'Iéb,,(x D° } (xéo \M 7_1 my,, o (1.2)
: . a« my; - , s . )

_Assume that the coefficients of 4 are smooth in @ and those of B, are smoobh on the .

sides or faces of 02. If N = 2, the change of the type of the boundary conditionsis -
-~admissible, also for'wy, = 7. If N. >3 and 2 is a domain with non- intersecting cdgcs

‘

we wrlte mstea(l of (1. 2)

B’(q)(x, D,) =
| ]

where the coefficients b9 are smooth on [ Assume that 4 is elliptic and {B,,..., B,,,}

or {B,\@ . B ‘q’}q . 7; are normal systcms on 302 \ M which cover A We denote
by ,
‘)I(x D {A(:z: D.), B\(z, ]),), - (a: D,)}, _— (1..;)
" W, D,) = {A(z, D), B 9z, D,), .. B W’(x D)looror - . (13)

_ the operatm% defmed by (1 1) and (1.2) or.by (1.1) and (1. 2’) rcéPcctively.

_ 1.3 The spaces: We mtloduce the spaces mapping by the operators ‘l[(x D,):

(i) The space Ver(Q, B(+)) is the closure of the set.Cpy> (Q ) {u € C=(Q2 ) suppun M

= ﬂ} with 1espcct to the norm_ ) i J
~

”u Vkp(_o B(- )“ — ( 3. frp(ﬂ(c) k+1al) |Da ]pdx)llp ‘A - , (1.4)- °

, la| <k ~Q
e

. wh cre'r = r(x) = dist (z, M) lx — ¢, L€ M < 0Q,8=8()isa sm‘ooth function
defined ‘on M. ¢ is uniquely determined- if z. is sufficiently close to 11{ ﬂ BE). -

= const if con51sts of one comcal pomt only.

\

%‘,’b‘q’()]);' @eT,, q_l LT, . (1.2
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)

(ii) Let 2 be a domain with a smgle conical pomt 0 Then the factor space
VAUPRG0, ) = VEHQ, )| VP2, B) ~ s

R  the space of tracés, where V,¥7(£2, B) is the closure of the set C5a($2) with respect to
“the norm (1.4). ch Q be .a domain with non- intersecting edges and the faces I, The
- space of traces on I, of funictions from V*- P(Q B( )) is t,he factor space.

VE-Upe(T,, () = V"”(Q B[ Vokr(2, T, ﬁ( ) - (1:6)
' where V?""’(Q I, B() ) is the. c]osme of C°°(.Q) with respect to the norm (1.4).

- 1.4 The boundary value problems (i) Let %(z, D,) be given by (1. 3) or (1 3) an,d. let
1= 0bean mtcger We consndel the operators

QI((L' ]) V2m+lp(() ﬂ > le _Q ﬂ 1’ >m+l m,—l/pif(.() ﬂ) (17)‘
Qr m the second case ' C ' - ~I S '\ o
T m
U, D,): Ve, B ) > le(_Q IS ) 181G e oo (1, B ))

- _ ) (17)

That means we consider the classncal” problem mvestlg,atc the solv abxllty, uni-
queness aml regularlty of G=1,..m; q =1..,7T) o .

. Az, D,) u(z) = [(z) inQ, .B(x D,) u(z) = gj{x) on9Q =~ ',(-1.8)
ol " A, D) (@) = fx)in 2, . B9z, D,)u(z) - g o Iy (18)
_' or, especnally, of ' - o | \

- A(x D, u(x = /(:1: m/.Q, , ,(z D,) u(.z: = 0 on 20 no (1.9)
L Az, D,) w(2) _/ JinQ, B9, D,)u(x )= 0on 1, R (1'.9f)" ,

' in the above- mcnt,loned weighted Sobolev spaces.

(ii): Assume th'tt the boundary value’ problem (1 9) or (1.9 ) can be formuldted as a '
weak problem find a solutlon u € V such-that, for a glvcn feT* : L

&N
o a(u, v f X ay() Pu o da = (;, Vv€ v o (1,10)
C 2 plisrsm
and mvestigate the regularltv if fis from a subspace of V*. V isa subspacc of wm. 2(.Q)
which is determined by the essential boundary conditions of (1.9) or (1.9'); V*is its
~dual space and the relation (1.10) guarantees that the non-csscntml boundm) condx- .
tions are sat,lsflcd Wm2(Q) denotes the usual Sobolev space -

N e

2. Solvabulty and ru-ulanty results i

' We for mulate \uthout ploofs solvability.and xegulat ity lcsults of V. A Kondnab’;e\
V.G. Maz’ja: and B. A. Plamenevskij. We mvest;g&te when- bhese reguldnty lesults
are also valid for weak solutions u of (1. 10)

A Solvalnhty and regularity results for domains with comcal pomts let Q be a .
. bounded.domain with a single conical pomt 0. For simplicity we assume that thele is .
a ba]l nelghbourhood of 0 where Q comcndes with the cone K- '

' ./

N . -

7 -
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- {i) First we consider a speuz.ll boundary value problem in K, which is generated by
the pnnupal parts of the operatoxs (1. 1) an(l (1.2) with f|o7en coefficients at 0 (7 = ]

sm): . X
4' , Ay(0, D,) = ¥ au D“u(x) =flz) , .inK," 5
A lal=2m - . N - * o e,
By 40, D = X b;40) Du'u(x =gjx)  ondK.

la]|=m; -

_Introducing polar coordmatcs (r, w), settmg r= e' and using the comple\z Fourier

F oo .
transform fe rf(7) dr = f(2), %€ C, we obtam a boundary value pmblem‘ with
p&rameter—/ m the (Iom'un G = £ n “sphere of the ball nelghbomhoo(l”
o L{w, D, 7) i, 0) = F(i, o) forw € G, '
M(w, D, '.) ai, w),= Gt w) . forwe il (G =1,...,m), Co-

“where A4(0, D,) = r="L(w, D, rD;), By, 0, D,y =r—"M, (w, D., r])) The corre:
sponding operatox Ao(2) = {L(w, Dy, 2}, M j{w, Dw, AYj=1,...m mMaps WmHLp(@) into

wne x[[ Woemslom=tlnnG). -

(ii) The (llstnbutmn of the gcnerah/e(l mgcnvalues of Ay(2) plays an lm\p(n tant role
bothi for the solvability and for theregularity of problem (1.8). The following theorems

~ were proved by V. A. KOoNDRATJEV [5: Theorem 3.2] for p = 2 and by V. G. Maz’sa o

and B.A. PLA‘\IENEVSKIJ [10: Theorem 6. 1] for p = 2.

. Theorem 1 ANz, D,) (lejmed by (1.7) is a Fredholm’ operator 7ff no e?genvaluc of
‘l[o(/) lzea on the line Im ) = B+ N/p — 2m — [

'
/

Theorem 2: : If no ezgenvalue of Uq(2). is situated in the 5trap ﬂ, + Njpy — 2m — 4
CE=Imigp+ N/p — 2m — 1, then the solutwn we Vitem P(Q, B) of (1.9) is contained”
in VhEempiQ, B, too, provbded fe V‘ (2, f)n V‘* P(Q, ). Here | and I, are non-
negative integers. S .

Af eigenvalues }; o/ Wo(4 ) lie in the strip by = ﬂ, Nipy —2m —, <ImZ < 8
+ N/p — 2m — 1 = h (but ‘not on’ the lines Im i = h, Im ) =h ), then the following
expamzon kold s near 0: .

o [h h
w= 2 X T‘”“’J“(IOgT) - w,

hy<Tml<h u= 0

 where y is an appropriate cut-off function, mw € Vh+t2mr(Q, g,), [k — k] is the biggest

mteger which is'less than b — hy, Pj, are polynomial functions wzth coefficients: deppnd- .

ing on . . - . .

2. 2 Solvability and regularity results for domams wnth edges. Let © be a bounded

domain with the Only edge M. We consider a point z, € M and assume again for

simplicity that £ coincides in a ball-neighbourhood of z, with a dihedral angle.

D =K xAl. We take in this neighbourhood the coordmate system -z =(y, z)

= (¥, Y» 215 - 2n-2) Yy L2,y € K,z€ M.
(i) We start with a special bounddxy value problem in 1) which'is genemtcd by the
pmnmpal pdrts of the ()peratolx A4 and B @ defined by (1.1) an(l (1.2 ¢.=1,2:

0(20, z)‘_ ( ) = do(z0, D, D ) u() 4
’ =3 au(%) DD u(x) = f(x) in D,

. lal=2m
a ta,=a
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°

: elgenvalues of ‘210(20, 2) for allzg € M.
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'

) ’BOi.j(ZO’ z) u(x) - BO ](ZO: D D. ) ( ) ’ . ¢t
’ T = X bi(=) D D Su(x) = g5 (x) on I'%.
la|=myx -
a,+ag=a . . S -

Here + is used instead of ¢ = 1,2, I'+ are the faces of D, 7 = 1 . After appro: -
priate transformations we get a t,wo chmensnona] boundary value ploblcm with pala- .
meters in the cone K, namely - A . »

Age; Dy 0) 5 =F - inK, e
‘Bg:i(2o, Dy, 0)-4 = = §;% _-on 0K, BESV3‘>
- wheré ;S” 3 is the sphere’ of the unit ball in R¥-2, We (lenote
N Uo(zg, 0)' = (Aolzer Dy 0), Bislzor Dy Micivoms
Uo(2z0, 7) ={L{w, Dw/.), ME(w; Doy Dt
where . : : - N
Aoz, D)y 0) = 75, 2" L{w, Dy, 72,D72,), :
. B (40; Dy, 0)i = 1., ™ M %(w, Dy 2, DDrs,)
an(lr, _]a:——7] \Veha\(,~ oL S . _
?lo(zo, A): W”’"’(G) - L"go) x Cmx C», . @l
.\\hereG {w 0 < w < w, foxl-—Op.— Y '
(i) The followi ing plopertlcs of ‘2[0(20, ) aml (‘)Io(zo, ) determine the solvability and . "
vegu]anbv of problem (1. 9) L RN
ker Ay(zo, 0) and coke1 QIo(zo, 0) are trivial for all 6¢ S¥-3 L L
ST B (2.2)
and for all z, € M. . .o -~ s

The line Im /(z;) - B(ze) + 1 — 2m does not ‘c()ht.ain } . (2 3) '
. PR pot
Wc mtroduce the elgenva]ues A ( ) and 2.(zo) of Wj(zy, 2) by the property: - -
"The strip Im J_(zy) < ﬂ (20) + l —2m <Im L(Ho) is free of elgen- ‘(2 '4)
_ - values of ‘llo(zo, 7). - - s ’
Theorerh 3: The condztwns (2.2) and (2.3) are necessarJ aml su//zczent that Ihe
opemlor of the problem (1. 8 ) ' '

Uz, D,): V{0, B() + 1 — 2Jp + 1),

LI v

) N B - ‘
ST S p) 1 — 2 H)lxz [T i+

N B S og=1 j=1 g . .
T X ATg B() + 1 = 2[p+ 1), o '(2.5):

s a Fredholm operalor for any p € (] oo) l =0,1,2,. . o :
Theorém 4: Let ‘B =B(2) and /31 = B.(z) be smooth junétz’oné defined on'theedge

M= 3Q and let w € VIHImp(Q, B(-) + 1 — 2/p + 1) be a solution of problem (1.9),

" where the right-hand side | € VP (Q, pi(-) + 1 — 2/p, + 1). Assume that the conditions -

.(2.2) and (2. 3) are valid and that Tm 7._(z) < B,(2) +1—2m < Imi(z) forallz€ M: _'
Then u € Vh+2m. "-(.Q B ( Y+ 11— 2/pl 4 l,), loo - ) -
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If eigenvalues 1; (z ) of 9(0(2 A} lie in the strip .h(z ﬂ,(z + 1 —=2m < ImJ ( )

. < Blz) + 1 — 2m = h(z) (but 7iot on the lines Im 2 = k,(z) and Im 2 = k(2)), then' an ;
expanszon similar as /or comcal points kolds . _ N ’
S Z n(x r(x) + u’(x): - T

vel . : . : T .

;provzded Im i ( ) — 1< fi(2) —{- 1— 2m < Im 7z, ]’or every z € M, 7, habe a con-
stant multiplicity and 7,(z) == 4i(2) for z € M and i :#: j. Here y isa multzmdex nisa

cut-off function with n(zx) = 1 near M; u, are singular funchons c, are the coe//zczenls ;

and w € V'l+2"’ 7’!(.0 B:(-) : 1—2/py +1, + s) Here e>01sa real number.

2.3 Regularlty results for weak solutions in domains with comcal pomts Let Q= R¥
. be'a bounded domain with the’ single conical point O €'80. Assunic in the following’
that the weakly formulated boundary value ploblem (1.10) has a uniquely defined
solutlon ue Vo wm 2(Q), or more pre01selv that the. sz Vlllgram Theonem holds

0t ] < o s W) f; W@ - forall wyw € V, (28)
Na(u, w)| = cz'||u wm: 2(9)”2 S Aor all we v, (2.7)

In order to be able to use' the Regulanty Theomem 2 we demand that for certain

' rlght -hand sides the solutions w of (1.10) are contained in a rcasonable weighted

N

» space namely o . : i , C R

(®) Tt f é I3 0), then we Vo V'-’mf-’(o m). ° o

.

Lemma 1:1f the line’ Im A= N/2 — mis fr¢e of ezgenvalues o/ QIO( 7) and m =< N/2
or lhe Dzirichlet pmblem 8 qnen then the propert y (R) is wlzd

l’roof Let - : - ,',x - N

~ ’ Lo

]a'Sm 2

W@, ) — {f%.n/; o, = ( 5o e dx)w < oo}

4 'l‘he followmg |mbeddmgs hold [4 Coxo]lmy l]

Ve W"'"( )= Wm0, 8) for.s =0,
Wm2(Q, 8) = L¥Q, 6 — m) for. 8> m — N/2

AN

A}

It follows from [5: Theorem 3: ‘3] that for / € L2(Q) (even for f € L¥Q, o + m)) thé’

solution u of {1. 10) is contained in V2™%(Q, 6 + m)."Analogously to (2. 4) we mtrodncc

" the elgcnvalues 7 'and 4, of (4 ). as follo“s for f =m:

\' The strip Im) < N/2 —m < Im /+ is free of cngemalncs of g)I(,( ). (2.8)

’

~We now choose & > 0 so 'small that Tm 7_ < —m+ N/2 +é<Imi, . Theorem 2 yields ‘

the assertion for m < N/2. The assertion for the Dirichlet problem follows immedi-
ately since WI3(Q) = V = V™0, 0)c LY, —m) 1

v

i Remark 1: The condmon m S N/2 of Lemma 1 can bé \'veakened by the condltlon Thero .
.1516>0w1th6>m—1\7/2dnd—m-—N/"—,—t$<ImA+ C .

)

Lemma 2: Assume that the line Im ) = —m + N2 s free of ezgenvalues of Wq(2)-
and the property (R) kolds. Then there is a uniquely determined solution w.€ V¥m?(Q,

Im2_ — Nfp + 2m +¢) of (1.10) for every [€ LrP(9, Ipl . — N[p'+ 2m +¢),

< .

-

-’
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1< p < co, where £ > 0 is a small real ﬁdmber, and- SR . ._ .
s VERR(Q, Im 2 — Nfp + 2m + e B
LSO LY@, Im i — Nip + 2m + o)l @9

Proof: The Regularity Theorem 2 and the Lax-Milgram Theorem imply that for
every f€ LAQ)n L?(Q,Imj_ — N|p + 2m.+ ¢) there is a uniquely determined
. solution @€ V2mP(Q, Im i — Njp + 2m.+ ¢) of (1.10). Since L(Q) 6 LP(2,Im /_ -
— N/p +.2m + ¢) is dense in LP(Q, Im/i_ — N/p + 2m +-¢) ,(this follows imme-
diately from the definition of the weighted spaces in Subsection 1.3) and the operator

- (2.5) is a Fredholm operator we get the assertion 8 . , .o

-~ Remark2: Lemma 2is.valid for all f-€ L?(R2) provided Im i_ — N/p + 2m_= 0. In this case
-we" have . |ju; V2m.p(Q, Irr{'\)__—‘N/p + 2m + &)l =.ClIf; Le(Q)l: However, if ImA_ — N/p
+ 2m < 0, N/p — 2m < 'Im A, and the suppositions of Lemma 2 are satisfied, then there
cxis.t,s" a - uniquely determined sclution u € y2m.p(Q, 0)-of (1.10)- for every f € LP(2) and
Il V2mp(@, 0)| < ¢ |if; LP(2)|l. Tndeed, if Imi_ — N/p + 2m 2 0, theh Lo(Q) = Lp(2, Im A_
‘— Nip+2m +¢). lfImA_— Nfp + 2m < 0’and N/p — 2m < Im 4,, then the Regularity
Theorem 2 and the Lax-Milgram Theorem imply that for every [ € L¥R) n LP(£2) there is-a -
~ uniquely determined solution » € V2™-P(£, 0) of (1.10). Since L2(2) n LP(R) is dense jn LP(Q2) we
" again use the Fredholm property of the operator (2.5) and get the assertion. . _

: L@;rﬁfua 3. Assume that the line Im i = —m -+ N2 is.free of -eigenivalues of Ao(%) -
and that the property (R) holds. If f € LP(£) and Im J_ < N[p, 1 < p < oo, then the
solution u of (1:10) ¢s from LP(Q). - . :

) Proof: Assume that 1 < p < co. If Njp < N/2 — 'm, then Remark 2 works and

. w € V2mp(0, 2m) in the worst case. Since VP(2,2m) LP(Q) we get the assertion.
_If N/p > N/2 —m, then the .classical imbedding theorem yields that Wm2(Q)
1= LP(Q). If 'p = oo and therefore Im A_ < 0, then the assertion follows from the

asymptotic expansion given in Theorem 2 B :

" 2.4 Regularity results for weak solutions in domains with edges; Let Q< R¥ bea ..
" bounded domain ‘with the'only edge M. Assume again that the weakly formulated
“boundary .value problem.(1.10) has a uniquely determined solution u € V.= WmQ)
for f € V*. Again we need the regularity condition: - N o S

-

(R) It fe L¥Q), then we Vn Vem¥Q,m),fz) =m forze M. .

Lemma 4: If the line Im 2 = 1 — m is free of eigenvalues of No(z, 2) and if there is

" real number & with 8 >m — land —m + 1 + 6 < Imi,(z) forall z € M or if the

* Dirichlet problem is given, then the property (R) s valid. Especially, if m =< 1 and the
lineIm 2 = 1 — m s free of eigenvalues of y(z, 2), then the property (R).is satisfied.

Proof: We first remark that J. RossMAx~ [14] proved the following result: if the
- line Im A = 1 — m is free of eigenvalues of Ay(z, 2) and the Girding inequality is
valid for the problem (1:10), then condition (2.2) is satisfied. Since, our problem is
even coeicive, we can use this result. We now employ the same ideas as in the proof’
of Lemma 1..We have u € Wr2(Q)= Wn¥Q,8)= L¥Q2,6 — m) for 6 > m — L (cf. - -
[4: Corollary 3.1}). From [12: Theorem 10.2] it follows that u € V™32, m + 0). '
[ Theorem 4 yields that u € V23, m). If m =_1, then we choose d sufficiently small §
Analogously to Lemma 2 and Remark 2 we are able to prove’ ' e
Lemma 5: Assume that the line Im 2 = 1 — m is free of eigenvalues of Ao(2, 4) for
z € M and the property (R) holds, Then there is a uniquely determined solution u € Vemp
(Q, Ima () — 2/p + 2m + s(.-))\ of (1:10) for every f€ LP(Q, Im2_(-) — 2/p + 2m

N . L . -~ 7
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+ e(+) ) 1 <'p < oo, where e( ) > 0 are small real numbe‘rs and.

ks VEmP(Q, T 2_(-) — 2/p + 2m + ()|l SC”{ L”(.Q Im7_ ()
, —2/?T2m+8( ))ll

It is more suitable to work with a “elght with a constant e\poncnt in the follo- )

. wing. Therefore we introduce:

Let zy € M be such that Im 7 (2) < Im2_(z) for-all z € M. For this we write _
Im/_(z) = Im2. We have Im2_(z) <Imi <1 —m < Im )+(z) Consequent]y

.‘the fo]]o“mg Lemma 5’ is weaker than Lemma 5 5. , ;

Lcmma 5’ —Assume that the line Imj =1 — m is free of ezgenwlues of Wy(2,,7)
for z € M and that the property (R) holds Then there is a uniquely determined solutwnl
u € Ve, Im 2 — 2[p + 2m + ¢€) of (1.10) for, every f € LP(Q, Imil —2/p 4 2m
+e),1<p < oo, where £ > Oisa small real number and

llee; V2mP(Q, Im J_ — 2/p 4 2m + o)l
= C; Lf(Q Ima. — 2/p + 2m + ).

Romnrk 3: Lemma 5’ is valid for d“/ € LT'(Q) provided Im A_ — 2/7) +2m =0.1In this case
we have flu; Vemp(Q,Im A. — 2/p + 2m +.8) < Cif; Lp(Q)l. However, if Imi_— 2/p "
"+ 2m < Oand the suppositions of Lemma 5 are satisfied, then there exists a uniquely determi-
ned solution » €-V2m. T‘(.Q 0) of (1.10) for every /€ LP(Q) and |lu; V2m.p(Q2, 0)} < C |If; LP(82)|..

" Lemma 6 Assume that the line Imi = 1 = an 4s free of ezgenvalues of Wy(z, 2) for’

-allz € M and that the proper ty (R) kolds. I{f € L?(£), tken u € L?(Q) for 1 <p < oo.

Proof: Smce Imi'/_ < 2/p and the assumptlons of Remark 3 are satisfied, we geb
u € VP, Imi — 2/p + 2m + &) = V2mP(Q, 2m) = LP(Q) ) provided lm Ao — 2/p
+ 2m 20.In the ot,ht,r case w erhave w € V2p(0Q;0)= Lr(Q) 1
. . \

, B N
3. Finite clement methods in domains with conical points

- L . . ~

N Finitp-é]ement spaces: We shortly characterize the finite-element spaces which we
- use,in the following (not only for domains with conical points). Let us consider a

famxl»v of appropr iate partitions s, of the bounded domain Q< R¥: dependmg on.
the mesh size hy, Q= U{Qepie = 1,.:., B, Q5 € 7. Assume the partition to be _
umfoxml\ near t,he set M — 6Q in thc sense that there is a set Uh) = {QM e € Jyl,
= U(h)u (Q \ U(h)), such that v

< c¢h for a¢€ U(h) e "
2 oh for x€ @\ Uh), . -
where the constants c and Cy are mdcpendenb of k, J; is an index set (see Fig. 1 fo]
conical points and Fig. 2 for an edge). :

Let {Sj} be a f'umly of finite- (hmenswnal spaccs Sy V, with the followmg pro-
perties: '

1° Local approximation : for eve:y u.€ W ”(.O) and for all Q.4 E ap there is an cle-
ment [yu € S, with o . . -

lw — I,,u Wha(Q, 4) MW= Chrrt= Neilp~ ‘/‘l’ (IVau; L”( e.m)lls

[y

where W )= W"’(Q) 0sl<mandl <p,qg<oo. ' s

\ -
.
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U(h)-uﬂeh(l“) -

S o : :
Fig. 1 - ) - Lo . Fig. 2 : . L

2° Inverse mequaltty for all u,, € Sh CiW“’(Q) and Q, E EA ,
Ileuh, LY@, S ChNa=1an)| Viuy; L0, all 1<gq S q < oo,
where V, denotes the field of all derlvatwes of the order l We refer to [2 bhap 3],

* where these propertics are considered. The local proper tles 1°"and.2° imply global ,

propemes (see [8: Theorem 16.7]), namely

e — Iju; WHQ)| < chm=\ |[Vou; LN@)|  forp =g, -~.(3.2>
e — Iyu; Wl,m(_Q)” < qh'nr‘l—,N/P ”Vmu: LP(Q)” for q =00, - ’ . (33)
¢ IV Q) < el [V PLE@ . forqy Sqm € S
- . N g 2 (39

Dcfmltlon 1: Pyu € S,.C Vis the /mzte element solutwn o/ the problem (1.10) if °

'a(P,,u, v) = (f,v) forall v € S,,

Since the Lax-] -Milgram Theorem is valid, Cea’s. lemma implies

b = P Q)| S C i~ W ), - (35)

Up€eSa .

3.2 Erfor- estlmates in Wn2(Q). The localapprommatxon pxopert,y 1° and the estimate
- (3.5) .yield [lu — Pyu; WmQ)| = O™ for ¢ WmQ). If » 4§ W2mQ), then we-
cannot expect such an estimate in general. Theréfore let us characterize those conical
or-boundary points where the type of those boundary conditions’ changcs which do
not imply that u € W™ Q). :

Definition 2: The point 0 from M is szgm/zcantlJ smgular if . .
, N2 —2m <Im2j L o (3.6)

(l fis defmed analogously-to 2_ by (2.8)). T o o
If-this is valld and the assumptions of Leémma 2 arg satisfied, we get: iffe L2(.Q)

- then the solution u of the problem (1.10) is from yam -(Q Im = i— N/2 + 2m + €)
but not, 1n general, from V*"3(Q, 0) = W2m 2(9) !

Exnmplc 1:We consider the Dirichlet problem M= —finQ, u= 0 on 882, where Q is
a plane domain with the single conical point 0 with the angle wg. Since i_ = —znjwyi, we have:
xf -1 < —n/wo, which means wy> 7, then Oisa SIgmflcunt smgularlt,y

Theorem 5 Let a(-, ) be a real bzlmear form whzch satisfies the conditions o/ the
Lazx-Mzlgram Theorem (2.6) and (2.7). Assume that there is only y one significant singu-
larzty 0¢€ 00, that the line Im 2 = N|2 — m is /ree of eigenvalues o/ QIO()) and that the
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: property’ (R) is valid. Let {Sh} be a family of finite-element spaces with the properties 1°
" and 2°. Then the ,fmzte -element solution Pyu € S,, apprommates the solution w of (1. 10)
- .in the sense Coe _ .

Pl oof: We use the esmmatc (.3 a aud get -
|u — Py; Wm 2(9 < Cllw — Lyw; Wm?(p)u2 S .
S S 0l D WU I e — Inws W2
, (Q\U IE), S '

I

w hcrc Iy is defined by 1° and U(h was mmoduced by (3.1). Pmperty 1°, Lcmma 2
©. and (‘3 1) yield for the first term _ N

«

-

_ ”’M _ ‘I)ﬂt Wm J(U(h )“2 . “‘ . : L . ‘ [

< Ollvmu L2(U(h )“2 =C Z f r2(Im/1 —N/2+m+z Tmi_ +N/’ -m— z) |D°u|2 dx
_ RN UL U .

'S C(c h) 3(<Ima_+ 1v/2 m-g) 37 fr2(1mx —N/2+m+e) |D"u12 de

Clal=m Utk : i
< Chz( Iml +\/2 ‘me 5) gy V. 2(_Q lmA — N/2 + m + ‘")”2
< o s Ve 2(9 Tm 7 — Nj2. + 2+ 8)1{2 '
‘ 'g s L9, I 2 — NJ2+ 2m + )2 .
S OpImiesomoo | fDNONE. .(3:8)

' liurther we have fox thc second term, u<;mg agam thc estlmate (2.9),

o W'“(Q N Uh) R
L < thm N ¥eme; L2(Q N UK ”2 : . :
= Ch?m Z f h2(~Tmai_ £Nj2—2m— &)+2(Imi_ —’V/2+2m+:) |D‘u| dx

h ; lal=2m Q\UM)
g (1/0 2(Im1 —N/2-r"m+£) h2m }2( Iml +- 1\/2 2m— E) ' <
¢ Z [ o= N2+ 2mt) ]Da ul? dz: I
C lsl=2m UM N . »
S Qo RA-Tmit N2 —n—e) ||u pam. 2(9 Im AL N2+ 2m o2 ,
BN L Nz—m—e) |f LX(Q) ||2 o : Y (3)9)
Both estlmates 1mply thc assertion (3.7) 1 o ’ . | )

| ; :
3, 3 ‘The Aubin-Nitsche trlck The Aubin-Nitsche trick” allows to cstlmate thc error.
: - u — Pyuin L?(Q), 2 < p < co. The essential idea is to mtroduce thc adjomt pxoblem
. to the weak problem (1.10). ~ : < .
Defmxtlon 3: Let a(-, -) be a rcal-bilinear form defined on V X V. The adyomt
' problem is: Find a solution eV of (1 10) such that a*(u, v) = a(v, u) = g(v) for
allvE V,.ge V* NI _ _
: . - : S

. -

= Pyus W) = CR-1 NI IHO)| Soen
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"We need -in the follo“mg the .regularity of the so]utlon of the adjoint problem.
‘Therefore we shortly formulate some results of V. G. Maz’sa and B. "A. PLAMENEVSKILJ -
[10: § 3] without proofs, first for domains with a conical pomt 0.

Lemma 7: Let Ag*(u) be ihe operator determined by a*( 5 ) and de/med amlogou.sl Y.
to Wo(2). Then 2y is an ezgemalue of Uo(2) if and only zf ,uo =3¢ + i(—2m N) isan
eigenvalue of Ug*(u). ‘ o S -

Corollaries: (i) If the line Im2 = —m + N/2 is free of eigenvalués of ‘lIo(/'.), then
it is free of eigenvalues of Uy*(u), too. (ii) The tmaginary parts of the eigenvalues. o/
-Ug(2) and ‘2[0*(/1) are sztuated symmelrically to the point —m + N /2 ’
[=] N
I ]~ | L [}
T | T . [

dmop. Imoa 'N/2—n/z Im g, Im/+ Flg' v

(m) Let A_‘and 2, be those ezgenvalues of Wg(2) whzc}z are de/med by (2.8). Tke correspond-
- ing ezgenvalues of o*(u) are pu_ —/+—+—( 2m+N)J and p, = A # i.(—2m + N)
. and conscqucntly Imu. = —Im2i;, —2m + N and Imp, = —Imi_ — 2m A N

.

'Lemma 8: Let X be a Banach space with 'V — X-and X,, X2 a pair of Banach spaces )
with |a(u,v)]. < Clju; X [|1, Xl for all w,v € V and Sp= X, n X,. Then the finite-
elcment solutzon Puu, approumates the solutwn u of the problem (1.10) zn X in the sense

e — Pru; X|| < Clu — Pry; X, || sup Jheg — Thug; 2H/Ilg, X*]l} (3. 10)

where a*(u,, v). = a(v, ug) = (g, v)for g'E X*andv € V X* is the dual space ofX
Proof We have ) o
M P,,u Xjj = Iu - P;.u X**H =- sup l(g, u — Pyu)|

. -

. . Ylg;x*=1 . )
S © = sup I(g, u = Pyu)l/lg; x+y o -
' .- . OFgex® . - o
: = sup {la(u — P,.u ug)llllg, X*II} _ : e
I © O0%geX* . : .
. = sup {la(u — Pnu, o= Ihua )Illg s X*H}
- . OFgeX*. . .

< Ol = Paw, ol sup fluy — Ly xzu/nq; X*j

v

’ -Exampl.é\2: For X = L'-’(Q), X1 = Wm2(Q) = X, we get for the solution u of (l1;10) .
e — P L3QI° . ‘ '

< Cliw — Pyus W Q)| sup {llu, — = Iyug; Wm2Q)l\fillg; LARQ)1) .

o }
O*GGL'(Q) . - -

s s

Assume that the assumptlons of Theorem 5 are satisfied and that (R) is vahd for a‘ (u, v)., The
" estimate (3 7) for u and the estimates (3. 8) and (3.9) for u, yne]d .

e = Pyus LAQ)| S Ch=Taks M= mme—Tnpt NE=m—e | HQ)| .
provxdcd Im; /4_ — N/2 +2m 2 0. From Corollury (iii) follows ’ ’ .o e
fl — Pnu L“( | < Ch—Tm +lml+—f I3 L2(9)11 for —Im A, + N/2 =0.

lf —Im 2y '+ N/2 < 0, then it follows from Remurk 2 that u; € yem2(Q, 0) C W2”‘ 2(.Q)
'Ihe estlmate (3.2) yields \

Ity — Tygs W™ 2(9)n < O [V L <Ohm s y2md A, olsc ug, Lz?hu

\ - N oL -~
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I‘herefore we. get .
o [l — P,,u L¥Q)|| = Ch—1mi +A/~’ ¢ l|/ L)} for. —Im I+ N/2 < 0.
. b()r symmetrlc bilinear forms we have

- lw — Phd L) < Ch"( Imi_ -A/z m— ¢||; LZ(Q)]

3.4 eror estimates in L?(02), 2 S p = oo. We have seen in Subsection 3.3 that the '

Aubin-Nitsche trick yields very simply error e%tnm‘ltes in L¥(£2). In order to-get results
in L?(8) for 2 = p = oo, we need more comphcatcd mveqtlgatlons

Theorem 6: Assume thal the suppositions of Theorem 5 are satzs/zed that (R) is ~

valid for a*(-,-), that the nght hand side f of (1.10) lies in Lr(), 2 < p < oo, Im A
< N/p, that Sy = W"?(Q) for p < oo and that'S, L>(£2) /orp = 00. Then the /zmle-
elemient solutwn P,.u € Sy approximates the solution u of (1 10) in the sense '

L . h—Imi 4 Nip—c ||f. [P(Q) f —Im 2t 4 N/p < 0,
. - — P LP(O

D [l ‘ {"u’, L ( )|| {}K—Im) +Inu,—e“/ Ly(Q H if —Im i* ++ Njp = 0
CLSe | .  ew

provided m = N/2, and ]m Jokm < 0O and 2 <p < oo, or Im) + m = 0 and-
.2<p<N/(lmA J—m) : . ’ T

e Ilu - P»u 7 7€) | RN ‘ ‘ ) A
< C{k Imi +Np=c ||f: LP(2) ‘ o df—Tm A, £ Imi +m <O,
':I"" ‘”/_’{’LI"" —m—¢ II/, L) / —Imi, +Imi +m= O

provzded Imi. —+— m = 0'and N/(lm VR —+— m) < p < o, where £ > 0 is a small real
number. -

Proof: (i) We remark that 1f m < N/2 then it follows from (3.6) that Tm A —1— m”

> N[/2— m >. 0. Therefore all cases are covered by the above assumptions.

(ii) We first consider the case m = N2, Im'_ 4+ m & O 2 < p<oo We want
to use Lemma 3 for X = Lr(Q), X, = W™P(Q)and X, = W™9(Q), where 1/p -+ 1/q
— 1. Let us verify the assumptions of Lemma 5. Since N/p > N/2 — m, the classical
1mbcddmg theorem yields that V.= Wm 2Q) = LP(£). Since Im A + m < 0, Lemma.
- 2yieldsthat« € pem. P, Im A — Njp 4+ 2m + e)(_ Vmr(Q, Im2_ — Nip + m + &)

< Vmr(,0) < WmP(Q). Since Njp —m < Im i, and Imi_ < N/p, we finally get
from Lemma 2 that u, € Wm. ) for g € L"(.Q Therefore Lemma 8 is applicable and

" we have

' .. - -, — Tyu,; Wma(Q2
y ' llu — P LPQ) £ C ||u — Pu; W"'»P(Q)II stp .”uﬂ uiad’ (@l

’ ) Torgesiar g, LY
TR ©(3.13)
‘ Let .us cstlmabe the first factor. It follows from (3.2) and (3.4) that ER .
e — Paw; Won@y) - . " g AN

o = lu— Lu; W@ )u T i — Py Wra@)
< Ol — Lius WerOE)|  Jhe — Ly Wrr(@ N U(h) I
S RNIP=NR | Ly — P,,u wnQ))
= OV LA + b | Vans L@\ UR))
+ BN || W 2(9)Il + BN o — Py W'“(O)n)

N Ve .
Al

(Y4



" The mequ;i,]ltles (3. 1'%), (3. 16)—(3 18) lmply the estimate (3. 11) S : 7
(iii) Let Im_ + m =0 and 2 srp< N/Im i 4-m). Then we have z_lgei‘in‘ -

. N

bsmg Remarl\ 2 and the relation (3. l) we have ,
- "Vmu'? Lp( h))“p = Z f,p(lm) ~N[ptmie)— p(ImA —,V/p-»-m €) }Daulp dz
. : DR fal=m U) - : ‘
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L= ck-ll(lml__N/IH-m.Lz) fu; VEmp(Q, Im' ;= 'N/p + 2m + P ,_(3.14)1‘

_sand C* : . ' .

S ||Vo,,,u Lv(o\U )il

. " - R — 2 f hp(Iml ~-\/p—‘7m £)— D(Iml —A/p-{-"m+z) lDaulp dI ;

. laj =23 (2N\U(A) : ~

"< @ h-PAmA = Niptenio s v v(Q Im 7~ Nfp + 2m e oiP.  (3.15)

Thcrcfore we gct . } ) . L o CL
o e P W) T
. < C’(h Imi_+ N/p—m—2) llus V2mr(2, Tm 7. — Nip + 2m + ¢)||’
T L RN N2-Imi N[ —m—e ”f L)) ' )
Ch—ImJ +N/p m—e ”/ Lp : . ’ B 2z ) . . (2 16)

We now estimate the; second factor of (‘3 13), havmg in mmd that Tm p_ — N/q
+ m 4& < 0, but Im u_ — Nlg + 2m = —~Im /, + N/p = 0. Let us Start with the
‘case that —Im e+ N/p > 0:,The estimate (3.2) and Remark 2 yleld

e g — Lyug; W "(Q)ll"

L ey — Dyt WU iy Tags W@ Uk o

< (||V,,.ug,/Lq(U(h Mo + hme|| Vang; LI(Q N UR)|)

0 ( Z f rq(lmy_—- \/q-&-m-Ls) q(Imy-—N/qJ m+e ) IDaumq dx
laj=m Uth) :

+ k”"l HVg,,,ug, L (!7\ U )”“)

I

' s
-
K

‘
-

C(hq( Imp_+ Njg—m—) ||u V?mq(_Q Im o 7V/q + 2m + F)” S/
‘+mwmwwuw\0 W).f S

. ' e

An estimate similar to (3.15) implies o ]

luy — I;ug; WraQ)|| S € h—mk-—Nla+2m+o) lig. Lo Q)|f

L= C htm1+.-‘\/p+m < g; Lq( )| ,~ (‘3 17) o

* We' now assume that lm g — Njg +2m = —Tm A, N/p <0 Smce Im2_

< N/p, we have that N/g — 2m < Im ,u+, and Remarl\ 2 ylelds tl)ab u, € Vr4(Q, 0)

W2"W(.Q) and fon

[ wnaQ)| < € h™ lg; L‘f(.Q)| ) T (318

3

Nip >'N|2 — m,u € V"’"”(Q Im/i_ —N/p+2m+s)c Vmr(Q, Imi_ — Np +m

+ &)= Vmp(Q, O)CW’""(Q and ImA_ — N/fp + 2m > N/2—N/p>0 There- .

fore we can repeat all estmmteb of the case (ii).

10 Analysnsm.o,Hertz(moo) - - . ; A

7"

~ . . , R

v
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(1v) Let 1m A + m =0, N/(Imi_ + m) < p < oc. We have ) .
_ ‘lu = Py IAQ) S Il — Iyus I2@) + Wyu — Pyu; Z2@). . (319)
We c:stlmate the first term of the right-hand s1de using (3.2)" '

L

nu — I LAQ)P < C Ju; LXO)|P
S = Ol UM+ C Jus XN\ UM

Slncc Imi_ — Nip+e<0 and-Im)_— Nip + 2m + ¢ > 0 if ¢ is sufficiently
small and € V2P0, Im i — N/p.4 2m + &) = L(Q; Im2_— Nip + ¢), we - .-
get |[u; LA(UMR), |lws LA(N\U (R )|| < O hp-Tmi-+Nlp—e ||/ LP(Q ]| similar to.(3.14) and .

(3.15), and thercfore K o

e — Inu; LAQ)I'= Ch ~Imi-+Nlp—e f: L7(g (. I . (3.20)

Usmg the mequallty (3 4) for ¢, = N/(Imi_ + m + o), \\hexc 6d>0is suffxmently
small, we. get for the sccond term of (3.19)

My — Pyu; L) S C RNIp=0mism o)y — P LAAm-+n Q).

B Since g < N/Im'/i_ + m) we can apply estlma,te (3 20) and get

HI,.u —u; LN/(ImA 4—m+6)( )| < C pm+o-¢ ”/ LN/(ImA -Lm—{ a)(_Q)ll

. From (3.11) follows - o SN
oo — Py LMAmictmed(Q))
- 0 hm+é—c ||f, [N0mi+mts 0y for ~Im 2, + Im2_+m <0,
= p—Imi_+Tmd, . [|f; LAIdmA ‘mTé)(Q)” for —Im py +Imi + m=0.

Since m ‘< —Im A —{— N/p, we get
Mwe — Pyu; LP(Q)|

< -

< {hNIH'““"‘ If; L)l _ if—Im2, + Imi +m <O,
pN/p—2Imi_+Imt,—m—e—8 | f. L”(Q)H if —Im 2, + Im) +mz=0.
oo, ' /- : (3.21)

Slncc here —ImA + N/p = —21Im ) 4+ N[p + Im 2, — m in the second case, \we -
get from:(3. 20), (3 21) the assertion (3. 12)

(v) At last we consider the case p = oo. Here Im i_. < O Let q, = N/(Im A_
+ m 4 0) as befom, where 6 > 0 is so small that Im i_ + 6 < 0. We takeane > 0
" such that Im 2. — N/q, +2m+e=m—0+¢e=20 and Imi_ = Njg +m + ¢
= —08 4+ & < 0. We have that N/¢, < m and therefore it follows from Remark 2 and
the classical imbedding theorem that w« ¢ V29(Q, Im'Z_ — N/q, + 2m + &)
= Vme(@, Im2_ — Njg, + m + e)C Vma(Q,0) < W ql(!))c L°°(Q Using' the.
. estlmates (3.3) and (3.4) we have - _
o= Pa Zo@1 -
=l — D LH@Q) + M — Pous L(Q)l| . .
< I — Ty 2O + e = T @\ OGN
+ WMy — Pyu; L2(Q))| » '
S C(hm— Al |Vt s L%(U(h))“ + p2m— ”/‘71 ||V2,,,u L"'(.Q\ U h))||
+ h=HIp ”Ihu — Pyu; L”( )[|) -

I3 - : . ]
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: where P is so lalge that N/p < gand p > 2 Since Im i_ — N/p + 2m + £ > 0~

it follows from Remark 2 that « ¢ V2™ P(Q Tm 2. — Nip 4+ 2m + &) LP(2, Im 7. .
— N/p + &) The same ideas as were used in the estlmatcs (3.14), (3.15) yield :

nu—znu,L“{(mu < Ch-Imc | L)) e 22)
and - - T ' . h
lu = Iyu; IAQ) S CA-IeSh=c | L)) (3.23)

Moreover we demand that p is so large that —Imi, + N/p <O provxded —Im )+
< 0. We now apply the estimates (3. 11) and (3.12) and get -

’

P — Py L)

(p—-Tmi—¢ If; ZP(2) i —Im Ay <._0.,

=0 {h Ima_- Imi,— Njp—e¢ ”/ Lp(Q)” if —Im) > 0 (3 24)

prc')vidcd m = N/2 and lm i+ m < O.~o>1j Im l + n 2 0 and 2 =p

[y
L

RSNl — Py LA(Q)| T |
<0 h=Tmi—c |If: L2(Q)] if —Im2, +Im2. s m<0,
- 7 k—zlm'x_fxm)*—m—e If; L) f =ImA, +Imi +m =0 p

RNt} 25)

prowded Im/ +m =0 and N/(Im) +m) < p < oo. Since —Im) + Im)
='=Im2_ in the second case of (3.24) and —2Im/_ + Imi, — m < —Im A

the second case of (3.25), we .get the inequalities (3. 11) and (3.12) also for P =00,
msertmg the estlnlates 3. 22)——(‘3 25) in the above esmmate ofu — P,,u in L°°(Q)

E xample 3 Let us consider the plane Dmchlet problem for the Laphce operator of Exam-

.ple 1. Assume there is only the corner point 0 € 82 with an angle w, > 7. The correspondmg‘

bilinear form af(., - -} is symmetric and therefore we have u_ == A and p, = A,. Since i_ = 7..
F N = 2m) =2, =42, we get the well-known result Tm A, = —Im i_ = yz/w0 in our case.
We consider the case p = oo. Since ImA: + m = —afw, + 1 > 0'and —Im:A,+ Tm A_

+ m = —2nf/w, + 1 < 0 for wy, < 2x, the first estimate of .(3.12) implies |ju — Puu; L) .

< Chrloe||f; Lo[(Q)). If wy = 27, the second estimate of (3.12) yiclds |lu — Puu; Lo(Q)

.. < ORI |lf; L2Q)).

Examplc 4 We mvestlga.te t.he plane Dirichlet problem for the biharmonic operator, i.e.
d*u = fin Q, u = duféu = 0 on '89. Let 2 be a domain with the single corner point 0 with
an angle w0\> 126°. The corresponding bilinear form a(-, -) is symmetric and consequently we
have p. =2, +i(N — 2m) = 2, + i(—2) = A_ and Im A, = —ImA_ — 2. H. MELZER and
R. RaNNAcHER [13] have calculated the numbers Im A_ for unglcs wy € (O 2a]. ln our case, we
have then '—3 < Im A_ £ —1.5 and consequently —0.5 < Im i, < I.

Let us.consider the case p = co. We divide it into two subcases : )

1° Im 2: + m < 0, which means w, < 3#/2. Conscquently, —Im i, = Imi_+ m < 0
and the first estimate of (3:11) yields flu — Pyu; Lo(Q)| = Ch—Imi-—c|ifs LO(Q)Mif wy < 3n/2.

2° Im A_ 4 m = 0, which means wy > 37n/2. Then —Im i, 4 ImA_ + m = = 2(Im A_ 4+ m)
= 0, and the second estimate of (3.12) yields |ju — Pyu; LO(Q)|| < Ch—3Imi_—a—e||f. Loo(Q)| "

if wo = 3n/2. Especially for w, = 2x we have llu — Pyu; LO(Q)|| < C hl2—2 ||f; Lo(Q)||.
. AN . ‘
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4 lete element methods in domams with cd"es

We pxck up thc threads of Subsection 3.1. We assume for snmpllmty that the domain

- Q= RY, N = 3, has the only edge M. We take an analogous partition of 2 and

introduce the set U(k) in the same way as in (3.1). We deal with the family (Sp) of *

finite-element spaces With the properties 1° and 2° of Subsection 3. 1. P
A

_ 441 Error estimates in W 2(Q) The quality of the error estimates depends essentially -

. on the regularity of the solution % of (1.10). Therefore we first introduce the definition

of a significantly singular edge,. analogouslv to the Defmmon 2°0of a sngmflcanbly .

o smgu]ar point.

N

Definition 4: The edge M is szgm/wantly smgular if there is a pomb 2z, € M such’ .
that . ) . . :
2m ~< Im) (z,), : ’ ) _ E (4,1)‘- )

where 4_(z,) was defined by (2.4). ' _ ST .
- We denote Im/j_ = = sup,_ {Im7_(2)): 2, € M} = Im/_(z) as in Subsection 2.4. 1f
(4.1) is valid and the assumphons of Lemma 5’ are satisfied, then for every f € L2(Q)

the solution % of (1.10) is from V2m2(Q Imj_ — 1 + 2m "+ &), but V2 -(Q Imi_ i

— 14 2m + 6) E V2R, 0) = W2(Q). =

Example 5: We consnder the Dmchlet problem du = —fi inQ,u= 0-on 892, where 2 — RR?
is a rotation- symmetnc domain with an edge with constant interior 'mgle 3n/2. Then Im A
= _—2/3 The relation (4 1) is satisfied and  is sngmﬁcant]y smgular

- Theorem 7: Let a( , ) be a real bilinear form- whzch salzs/zes the condztwns of the
" Lax-Milgram Theoremn (2.6) and-(2.7). Asswne that there is only ome significantly

smgular edge M, that the line Im /= 1 — m is free of eigenvalues of Wz, AN forz € M -

- 'and that the property (R) s valid. Lef {S;} be a famzly of finite-element spaces with the

roperties 1° and 2°. Then the /zmte elemenl solution Pyu € S,. approzimates the solution
- prop PP

~u of (1.10) in the sense _ ,
o lle = Pyu; WHAQ) = < C p~Imi-—mir=e|if, L2(Q)|l (42,
S~

provzded fe L2(.0 : S \ . o : '
Proof: Using the ideas of the proof of Theorem 5 apd the estlmate (2 10) \\e get

the assertlon l )
/ .

4.2 Error estlmates in LP(Q),2 = p < & .“The basic idea in Section 3 was to usé -
the Aubin-Nitsche trick in order to get error estimates:in: Lr(Q), 2 < p < oo The
inequality (3.10), the regularity of the weak solution # of pr‘oblem (1.10) and the
_regularity of the solution of the corresponding adjoint problem (see Definition 3) arc'-

the keys for these cstimates. The regularity of the solution ‘u was dlscussed in Sub-

section 2.4. Let us now formulate some results about the regularity, of the solutlon of
the adjoint problem. - :

. ~
~ -

~ - Lemma 9 [12: §5]: Let 52[0*(2 w)be-the opemtor whzch is determined by a*( and'

B which s dejmed analogously to Wo(z, 2) (cf. (2.1)). Then Ay(z) is an ezgenwlue of ‘lIo(z 2)

z/f yo(z = lo(z) + i 2 — 2m) is an e1ge7walue of U*(z, pu)... . N

Corollarlcs (1) If the line Im 2 = —m + 1 is free of ezgemalues of 910 (2, ) for
“all z € M, then it is free of ezgenvalues of No*(z, u), too. (ii) The imaginary parts of the
eigenvalues of (2, A) and W*(z, u) are situated symmetmcally to the point —m + 1
(cf. Fig. 3). (iiiy Let 2= = A_ (zo) be an_eigenvalue of oz, /1) gwen by Definition 4 and
| . . \
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e \ v : e e ct
. et

S A =1y (zo) an eigenvalue of y(Z,, 2) for which Jm i =1Imi(5) < ]m 7:(2) /or all _

z€ M. The correspondmg eigenvalues of the adjoint problem are u_ = 7, 4 (2 — 2m)

Cand py = A + i(2 — 2m), and consequently we ha'ue Imu .= —Im2, —2m + 2
andIn1:¢+———In1/ — 2m 4 2. oo _ L R

Theorem §: Assume that the supposztwns of Theorem T are satisfied and that the
property (R)-holds for a*(:,-), too that the right- hand side of (1.10) is from LP(Q), .
2 £ p £ o0, that Sy WnP(Q ) for p < o0 and S,,C L=(2) /or p = co. Then the
fzm{e-element solution Pyu € Sy approxmzates the solutzon u of (1 10) in the jollowmg
uaJ If-one of the condztwns - : '

)mZNIm) —}—m<02$p<oo ‘ R o
o . o .
! . V. N, . . . .
_?mg2,Im)_—_{_—mg().,2§p,<\.hn;:_+m, s s R
Ty N R
o< <= . o
)m<2 p<Im) —i—m_N—2m _ '
. A L N
, (l)m< 2'__ _N—2m<lm/'.~_—f—m o o SV
N zs /ulleéed then \ - SR o . . .
e — Pyu; Lv(!?)u . e
T LT if =Imds +2fp < 0,7,
) ' = h.\'lp—N/?—Iml_+hnL,—?]}h’-l—c ”f, Lp(Q)” 7’[ __[m /+ + 2/p > 0
oo o S (4‘%)
CI72/(Tm A ‘7{- m)’.g p < co and one of the conditions . .
' LN L N 2 . Ten-
‘ )mZE"Im/X_TméQ’ ‘.f)m <A§, ]I'")-—ﬁ"',m SN _2m - -
s /ulleled then . . R ' Coo T
e — Py Q) \ ' L
<0 RN NE=Imiti—e i I Q) T if T 2, Tm Al +m < O
= hN/p N2— 21mi 4 lml+—m+l [ “/ Lp( z/ ]’m 1 — Jm A+ +m = O
- : : ' e
’1/\ . N i B . '. K , . ‘
{ N w2 eN (.
g m 2’ N—2m " Imi +m’ . N—2m _1) 3 oo . i
then, ‘ - PR ’ ‘ : oL
O = Paszaan T
B T Q)|| < if=Im i, 41— 2mN <0, .
R¥Ip—Nj2~1m1_ +Iml¢4:"mUY clif; LP() if —Im 7, +1— gm/N =0,
e s I (45)"
where > 0 is « small real number. If p = oo and N(Inmii. + m /2 < m, thei the,
. correspondmg estimates are zalvd too. | ' P .

’

<

oy . ‘
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Proof: Cases a) and b): It follows from the classwal imbedding thcorems that
Ve wm 2( = L?(Q) and from Remark 3 that € V2m?2(Q, Im )_ — 2/p + 2m + ¢)

T Vm(Q, lm Ao —2/p+m+ e < V"' P(2,0)= Wmr(Q) for a sufficiently small
- &> 0. For the solution u; of a*(u,, v) = (g, v), where g € LYQ), 1/p + 1/g = 1, we
have " w, € V™ “(Q Im p. — 2/q + 2m + &) = Vmy(Q, Im y_,— 2/q + m + €).
= pm ‘I(Q;_—-Im le+2[p —m + ) W™ q(Q) because 2/p — m < Im 2,. There-
fone Lemma 8 is apphcable f0| X = L"(.Q), = WmP(Q) and X, = Wm4(Q) and we

o have

G ||,u — Pyt Lv(p I <‘ c '|uA— Pyt W’" -"(Q)L;ﬂfm TR -
| SR | - (4.6) .
' We estmmtc the fnst fdctor usmg t,hc mequalltles (3 2) and (‘3 4y:
lu — Py ma@)) S S
DS L WRAQ + U~ P W) |
< 0(||u — Lu; W'"T‘ | + |l = I,,u wm. "(Q\ Uk )||
o L }Wﬂ M2 ||y = P,,u Wm Q)||) '

| . Using the proper tles of U(h) we get, almlogousl\ to the proof of Theorem 6 thab

’ o Ly Wra(@) < € h=tmi-seie—me | L)),

‘ 'hé\’i‘ng in mind 'the ine;l,uzllitj' (2.‘10) Further it follows from (4 2) 'that
RN — Py Q)| = O R i we Q.

Si;xc'e —fm /_ '—1— 2lp —m > Nip — N/2 —Imi —m+ 1 we get ' ‘

Ll = Py Wa()] S € b SR-Tmsmiie | Iy @7

We now estimate thesecond fa_ct;or of (4.6). The estimate (3.2) and Remark 3 yield .

g = Lug; Wma( Q) o
h™ g, LYQ)| . i =Im i, 4 2/p < 0, P
: - 4.
= C{h""‘+*'"-"'” lg LAQ) if—Im 7, +2p 207 (4.8)
. We have used that Im ,u_ — 2/q + 2m = \—In.l /'.+ + 2/p. Inserting, (4.7) and (4.8)
. into (4.6) we finally get (4.3). '
' ~Cases ¢) and d): The classical imbedding theorcms 1mply that V.= Wn2(Q)
— LI -2m(Q) = LP(Q) Further we have that « € Wm-?(Q)-as in the cases a), b), and
< -since 2/p —m < 1ImZ,, u, is from Wm. ‘1( ) 1/pF1jg = 1. 'lhereforc we agam get i
‘the estimate (4.3). :
s Cases e) and f): Lemma 6 ylclds that u € LP(Q). We have

-

o = Py D@ S e — Lo LN + W — P D@ (4.9)
It follo“s from (‘3 2), Remark 3 and the pxopel ties of U(h) that o -
co e = s L7 DI < Clh; L) < C(|fu; LP(U MM+ s va\ U(h) )||)
S < c h-f"“ w2p—r |if . LP(Q)|l: '\ . (4'10) .
. ‘ . ' . - - ~ o N

s/
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0 . - . '- 1
L
. Let 6 > 0 be so snnll t,hat —Im ) + Im it m + d'<0, p10v1de(l —Im /+ + Imi_
C+m <O Smce 2/(Im A + m 4 o0y < 2/(Im 7 4 m), it follows from b) or ¢,

using (‘3 4) for ¢, = 2[(Im /- + m + 6); that .
M ~ Pas T, : o
<0 {hm N2—Tml+1=c ||f; Lv(p)u ' if —Im iy +Imi_+m <0,

hAIp=N[2+Tmi,~2Imi_~m+1—e If; LP(.O)H if —Im 2, +Imi_+m=0.
= : R (4.11)

Since 2/p.— Imi =N/p —N/2—1Imi + 1-and 2/p —Imi_ = Nfp— N/2..

—2Im/_+ Im A, —m + 1.in the second case we, get from (4 9) and (4. 11) the'
estimate (4.4). )

. Case g): The inequalities (4. 9) and(4.10) areagain satlsfled We apply the mequalltv -

(‘3 4) for ¢; = 2N/(N — 2m) in ordér to estimate the second term of'(4.9). We have
My — Pyu; L(Q)]| < C h¥P=Nios L — Pyu; L"*(.Q)ll Using now the inequality.
. (43)in the case d) for ¢, instead of p we get N . ‘

III,.u — Pyu; L(Q))).
< My — u; LoQ))

4-’0 Tt m i S L@ if —imz, +1 - 2m/N<o0, -
i h—Ima_ +Iml, m+om/A z”/ Lq,(p)“ if 7In1 /-.+ _*;,1 —"2in/N g 0.

Since —~Ima 42/ = —Imi. —m+1 if —Imi, +1—2m/N <0 and
—Imi 4+ 2/¢p = —Im/i_+Imi, —m + 2m/N if —Tm )+ +1— 2m/N =0, t,he'

estlmatc (4. 10) for P =q 1mphes . : . e
M = P L@ o | '
- < h=Imi-mti-e i Fa(@) - if —Imi, 4+ 1 — 2m/N <0,
},:—Im).-+1n11.—m+2mlN—e ”f, Lq',(Q)” if —Im ,+ + 1 — 2m/N =0. »
. o : - o Lo (412

.-The mequallty (4 5) fol]o“s flom (4.9), (4. 10) and (4.12) because of —Imi_ + 2/p
. =Njp—N/2—Im_+1and. —Imji_ + 2/p = Njp — N2 — ImJ_ +.Im 7,
+ 2m/N-if —Im 7, +1 — 2m/N = 0. e ' .

Casep = od: We assume that N(Im'2_ + m)/2 < m and that 6 > 0 issuch a small--
real. number that N(Im 2_ 4+ m + 6)/2 < ni, too. -Let p, =.2/(Im A_ 4+ m + J).
It follows from Remark 3 that u ¢ V*™P(Q, Im 2 — 2/p, + 2m +'¢) < V"‘ 1"0(!2
Im 7 + m + g) = V™Po(2,0) = W"' Po(2) = L°°(Q) We have :

 — Phu L) & Il — Iy L°°(Q I+ My — Pyu: L°°(_Q)||. (4.13). :

 We csblmate the first term of (4.13): ’

' e — Iyu; L°°(.Q)|| = max’ (||u — Iyu; L=(U || ||u — Lyu; L°°(.Q\ U(h))“)

.V'W(. get flom (‘3 3) and Remall\ 3

e — Tyus LUR)|| S Chm= 500 ||9 g LA U h)| S

' -<-Chm- Nipe b Ami-+2po=m—c le; Vpo (2, I io— 2/po+ m + e)ll
< Ch—lm}_—.-\'Iprf—?/p.—t.”/; [:p.(_Q)”.

PN
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Analogous]y we gct DR . . T . e

”u — Iyu; L°°(Q\ Uk )H < C'h-’"““"’v [|V2,,,u L”“(.Q\U(h || .

. < C’h—“‘“l = Nlpo+2lpe=e ||/ Lp.(_Q)”

o — fnu~L°°( o) = ch i Nlpt2lpe= ||f: Lo Q.

. We now cons1der the %econd term of (4.13). The estimate (3.4) ylelds fora very largep

T i~ P T@)lys ObY s — Pl Q)T
‘We eStimate I;u — P;.u LP(Q )H by (4.3), (4 4) or (4.5) and Hu — Inu Lp(p)l as before ,

(md get thc assertlon L ]

Examplc 6: We consndcr the 3dlmcn51om\l Dmchiot problem for the Laplaclan :

alu, v) = 5 a—‘—’”-d ~f/vdx wewow(g) f € LoQ). N
‘_, z; dx L

- <

. The weak solution u € Wol-2(82) is umquoly determmed Let Im ) = —afw,, wy > 7. We have

’

RFFERF\TCL o oo e

"N(Imi_ 4+ m)[2 = 3(=nfw, 4- 1)/2-< 3[4 < m = 1. The assumptions of the case g) are .
-satisfied for p = oo. Formu]a. (4.5) yields the error ‘estimate |ju — Pyu; L°°(Q)|| = Q(hrlws—1/2—¢),

~Exa mpl(-, 7: We consxdcr the 3d1mensnonal Dirichlet pmblem for the blhurmomc equation:

e ST 3 oty ot ° g N 2,2 ) 00,
a(u, v) = 3 ot — dx = fodzx Yov € Wo? (), fel (Q) o
. i'inlg oz 6x’~ ‘ . . )

R T .
The wéak solution. u € W0 2(2) is umquely deLermmed Let wg be the largest anglc of M. The .

case a)is satisfied if Im A_ . m <0, which means ~126° < wy < 180°. The caseé e) is satisfied-
if Im 2_ 4+ m =0, which means wo 1 (scc H. MELzErR and R. RA\\ACHLR [1‘3]) Conse-
quently, e ) . i

S : _1/2_1!111.__( if ~126° . o
llu = Pyus Le(@)) = JOGTIE7I0A70 T ~126° < wy < 150°,
: | Oth—stmii=92=) if w, > 180°.

'\
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