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On the Existence of Conjugate Points for Sturm-Liouville ﬁifferént_ial Equatidns
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Mit Hilfe von Integralbedmgungen far die hoefﬁzlenten p und ¢ Sturm- Llouvnllescher lefe

.rentlalglelchungen —(p@) 2). + qlz) » =0 wird der, Abstand benachbarter 1\ullstellen
X mchttnwaler Losungen « nach oben abgeschitzt. .

ﬂpn nowoum HHTOI‘pa.TIbelX YCIOBUL ,mn KO2(PUIMEHTOB P 1 ¢ miq)(bepeululanbnoro

ypauneum{ 1Irypma-Iuysuina « —(p(z) u’)’ + ¢(z) v = 0 paccroanuve cocerHux Hyed

- ueTpnBMaﬂbumx peuleHnii » OLeHNBACTCA CBCPXY.

. By means of integral condltlons for the coefficients p» and q of Sturm- Liouville differential

equations —(p(z) »’)’ 4 gq(z) u = 0 the dlstance between consecutwc zeros of non- trlvml solu-

. tions u will be estimated from above.

N
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‘Chere are various results in the. literature-on estimating the distance between con-
secutive zeros of solutions of second order differential cquations (cf. [10], for in-

stance). The following investigation is devoted to this problem. We consider the
Sturm-Liouville differential equation on a boundcd mterval

—(p(:v )+q(x)u=0 (—e sz =<a<oo; p,qEC[ aa] (i)

and suppose that p is posm\c and plece“ ise continuously dlfferent,]able on{—a, a).

7

The points z;, %,, —a < &, < %, < a, arc said to-be conjugate with respect. to the - .

cquation (1) if there exists a nontrivial solution » to (1) with »(z,) =0 = u(xz)
Solutions to (1) are always real- valued functions belongmg to C‘[ a,al (cf [10
p2o] ). Set, forOSs<a,- :
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"Theorem 1: If there exists a number s, 0.= s.< a, such that _

‘ 3 ’ .. . . . . . , ’
T TEE TR | (@),

then there exists a pair o/ con;ugate points on (—a, a) with respect to (1) and the constant
3(a — s)? (a + 2s)71 in (2) is the besl possible-one.

\\ AN

Proof: Consmlex the sesquilinear form : -
R . .

a

0ol = [ @I% +apds  (hgeD0) - @

-
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to(1).-The domain D( t) of this form is 1dentlcal with the Sobolew space Wzl( —a;a).
- In the followmg the form i is estimated by means of the test function S

a—]x], sS]x]Sa _«4-, . ;—< : -

v(z) {a —s-  llss, N . 4)

\vhich,be10ng3 to D(t). By F ubm'l s theorgzm we obtain
P Co “a oNz)

t[v v] —-f»(p(v) + qv?) dx—2(a - 5) + [ [ =) dv/ dx
o \‘ V,_a _'\ (al_w .1/ o ‘—'a 0 ) L
',=2(a—'_3)7g,(s).+\,2f m] ()dm h(y dJ L
: - . ) R —hy) '
Loe—sr v L,
b= w—ﬁp@+awamwm, L (5)-

- .
’ . [N

where h(y) = a — ]/— 0 < ¥.= (@ — s)2 Hence, m view. of (2), there follows that -
e, v] = 2(a —s) (s) + 3 Q(s) (a — 3)2 (a + 28) S O (‘onscquently, we “have

- inf { t[f /] je D(t) Il = 1 <0, where (I denotes the norm in- the Hllbert space
- Ly(—a, d). If this mflmum is less than zero, then there.exists a nontrivial solution %
¢ to (1) having.at least two zcros on(—a, @) (cf. [8]). If the infimum-is equal to zero, the
(normahzed) test function v is xealmng the infimum and, comcquent]y, itisa solutlon_ .
to (1) (cf..[9]). This, ‘however, is impossible, because a solutxon to (1) belongs,to'the -
"~ Sobolev space W22( @, a) (cf [2])- The functlon v,- however; does .nét ‘belong to)
W2 (—a,a). - . ' oo

We prove now that the constant ¢ = 3(a — 8) Ya + 2s)~1is the be%t, possnble one. .
Let us discuss thé case 0 < s<a. We prove that for any ¢ > 0 there c‘ust, functlons .
p.and’g.. \uth

1
N

mem+@u=, = L e

- where, . , ’ ' : . =

- Pe(8) = ——— . dx de , (s =‘§u)——- [ . dx
. P.(%)”,z(a_s) f]’ %fp , .Q() ,<,.I<a2h q

AN
1

such that there does not exnst a pair of conJugat(, points on (— a,a) with_ respé_ct to

" the differential equation

~(pd@) w) + gz w = 0, (an<m U

Obvnous]y, it suffices.to assume that e '< o (1f e =0, choose po=1 and g = 0);6-
Choose ¢; = ¢ — ¢ an(l g . .

. (/2 — (¢ + 26a + )1) le + A(t)) lz] = s
A=l hr ool (zj) BY), - . el <,
where, for 0 < t <° c?o, . '
-

a+s

'A’(t) = % + 2 — st coth ST, B(t) =‘(a — s+ )_\sinh %+ t cosh %

!
.

~
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Here tisa parameter which will be flxed later The value p,(O) is defmed by the limit

(e o) (2 — tB(t)) of pe(x) for z — 0. Clearly, P, is an even function. Further, it can
easily be verified that p, is continuous and piecewise contmuously dlfferentlable on: -
[—a,a). We have . ‘
- : o g (+2t2(a+s)‘ —:o) s<x£a,
. Pe (T) - (aj 6) {smh 1 (z/t) B(t) (1 — (x/t) coth :v/t)) ) 0<=z <

pt(O)—Ofandp,(x >O(s<x£a) p,(x)<0(0<x<s) Hence

smm D(x) = pofs) = (¢ — o) (s%2 — (a + 2¢2(a, + s) s+ A(t))

, —(e—a)(32+t2—stcoth(s/t)—(a+2t(a+8) 1 s)
S > (0= ) £t coth () = 1) >0 -/ .

v 'l‘hus, it follo“s that pt( )>0,"—a < z. <a, “hcncver 0<t < S. . Next we prove
- that (6) hold% if tis choqen sufficiently small. The inequality (6) is equwalent to

) i
a -~

e—o fpdest. e

- An easy calculation shows that L
. . ‘ . -« ' \ N .
C g — 8)! J p,dz = 160" 4 (0.— &) st coth (sft).
L. 3 . v . . N
. / . ) ot ’ 4 o * .

A value t =¢;, 0 < t, < s, can be chosen so small that ¢, coth (s/t;) < s/a(a —.g)s. .

By such choice the mequalltles (8), and consequently, (6) are fulfilled” It is easily
. seen that bhe function ° )

s fat 2 o . mlzs, C g
N () sinh~! (sft,) (B (t) — ¢t. cosh (a:/l,)), lz} < s, B ” .(-‘)

v A
belongs to C’l[—a: a] and is positive. 'I\.‘he function p.u’ belongs also to C'[—a, a] and
by calculation one can prove-that (p;u’)’ = q.u. The function u is a positive solutuon
to (7). Finally, assume that there exists a nontrivial solution %, to (7) possessing at
least two zeros z; and z, on (—a, a). Then, by Sturm’s comparison theorém, each
solution to (7) has a zero between z, and z, or is a constant multiple of %,. The solu-
tion (9), however, contradicts this conclusion. Hence, there cannot exist a pair of
conjugate points on (—a, @) with respect tq (7). This proves the theorem in the case

:0 <'s <a. Slmd‘nlv, one cah prove that the constant 3a-2i is best, possnble in the case
s=0Mm -0

LT A B . -
The mé:an value (1/2k) fqda: s S h < al), isan increasing or a decreasing function
—h, . >

. ,
. of h 1f its denvmve is non-negatlvc or non- posmve, Le.if - o

- -

' » c - . . h ‘ ,
! T 1 1 1 1
. %fq r < ) (‘I(—h;_} + q(h)) or o q dx 2 (q( h + q k))

—h

] 1) Set, g(0) for the mean value \;.'hen g=h=0." , e

s
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~

respecblvely Then the correspon(lmg suprema Q(s) are Q 2afqu an(l Qs)

= —'fq dz, respectrvely Thus we obba,m the followmg corollary

Corollary 1: Ij‘there exists a number 5,0= s < a, such that 4
" \ " .
01 1 ’ A A
L m)ikey T (q( 't ) s {»g a), 19

—h : . N

theéz'there exists a pair o/ conjugale points on (—a, a) with "respeot to-(1) if -
. : ' \ a o . PR .

o 3&\,‘\—-‘I.1 E ] o ‘% ..
. (a —"s) (@ + 2s) p(é)T%fqué.O (a.—s)(a+2s) + fqugo

—a,
~

In each case tll.e factor 3(a, = 8)" N a + 25)72 is best possible

If g can be written as a sum g = ¢, + ¢, where ¢, is an odd function and ¢, is mono- |,
tone decreasmg on [—a, —s] an(l monotone mcreasmg on [s, a], then one can easily

prove that —fq dr < — (q(——s) —{—ﬂ(s)) implies (10) wrltten with the.sign <. If
t .
NE 15 monotone 1hcreasmg on [ a, —s} and lnonotone decreasmg on [s, a], then

—fq dz = 2‘ q(—s) + q( )) 1mplles (10) wrltten thh the s1gn : Hence we ob- -

—8
tain the iollowmg corollary from Corollary 1.

, Corollary 2: Suppose that tkere exists a pomt 5,0 < s < a, such that q can be wnt-
- ten as a sum g = q, + ¢, in C[—a, a] with q, odd and gy(z,) 3, qz(zz) (7) <zy £ —3),.
92) (S qz(xg) (s S @ < 2,), and suppose further that .

L]

8

o A SR
25 | W@ dx (§)§~(Q(j8) +9(s)). A . . (11)
—8 . : |’ . , . . v
-, Then there exists a pair of conjugate poinls on (—a, a) with réspe\qt to.(1) if ’ /

. ‘g : ~; 1 -a o . N
(—a_-s)(GL+~'_.2‘-§)1r>(s).nL %fquéﬂ T @t )(a+2é)p()+ fquSO (12)

In the spccral case s = 0 t,he hypotheses (11) are always satnsfle(l and the COHdlthnS'
(12) call C . L

a - - G : ‘a ’ . o T
3 T 3 ) - :
?fp'dx—{—fqugO 2afpdar:—f—q() 0}. (13)
v - \ . : o

—a



‘ Conjugate Points for Sturm-Liouville Diff. Eqn.' © 159
: t C -
B / ° .
“Co rollary 3: Suppose that q belongs to 02[ a, a,] 2) and is convex (concave) on[—a aj
If the hypotheses. (13) are satisfied, respectively, then there exisls a pair of conjugate
. points on (—a, a) with respect to (1). The constants 3/a? (3/2a®) are best posszble

'

L

" Proof: Set q(z) = ¢(0) + ¢'(0) z + r(x), ea < z < a, and note that  has the 4

properties 7(0) =0 and 7" = 0 (#" =< 0). Hence, we have r/(z) £0 (r( )y = 0) on.
[—a,0]land r'(x) = 0 (r (z) = 0) on [0, a). Further, ¢,(z) = ¢’(0) is an odd function
and g,(x) = q(0) + r(x) has the concerned properties formulated in Corollary 2.
(with's = 0) The corollary now follows from Corollary 2 1 '

Co rollarv 4: Let 2 be posztwe and pzecewzse continuously dl//erentzable on [0, X
X < oo, and assume that g(€ C*[0, X)) is convex (concave). Let 1 be a nontrivial solu-

. tion to (1) consideréd on [0, X) with u(0) = 0. The first conjugate. pomt to x-=01is -

smaller than b, where b is the smallest positive root of the equatzon
bt b

' ‘.2fpdx+b2fqu=0 (12-f’pdx+63q<b/2> =.o),
. . 0 . 0 i ) o )

whenbextsts ' ' e .

Proof: 'Use (,orollary 3 an(l Sturm s comparlson theorem 8 - -

v

Set s = 0 in the estimate (5) for t[v, v] and supposc that q 18 monotone mcreasmg*

on[ a a] l‘hen we obtain

; .
" h(ll)

-

- o o s ¢

< [ i+ q0 f v+ (5 [ a0 i) [wnay

'—a ) . 0 0 ool ’

! —fp(x ) dz + —a“q(O) + %q’fq(x) dz. .~ '
S e C s T

.. of the equatzon L

Analogously, if q is monotone decreasmg on [—a, a} we ha.ve o

v
\

. 0 N
‘i[vL]Sfpdx—{—-—a"(O)—l-—a?fqu © Ve ot

.

i —a

NOUE fx)dx+f f r) d h(y)dy+f i fq()dx h(J)dy,,

"These est,lmates yield analogous corollariés to the Conollarles 3 and 4. The followmg~ »

" corollary. corresponds to Corollary 4. : ..

- Corollary 5: Let p be posztwe and pzecewzse continuously dz//erentzable on [0, X),
X < oo, and assume that q is monotone increasing (decreasmg) on [0, X) with u(0) = 0.
The fzrst conjugate point to x = 0 <s smaller than b where b is the smallest positive root

-,

b - o : b . “b : b/2

: B (b - (T G N S U A
2 pdx+-2—q§+b2 qdxz =0 |12 pd:c+§q—2—+b2 qdz =01,

‘0 [ . 0 (N : 0

“when'b_exists.

%) The hyi)othesis g € C? can be 'wez_lk‘ened.
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B \.\-'e'olbta-i,n the foi‘lowi'n'g' theorem. , _
'I-‘.h‘eorcm 2:If . ,, - : ) - Ty ‘ A , E .
(724a?) P + @ 0, - T ayy)

7:2/4a2 ‘18 the best posswle one.

v
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Corollary 6; If there exists a nontrivial solution w to (1) with u(— o,) = O = u(a)
and u(x) =#= O —a <z < a, then

K

Proof: By assuming the contramety of (14) there follows from (5) that fv,v] = 0

where v is defined by (4). This implies that there exists a pair of conjugate points on
(—a, a) with respect to (1). This, however, is lmpOSSJble be(,ause by Sturm’s compal i-

son theorem the solution uw ould have a zero in (—a, a)

In the' specnal case’p =1 and =< 0 the condition (14) is due to LOVELADY [7]

fpx) dx +f a + 2) q(z )'dx -+ f (a_ - x)2>q-(x) dx > 0. (14)','

By using the test function v(z) = cos (nz/2a), —a <z < a, in place of (4) and -

‘ 'settmg T - . .

—h

. a .
I'\ . 1 . . .
P = —— " | pdo-t+ 57 = d :
02nla 2a — F) f?’ ” ,,f Al oi‘l‘ia f 7

. —a
L~
P

i~

> N
then theré exists a palr of conyugate pomt.s on [—a, a) wzth resjpect lo (1). The constant

- - “

Proof: The- pr oof is ana]ogous to that of Theorem 1 By means of Fubml S theorem A

- and setting. - o S N
o(z) = sin? (nz/2a), y(x) = cos?.(nz/2a); ~‘—a, 2z g a, )
h(y) = 2a/~z arcsin }/z/, k)

= (2a/7) arccos Vi, -0 g.y» <1,
we obtam ) o ‘ ' - : ’
t[v, v] = fp 2) (v ( (x))? dx + f:q'(x) wXz)dz

’
—a N

L (2 : (2
N __4af (’c)sm( x)dx—f—f :c)cos (%x)dx B

) a 0(2) -6 v(z) » o
4a2ff x)djda,—f—ff z)dex -
’ . . ~ —h(u) 3
w-'—‘—*“z R ) dz + ) dz | (a — hiy
: ' ’. _'2a2 2(a — h(?/)) ( z p(x z a — (f))
R 0 . —a h(y) Y/
‘ 1 k() . . - .

Y o 1 , . -

S + "fm fQ(x) dz-| k(y) dy _ . ‘l ‘
A e v ) k). R S S

1 N v . ~

IA

-0

]

S 2 a2 . . l
%?J’f(a—h(?/))df-i- 2@[ y)d/=—.‘;P‘+§Q-. CH

N

N\



; and (7%/4a?) f pdx +fqu < 0.

.
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\

It follows from (1) that ¢[v, v] = 0. Hence, thére exists a palr of conjugate pomts on

- [—a, a]. To prove that the constant :2/4a? is best possible observe that cos (‘1:1:/20:), .

o> a, is a positive solution to the differential equatlon

'’ — (afda?) u = =0 (—a =z <a) : : an

‘The coefficients p=1land ¢g= —712/40:2 satisfy (12/4oc2 P +Q 'O ﬁn(i on” the

other hand, there does not exist a pair of conjugate points-on [—a, a] with respect to
(17). Thelefore the constant 7%/4a? in (15) cannot be chosen smaller B .

\

" In the spegml case p = "1 the lnequallty (15) calls *

A .

i 1 - .. . .-
sup, — | qlx)dz = — id R v

o<h<a 2 4a’ )

n . L o,

©

W]

s

This condition for the existence of conjugate points with respcct to the equ'mon —u + q(x) u
=0 (—a=x<a)is due to LEIGHTON (5, 6].

"Assume now that the coeffncnent,sp and g'can be written asp P+ P q = q, + g2
on [—a, a], where the follomng possxbllltles are to be discussed:

‘(1) P are odd functions;- : . .

(28) po(1) Z Pifzs) (21 < 7 < 0), Palin) € palie) (0 < ) < )

(2D) po(zy) = pol) (11 < 7 S 0), PiE) Z o) (0 S @ < 7);

{32) g2(21) 2 o(22) (<@ S 0), go(m) = ‘Iz(xz)“ (0.5 2 < 2y);

(3b) g2(21) = go(z2) (%1 < 22 < 0), ‘b(xl) = Qz(xz) 0 =2 <a)

" Corollary 7: There exists a pair oj conyuga!e ‘points on [—a, a] with respecl to (1

in each of the followmg cases. ,

(i) (1), (2a), (3a) are fulleled (lhzs is 80, for mstance of the /unctwns D qare comex) .

and(n |4a) (])(— ) + ) + fqu <0.

(i) (1), (2a) (3b) are /ul/zlled lhzs is so, for mst«mce if p is convex and q 18 concave) '

and (7*/8a%) (p(—a) + p(a)) + ¢(0) < 0.

(111) (1) (2 b) (3a) are /ulleled thzs zs so, for mstance z/ .p s concave andq 8 com)ea-) .

—a —a . —

(iv) (1), (2b), (3b) are fulfilled (this is so, for mstance, if P q are concave) and

n2/8a3) fp dx + q(O) = . L )

—a

The constants n*l4a and so on are all best possible.

The following cor ollary follows dlrcct]y from Coxollzuy .- o , ) \

Corollary 8: An upper bound b /or the first con}ugate poitnt of z = 0 with respect -

to (1) conszdered on [O X), X S o0, is given by the fzrst roots o/ the following equatzons

\

(iy n?/2b (p(O ) + p(b)) + f gdx =0 when ?, '3 ‘are convex;
n?[2b?) (7)(0 ) + p(b)) + q(b/2) = 0 when pis convex and q s concave,

11 Analysis Bd. 9, Heft 2 (1090)
. ra .

-
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v .-
- . .

y : -
. [ b . b . _ v '
5 (‘1‘ (iii) (;;2/1)2) f pdz + f q dx = 0 when p ts"concave and q is convex; L,
o b Y : L ' T
(1v) n2/b3) f'p dx + q(b/2 =0 when P, g are concave.

o - )

In the specnal case that p=-1,¢ < 0,qis monotonc and convex the ‘conditions (i) and: (m)‘ A ..
are due to LErenTox (6]. These condxtlons also i 1mprove a condition by-Fixxk [3, Th. 3]’ In the °
" special case that p=1,¢9 £ 0, ¢ is monotone and concave- the condxtlons (if) and (iv) are due'

- -

i Bmal]y let p and q be monotone functlons If both are monot,one mcreasmg on . -
- a, a] the estlmate (16) can be modlflcd as follows . o
. ‘-V - 1 . —h(ll) ) . . \' . . : ;o
4 v, 9] = il ! (x) dz’ (a Sh( ))'d'l \ C
T T 4a? "a—h(y)‘ P . y '/('
. ! ‘ 3 -
R 2 [ )dz | A d". L
o \ +m'f a—hy)f x a—‘b(l/)) Y. ' \ . <
K . L, 0 b : ! o
k(u) - ‘
g f f () dx | biy) dy + f o) o ko) dv/
——k(y)

O)f ?/dy%- f«z

..2 1 /‘
";gz; ap(a) —J,—f ~+ 5 aq +f x)dx . .

This estimate proves the asbertlon of the followmg corollary under the hypobhems L
- (1) The other asscrtlons can’ analogous]y be proved '

“Cérollar v 9: An upper bound b /or the /Lrel conyuqate pomt of x = 0 with respect
to. the equatzon (1) ‘considered on [0, X ), X = oo, i Jwen by lke smallest roots of the «

. followmg equatwns

~ . -

c . 4-[2 b - . . b . b . . J . R \' .
@ ) b2 ‘2‘P(b) + | pdx | + 3 q ? + | g dr =0 whe?z P, q are monolone in- -
: . o : Y- 2N G : . Y
creasing; - ) L

"

-



N

X

[

- . . - ¢ oY E “
: , - b2 - .
i) 2 Looy + [pax ) £ 20(2) + [qdz =0 whenpi tome increass
( B -2‘p() ! ’p, x Eq 0} + | gdx = ) when p vs monoton Sing
’ ' . 0 . r 0 ’ . . 3
and q is;monotone decreasing; ! . '
S o/ K b b . o
e, b : b b :
. (in) B gp(O) + | pdx | + RATY + | gde = 0 when p is monotone de-
- \« - b - bf2 ' : e -
creasing and q is monotone increasing; = - ' - ‘
S b ' op . .
coo owt b : s b b ‘
7 (iv) 7 gp(Q) + | pdx |+ v 9\3 + | g dx = 0 when p, q are monolone
bje - 4 ‘ ’ . 0 i ) N "
decreasmq o L -

* exact numbers.

Examples: a) Consider the dlffcrentml equation " O -

Conjugato Points for S‘t,urm-LiouvilIe Diff. Egu. - 163

‘—u"+(xﬁ—7)u=o (0<x<oo) o , .7

The mterest,mg solution defmod by the boundary condltlon u(0) = 0 is thc Hermlte functlon

~ Hy(z) = c e¥'2(e=2")3), The first conjugate point.of 2 = 0 is z,'=V3/2 = 1 2247 . By means -

of Corollary 8/(i) we obtain.the upper bound b= 1,2328... forz;.
_ b Conmdér the equation L . . -.

7

f[(lexﬁ)u’]’+< ! n—.12,)u=0‘ (—-a§x§a<l): . (18)
— 22- .

_pis concave and g is convex. By applying Corollary 7/(111), it is seen that there exists a pdll‘ of
conjugate points on [—a, @] with a = 0,4584... (18) is a Legendre differential equation the
mterestmg solutlon of which'is equal to - ) . . o .

P z) = ¢, V1 — 22 ((1 — x2)3)(4’ =t }/1 — 22 (52® — 1)

(cf. [1, pp. 94, *96, 344]) with zeros at 2y, = :to‘”z = 40,4472 o : :
Both e\ramples show that the calculated upper bounds are good approxnmate values for the

S - . . R [
. \ -
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