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Dedicated to Professor L. Beg on the occasioito/ his 60th birthday	- 

Für eine von T. Nagai und M. Mimura eingefuhrte Kla'sse nichtlinearei, nichtlokaler,. ausge-
arteter Diffusionsgleichungen werden Lasungea vom Typ laufender \\'ellen mit kompakten 
Trager durch Zuruckfuhrung auf ein Randwertprciblem Mr eine lntcgrodifferentialgleichung 
zweiter,Ordnung und welter eine Integralgleichung mit nichtnegativem Kern untersucht. Es 
werden Existenzbewise bei drei T ypen der Potez-Nichtlinearitàtcn mit aligemeinem Inte-. 
gralterm und gesehloisene Losungen Mr einen einfachen lntegralternk aiigegeben. 

'lccJIeiyIoTcFl peiiieiiiui nina Geryu.tefl liOjilibi c io1nalT1ihiM iiocitTeleM TIJIR i.nacca iiejiii-
iieiiniix iIeJIoxaJIhuibIx Iil5ipo+teiIilhlx Jlfl4y3110I1HbiX ypauHeiillfi, HBeie IIila!N T. llaraf 
it M. Miitypa. 3aia'ia cuojuiTcn . H i'panhi4Hofl 3aaa4e a	 4	W ils uhiTei'pO-JUi(epeIIlaJlbllOro 

pasilelills uToporo nopnwa H Jla JlbWe K iiHTi'JlbUOM' ypanilenhilo C lleoTphluaTeJlbhihIM 
sapoM. JaloTcn aolca3areJ!i,cTna cyEnecTBonahhiln itiii rpex Tihliop CTCIICIIIIb1X neJllhIef1HocTe11 
C 06ntuM hhhITerpailbhIbiM 'hilelloM it 3aMIaiyT1ie peiiieiiis iti1H npoc-roro nhlTerpailbhloro I5lhl• 

•	
..	

S 

Travelling . wave solutions with compact support are investigatedfor a class of nonlinear non 
local degenerate diffusion equations introduced by T. Nagai and M. Mimura. The problem is 
reduced to a boundary value problem for an integro-differential equation of second order and 
in turn to an integral equation with nOnnegative kernel. There are given existene proofs for 
three types of power nonlinearities in case of a general integral term and closed solutions for a 
simple integraiterm. 

Introduction. For describiig diffusion processes with aggregation effects NAOAI and 
MIMURA [6-8] introduced a class of nonlinear degenerate diffusion equations with 
integral terms as given by equation (1) below. NAc.tI [6] and NAou and Mm1uR 
[7] studied the general Cauchy problem for thseequat.ions. Further IKEDA [2, 3] 
MIMURA and' SATSUMA [5] (cf. also NAGA! and MLMURA [8]) constructed explicit 
equilibrium and travelling wave solutions with compact support, respectively, for 
particular integral terns in the diffusion equations, especially for the ease m	2,\ 

In this paper we investigate the existence of travelling wave solutions with com-
pact support for the gdneralequation (1) with a sufficiehtly smooth integral term. We 
reduce this problem to a two-point boundary value problem for an integi'o-differ-.. 
ential equation of second order and this one in turn to all intCgral equation with a 
nonnegative kernel. Utilizing the well-known general. theory of such -equations by 
KRAscosE1sx11 [4] (cf. also [11]) and also the special treatment by l3usFhEr5I. [1], we 
prove three general existence theorems for the cases ,m >2, in -= 2, 1 < n < 2 in 
(1), respectively. Besides for the special.case of a piecewise constant integralkernel 
we derivetravelling wave solutions in closed form which contain the sine-solutions 

-:
 

for.m = 2 found by MI1JR and SATSUMA [5] in another way and a new explicit 

solution expressed by itn elliptic Jacobian function for rn = 4/3. We remark 'that


• travelling wave . soliitions with compact sit pport foe the special Caseof a piecevise
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con'stant integral lernel were also constiueted in a more general context and in more 
involved form by NAAI and MIMURA [8, 9]. 

1. Statement of problem. We deal with the equation of Nagai and Mimura 

= (u	T [{fK(x - ;)u(ij, I) d} ?Lj	 ,	( 1) 

where It = u(x, 1). x € R, I > 0 and 1 < in < oo. We are looking for travelling wave 
solutions of (1) with compact support it =	- ci), where q is a continuous fune- - tionon	which-is positive and twice continuously differentiable if) the interior of

some compact interval (0, a) and vanishes outside of this interval. The kernel K has 
the form	 —	 S 

• K, (x) as x < 0, 
K(x) =,	 0	 (2) •	.	 . K&)	as x>0, 

where K 1., K2 are continuously differentiable functions on (-, 0] and [0, cc), 
respectively, having nonpositive derivatives K 1 ',K2 ' theie and a 'positive limit 

• Ii m K 1 (x) - Ii m K2 (2 . ) > 0.	 (3) 
x—O 

• It'i the applications as a rule there holds K 1 > 0, K2 < 0 in (oo, 0] d,nd (0, cc), 
respectively, but., this is not necessary to assume. 

Substituting the ansatz v- q(x — ci) in (1) and taking the vanishing of q at 
infinity into account (thereby assuming the continuity of (Wm 

)x on ), we obtain th 
equation for qi	. 

•	'	'—cqi(x - ci) = niqi" , V(x - CO _f K(x - y) qi(j - ci) dy . qi(x - ci) 

- Introducing the variables	x— ci, ij = y - ci, this ecuat.ion writes 

	

qi'()	q, G:) [i K( - i) q,(,) dq	c] . = 0, 

which in virtue of qi.= 0 oii (- cc, 0) .-,j (a, oo) yields the inicgro-differential equation 
forqi	 - 

-	 a 

mqi' 2 () qi'(.) — f K( — ) qi(i) di1 ± c = 0,	0	'< a, 
-0.  

- with the boundary conditions qi(0) = qi(a) = 0. Here the length, of the supporting 
interval a and the speed of the wave c act as additional unknown parameters. 

We further introduce 0 = q,m-1 as an unknown function getting	S 

'() 
—fK(E— ;)i)dr1 +c = 0,	0< <a,	-	(4) 

with the given parameters p = l/(m - 1), = ni/(m - 1) = 1 + p and the hound- I 
ary conditions (0) = (a) = 0. Differentiating (4) leads to the Iwo-point boundary 
value problem	 -	 S •	 - 

-•	 •	

"&) .+ 
zl P( —K'( - ?))(q) dq = 0,	0< <a, ,	(5)
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with (0)= (a) = 0. This problem in turn is equivalent to the integral equation 

(x)	fG(x, fl P() d,	0< x :5: a,  

with the kernel

	

—fld?7 '	 (7)	- 

where	 0 

Ix(a - )/a	as 0 :!E^ x!5^	a,  
as 0	:5:x	a' 

is the well-known Green's function. 
Our problem is now equivalent to seek continuous solutions of (6) in some finite 

interval . [0, a], which are positive in the open interval (0,a). After knowing 0 from 
(5) or (6), the velocity constant c can be determined from (4), for instance as —* +0 

=	P(71) d71 — ).0', (0). (8) 

2. Particular case. At first ve'consider the special case of a piecewise constant kernel 

-	ía	as \ x<0,	 , (9) 
•	 J,fi

 
as x>0,  

where a, ER satisfying a > /. Then the two-point boundary value problem (5) 
writes	.,	 .	S	 •. 

2"(x) + 4(x) 0,	4 =a —	 (10) 

with (0) = (a)	0. The diffeientia1 equation (10) has the first integral 012(x) 

+ (24/). 2 ) p1 (x) = C with a free constant C or  

— .(24/22 ) 2().	.	.	,	 (11)


Putting A = 24/22 , integration of (11) yields the implicit functions 

	

(x)	 ,	 B(x) 
dy 

1/C —'Ay1 + 
0,0 ' or ( A112B'12x 

=	
± or •	 ' 

with free constants C, C as solutions, where we introduced the new free constant 
•	B = (A/C) IR instead of C. Finally, the boundary conditions (0) = P(a) = Oand the: 

positiveness of 0 in (0, a) require that	 . 
110(z)	 •	:	

S 

f (1 - s) 12 ds	if. 0 :!E^ A 112B' 12x :E^ D1, 
A h1B1_hI2x =	1	 •	 - 

D2 + f(1 -- A)_hI2 ds if DA ;5 A 1 1 2B 1_A l2x	2D2 , •	- - 

	

•	
' B0(z)  

where	•	 • .
	 ,	 •	

,	 S 

DI =f(1)-1/2ds=
 '( 1 , 1 ) 
= ;r(i ± r( )..	

S 

20 Analysis Bd. 9, Heft 4 (1990)	 . .	 -	
•
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•	Hence we have the relation for the parameter a 
A" 2B'2a = 2D1	

0	

(12) 
and the solution0 is given by-  

R'(x) 

	

f (1 — 81 ) 112 d	if 0	x:!E^'a/2, 
(2DJa) x =,	

'	 (13) 
D) + f(1 - s2 )_I!2 ds Af a12	x :!E^.a. 

	

-	-	 Bø(z)  

As a referee kindly points out, the right-hand side of (13) can be represented by means of the 
incomplete Beta function and this one in turn by the Gauss hypergeometric function. 

The solutions 0 (and therefore ) are symmetric functions with respect 'to x = a/2, 
further by (10) P (and for rn ^ 2 therefore also 92 =	)are concave functions, too. 

Finally, by (8) and the corresponding relation (4) as	a - 0 we have c = csl •	'-

- 2'(Q) = flu - 2'(a), where I 
= I	dx 

= / dx is the invariant integral over


u, and since '(a) = _0'(0) the simple formula for the sped 

c=24 '(a+ fl) '(0)	 (14) 

follows. In particular, for 9 = - the functions q- = (k' represent steady state (or 
equilibrium) solutions to equation (I). Also for the integral I there holds the relation 
1= (22/l)qY(0) so that  = (1/2) (a ± fl) 1. (Cf. also [6, p. 198].) 

There are two different situations. In case in	2, i.e;, 2	2, p = 1,the differen-




tial equation (10), is liner, a = A /2 t with A = Al2 is uniquely determined by (12) 

	

- and the (positive) constant B is arbitrary.	P is the positive eigenfunetion of (10): 

(x) = b sin jIA x = b sin IIAl2x, Q ;5; x (157 
which is determined up to an aihitrary positive. co nstant factor b = l,B. The cor-
responding peed c is given by (14) as c = bj/2/A [a ± fi]. 

•

	

	 Remarli The case (9) with a = I + 0, = ---1, where 0 is a nonnegative parameter, has --

been dealt with by MIMURA and SATSUMA [5] with the help of the auxiliary "potential" func-

tion w(x, t) =fu(y, 1) dy (Mimura and Satsuma write the kernel (9) with ct = 1, =' 
—(1 ± 0) 

but indeed consider the case (x = I ± 0, =. — 1.) In this case zl = 2 - F 0, c = b07'1 + 0/2, 
I = 2b/}1 1 -F 0/2, i.e., b = (1/2) }1 1 + 6/21, and c = (1/2) 01. 

In ease in = 2, i.e. 2	2, p # 1, the differential equation (10) is son1inearand we 
get a solution for arbitrary positive a with uniquely determined constant B = (2D2 
x A h / 2 t 1)1/(1—i/2) from (12). I.e., for any a > 0 there exists a unique solution0 and 

P. For instance, in case nt = 4/3, i.e. 2 = 4,p = 3, we have (cf. [10, p. 524]) 
(x) = b sin leinn (A 1/2bx) = b cos lemn ( K-K0 /1/2 - A11 2bx) = b en (K0 - 1/2 A 1 1 2bx) - 

with A = A18, K0 = (114 iI) [2 (114) , b = 11B = 4Koa'11/4, where sin lemn, cos lmn 
are the lemniscate functions and en is t.heJacohian elliptic cosine function with modu-
lus k = i/j/2. Therefore  

•	 -	 -	 (x) = (64K0 3/z1 2 I2a3 ) e11 3 (K0 - 2K0x/a)	•	 -	 -	 (16) 
•	

with the corresponding speed c = 161/2 (K021(t2) (a ± fl)/z1 312 following from (14) (cf. 
[10, p. 493]).  

	

•	
0
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3. The basic integral equation. We substitute x = at, = as and P(i) = (at) in 
equation (6) and o6tain the basic integral equation	 0	 - 

-	

W(t) =f k(t, s; a) 97f(s) (is,	0 :5;t :!E^ 1.,	 - (17) - 

with the kernel k(t, s; a) = aG(at, a), i.e., k(t, s; a) = k0 (t, s; a) + ' k, (t,  s; a), where 
k0 (t, s; a) = (a 2ii/).) g(t, s),	 -	(18) 

	

s; a) = (—a3/) f g, (1, a) K'(a(a - s)) do	 (19) 

with the normalized Green's function	 - OS 

It(1 —s)	as'0:!c^ts	1,	 S 
- 

s(1 —t)	As 0f^8t<1.  
Like k0 and k 1 the kernel k is a nonnegative continuous function oii [0, 1] x [0, 1] 
X (0, oo) satisfying the conditions 

	

• k(0, 5; a) = k(1, s; a) = 0	and	k(t;s; 0) =0.	 (20)

Therefore, for any a> 0 the corresponding linear operator A defined by 

•	

.5	 I	 50	

-	

5'	 S 

Ay(I) = f k(t, s;a) y(s) (is 
0 

is a compact mapping in the l3antch space C[0, 11 of continuou g functions, which 
•	leaves the cone K[0, 1] of nonnegative functions from C[0, 1] invariant and more-

over maps any function y E C[0, 1] into a function z,= Ay E C[0, 1] satisfying z(0) 
=z(1)=O.	 S	 - 

Further, for any y E K[0, 1], y	.0, there exist positive numbers a and such that 
the inequality	 _S - 

ctg(t)	Ay(t)	q(t),	t € [0,1],	 (21) 

with the function q(t) = t(1 - t) holds. Namely, by t& assumptiontl > 0. an1 by - 
Lemma 7.6 iii 14, p. 302] this inequality is valid for the operAtor A 0 defined by 

Aoy(t) = f k(t, s; a) y(s) ds. 

Since Ay(t) 'A 0y(1), I € [0, 1], the left-hand side of (21) follows. Besides - 

A 1 y(t) 
=

k(t, s; a) y(s) (Is	 - 

	

.^ M(f(s) (Is)	a) cia) =	 fYs)(1s) g(I), 

-	 1W = --- skip {I K' (x)I : x € [—a, a]},	 - 

20*
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so that alga the right-hand side of (21) holds. The inequality (21) means that the oper-
ator A is ii0-positive with v0 = in the sense of KRASN0SELSKII [4; Chap.2 § 1]. 

Remark: The assumption of continuity of K1 ', i'= 1 1 2, on (—cc, 0] and [0, cc). respec-
tively, may be relaxed. What is really needed is that the (nonnegatie) kernel k ' leads to a com- 
pact operator in C[0, 11 (cf. [11, Chap. 5, Th. 1.4]) and that the inequality (21) holds. For 

•	example, Ic1 is even continuous iii (1, s) and a if K1, j = 1, 2, are continuous in (—cc, 0)-and 
- .	(0, cc), respectively,. and satisfy inequalities df the type K'(x)I	const jx1 y, v >	1._ And the


inequality (21) may be fulfilled also if 4 = 0, so that the kernel Ic0 vanishe. 
We consider a typical example:  

K) 1 )aS	 = 
— c'X6	as x-> O, 

wheec11 
c2 0 with c1 +C2 >0 and 0 < y , 6 < 1. The operator A 1 then writes 

A 1 y(0=	[ ( 1 - t)faIi (a) da +	(1— a) 1 1 (a) da] 

where Ii((;)—r c260' f (a - s)1 y(s) ds + c1yaY' f (s,_a)51 y(3) de. As a	0 and a	1 - 
there holds	 0	 0 

c1yaY' f eYly(s) ds = : C 1	 as a -. 0,  

11(a)	 o	 -	 .-	 -	- 

c26a' f(1 - s)d_l y(s) ds =: C2 .	as, a 

so that	 I.	- 

f	2 
— (d) d,,	 as t—> --0 

[(1 - f aI,(cr) do +	C20 - t) } as t - i - o 

I.e., we have	 -. 
ID1t	

as t 1-- +0,	 - 
A 1y(t) ''	 -	 0 

•

	

	 D,(1	t) as t-+1-0.	 -


with the positive constants 

1(1 - s) Ia(s) ds	D2 = •- f 
But this asymptotic behaviour together with Ay(t) > 0 in (0, 1) implies an inequality of the 
form (21).  

The function F(P) =	füliuls the condition F(0) = 0 and is concave for 0< 
< 1, i.e. 1 <rn < 2, linear for  =1, i.e. m = 2, and convex for p> 1-; i.e. rn > 2. 

Our aim is to prove the existence of a nontrivial solution /' E K[0, 11 to the equation 
(17)for any a> 0 ifp4 1, i.e.m + 2, and for a certain a> 0 i p.= 1, i.e. rn = 2. 

-	•	 ..	 -	 5.	

5_	 .1	-
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4. The case in == 2. At first we deal with the suhcase m> 2, where 0 <p < I. In 
this case we can immediately employ a modification of a theoreni of BUSH ELL [1, 
Th. 2.21 saying that for a continuous non-negative kernel k if there ëxistsa g € C[0, 11 
with g(0) = g(1)= 0 and g(t)> 0 in.(0, 1) such that 

ag(t)	f L(t, s) gP(s) ds	fig(t)	t € [0 1],	 (22) 

with 0, < a	< bo, the integral equation y(t) = fk(t, s) yP(s) ds hag a unique 
0 

continuous solution y with the property a0g(t)	y(t)	0g(t), I E- [0, 11, where 
0< a0 fi < oo. The proof of this theorem follows as for Theorem 2.2 in [1] 
isiig there the cone Kg = (y: inf y(t)/g(t) ^.0, t E (0, 1)) of the Banach space 
Cg = {y€ C[0, 11: IlYlig = sup Iy(t)I/g(t) < oo}. 

Since the assurnptibn (22) is fulfilled by (21), we have 

Theorem 1: In the case ni> 2 for anya> 0 the integral equation (17) has a unique 
continuous solution V, 	the proqerty. 

00	t)	W0 (t) :!9 NO	t),	t€ [0, 11',. ().


where 0 < a0 fib <.00.  

Remark: The theory of Bushell uses Hubert's projective metric and the patiach's con-
tracting mapping theorem in the interior Kg° of the cone Kg so that it also yields the possi-
bility of ëomputing the solution W of (17) by suècessive approximations. The existence of a 
nontrivial solution W0 E K[0, 1]_to (17) also follows from the general considerations of KRAS-

NOSELSKJI [4, Chap. 7, § 4, 61 who uses the cone of concave (== convex from above) functions y 
in -C[O, 1] satisfying the conditions y(0) = y(l) = 0. The assumption on the nonlinearity F 
there that it posssses a suitable sufficiently large linear minorant for small positive values Of 
the variable is obviously fulfilled for the function F(y) = yP, 0< p < 1. We further reparkt.hat the solutions P of (17) must be concave fuictions as follows from the connection with 6quation 

- (5). Also since the function F(y) = yP, 0 < p < 1, is concave, the operator T in (17), i.e. 

Ty(I) =fk(t,s;a)yP(s)ds,	O<-p<!, 

is ne-concave with uO = q in the sense of KRASNOSELSIUI [4, Chap. 6, § 1,3] for any a > 0. This 
implies the general uniqueness of the nontrivial nonnegative continuous soluti'on WO of the 

•

	

	equation (17) (cp. [4, Chap. 6, § 1, Th. 6.3 and Chap. 7, § 41 p. :309]) and also again the possi-




bility of computing W0 by successive approximations (cp. [4, Chap. 6, § 1, Th. 6.7]). 

Corollary: Theorem 1 also holds for the more general equation  

= 
(uf(u) u)-	

00
f x (x - 'y) n(, t) d}	

.	- 

where the function / is continuous on [0, co) and continuously differentiable on (0, oc) 
satisfying the conditions /(0) = 0, /(u) >0,and f'(u) > 0 on (0, oc). The o'rtesponding 
integral equation (6) writes  

	

0x	a,	 :	-
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- where 0 = F() = f/(w) dw and II is the inverse /unction to F. WThzt the assump-

tion /'(u) > 0 on (0, oo) we have eistence Of a solution without uniqueness. 

In the other sibcase 1 < n < 2 we have p> 1 and the existence ofa nontrivial 
• nonnegative continuous solutioti /' to (17) follows from the example in [4, Chap. 7,' 

§4,6]. Only the uniqueness of this solution does not result from the general theory 
in [4] (of. the corresponding remark in [4, Chap. 7, § 4,4]) although uniqueness of the 

•	solution (eventually under additional assumptions on K) is conjectured in comparison- -- 
with the above particular case,of a piecewise constant kernel K.	 -	- 

Theo rem 2: In the case 1 < m < 2 for anj a> 0 the integril equation (17) has a 
• nontrivial nonn'egatzve continuous solution Wo.	 -. 

Remark: Of course, by (21) the solution V'0 again fulfils an inequality of the form (23). 

5. The case rn = 2. Here p = 1 and (17) is a homogeneous linear F t?edholm integral - 
equation of the second kind. We want, to prove that there exists an a. > 0 such that 
the eigenvalue problem	 .	•.	 - 

A'0(t) = f k(s, I; a) 'a(s) ds = p(.) W(t)	.	 (24 

• has the eigenvalue 1u(a) = 1 with a corresponding ronnegative 'continuous eigen-
function W0 . Sirce the operator 'A = A(a) is n0-positive with n = g in the cone 
K[O, 1] of CEO, 11 for any a > 0 there exists a unique simple positive eigetivalue /4(0) - 
of A with nonnegative eigenfunetioñ W0 satisfying (23) (cf. [4, Chap. 2] and [11, Chap. 
4, § 1]). In the sequel we normalize this eigenfunction by the condition 

•	I	(t)dI = ,.	.	-	.	 (25) 

Firstly, it can be shown thai y = ,u(a) is a continuous function on (0, oo).	•


Namely, let let a € (0, ) be fixed and a > a' > 0 for definiteness. Then. 

I	 I	 I 

f k(t,s; a') W0 (s) ds = j [k(t, s; a' - k(I, s; a)] "G() ds k-f- f k(t, s; a) 'If,, (s) ds 
• or	-.	 .0	 .'	 .0'	 - 
•	 •	 = K(t) + K 1 (t) + i(a) 1115 (t),	.	•• 

where	 •	 • 

-• -	
"	K0	[k0(t, s; a') — k(I, s; a)]V'5 (s) ds = (a' 2 . a2 )
	

f9oI s) W0 (s) (I	— - 

	

^—C(a2—a'2)I(1—t),	6>0, 
by (21) for the-operator A. and 

--	

K1 
= 

f' [k((, ,c,a') —.k-,(t, s; a)] W0 (s) (Is = ^ (/ g0 (t, a) da) (a , a'; a) 

-	- 1(1 — /)	(a, a')	 -	•-
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with
(a, a'; cx) = a13 f K'(a'(a — s)) l'(.) ds — a3 f K'(a(cx -' s)) W0 (s) ds, 

-:	0	 S	 ..' 

q 0 (a, a') -= max	(a, a'; cx)I	0	as a' - a 
oelo,IJ	 :	 •-	- 

so that on account of (23) we have f L(t S a ') 'ha(s) ds > [y(a) — w 1 (a a')] '.Pa(t) w here 
0

w,(a, a') is some continuous fuction tending to zero as a' — a. This by [4, Chap. 2, Tli. 2.51. 
•	implies /5(a) —. w 1 (a, a') ;5/t(a'). In the same- way we obtain p(a') — (1)2(a, a')	/1(a) with	- 

an analogous' function w 2 (a, a'). This yields the continuity of p on (0, 00). 

Further, s(0) := lith z(a) = 0 asfollows by (25) from 
-.	a-±-4-0	 - 

-,	 ,	 II_	-	 '• 
,(a)	f 	k(t,.s; a) I'(s ) ds dt	max -f k(t, s; a) dl, 

00	 -	 S(L0.I10 

•	which goes to zero as a -*-0 iii virtue of k(t, s; a) — 0 as a —	O uniformly in 
(I, s) (cf. (20)). Finally,- there holds,	 -


1(1 —1) W0(t)dt >f t(1 _t)f L0 (t s a) V'0(s)dsdt 

-•-	-	a2AC	-	C	-	-	 - -	-	
= -.-.-	1',,(s) dsJ /(1 — 1) go ( t , s) dl -	-	- 

N	
/	

0 

(1 2 /1
= 12/f (1 — s) (1 + — 2) 11'0 (s) ds 

_fsi — s) I'0(o)ds 

• - so thats(a)	(a2zl)/(12).) and i(a) — + 00 as a -+ +o. Therefore, there exists an 
a> 0 with-p(a) = 1 and we have	 S 

'Theorem 3: in the case nt = 2 there exists an a > 0 such that the integral equation 
(17) possesses a unique nontrivial nonnegative continuous solution, 'I'a normalized by (25) 
and again fulfilling an inequality of the form (23).  
- Corollary 1: If like k0 the kernel k(t, sa) is an increasinó func'tion with respect,to 
i, the function z(a) is an increasing function of a in (0, oo), too (cf. [4, Chap. 2, § 5 , 5]) . - 
In this casii the value of a with s(a) -I and hence the solution- W. in Theoem 3 with (25) 
is unique at all. The monotonicity of k with respect to a is e. g. fulfilled if 'the sectionally - 
kernels K, j = 1, 2, of K have continuous second derivatives in (_oo, 0) and (0, oo), - 
respe'ctivel, satisfying besides K'(i) 5 0 additionally the inequalities 3Kg' (x) + xK"(x) - 

Othere. This holds for instance if K1"(x) 0 i ( - 00,0) and K 2"(x) 0 i (0,00); 

ie., if K 1 is a- convex and K 2 aconcave funqion.	 - 

Corollary 2: If instead 'of (1) for m =2 we have the more general equation 

-	--

 

lit	(1t2)rr+[lfll2	j f K (x Y) u(il t ) dYj' u j ,	3'ER,'  
•	 -	 OO	 z 

•	 - - .	 --
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we obtain in place of (5) /or 0 = 99. the equation 
/	 -	 a 

2 () +2v () + A) - f K'( - 7)' 99(,7) d j = 0 

- This equation can be transformed to a corresponding equation as (5) by the well-known 


	

s?thstitulion (x) = (x) exp	(v/4) x] leading to
 

	

•	 a	 .. 

\ 2tp () -r (zi - v2/8)	) - f A (s— )	V 1 ) d 1 = 0 

together- with (0) = (a) = 0. This equation can be dealt' with in an analogous way as 
(5) if, the assumption zl > 0 is sharpenid to A > r2/8. 
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