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Es wird dies Existenz ciner verailgemeinerten Losung für das Tricomiproblem der Gleichung 
L0[u] = T[u] + 21(u) •:= yu + u, + 21(u) = / gezeigt, wobei, 1 =a'a/ax + a2a/,ay em 
spezieller Differentialoperator und '2, 0 einc Konstante ist. Sodann wird die Lobarkeit eines 
Anfangs-Randwertproblems für die Evolutionsgleichung L[u] = T[u] + al(u)/at =,. F durch 
eine Approximationsmethode bewiesen. Es wird gezeigt, daB die verallgemeinerte Lasung des 
Evolutionsproblems gegen die verallgemeinerte Losung des Tricomiproblems T[u] = / für 
 oo konvergiert. Die Konvergenzgcschwindigkeit wird abgesehatzt. 

,LoRa3blBaeTcncyEuecTBoBaHtie o6o6IueHHoro pe ,Luemija asa'npo6ieiu TpH1oeII ypaBHeIIun 
L0[u] = T[u] + 21(u) := YUzz + 21(u) = /, re 1 = at a/ax + a2 a/ay cneuHaJlbHbifi 
HepeHItlaJl bit blfl onepaTop u A ^t 0 nocTonHHaH. 1l0T,oML(oKa3hul3aeTcR paapeluIIMOcTb 

c%teinauu - ort xpaeuofl 3aa'su JJH13BOOUHOHUOO ypaBueuun L[u] = T[u] + al()/at = 
flflORCHM3llOIIHbIM MCT0JWM. floHaablllaeTcn, 'ITO 0606LIeHHoe pewesie aaojnouiloiiiion 

3aa4u CTCMI1TCFI i QüoülueIIuoMy pewenio npo611eiu Tpuiotu T[u] = /Jin I -. 00, II 
oLeIIHBaeTcfl CIOpoCTb cxOjuMOCTtI.	 . 
We prove the existence of a generalized solution of the Tricomi problem for the equation 
E0[u] = T[u] + 21(u)	yu + u + 21(u) = f, where 1 = a t a/ax + ce 2a/ay is a special 

	

- .idifferential-oerator and A	0 i a constant. Then we sho the solvability of an initial boun-
dary value problem for the evolution equation L[u] = T[u] + al(u)/ät F by an aproxima. 
tion method. It is shown that the generalized solution of the evolution problem converges to the 
generalized solution of the Tricomi problem T[uJ = / as t - oo. The rate of convergeiice is 
estimated.

-,I 
I. Introduction  

The paper.consists of three main chapters. After giving the notations and some 
preliminary results in Chapter 2, we consider in Chapter 3 the Tricomi problem for 
the equation  

• .
	 L0[u],:= Tu + 21(u) = YU,xz + u + 21(u) = I	,	(1.1)' 

in a region 0 c: 1R 2 , 'where 1 = at a/ax + a 2 a/ay, a 1 , a 2 are some special functions 
and 2_-^ 0 is a constant. Hereby G is' a simply connected region bounded by the 

' • curvs 0, I' and P2 . P, is a piecewise smooth curve lying in the half-space y> 0 
•	whi'ch intersects the line y = 0 in the points A(—1, 0) and B(0, 0). '1, 2 are charac- 

teristics of (1.1) issued from A and B which intersect in'the point G(-1/2, y..). We 
prove the existence of a generalied solution (Def. 2.1) of the problem L0[u] 
u lr,ur, = 0 (Theorem 3.3). By the-method used in Theorem .3 the solution is uni- 
quely determined. In Chapter 4 we show the solvability of the initial boundary value 

1) This work was accomplished during the author's working* as Alexander von Humboldt 
- . fellow in University of Karlsruhe.  
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problem for the evolution equation.	 - 
L[u]	Tu + l(u)/et'= F, u I(r0ur,)xIorJ = Oi u 1 = uo	(1.2) 

in Q = G x (0, T0 ) (T0 > 0). Hereby the existence Theorem 4.2 is proved' by an 
approximation method using the results of Theorem 3.3, thus the generalized solution 
is uniquely-determined. In the last Chapter 5 we then show that the generalized solu-
tion of the problem (1.2) converges to the generalized solution of the Tricomi pr6ble5m. 
Tu = /, ulr,ur, = 0 as t oo. The rate of convergence is estimated in Theorem 5.2. 
Such stabilisation .: methods are! widely used for numrical methods, for example, 

• for transonicaFgasdynamic problems 191: 
• - Boundary value problems for equation of mixed type with solutions in different 

function spaces were considered by many authors. In te references we only note 
those papers which have connections with methods used here. For constructive me-
thods basedon Galerkin method and finite-eleineht method see [1-31 and the refe- 
rences cited there. 

2. Notations, preliminary results
( 

We introduce the function spaces  

U =	u E C°(), uJr,ur = 0}, V = (v I v E C00 (),vJ r,u r .	0), (2.1) 

noting that v lr,ur, = 0 are the adjoint bounlary conditions to uIr.ur, = 0 with re-
spëct to equations (1.1). If u E U and v E V, the formal application of Green's theorem 
to (1.1) gives  

/ 1	 B[u, v]	(L0[u], v)0 = f vL0 [u] dx dy = (u, Lo*[v])o 

- = _J UxVz +	- 21(u) v) dx dy = (I, v).	(22) 

As is known, (2.2) gives the basis for the definition of generalized solutions. To this 
end we introduce the spaces 

W'2(G,,bd), W' 2(G, bd)	 -	 (2.3) 

• '

	

	which are obtained by the cOmpletion of the function spaces (2.1). with respect to the 
norm IIwIIj2 = ( 1 {w 2 + w 2 + w2 1 dxdY)l12.  

Definition 2.1: A function u E W12(0, bd) is called a generalized solution of 
LO[u] = I, U f, j f , = ' O if- 

B[u, v I-= _f {yuv + uv, 21(u) v} dx dy = ( I, v)0  

for all v' E W' 2(G, bd*), and a function u E L2(0 , T0 ; w12(G, bd)) with Ut E L2 (0, T0; 
W12(Gcbd)), l(ug) E L 00 (0, T0 ; L2(G)) is called a generalized solution of the problem 

'(1.2) if  
[u, v] := _-f {YUXVZ + UvVv. — l(u)/etv} dx dy = (F, v)d 

.e. in [0, ToI,for all y E L°°(0, T0 ; 'W1.2(G,bd*)).	 - 

Remark: Let X be aS.Banach space. L2 (0, T0 ; X) (L00(0, T0 ; X)) denotes the -. 
spaces of classes of-functions -u,.strongly measurable on [0, T0], with range in X and



	

A Stabilization Method for the Tricomi Problem	/ 195 

such that	\,	 ,•.,•	S - " 

-	 '/T,	 ,\I/2 

IIu IiL l(0.T.;X)	(1 IIu ( t)IIx dt), 1< oO (IlU IILc o.T.;x = vrai sup IIu (t)II*'< co). 
I	 tEIO.T.l 

-	Using the Holder inequality we hae the following res'ult.'  

Lemma 2.2: I/a 1 , 2 E C'(G), then there, exists a constant c0 '> 0 such that€

IB[u, vjj	CO I I U III.2 llv lli.2 V uE W12(G, bd), , E W"2 (G, bd*). 

If we introduce the negative spaces -W-' 2(G, bd, W' 2(0, bd*) which ae obtained •	to the corresponding positive spaces (2.3) by the completion of,the function, space 
• L2(0) with. respect to the norms,  

IlWll1.2 =	 sup	Ww,.u)o0lvlli.2},' 
OUEW' . '(G.bd)	-	 - 

llWlIl2 =	 sup	(l(w, v)01/llvllI2}  
0*veW'(G.bd')	 -	 , •' 

we obtain from Lemma 2.2, With a suitable constant co > 0,  

	

-	llLo*[v]lI 1.2	sup	{I B [u , v]I/lJullj}	 60 I IVIII.2 V v € W' 2(G, bd*) ,	 * 

•	 S	 0'lUEW"(G.bd)

(2.4) 

	

-	llL0[u]IL 2 =	 sup	{I B[u , v ]l/Mv j 2} 5 CO Ju 2 V u E W' 2(0 bd) 
O*vEW' . (G.bd)	 I 

where L0* is the adjoint differential operator. 	,,	5.	
: 

Following the same methods and arguments as in [5-6,'8] we have the following' 

	

•	
., result.  

Lemma 2.3: Supose.	'	'	 -	, '•-•	 -S. 

(i) P0 is a piecewise smooth curve;  

	

•	(ii) an', ± a2n2 p0 ^ Q, where ( n 1 ,  n2 )-is 'the outward normal vector and 
= (Y ( ) i ' +2x, a2 = 1 +  
(iii) ti € V	'	 S	 , 

	

•	"Then there exists, a unique solution uE W' 2(G, bd) of the boundary value problem, .' 
l(u)=a1ux._.a2uv=v,uIr,ur.'=0.  

Sketch of the proof: (2 ..5) is a partial differential equation whose characteristics 
by condition (11) cannot intersect the curves P0 and P1 more than once The charac-
teristics of --12.5) are parabola —[2x- (Yc) 112]/( l + y)2 = k02 which intersect in 
the point (2(_jI,c)h/2,_l) j 0. Introducing the coordinates ' = x, . = —[.2x 

•	(y)1i2I/(1 ± y) 2 in 0, the equation (2.5) becomes	,	'	 '• 

S	 '	
• 

[ — (—y ) 112 + 2] u' v,	 '.	'	(26) 

'and P0: =' tp.('ij), r1:E=	where tp, is smooth and p, is a piecewise smooth 
curve. The :solution of (2.6) is'given by the formula  

u(, ) = f[_(yc)2 + 2t]' v(t, —1+	-i(2 _ (_y)1/2)11/2) dt I. 
S	 -	 '	 .	 ,' 5

	
5	 -•	 .	 '	 .	 ..	 S	 - 

S	 '	 '
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3., Generalized solution of the Tricomi problem 

We consider the Tricomi problem L0 [u] = /, UF,	0 and prove an a priori estimat. 

Lemma 3.1: Suppose the conditic 'ns (i) and (ii) of Lemma 2.3 hold. Then, for all 
u € W' 2(G, bd), we have the a priori estimate	 - 

rn0 .11?ill 2 + 2A ll l (u)o2 ^. 2B[u, 1(u)], m0 > 0 a constant.	 (3.1) 

Proof: Using (2.2) and Green's theorem [7, p. 2481 we hive	 -.

2B[u, 1(u)] = 2). 1I 1 (u )l102 + f {[&yu 2 - a2u 2-± 2ya2uu,] dy 

+ [a2yux2 - au ,2.-L 2ouu] dx} -f {Au 2 -F 2Buu

	

'rX

+Cu 2 } dx dy,	'. 

• -

	

	 where A Y(ax1 - ay 2 ) - a2 , B = ya 2 +, C = _(1 - 06
11 2) Now using the

assumptions (i) and (ii) of Lemma 2.3 it follows that (u I,-00,-, = 0) 

f	f(yu12+y2)(omni +a2n2 )ds ^ 0f	= 0 yl 

[(—y) 112 u +,12 (a' dy+ 2dx)	0, 

•	 A=C=-1,B=0,	 •'. 

such that 2B[u 1(u)] ^f {u 2 + u'} dxdy + 2i IIl(u)1Io2 Since u lr,ur, = 0 using 

Friedrich's inequality [4, p. 305], we obtain (3.1) I	•	 S 

Theorem 3.2: 'Suppose the assumptions (i) and (ii) of Lemma 2.3 hold. Then there 
exists a constant c, > : O such that	 -' 

C, ll v ll	llLo*(v)lli .2 =	sup	{ B[u, v ]lJlIn II .2}	 ,• '(3.2) 

	

O#uEW"(G.bd)	 - 

•	Proof: From Lemma 2.3 we know that for a function v E V there exists a func
t

ion 
-	u E W12(0, bd) such that 1(u) = a'u + a'u = v, u i,-,0,-, = 0 and Ilv llo	k, 1ul11,2. 

From (3i) we get, with a suitable constant c1 %> 0,	- 
- -	

c	B[u, v]/ uljl.2	sup	{'I B[u , 'v ]l/llu lli ,2} I 
O*u(W'-'(G.bU)	- 

We now give an existence theorem for the problem L0 [u] = /, ulr• Ur, = 0. - 
--  

Theorem .3.3:Suppose  
•	 (i) P0 is a pieceuise smooth curve;  

(ii) a0n1 + a'n,lj-, ^ 0, where (n 1 , n2 ) is the outward normal vector and a1 
= ( — Yc) 2 ,+ 2x, a2 = 1 + Y.  
Then there exists a generalized solution of the boundary value problem  

',	-	,	 .	•	 -	 -	 I 
4[u] = yu1 + uvu + 11(u) = f(x, y), / € L2(G), 1 0, 

- '	- -	1(u) = 'a'u + a2u , ulr,ur, = 0,
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i.e., there exists a function u € W1-2(G, bd) such that 

B[u, v] = -f {yuxvx + '1tyvg - 21(u) v} dx dy	(I, v)0 

for all v E W12 ( G , bd*) and H U 111.2	C1 .1 11/ 110*	- 

Proof: For fixed v € W"2(0, bd*), (.) := B[ . , v] is a linear'bounded functional 
on W1.2(G,bd):  

Iki'vllw'. ( c.bd)	SUP	{I'v(u )I/I!u Il1.2} ;^ Colj 
•	 .	 O'4"UEW'(0,bd)	 (2.4)	 . 

Thus wc have a unique elementw€ W1,2 (G, bd)such that(u) B[u,v] = (U,W)W.'(G.bd) 
for all u € W1.2 (G, bd), and I1wII1.2 c011v 111,2 . A linear, operator S:.W' 2(G, bd*) —> W1.2( 6, bd) is defined such that B[u, v] = (u,Sv)w',.(Gbd)'for all u E. W"2( G, bd), 
v € W' 2( G; bd*): Using (3.2) we obtain 

•	c1llvIlo	II SvIIw'.)R,bo ^ CoIIV lIwis('cbd e ) .	 (3.3) 
(2.4)	 -.  

For a functin V € Wl2(G,.b'd* , and l(Sv) := (f, v)0 we h a v 

jl(Sv)l	iI/ll Ilv Ilo	('/c) If 110 IISVIIw.G.bdl.  
•	 ••	

(3.3) 

• Since S is injective (see (3.3)), l(1) = l(Sv) = (f, v)0 defines a linear bounded functional 
• 1 on S(W 1 : 2 (G, bd*))	WI2(0, bd) which can be extended by the Hahn-Banach - 

•	theorem to I on W"2 (G; bd) preserving the norm. It follows, that there exists a unique 
function u E W1.2 (G, bd) such that  

?(w) = ' (U , W);V..bd) for all u; € W1.2 ( GI bd) 
and	 .	.	'	'• 

-	 I lu ll ww,bd =	sup	{l(w)I/II0I1,2}	ciIIfIIo. 
O#wEW"(G.bd)  

For v € W'(G, bd) we have (Sv) = (u, SV)W'. s(Gbd) = B[u, v] = (f,-v )0 , i.e., u is a 
generalized solution I 
'Remark: We observe that the solution .0 E W1.2(G,bd) constructed in the wy 

of Theorem 3.3 is uniquelydetermined. We do not know if the generalized solution 
(Def. 2.1) of the Tricomi problem for equation (1.1) is.unique. In [5] and [8] for uni-
queness there is the essential assumption that the coefficients of u and uy in (1.1) 
are sufficiently small, but this is not true in our case.  

/	 . 
4. Generalized solution of the evolution equation (1.2)	 S 

We consider in Q = U x (0, T0 ) the problem. 

•J[u] = Yu.. + u + al(u)/at = F(x, yt), F € L2(0 , T0; L2(0)), 

-	, l(u)= alU, +	= T112 + 2x, OC2= 1 +'y ;'	• 

-	Ul(f,UF)X)O:TJ •= 0, u1j0 = : u0 € W2'2(G, bd).	-	•
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Observe that W2'2(G, bd) is the completion of the function space 'U (2.1) with respect' 
to the norm lu l12,2 =	jDu2 dx dyV/2. We denote (n; = 1, ..., N): 

\	 / 
h = TO/N, U(X, y) = u(x, y, nh), u°(x, y) = u0 (x, y), 

,l(Uh°) = F(x y, 0) - yu 0 -	F'(x, g) = h-1 f F(x, y, r) dr 

and '	' S	 S	 S 

Lh[U ] :=.yU n ± uh'(l(u) — l(un 7 1 )) = Fn. S ZZ 

Lemma 4.1: Suppose the 'assumptiozs of Theorem 3.3 hold and ul,o = u0 E 
W212 (G, bd), F E L2(0, T0 ; L2(0)). Then there exists for anyn (1	n	N) a generalized 

•k solution u' E W"2(G, bd) of the problem Lh[u'] — F's, "lr0 ur, = 0. The functions u'2 
are uniquely determined by the methodused, in Theorem 3.3. 

Proof: The statement follows immediately from Theorem 3.3 if we notice 

•	 yu + u, + h"l(u') =z(h'f f(x, y, r) dI,+ hl(u°) EL2(G) 

and	 '	 S 

Tu + h 1 1(u) = h-' f F(x,y, ) dr ±h'l(u') E L2(G) I 
(n—I)h	•. 

Theorem42 Suppose 
(i) P0 is a piecewise smooth curve;	 S 

(ii) cx 1n 1 + a2n2ir. ^ 0,whe?e (n1 , n2 ) is the outward normal vector, cX 1	_(_yc)112 
±2x,x2 =l+y;	 :	•-	 S 

(iii) u0 E W2'2(G, bd) and F, F, E L2(0, T0 ; L2(G)). 

Then there exists a generalized -.solution (Def. 2.1) u,	 - 

U, Ug E L2 (0, 1
 T W"2(G) ' bd)) l(u,),E L°°(O, T0; L2(G)) 

of the initial boundary value problem ( 12)
 

L[u] r Tu + el(u)/t = F,	I(rur,)XLo.T.I = 0, • u 0 = u0.  

• Pid'of: For fixed n E IN we know. from Lemma 4.1 the existence of a generalized 
solution of the probleth Lh[u'] = Tu' + h: 1 (l(u?l) - l(u".)) = F" such that 

•	(L,ju'3], l(u"))o = (Tu", l(u"))o -fi h'(l(u") — l(u"'), l(u")) = (F", l(u"))o. 
5	

(4.1) 

From Lemma 3.1 we conclude  

mollu"l a. (Gd) 	2(Tu", 1(u")) 0 .	 •'	

S	

(4.2) 

A calculation shows	 /	
S	 • 

(2h) 1 (lll(un)11 02 - lll(u 1 )11 0 2) ^5 h(l(u") - l(u t ), l(u)),	• 

ll l ( u")llo :5 k2llu'111 .2	 S 

thus we hive	• •	 S	 S 

mollu"ll	+ h(lll(ufl )lj n2 - lll(u")llo)	2tUj	+ 2c(e) IIF"1102.
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Choosing e> 0 in a suitable manner, there exists a constant co > 0 independendof 
n, such. that  

•	mu 1112 + h 1(II1(un)112 
T- hh 1 (u - 1 )11 2) 	c IIF'81102 

and (summing up over 1	n s)	 ' S	 - 

mh E lIUil.2 + II1(U8 )II o2 ^ 11(U)II 	c0h E IIIIo2 '	(43) 
In = i	 •_	 . S	 .	 .	 S 

We observe.  

/ nh	 '	2	 .	 uh  /	IFto2=f/r2( f F(x .r)dt) dxdy^fh' f F 2(x,y,t)drdxdy,-	S 

G	 ,	 G	'-(n—I)Fi 

8	
5 

'hIIFhh IIO 2 !c^ f ,f F2(x,q,r)drdxdy	.	.,	.	. 
)n_1	.	'	G	0	 .	 .• 

and	 •	 S 

lIu"MO2 = .f u2(x, y, nh) dx dy,	 .	S	 S 

h 	Ilu'910 2 = f h	u2(x y nh) dx dy	sh	 u(x, y r) dr dx dy 

From (4.1) we conclude, taking the limit ' h	0; sh  

mo I Ilu II ( y ) dv + II(2t)I o 2 )	lI1(u )IIo (0) + co /11F11 02 (r) dv	(44) 

thus we know u € L2(0, T0 ; W' 2(0, bd)), l(u)E L(0, T; L2(G)).  

• -	 We denote (n = 1, 2, ...)	 S	 -	 -	 S 

Fh = h'(F'— F- 1 ), Uh n = h- 1 ( ——'),	 S 

•

	

	'	L2[' = h'(Lh[u"] - 'Lh[u'])—h'(F— F"... 1) ='Fh ,	 -

and consider  

L[u] = Tuh"+ h'(1(uh') — l(uh"')) = Fh.. 

From (Lh["], l(uh'))O = (Ft ', 1(u,)) 0 we conclude, in the same manner as before, 

moh1E IIUhlI	* IV(uh8)1IO2	II1(u1,0 )11 02 + cihE IIF1lo2 .	-,	(4.5)

We observe  

nh 

S	
Fh = h'(F - Fn— t)- = h-1 f h'(/(x, y,-v ) '- f(, y, r - h)) dv, 

-	 .	 (n—I)h	 S	
- 

8	 t8h	S	 •	-	 S	 •	

• 

•-.	E h IIFh' 1o2	f f. (h 1 (f(x, y, r) - f(x, y, r- - h))) 2 dr dx dy 
n1	 G	0 .	 .	

•	 . 

•	-	- -
	h_-,.O.8h=-t"f IIF ,1102 (-r) . d-r.	•	 -	 S	 .	 -	 .	 S	 S
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From. (4.5) we get (h	0, sh .= t) 

MO  1 1U,1111.2 (t) dr + lll(U,)jloI (t)	111(ug)11 02 (0) + c i J IF lIo 2 (r) dt	(46) 

and  
Ug E L2 (0, T0 ; W"2 (G, bd)), l(u,) € L00 (O , T0 ;L2(G)) .	 . 

For'fixed n E N, u' € .W' 2 (G, bd) is a uniquely determined genera lized solution of the 
prob1einL[u0] = Tt'1 + h 1 (1(u") - 1(u'')) = F" which satisfies (4.3), (4.5).For a 
functionv€ L00(0j-.To; W12(C/, bd*)) we thus have a.e. in [0, T0] 

1 1(u")	l(u"')	\ 

	

[u",v]= -f(yu"v+u"v)dxdy+ ( '	,	,v) = (F", v) 0 - 
/0 

G. 
/	. 

	

• and for the limit h -=> 0, nh = t we get	 . 

-.	v] = -f {yu1v ±uv T el(u)/atv} dx dy = (F, v)0 ,	. 

i.e., u is a generalized solution of the ,probleni (1.2) U 

Remark: If F = F(x, y, 1) and u0 = u0(x, y) are sufficiently smooth, then the 
generalized solution of (1.2) has more derivatives in t. In case F,Yj € L2(0, cc L2(G)) 
the solution of theproblem (1.2) exists fdrallt € R.  

5 Stability 

- From Theorem 3.3 it follows-that the Tricorni problem  

Tu/0 €L2(G) ulrur. =0	 - (51) 

has a genera1izd solution UT € W' 2 (G, bd) which is uniquely determined. Further, 
we know from Theorem 4.2 that the evolution problem 

L[u] = Tu + e1(u)/t	/1 € .L2 (ER+; L2(G)),	
5 2-



f, € L( + , L2(G)), ul(,,u'r,)x+ = 0, U I1 o = :u, € W22(G, bd) 

has a generalized solution UE, UFI € L2 (ER'+'; W 1 .2 (G, bd)) which is likewise uniquely 

	

• determined by the construction method.. The function Z := UE - UT thus is a gene.:	- 
- .-	ralized solution of  

L[Z] >= TZ + al(z)/t = f  

which is obtained by the approximate functions Z" = Ui° - UT" = UE"- UT as 
h —>0, nh = 1. Thus we have, that the a-priori estimates (4.4) and (4.6) hpld for the 
function Z, and from (4.1) and (4.2)' we cohclude  

. m0 IZj 2 (t) + . (l(Z)Iat, l(Z)) — (, 1(z)) 0 ..	 -	(5.3)

From the a priori estimates (4.4) and (4.6) we know, if lII102 , 11,1I O 2 € LR), then 

/	.	•,	I01I,21 IA111.2 € L2([R).	.	,	 .	 .	-	(5.4) 

- '
	

Lemma 51: 1/(5.4) holds, then IIZ II1.2( t )	0 as t -*-cc.	•	-
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Proof: We know	 - 

IIZ1I.2(t) - IIZ II2(t) = f/&e IIZ lI2 (t) dt	f 11 Z1112(t) IIZ ,1112(r ) dr 

	

(]iiz.2r dr)	(]izi.2 (r)dt)	(5.5) 

for t,s> N(E). If 1011L.2( t )	c2 > 0 as t -->oo, from (5.5) we get °IIZ .2 (s)> c2 - 
C, for all .s > N(e) but this gives a contradiction to 11Z 111.2 € L2(R) I 

Using

(alt 1(Z), 1(Z)) 0 = II 1 (Z )II0 19 /at III(Z)110, 

IC IIIZ IIL. (G)	IIl (Z )llv(c)	k21141 .2, 

from (5.3) it follows  

(m0/k2 ) I1 I(410 (t) -J- Wt 1I 1 (Z )110 (1)	-ilcIIo ,  /t 
(11 1 (Z ) Ii (t) e(m,/k,)t :S e('/	119'II0 (t), 

-	-I-	 t 

k 1 IZM0 (t)	111(Z)11 0 (t)	e—(m,m,) jII0)110 (0) --f- f	(r) dr 

Thus, if e( I ,1 k )9l1 i - /II (t) € L'(R) there exists a constant c4 > 0, such that 

Z10 (t) .=.IIUE - UTIIO (t)	c4 e 	0 as t —oo. We have the following result 

Theorem 5.2: Suppose	 .	 . 

(i) '0 is a piecewise smooth curve; 
(ii) x'ni'+ x,2n2 Ir, ^ 0 1 where (n 1 , n2 ) is the outward normal vector, & = _(_Yc)2 

f2x,a21+y;  
• (iii) UT € W12(G, bd) is the generalized solution of the probrem (5.1) Tu = to € L2(G) 
constructed by the method used in Theorem 3.3; 

(iv) UE, UEg € L2(R'; W 1 -2(0, bd)) is the generalized solution of the problem (5.2) 
L[u] = f1 € L2 (ER + , L2(G)) , J,, € L(R; L2(0)) constructed by the method used in 
Theorem 4.2; 

(v) e( m,/( 1f1 - 10 11 0 € L'(ER), I1f1, 11 0 2 € L'(R). 

Then for all solutions UE of the . problem (5.2) constructed in the way of -Theorem 4.2, 
we have

huE - uTI11.2 (t)	0, J J UE - UTIO (1) :!E^ c4 
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