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+ Es wird bewicsen, daB ein zu ciner Vektornorm des R" gchorende} Ergodlutatskoefﬁzient T
genau-dann die Ungléichung (P) = 1 fiir alle stoehastlschen Matnzen "P der Ordnung n er- .
fallt, wenn er der Dobrushinsche Ergodjutatskoefflzlent ist. :

IoxassiBaercs, 4to oA hoaq)(buuuem‘a 3pro;mquoc'm T OTHOCHTEJIBHO Hekompoﬁ nop-\iu.
‘s R" BunoxHeHo HepaBeHCTBO T(P) < 1 1A BCEX CTOXACTMYECKHX MaTphu -P HOpARKa, » .
Toma I TONLKO TOrJa KOTJA OH ABJIAETCA hoaqubuuueu'rou 9pronuquocm lloﬁpy;mma -

~"

It is proved that the ergodicity coeffnc:ent T. correspondmg to any vector norm on R™ iulﬁls. -
. the inequality =(P) = 1 for all » X n stochastlc matnces P iff 1t lS the. Dobrushm crgodlclty h
coefficient. :
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'Let Il be an arbitrary norm on-R" and S, (n=2) the set of all n xn stochastic
matrlces In (4] E. SENETA has introduced a general éoncept of coefficients of ergo--
dicity'z for P € 8§, with respect to ||-||: I

HP) = sup {IePl: = € H, Jel = 1) (PeSy), \ ()

where H =-{z = (2, ..., %y) € R": 2, + -+- + 2, = 0). For the l;-norm 1l Nl
= |z} 4.5+ Rzl (x € R?), the ergodlclby coefflcxent denoted by 2 is the wcll— .
known Dobrushm “coefficient -
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) =%ma\2 |p.k —ml - (Pes) e
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\Vlth\P (pij)lj-1 (see the 1emark following Lemma 2). The. cocfficients z(P) are
- bourids on “all non-unit elgenvalues of P. For 7; the. inequality 7,(P) < 1.(Pe8,)
holds."In our note we show that'z, is the only ergodicity coefficient 7 satisfying thls ‘
‘lnequallty The proof points out the role of certain extremal pomts
Denote K, S, K, and S, the set of all z ¢ R” with |lzf < 1, l|lz]| = 1, |jzll, = 1 and
llzlly = 1, respectlvely Fori,je{l,..,n}, %47 let e; = (Zy5 - Zn) wnth Ty = —%;
=1/2 and z =0 for I 4,7, and denote E, = {eij}ij. Let z* = max (z,0) and
..z~ = max (—z, 0) for z € R. Finally, for a linear subspa.ce Lc R?, L %= {0}, and
norms |-/; on L denote B; the correspnndmg unit balls and Ex B; the. set of their
e\trema,l points (¢ = 1, 2). - .

Lemma 1: For 7> 0 the /ollowmg assertions are equwulent

@) lah = 2 lals (@€ L) (i) i = = sup [zl, and |e = 1/2 e € Ex B).

PlOOf The implication (1) => (11) 1s ObVIOLlS (i) =(i): The 1elatlon J = sup |x|,
B:

ylelds £ S 7 |z|s (z € L). On the othel hand ifzel by the Krein- Mllma.n Theorem, ~
there are e,EE\Bl and 2; € R (i =.1,..., k) ‘with 2, = 0, 2; +-- + 4 = 1 such
that z = |z|, } 4 Thus by |e,12 = 1// the mequallty lz], = (1])) tx|lfollows |
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" be defmed by BDmi ——‘1 for 1,,, >0 and Do = "1 for y,,,* = 0. Then yP &= 22y,

!
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_ Lemma 2: The equality Ex (K, n H) = E, z'g"t,—ue. . ‘ \ . C .
Proof : Clearly,” Ex (K, nH)= 8, o H. Since z —'(Z 2, )—"2 vtzye; (&€ S,

‘nH), each z € 8; n H is a convex combihation of elements of E,. Therefore, we have’
Ex (K, nH)c F‘l On the other hand, let e, = iz + (1 — /) y with 2,y € K, n'H .
and 0<2A<1 Since izm + (1—2)y =1/2, Jo;+ (1/'— 2) y; = —1/2 and

) Z ;" =Z zT =122l = 1/2, Z yi* 2 yi-=1/2{ylh < 1/2 we have x, =
g J‘ =1/2, z, =y ,'—~1/2 andthereforex = J = ¢4. Thus, B, = Ex (K, nH) (R

Remark Usmg Lcmma 2 and (l) one can easxly prove (2) Indeed for cach Pe S, the '
norm ]] Pil, is & convex functiorial on K, .n H assuming its maximum at a point of Ex (K, n II)

Thereforc, one obtains 7,(P) = sup |lzP||, = max ||ePHl —'L max 2 1pjt— plk[
) KinH . . B ) 2

Theorem Let T be an ergodzczty coefficient with respect to the. norm || ]| satzs/yzng e
(P) <1 for all P € S,. Thep -

() r(P) = 1,(P) for all Pe. S,,, )2 = Jle]l (x € H) /or some 2 > 0.

Proof: Since |||, ’is a continuous functlonal on the compact set S nH, there 18
ay € S n H with |ly|l, = mak llzlly = 4. Forg, k€ {1,...,n},j &= k,let P;, = (p,,,,) €8,
o .

c
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=yl e €jk- Therefore, 7(P) S 1 (PeS n) ylelds lleil < 1Yflyll, = 1/2. By deflmtlon

of 4,1 = lleqlly = 2 [lesel, so that lle,kﬂ = 1//. rlhus Lemmata 2 and 1 imply (u)

“and (i) duectly follows

Remark: After we had fnnshed the fn'st, form of this paper we has been mformed by A.

- Leéalnovsky that he has obtained mdependently the result of the theorem [2] However hlS‘ '
. proof does not use the aspect of extremal pomts '
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