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Fir eine von T. Nagai und \1 Mimura emgcfuhrte T\Idsse nichtlinearer,’ m(,ht,lokdlcr, ausge-'

arfeter Diffusionsgleichungen werden Losungen vom Typ laufender Wellen mit kompakten
Triger durch Zuriickfilhrung auf ein Randwertproblem fiir einc. 1ntcgrodlfferentnlglelchung
zweiter Ordnung und weiter eine Integralgleichung mit nichtnegativem. Kern untersucht. Es

werden Existenzbewdise bei drei Typen der Potenz-Nichtlinearititen mit allgemeinem Inte-.

gralterm und gcschlossone Lésungen fiir einen emfachen Integralterm angegcben

. N N . 0,
4
Uees le,.LleTCﬂ peuieHa THOA 6eryu1eti ‘BOAHBI C KOMIAKTHHM IlOCHTC'IC\I II.TIH KJIacca HeaH-

HEMHBIX  HeJIOKANbHBIX BhlpOrhleHHhI\ anddy3noHKEX ypasHeHuli, sBBegenubx ‘I'. Harait
n M. Mumypa. 3ajgaua CBOAHTCA. K IpanuyHoOlt 3ajade 1JH uHTerpo-audidepeHnuanbHoro -

»pamieunﬂ BTOPOro MOPSHKA I anblie K HHTEFPaJbHOMY yPaBHEHHIO C HEOTPHUATENLHBIM
Anpom. JLaoTCA NOKA3ATENLCTRA CYLECTBOBANIIA A TPEX TINOR CTCHEHHBIX HeJlHHelHOoCTel
€ OO M HHTErPAILHBIM YIEHOM 1t 3aMKHYThie pelneHnsA jas I]pOCTOl"O HHTErPANbLHOrO YIeHa.
: ) . ; . -
lmwcllmg wave solutlons with compact support are m\'estlgated for a class of nonlinear non-

local degenerate diffusion equations introduced by T. Nagai and M. Mimura. The problem is -

reduced to a boundary value problem for an integro- dlffercntm] equation of second-order and
_in turn to an integral. equation with nonnegative kernel. There are given existence proofs for

three types of power nonlinearities in case of a gencml integral term . and closcd solutions for a

simple integral term.

i >

t [

. Introduetion. For descnbmg diffusion processes with aggregation effects NAGAI and

MiMURA [6 —8] introduced a class of nonlinear degenerate diffusion equations. with
integral terms as gwen by equation (1) below. Nagar [6] ahd Nacar and MIMURA
[7] studied the general Cauchy problem for these equations. Further IKEDA 12, 3]and

Mivura and SatsuMa [3] (cf. also Nacar and Mmvugra [8]) constructed - explicit

equilibrivm and tla.vcllmg wave solutions with compact support, respectnvcly, for
particular integral terms in the dlffus:on eqnatxons especmlly for the case m = = 2
in (1). ~

In this paper we mvesMgatc the existence of travcllmg wave solutions \Vlth com-

pact support for the géneral'equation (1) with a sufficiently smooth integral term. We

reduce this problem to a tiwo-point boundary value problem for an integro-differ- .

ential equation of second order and this one in turn to an integral equation with a
nonnegative kernel. Utilizing the well-known general, theory of such equations by
Kras~oskeLskil [4] (cf. also [11]) and also the special treatment by BushELL [1], we
prove three general existence theorems for the cases m >2, m = 2,1 <m < 2 in
(1), respectively. Besides for the special.case of a piecewise constant 1nt<,gral kernel
we derive travelling wave solutions in closed form which contain the sine-solutions
for.m = 2 found by MIMURA and SATSUMA [5] in another way-and a new explicit
solution expressed by an elliptic Jacobian function for m = 4/‘3 We remark ‘that
: >t1avellmg wave solutions with compact suppoxb for the special case of a piecewise

T - Y
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constant integral kernel were also constructed in a more general context and in more
involved form by Naga1r and Misura [8, 9].

‘

1. Statement of problem. We deal with the cquation of Nagai and Mimura

Cwy = (u’”); = H 'F]\"(;r — y)‘u(g/,vt) dg/} uJ , i (1)

where . = u(x, ¢), z € R, ¢t > 0and 1 < m < oo. Wé are looking for travelling wave
solutions of (1) with compact support « == p(x — ct), where ¢ is a continuous func- .-

=+ tion“on' R which'is positive and twice continuously difféerentiable in the interior of = "

- some compact inter va] (0, «) and vanishes outside of this mtenal The kernel K has
‘the form .

v ]('(') — K, (z) as x<0,‘
- = Kiyz) as z>0,

@)

where Al, K, are (,ontmuously differentiable funcblons on .(—oo, 0] and [0, ),
respectn ely, having nonpositive derivatives K,’, 1\2 thete and a positive limit

4 ="lim K(z) — lim K,(2) > 0., L : (3)
. P - z—>—-0 z—>+0 .
" In the applxcatlons as a rule therc holds K,>0, K, < 0 i (—oo 0] and [0, o)
respectively, but this is not necessary to assume.
Substituting the ansatz w-= p(z — ct) in (1) and taking the vanishing of ¢ ab
infinity into account (thereby assummg the continuity of (™), on-R), we obtain the
.-equation for ¢ ) ~

’ —ch(:r —ct)y = m(p"""(; (@ —ct) — j K(x — %) (p(J — ct) dy - <,v(x — ct).

' \

* Introducing the variables £ ‘='x'—_ ct, n = y — ct, this equation writes

’
v

me™ =Y &) ¢'(£) = @(&) [ fK — 1) () dy —c} 0\,

which in virtue of ¢ = 0 on (—o0, 0) u (a o0) ynelds the mtcgro-dc//erentwl equalwn'
f01 @ A o ! .
. - .. a ) .
men=HE) ¢'(§) — [ K(E =) ep)dy+¢c=0,  0<E&<a, .
. - ’ 0. ) ' . . ¢ ‘ : ’
with the boundary conditions ¢(0) = @(«) = 0. Here the length, of the supporting
_ interval ¢ and the speed of the wave ¢ act as additional unknown parameters. -
We further introduce @ = ¢™~! as an unknown function getting

AD(§) ; f K(&— 7,-)_ @”(n)‘dﬁ +e =0, 0<é<a, (4)

~

with the glven pa,ramete)s p=1/(m — 1), =m/(m — 1) =1 + p and the bound-
ary ‘conditions @(0) = P(u) = 0. Differentiating ( ) leads to the two-poml boundarz/
value problem .

SO 4 A — [KE - O dy =0, - O<E<ar (&)
0 L4 ’ -

-
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with @(0) = P(«) =.0. This problem in turn js equivalent to the inéeg;(zl equation

-

o) = fam ods, 0<zsa, e
- a ) - N .

wnh the kernel

G’(x, 5) —Go(x, 5) — —fG’o z, 77) K’ (n — &) dy; o - (7

where

#a—¢)fa  as 0sSzsésa, ST

Gz, &) =
o(z, &) {(a_z)f/a, as 0§~§§I§a‘

is'the w ell known Green’s function. :

Our problem is now equivalent to seek continuous solutlons of (6) in some flmte
mterval [0, «], which are positive in the open interval (0, a).'After knowing @ from
(5) or (6), the velocnty constant ¢ can be determined from (4), for instance as & — +0

c—fK(mwww—ww) S ®)

ot

2. Particular case. At first we'consider the speciaI case of a precewrse constant kernel
& asyz < 0, :_ ) ' i '

f - as >0, - ) ] C ,,""(9)

K(:r) = {
where x,BER sat,lsfymg x> p. Then the two- pomb boundary value problem (:))
writes

L )+ A0P() = 0, d=oa-—p; : ' (10)

*with D(0) = @(a) = 0 The differential equation (10) has the flrst integral- @'2( )

(2A/)2) @i(z) = C with a free constant C or

\

@) = +YC = (24/7%) <1>1(z‘) o . \ (11)
Pubtmg A = 24/72, integration of (11) yields the 1mphc1t, functions
e . . t BO(2)
dy . ' ‘ ds
x = ———— 4 C,  or | AWVB\-2gp - — + C,-
:tf YO — 4y % * Vl —s

. 2

. w1th free constants C,, C, as solutions, where we introduced . the new free constant

= (A/C)* ingtead of C. bmally, the boundary condmons <I>(0) (D(a) = Oand the .
posmlveness of @ in (0, a) require that ‘

BQ(I) . .
foa- 3‘) 112 g if_ 0= A1/2B1—‘/2x = Dy,
AVzBi-izg = © . '
D; + f(1 - s'*)—ll2 ds if Dl < 4B ‘/IS2D1, '
’ ‘.80(2)
where - B L, o ' R
. 1 . !
.- 1741 1 - 1 11\ .
_ D W L2 Je — — =) = 1+ — — ).
D, .f(l #7ds = B(l, 2) V;z!“( + 2_)/r(2 + ;.)

0
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Hence we have the relation for the parameter a .
.. Al/éBl—A/:’.u — 2,D1 ' ' v (12)

'élld the solution @ is given by-

BO(z) ' oL
_ [ f 1 - s‘)‘”2 ds if 0z=a/2, . v
(QDI/CL) T = 0 ' o . . (13)“
- D; + f(l —s)"ds if @22z <a. E
T - T *Bo(z) . o T “

As a referee kindly points out, the right- hand sxde of (13) can be represented by means of the

mcomp]ete Beta function and this one in turn by thc Gauss hypergeometric functmn ’ L

The solutions @ (and therefore ¢)are symmet-nc functions with rcspecb to x = a/2,
further by (10) @ (and for m = 2 therefore also ¢ = ®P?) are concave functions, too.

: Finally, by (8) and the corresponding relation (4) as ¢ >« — 0 we have ¢ = «f

— 29'(0) = ﬂ[ — )<D (a) where I = f QP dx = f pdzis the invariant integral over

and since @’ (a) -—05 (0) the leple formula for the specd c N
¢ =14 x+ ) P0) . o : - (14)
follows..In parbu,ular for f = —a the functlons (p“— @7 represent steady state (or

equilibrium) solutions to equation (1). Also for the integral / there holds the relation
I = (24/4) ®'(0) so that ¢ = (1/2) (x ¥ B) L. (Cf. also [6, p. 198].) :
There are two different situations. In case m = 2, i.e,, 2 = 2, p = 1, “the differen-
" tial equation (10), is linepr, a = A7 with A = A/2 is umquo]y deter mmed by (12)
- and the (positive) constant B is arbitrary. ¢ = @i is the positive eigenfunction of (10):

. @p(x) = bsin ]/A z =-bsin }/A/Q z, 02 n/]/zl/z . © 15y

" which is determined up to an arbitrary posmve con/stant factor b= I/B The cor-
responding specd ¢ is given by (14) asc = bV"//I {x + B].

Remarl\ The case (9) wnth x=1+86,8= -1, where 0 is a nonncgatl\c parameter, has

been dealt with by Ml\wu,\ and SATbU\lA [5] with the help of the auxiliary * potontml” fune- -

z

t-ion w(z, t) = f u(y, t) dy (Mimura and Satsuma wntc ‘the kernel (9) withae = 1,8 = —(1 + 6)
S -
but indeed. ¢onsider tlle casex =146, = —1.) In thiscase 4 =2 -+ 0, ¢c = b07l}/1 -+ 0/2,

i 1=2b/}/1 F O, e, b= (1/2) YT T 6/2 1, and ¢ = (1/2) 1.

‘In case m =+ 2, l.e. 2 == 2, p == 1, the differential equation (10) is nonlineur and we
get a solution for arbitrary positive « with uniquely determined constant B = (2D;

A 1/2¢-1)1/1=4/2) from (12). L.e., f01 any a > 0O there exists a unique solution @ and *

@ = @?. Forinstance, in case m = 4/3, ie. . =4,p = 3, we have (cf. (10, p. 524])
&(x) = b sin lemn (412bz) = b cos lemn (K 0/}/2 — AW2z) = ben (K, — V2 Alizhy) .

with 4 = A4/8, Ky = (1/4 l/n) I*(1/4),b=1/B = 4K0cr1/l/d where sin lemn, cos lemn
are the lemniscate functions and cn is theJacobian elliptic cosine fu:lctlon with modu-

lus & = 1/]/2 Therefore _ _ . h _ .
" p(x) = (64K,3/4%243) end (K, — 2K z/a) ‘ . . : ' (lG)
wnth the correspondmg spced ¢ = 162 (K,2/a?) (x - B)/A32 following from (14) (éf.
-[10,p.493). . N ‘ o
. /\ . . N
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!

3. The hasic integral equation. We substitute 2 = «af, £ = «s and ¥(t) = P(at) in
equation (6) and obtain the basic integral equation BN Y

Y = fklsa)ff”’(é)ds, ost=<1t, - .. an

.

with the kernel k(¢ s; a) = aG(at, as), i.c., k(t, s; a) = ko, s;.a) -+ k(4 8; @), where

kolt, 3 @) = (a24/3) go(t, 5), - , SO 18). -
S S
k(s 85 0) = (—a¥2) [ golt, 0) K'(alo — s)) do 19y
o N [} ) 1 ) B ’ .
with the normalized Green’s function
(z‘) ({1 —s) as 0<i<ss, R .
= s(1—t) & 0<s<t<1.. SRS

/.

Like ko and k, the kernel £ is a nonnegative continuous function oii [0 11 % [0, 1]
X [0, co satlsfymg the conditions

k0, s; «) _A(I s;a) =0 anid ks 0)=0." ' ’"('20)
—Tholefoxe, for any « > 0 the correspondmg lmean operator | dcfmed by

-

: . _ 3
Ay(ty = f k(t, s5a) y(s) ds _
o o . . ? .
is a compact 131apping in the Bahach space C[0, 1} of continuous functions, which
leaves the cone K[0, 1] of nonnegative functions from C[0, 1] .invariant and more-
over maps any function y € C[O 1] into a function z = Ay € C[0, 1] satisfying 2(0)
= 2(1) = 0.

Further, forany y E K[O 1], y = 0, thele exist posmvc numbers « and § such that
the mequalltv . e '

ag(t) Az/(t)<ﬂa(t), 01, ., 1)

with the function ¢(¢) = t(l — ¢t) holds. \dmcly, by the assumptton 4> 0. and by - .~

Lemma 7.6 in [4, p. 302] this mequallty is valid for the operator 4 o defined by

, N : A
Ayt = f ko(t, s; ) y(s) ds. "
-

" Since Ay(¢) g‘Aoé/(z), t € [0, 1], the left-hand side of (21) follows. Besides .

’
Ay

1

Ay = [ kit s5a) yls)ds

0 .
: A 7ot . VAR ' '
. . ¢ M
=M f y(s) ds [ golt, 0) do | = — f y(s)ds L g(t), -
) o / \o B - 0 A ‘ ..
- . @ . : :
M = T’syp {{K'()]: 2 € [—a, a}, .

- 20 , . B :
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so that algo the right-hand side of (21) holds. The inequality (21) means that the oper-

ator A is uy-positive with u, = gin the sense of KrRasxoseLskIl [4; Chap.’2, § 1].

Remark The dssumptlon of contmult;, of K}, 7"_ 1,2, 0on (—oo, 0] and [0, c0), respec-

- tlvely, may be relaxed. What is really néeded is that the (nonnegatlve) kernel k, leads to a com-

pact operator in C[0, 1] (cf. [11, Chap. 3, Th. 14] ) and that the inequality (21 ) holds. For
example, k, is even continuous-iiy (¢, $) and a if K/, 1 = 1, 2, are continuous in (—co, 0).and

inequality (21) may be fulfilled also if 4 =0, so that the kernel k, vanishes.

We consndcr a typlcal examp]e . *
S L A B A T
. . —c,xt . as z.> 0,

. . : ! T . .
where ¢,, ¢, = 0 with ¢, + ¢, > 0 and 0 < y, § < 1. The operator 4, then writes
R . . ) - | .
! St . Lo t T .
. a3 . E
LAty = - 1= t)fall(u) do + tf(l — o) I,(o)do |,
o 0 I8 - .

- . \

4 ' . 1 . . ,
where I (a) = cdat [ (6 — 5)%1 g J( )ds + cyyart [ (s, —'0) 1 y(s)ds. As 6 — O and'¢ — 1
there holds e « e oo C
i L : - , '
- | ey [oly(s) ds =: C, as ¢ .0,
, . , . )
Loy~ - ° 01 . .
‘ 0081 [ (1 — s)b~ly(sfds =:C, . as, o—1,
. N . R
so that S . ] . i '
. . 1 . .
> a3 ( - 1 . . . v
— 1t (1 —aqg)l0)do +—C;t? as t—» +0,
‘ \ 7 | ! SNEY .
0 :
() ~ '
. ¢ 1 N . . v .
’ a? B ST I
“— (=0 [ ol do 4+ 5 Colt — i3] s t>1—0.
l.e., we have . )
A Dyt as ¢t > +0,
Ayt) ~ o0 o RN
Dyt — ) as to>1—0 . ‘ : o

with the positive constants ’

.' P 1 o \ . o 1 . A Lo ' -
D, = yE (1 —8) I (s)ds, * D, = T f sly(s) ds. . : R
. * 0 L : . ,

But this asymptotic behaviour togcther with 4,y(¢) > 0 in (0 1) lmpllm an mequahty of thc
form (21). : . ) ’

The function F(EI’) = Y/P fulfils the condition F(O) = 0 and isconcave for’ 0 < P
< 1l,ie.l <m < 2, linearforp =1, i.e.m = 2, and convexforp > 1, ie.m > 2.

Our aim is to prove the existence of a nontrivial solution ¥ ¢ K[0, 1]tothe equatlon
(17)foranya >0ifp¥l,ie.m=F2, andfora.certama > Oif p = 1 ie.m = 2.

"(0, 00), respectively, and satisfy inequalities of the type iKj ()| < const |z[’,v > —1._And the.~
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4. The case m. + 2. At first we deal with the subcase m > 2, where 0 <p<1i1In-

this case we can immediately employ a modification of a theorem of BUSHELL [},
Th. 2.2) saying that for a continuous non-negative kernel k if there existsa g € C[0, 1]
w 1th g(0) = ¢(1) = 0 and g(¢) > O in. (O 1) such that .

N

ag(t)gfk(t,s)gv(smsgﬂg(z),, o, e

1

1
with 0 <« S\ﬂ < oo, the mtegral equatlon yt) = fk(t s) yP(s) ds has a unique'

e
continuous. solution y with the property xog(t) = y < Boglt), t € [0, 1], where
0<ag £ By < oo. The proof of this- ‘theorem follows as for Theorem 2.2 .in [1]

using there the cone K, = {y: inf y(¢)/g(¢) =0, t € (0 1)} of the.Banach space -

Cy = {y € €10, 1]: liyll, = sup |y(0)l/g(t) < oo}.
Smce the. aSSumpmon (22) is fulfilled by (21), we have

N

Theorem 1: In the case m > 2 for any'a > 0 the mtegml equatzon (17) has a unique

contmuous solulzon Y with the propert Y. - T\
. \ ' : .
V(1 = 1) S W) ) < ﬂot(l -8, cte0 1] - v o (23)
/ . . . .-,
where0<a0Sﬁo<oo o ‘ - \ T

Remark: The theory of Bushell uscs Hilbert’s prolectlve metric and the Banach’s éon-

tracting’ mapping theorem in the interior K,° of the cone K, so that it also ylelds the possi-
bility of computing the solution ¥, of (17) by suceessive (mpproumatlons The existence of a
nontrivial solution ¥, € K[0, 1]-to (17) also follows from the general considerations of Kras-

NOSELSKII [4, Chap. 7, § 4, 6] who uses the cone of concave (=='convex from above) functions y

in "C[0, 1] satisfying the conditions y(0) = y(1) = 0. The assumption. on’ the nonlinearity F
there that it possesses a suitable sufficiently large linear minorant for small positive values of ~
the variable is obviously fulfilled for the function F(y) = y?,0°< p < 1. We further remark'that
the solutions ¥ of (17) must be concave functions as follows from the connection with équation
" (5). Also since-the function F(y) = y?, 0 < p < 1, is concave, the operator T in (17), i.e.

~

h 1 N ' ' “
’ Ty(t)=fk(£,s;a)y”(8)ds, 4 \0<~p'<l,’ o ' i
: o . ‘ . - : .

is u4-concave with uo =y m the sense of Kr \S\IOSELSKII (4, Chap. 6, § 1,.3] for any a> 0 ’l‘hns’
implies the general uniqueness of the nontrivial honnegative contmuous solution ¥, of the -

equation (17) (cp. [4, Chap. 6, § 1, Th. 6.3 and Chap. 7, § 4, p. 309]) and also again the possi-
blhty of computing '1’ By successive approximations (cp. [4, Chap. 6, § 1, Th. 6. 7])

\

‘Corollar: y Theorem 1 also holds /or the more general equation o

= (wf(w) ws)>— H [ Kl =) w0 dy} u]

" achere the /zmclzon f s contmuous on [0, ) and continuously Y (lafferentwble on (0, oc)
sutisfying the conditions f(0) = 0, f(u) >0, «mzd f (u) > 0on (0, oo) The corresponding
mtegrul equatzon\ (6) writes . - o

P(x) = f G ) H@)E) dE, 0Lz <a,
0 < )

’
~

-
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.u,here D = F(p) = f flw du, (md H zs the 1nverse function to F. W mwul the assump- b

tion f(u) > Oon (0 oo) we luwe exzstence o/ « solution wzlkout umqucness

In the other subcase 1 < #i < 2 we have p.> 1 and the existence of a nontlivialv
nonnegative continuous solution ¥, to (17) follows from the example in [4, Chap. 7
.§4,6]. Only the uniqueness of this solution does not result from the general LhLOly
in [4] (cf. the corresponding remark in [4 Chap. 7, § 4,4]) although uniqueness of the -

solution (eventually under additional assumpbxons on K) is conjectured-in comparison” = " - "

with the above particular case. of a piecewise constant kernel K.

) Theorem 2: In the case 1 < m < 2 for any a > O the mleqral equalzon (17) Ims a
‘nonmvwl nonnegatwe conlrnuous éolunon Y.

Remark Of ¢ourse, by (21) the solutlon ¥, again fulfils an meqlmllt) of the form (23).

"5. The case m = 2. Here p = 1 and (17) is a homogencous lincar Fredholm integral
equa.tlon of the second kind. We.want to prove that thele exists an « > O such that
the eigenvalue problcm ) N . S

1 ct . )
APty = [ k(s t; a) Po(s) ds = ,l(a Yt - : (24)

0

has the mgenvaluc u(e) = 1 with a corres[)ondmg nonncgatlve contmuous eigen-
function ¥,. Since the operator' 4 = A(a) is u,-positive with %, = ¢ in the cone
K[0, 1] of C[O 1] for any « > O there exists a unique simple positive eigenvalue u(a) -
of A with nonnegative eigenfunction ¥, satisfying (23) (cf. [4, Chap. 2} and [11, Chap.
4, § 1]). In the sequel we normalize this eigenfunction by the condition

W dt=1. R . (23)
L} N ) . .

. Firstly, it can be shown that © = u(«) is a continuous function on (0, co). _

: . N N - /

Namely, let « € (0, co) be fixed and @ > &’ > 0 for definiteness. Then 4'/

1 T ’ S
J k(tys; @') Wols) ds = [ [k(t, s; ¢") — K(t, 55 a)] Po(s) ds + [ kit, s;0) ¥ (s) ds
o - . .0 . . .o

: = Ko(t) + K,(0) + p(a) W),
where . \ ’
. l ‘ . - i
L K, —_f [ko(t, 55 @’) — kolt, s; a)]"l’a(s) ds = (a'? — a?) % / golt, 8) Wy(s) ds
o T |
> —Cla —a’)t(l —t), C>0,

‘by (21) for the operator A, and

’ " 1 o ' A . '
K, = [ [k, (t, s,a) '_.kl(t, 83 a)) Wy(s) ds = (f golt, o) do } @la, ¢'; 6)
: . Lo, 6 . ' ) - p

|-

= — Ut = 1) g, @)
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with =~

: L I, Tl o . - .
- ';fp((l, a’; ag) = a’d f K'((L'(G _ s)) 'I'a(*") ds — a8 fK’(a(O’ = S)) q]a(s) ds,. | . -
: 0 0 - .
' '%(a a’) = max |p(a, o’ 0)| - 0 as o’ —»a - : N
. o€l0.1) . .- - .

.

1 .

’ . so that on "lccount, of (2 3) 'we have fk(t s;a’) W,(s) ds = [,u(a) — w(a, a)] Yt where
. 0 1

) wl(a, a’) is some continuous functlon tending to zero as ¢’ — a. Tlus by (4, Chap 2, Th. 2 5],
implies' u(a) — w,(e,a’) < p(a’). In the same- way we obtain u(a’) — a),,(a ') < pla) with
an analogous {unctlon wy(a, a’). This yields the continuity of 4t on (0, 00). .

_ Fiirther, /4(0) = lin'l p(a,) = 0 as follows by (25) from
R | 17 . 4\|

,L(a [ [ kts; a) l1/,,(3) dsdt < max fu 83 a) dt

00 , -s€(0.1] 0

) whlch goes to zero as « — +0 in virtue of k¢, s; u) —0 as '« - +0 umformly in”
(¢ 8) (cf (20)). Fmally, there holds,

SN

< ,u(a)fl(l — )W) dt = f (1 — c')f'ko(t,s;a) Wo(s) ds a
. / ) |

S 0" . 2 Y 1 )
- ; . ] A . . . B
o = ﬁ/— [‘l’a(S) dsft(l — 1) golt, ) dt
o ) 2
R R ‘;2/1 fs(l — 8) (1 —{— s = s2) lI’a(s) ds
. M “‘ ' ' . 0 . . \ .
N N A ! A
Loa
_ 7 o
;o Z 197 s(l ) ‘1 o(s) ds,
\ 0 A . . . AA . L A

" - s0 tiiat';;(a) (a24)/(122) and p(a) — +oco as « — +oo Thercfore, there exnsts an SRR
‘a > 0 with-u(«) = 1 and we have R

‘Theorem 3: In the case m = 2 there exists an a > 0 suclz, that the zntegral equatwn
(17) possesses « unique nontrivial nonnegative continuous solutwn Y, normalized by (25)
and again, fulfilling an inequality of the form (2‘3)

Corollar y1l: If f Like ko the kernel k(t LR a) 8 un zncreasmg /unctwn with respect. to
a, the /zmctwn ula) 2s an increusing /unctzon of a n (0, oo}, too (cf.[4, Chap. 2, §5,5)).
In this casé the value of a with u(a) = 1 and hence the solution ¥y an Theorem 3 with (25)
28 unique ut all The monotonicity of k with respect to a is e. g. /ul/zlled if the sectionally -
kernels K;, j = 1,2, of K have continuous second dervatives 1n (—oo, 0) and (0, o0), -
respectively, sutisfying besides K;'(2) < 0 additionally the inequalities ‘%K () + zK; i (@)
< Othcre This holds for mstunce z/ K,"(z) 2 0in (—o0,0) und K "(:L) < 04n (0, oo);
e, if K, 1s a convex und K, a’concave function. . _ . -

CQ r_o]la- ry 2: If instead of ( (1) for m = '2 we have the more gé?ieral éqduh{on :
. P oo« . .' . /',
- Ty = (U + [vu2 —.{ f Kz — ) u(y, t) dy} u] , v € R,
. ‘ [ z

Rl N
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- we obtain in place of (5) /or D = g.the equatzon

a

Zw"(f) + 2v9'(8) + Ag( 6) — [K'(&— n) o) dy = 0.

0

Tkzs equation ¢an be tmm/ormcd to a correspondzng equatzon as (5) by the uell knoun
substitution @(x) = p(x) exp [ —( v/4) x] leadvng to p

~ \ = 1

\2111"(5) - (4 = v2/8 5) —ff\"(ét n)e‘”"“‘“"’ w(n) dn =0

= + - L=

~

‘loqether with w(O) = yla) = 0. This equatzon can be dealt with in an analogous u,ay as
(5) z/ the aésumptzon a4 > 01s sharpened to 4 > v2/8. .
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