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On the Existence of Conjugate Points for.Sturin-Liouville Differential Equations 

E. MLLE-PFEIFFER and TH. SCHOTT 

Mit Hilfevon Integral bedingungen Mr die Koeffizienten p und q Stuim-LiouvilIescher Diffe. 
- rentialgleichung	--- en	(p(z) u')'. + q(x) u = 0 wird der Abstand benachbarter Nulistellen 
- niehttrivialer Losungen u nach oben abgeschatzt.	 . 

flpu HOMOFUII sIHTerpaJlbHblx YU101311ftxii HoaRMIIIeHToB p 11 q (u44epeHivaJthHoro 
ypaBHeHuH, lllTypMa-JIHynl4LnhI . _ (p(x) -u')' + q(x) it = 0 pacconiuie coceuusx Hyaei 

•	

- lIeTpnBHaJIbHhlx peweHFlü U OUHIIBCTCH cBepxy. 

By means of integral conditions for the coefficients p and q of Sturni-Liouville differential 
equations —(p(x) u')' + q(x) u 0 the distance between consecutive zeros -of non-trivial solu-
tions u will be estimated from above.  

Fliere are various results in the, literature on estimating the distance between eon'-
-secutive zeros of solutions of second order differential equations (cf. [10], for in-
stance). The following investigation is devoted to this problem. We consider the 
Sturm-Liouville lifferentia1 equation on a bounded interval, 

_(p(x)u')'f q(x)u = 0,	(—a	x	a < oo;p,q € C[—a, a]) (1) 

and suppose that p is positiye and piecewise continuously differentiable on [—a, a]. 
The points x1 , x2 , —a x1 <x2 a, are- said to-be conjugate with respect. tothe 
equation (1) if there exists a nontrivial solution u to (1) with u(x 1 ) = 0 = u(x2). 
Solutions to (1) are always real-valued functions belonging to C'[—a, a] (cf. [10, 
p. 25]). Set, for 	:!E^s <a,  

Q(s)	Stl[)	fq d	p(s) = 2(a	
(lx +fp dx) 

Theorem 1: If there exists a number s, 0, s_< a, such that	 -' 
.	

(a - s)(a + 2s)	+ Q(s)	O,	 (2), 

then there exists a pair of conjugate points on (—a, a) with respect to (1) and the constant 
3(a - s)' (a + . 2s) -1 in (2) is the bestpossible-one.. 

Proof: Consider tile sesquilinear fori'n	-	 - :	• - - 

t[f q] =f (p/	+ q/g) dx	(/, € D(t))	 (3)
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to -(I).-The dOmain D(t) of this form is identical with the Sobolev space W, 1 (—a, a). 
In the following the form is estimated by means of the test function 

•	 •v(x) = 	- Jxj,	s	xJ	a,

 

Ja

	

a -	xJ 
which ,belongs to D(1) By Fulini's theorem we obtain 

a	 '	av'(z) 
i[), v] = f (p(v )2 + 4V 2) ax = 2(a - ) p(s) -r-f f q (x ) d?J dx 

-	 -	 (a-si	'	h(y) 

= 2(a— s) p(s) + 2f 
(2h(y) Jq ) dx h(y) dy 

0 

	

•	 -	

S	 L  
2(a - s) p(s) +2Q() fh(y) dy,  

where h(y) =a -	0 _< y:!:_:^ (a	S)2. Hence, in view, of (2),, there follws that 
-' ' t[v, v]	2(a	s) p(s) +' Q(s) (a"— )2 (a. ± 2s) ^ 0. Consequently,'. we have 

'	inf {t[/, /]: /E D(t), j/j = 1) < 0, where } . 11 denotes the norm in the Hilbrt space 
•	L,(—a, a). if this infimiim is less than zero, then there exists a nontriviat solution u ' -


t9 (1) having at least two zeros on (—a, ) (cf. [81): If the infimum is equal to zero, the 
• (normalized) test function v is realizing the infimum and, consequently, it is a solution 

to (1) (cf. [9]). This,'iiowevei-, is impossible, because a solution to (1) . belongsto'the 
Sobolev space W22(—a, a) (of. [2]). The function v, however; does iiOt 'belong to 

— a, a).	- ,	'	'	 S	 ,	 '	 •	 - 

We prove now that the constant a = 3(a s)_1 (a + 2$)-' is the best possible one 
Let us discuss the case 0 <8 <a. We prove that for any e> 0 there exist functions 
P, and q, with  

(a - e)'(s) + Q(S) < 0 	 S	 '	

• ' (6) 
• where	 S	 '	 •	 .	 ,	 .	 ' . 

p(s) = 1	 fp dx f dx,	Q) = sup	fqedx •	 2(a - .$)	 •	

• 	
2h 

.5-	
5	 ..	 •.,	

S	 S	/	 --h 

such that there .does not exist a pair of conjugate points on (—a, a) with respect to 
the differential equation	•	 ;-	 S	 •	 S • ' 

'(—ax':5:a). •.,,	(7). 
•	 Obviously, it suffices to assume that e'< a (if	a, choose p, = 1 and q  

Choose q =	- a and	•-	 •	 •	 -	 S	
•	 •	 '•	 • •	 •', - 

- •	

-	 [(x272 - (a'± 212(a ± 8 1) x	A(t)),	xI	 •: pe(x) = (e - a) 1 (t - x sinlr' (xli) B(t))  

where; for 0 < I .< oo,	
•'	 S	 ,,	 •	 •	 • 

82	 W A(t) -=	+ 1 2 - si coth-f--, 13(1) = (a - s + a	) 
sinh	+ I cosh -f 

	

5 "	 •	 •	 S. - 	 •	 •	 •	 .	
5	

•'	
-'
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Here t is a parameter which will be fixed later. The value p (0) is defined by the lithit 
(e or) (t2 — W(t)) of p(x) for x —* 0. Clearly, p, is an even functIon. Furthér,it can 
easily be verified that p, is continuous and piecewise continuously differentiable on' - 
[—a, a]. We have ,	 S	 ' 

PZW-
	41(a+2t2(a+s)_1_x), 

-	T	sinh' (x/t) B(t) (1 — (x/t) coth (x/t)),	-0 <x -< s, 

p'(0) = 0,-and p'(x) >0 (s <x a),p'(x) <0 (0 <x <a). Hence, 

•	min'p,(x) = ps(s) = ( e

 - a) (82/2 — (a .+ 2t 2 (a + s)_1) s+ 4(1)) 
Ozo	 • •	 '	=(e_ Cry (s2+t2_s1coth(s/t)_(a+2tl(a+S)_l)S), 

> (a — e) 12((s/t) coth (s/t) — 1) >. 0.	- •' /	- 

Thus, it follows that p,(x) > 0,—a x. a, whenever 0 < I <s. Next we prove 
that (6) holds if 1 is chosen sufficiently small. The inequality (6) is equivalent to 

— s,)-' f p2 dx.	1-.,	 -	•. 

An easy calculation shows that 

(a — s)-' f p, dx	1 — ea 1 + (a — ) st coth (s/I) 

A value I = l, 0 < I, <-s, can be chosen so small that 1, coth (s/ti) < sfa(a — e) S. 
By such choice the inequalitie (8), and, consequently, (6) are fulfilled*' It is easily 
seen that th'function 

l -	

tsirili-I
a + 2t 2 (á +'  	x	s,

 (x) = 	(811) (B(t) - 1, cosh (x11)), IxI	s,	'-	-•	()• 

belongs to C1 [—a;a] and is positive. The function pu' belongs also to C'[—a,.a] and 
by calculation one cn prove that (PeU')' = qcu. The function u is a positive solution 
to (7). Finally, assume that there exists a .nntrivial solution u0 to (7) possessing at 
'least two zeros x 1 and x2 on (—a, a). Then, b,Sturm' comparison theorem, each 
solution to (7) has zero between x and x2 or is a constant multiple of u0 . The solu-
tion (9), however, contradicts this conclusion. Hence, there cannot exist a pair of 
conjugate points on (—, a) with respect tQ (7). This proves the theorem in the cash 
0 <'s <a. Similarly, one can prove that the constant 3a 2  is best possible in the ease 
8 =0I'	 •	 •	 - 

The man value (1/2h)fq dx s h a 1) is an increasing 6r a decreasing function 

• of h if its derivative is non-negative or non-positive,- i.e. if	-, ,-	
.5	 i	•	 *	 - 

fq dx -- (q(—h4 + q(h)) or	fq dx	-- (q(' h) ± q(h)), 

')_Set q(0) for the mean value when 8	h = 0.:	 5 5

	 - 

S.'	 S	 •	 •	 S	 •	 S
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respectively. Then the corresponding suprema Qcs) are Q(s) 
=

	 f q dx 
a
nd Q(s)


= _jdx respectively. Thus we obtain the following corollary. - 

Corollary 1: I/There exists a numbers, 0 s < a, such that 
h 

f.1dx(^s)(q(h) ±q(h))	(o ^h^a)	 (10) 

then there exists a pair of conjugate points on (—a a) with respect to (1) if 

(a - s) (a ± 25)P() +	fdx^o ((a - s) (a+ 25) P(5)+f 	o) 

In each case the/actor 3(a-- 	(a + 2s)' is best possible. 
If q can be written as asurnq 

= + q2 Where q 1 is an odd function and q 2 is mono-
tone decreasing on [—a, —s] and monotone increasing on [s, a], then one can easily 

- prove that	fqdx	(q(—s) +(s)) implies (10) written with the sign	If


q 2 is monotone increasing on [—a, —s] and monotone deereasipg on [s, a], then 

f

q 
dx	(q(—s) + q(s)) implies (10) sritten with the sign	Hence we ob 

•	
-

 

tain. the following corollary from Corollary 1. 

Corollary  2: Suppose that there exists a point s, 0 < s- < a, such that q can be writ-
. ten as a sum q 

= qi + q2 in C[—a, a] with q odd and q 2 (x1 ) q2 (x2 ) (xi <x2  
q2 (x1 )	q2(x2 ).(s < x1 < x2 ), and suppose further that	 n 

fq(x) dx	:(q(—s) + q(s)).	•	 (11) 

Then there exists a pair of conjugate points on ( - a, a) with respe'ct to( 1) if 

(a—s)(a±2s)	+ fdx^o	 (12) 

	

- -	In the special cases = 0-the hypotheses (1) are always saisfi&l and the condtions-	• 
(12) call	 -	•	

V 

fPdx±fdxo	 fPdx+oo)	(13)



Conjugate Points for Sturm-Liouville Diff. Equ:	159 
S	 - 

Corollary 3: Suppose that q belongs to C 2[—a, a] 2) and is convex (concave)on[—a,a}. 
I/ the hypotheses (13) are satisfied, respectively, then there exists a pair of conjugate 
points on (—a, a) with respect to (1). The constants 3/a 2 (3/2a3) are best possible. - 

Proof: Set q(x) = q(0) + q'(0) x + r(x), —a x a, and note that r has the 
properties r'(0) = 0 and r"	0	0). Hence, we have r(x)	0 (r'(x)	0) on. 

0] and r'(x) > 0 (r'(x)	0)on [0, a]; Further, q 1 (x) = q'(0) xis an Odd function 
arid q2(x) = q(0) + r(x) has the concerned properties .orniulated in Corollary 2. 

•	(with s = 0). The corollary now follows fron Corollary 2 I	,. 
Corollary 4: Let p be positive and piecewise continuously differentiable on [0, X),. 

X 15: oo,•and assume that q(E C2[0,X)) is convex (concave). Let bç, a nontrivial solu- 
tion to (I) considered on [0, X) with u(0) = 0. The first conjugatepoint to x	0 is , 
.smallei than b, where b is the smallest positive root 0/the equation	 - 

12fpdx + b2 fqdx = o (12.JPdx + 63q(b/2) = o) 

when b exist.  

•	Proof: Use Corollary 3 and Stu'rrn's comparison theoem .1 
•	Sets = 0 in the estimate (5) for t[v, v] arid suppose that q is n1Qnoton increasing' 

on [—a; a]. Then we obtain	-	 5 

f p(x) dx +f( ) !(x) dx) h(y) dy +f (f(x) dx) h(y) 

f'p(x)* dx + q(0) f h(y) dy	 f q(x) dx)fh(Y) dy 

f
p(x) dx + -- a3q(0) + -- 0fq(x) dx 

Analogously, if q is monotone decreasing on [—a, a] we have 

t[v, v]	p dx + a3q(0) + a2fq dx 

'These estimates yield analogous 'corollaries to the Corbllaries 3 and 4. Thefollowing-. 
corolkry.correspoiids to Corollary 4. 

'Corollary 5: Let p be positive and piecewise continuously diffeentiable&n [0,X), 
cc, and assume that q is monotone increasing (decreasing) on [0, X) with u(0) = 0. 

•	The. /irt conjugate point to x = 0 is smaller than b where b is the smallest positive root 
of the equation - 

12fp dx + - q b 	bzf q dx = 0 ( 12 1 
P dx+ q (--) + b2 f'2qdx = 

•	when b exists.  

•	 2) The hypothesis q E 62 can be wea1ehed. '	S	 •	 S
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Corollar y 6: 1/ there exists a nontrivial solution  to (1) with u(-- a) = 0 u(a) 
and n(x)	0, —a <x <a, then	- 

fp(x) dx +_ (a + x)2 q(x) dx + f(a - x) 2 q(x) dx> 0	 (14) 

Proof: By assuming the contrariety of (14) there follows from (5 that t[v, v] 0 
where v is defined by (4). This implies that there exists a pair of conjugate points on 
(—a, a) with respect to (1). This, however, is impossible because by Sturni's compári-
son theorem the solution u would have a zero in ( — a, a) I 

Inthespecialcasep = 1 and q-;S Othe condition (14) is due to LovErDY [7]. 
By using the test function v(x) = cos (ix/2a), '-	x	a, in place of (4) and


getting  

P = sup	( fp d -L f dx	Q = sup	f q dx 

	

2(a - h)	 2/i 

we obtain the following theorem, 

Theorem 2:1/  
( 2/2) P + Q	0,	 (15)


then ther exists a pair Q/COnjugate points on [—a, a] with respect to (1). The constant 
j2I4a2 is the best possible one.	 -	5, 

Proof: Th"e proof is analogous to that of Theorem 1. By means of Fbini's theorem
,a.n(1settlng.	-	 -	 - 

a(x) = sin2 (,-zx/2a),	y(x) = cos2 .(zx/2a)	—a	x	a,	- 
-	

h(y) =(2a/)arcsinj/y,	k(y)=(2a/'i)arccos}J,	O	yI,- 
we obtain 	 .	 - 

t[v v] =fp(a) (v (x))2 d +J q(z) 2(x) dz  

'S	
=

-2Px) sin2 (a x) dx ±fq(x)cos2 (. x) dx 

	

a o(z)	 - a y(x) 

- = f f p(x) dy da, +f / q(x) dy dx 

=	2(a -	
fp	f ' p 

	

(x) dx	 dx) a - h(y)) dy 2a2 
0	
h(y)) 

 

f"2k(
y), (yc(x) dx) k(y) dy 

P 
f 

(a - h(y)) dy , + 2Qf k(y) dy = - P + aQ	(16)
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It follows from (15) that t[v, v] ;5 0. Hence, there exists a pair of conjugate points on 
- [—a, a]. To prove that the constant i2/4a2 is best possible observe that cos (ix/2a), 

-> a; is a positive solution to the differential equation	 V 

- 

(2/42) u =0	(—a':!-, x !Ez^ a).'	 (17) 

The coefficients p = 1 and q - — 2/4a2 satisfy (/4a2) P +Q = 0, and, onthe 
other hand, there does not exist a pair of conjugate points on [—a, a] with respect to	. 
(17). Therefore, the constant r2/4a2 in (15) cannot be chosen smaller I	- V 

In the special case p	1 the inequality (5) calls	 '	 V 

•	sup	 f q(x) dx	
-a.

0<,,<52h	4a2	'	V	
V 

This condition for the existence of conjugate pints with respect to the equation —u" + q(x) v 
= 0 (—a':!^x	a) is due to LEIGHTON [5,-6. 

Assume now that the coefficients p and qcan be written asp = p1 + P2, q = q 1 + q2 
V on [--a, a], where the following possibilities are to be discussed:	-	V 

(1) p 1 , q 1 are odd functions; V	

V	
V	

V	

V 

V (2a) p2 (x 1 )	p(x2 ) (x 1 < x2	0), p2 (x 1 )	p2(x2) (0	x1' < x2);  
(2b) p2(x1 )	P2 (X2) (x 1 < x2 	0), pi) ^ p2 0;2) (0	x 1 < x2); "	

V 

..(3a) q2 (x 1 )	q2 (x2) (x 1 <x2 ;E^ 0), q2(x 1 )	q2(x) (0.	x 1 < x2);	V	 V 

(3b) q2(x 1 )	q2 (x2) (x1 < x2 <_^ 0), q2 (x1 )	q2 (x2) (0	x, < x2).	
V V 

	

V	 Corollary 7: There exists a pair-of conjuga( 'pointson [—a, ] with respect to (1) 
in each of the following, cases.	s	 V	V - 

(2 a), (3 a) are'/ulfilled (this i so, for instance, if the functiOns p; q are convex) V 

and ( 2/4a) ((.- a) + p(a)) + f q dx	0.	
V V

	

V	

VV 

V	, , (ii)'(l) V(2a) (3b) are fulfilled (this is so, for instance, if p is . convex and qVis concave) 
and (n2/8a2) (p(_a) + p(a)) + q(0)	0.  

	

V	

(iii) (1), (2b), (3a) are fulfilled (this' is so, for instance, if .p isconcaveandq i convex)	V 

	

V	 and ( 2/4a2)f pdx +fqdx	0.  

(iv) (1), (2b), (3b) are fulfilled (this is so, for instance, if p, q are concave) and	
V 

( 2/80)f .p dx ± q(0)	0.	
V	

V 

The constants 12/4a and so on are all 4est pOssible.  

The following corollary follovs directly from Coro1laiy7.- 
SV V P	 V 

Cdrollary 8: An upper bund b for the first conjugate point of x = 0 with respect V 

to (1) considered on (0, X), X :!^: oo, is given by the first roots of the following equatios:	
V 

(i) (0/2b) (0) + p(b)) + / q dx = 0 when p, qare convex;	 ' ,	•V - V 

(ii) (r2/2b2 ) (q;(0) + p(b)) ± 012) = 0 ?' vhen p is-convex and q is concave; 

11 Analysis lid. 9, Heft 2 (1090)	 V	 V
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/	-	b.-	b 

i (iii) (-2/b2) f p dx + f q dx = 0 when p is concave and q is convex;— 

b	 -.	 . 

• (iv) (2/63) f p lx + q(b/2) = 0 when p, q are concave. 
Q\ .	•	 s	 -	 . 

In thespecial case that p . 1, q	0, q is monotone and convex the -conditions (i) and. (iii) 
are due to LFIGIITON [€] These conditions also improve a condition by }I'x [3 h 3] In the 

: special -case that p = 1, q	0, q , is monotone and concave-the conditions (ii) and (iv) aredue 
• • •• toJErnIIT0NandOO KlAN Kn [4, 6].	 .. S 

•Finally, let p ahcl q be monotone functions. If both are moiotone increasing ,on 
[—a, a] the estimate (16) can be modified as follows 

t vj= 
i2f

(:^__—	 f(x) dx) (a h(y))dy  

+	f(a - h(Y)f	
(a—h(ij))dy 

0	\	--5(y)  

+ f	 f(x) dx) (y) dy +ff(x) dx) k(y) dy 

70	 112 (Jx dx) f (a - h(y)) dY) +-p(a) f (a - h(y)) dy 

+ q(0)f k(y) dy (if(x) dx) (I k(y) d) 

.5	 -	

•	 ()	 a	 -	- 

=	(aP(a) +f p(x) dx) + -  a(o) + 
f 

q(x)	dx) 

• . -

	

	 This estimate proves the assertion of the fol1oing corollary under the hypothesis 
(i) The other assertions can inalogously be proved 

COrollary 9: An 'upper- bound b for the first conjugate point of x = 0 with respect 
to the equation (1) considered on [0 X) X	00, 'is given by the smallest roots of the 

•	 ••	

• following eqations:	•	 .	 -	 S	 -	 - 

•	 ,-b/2.'	:--	'-.	b	 -. 

 ( p(b) + fPdx +q () +fx = 0 when p qare monotone in 
- •	

- \	0	/	 b/2  

creasing;	 S	 •	 S	
•	 S 

S	
-
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•	-	 S	 •	 - 

	

•	 b/2	 b/2	 -. 

2-1
(b) ± f1pdx) -- --q (i-) ±fix 0 when j is monotone increasing 

and q ismonotone decreasing; I S 

-(

 

P (0)
+fdx) 4- q (--) +f q dx = 0 when p is monotone de- 

b/2	 b12 

creasing and q is monotone increasing;  
/	 S	 b/2 

2 lb -	-r	\ •- b	/b\	r	 S 

,- (iv)._p(q) + J	 qdx = 0 when p q are monotone 

decreasing.  

	

•	 Examples: a) Consider the differential equation	 - 

—u'!+(x2-7)uO	(O<x<oo).	.. 

The interesting solution -defined by he boundary condition u(0) = 0 is the Hermite function. 

H3(x) = c 9'I2(e-X')(3). The first conjugate point.of = Q is x1 =	= 1,2247.... By means 
•	of Corolla'ry 8/(i) we obtain, the upper bound b = 1,2328... for x1 .	- -	. b) Considr the equation	 .	 ••	 - 

•	 —[(1 -

 

	

2 ) U1)1 + (	- 12\ u = 0 (—a	x	a < 1): .	 ( 18)' 1—x2- 

p is con'cave and q is convex. By applying Corollary . 7/(iii), it is seen that there exists a fair of 
conjugate points on [ — a, a] with a = ' 0,4584... (18) is a Lcgendre differential equation the 
interesting solution of which is equal to	-	 S 

	

P3 1 (x) = C1 VT X21 ((1 - x2 ) 3 ) ( 4 ) — c2 1 - x2 (5x2	l)  

(cf. [1, pp. 94,'96, 344]) with zeros at x 1 :2 = ±5 2	±0,4472...	-	
5	

5 

Both examples show that the calculated upper bounds are good approximate values for the 
exact numbers.

S	 •. 

G •-	 ,•	 S	 - 
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