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Es wird gezeigt., daB eine beschränkte Zahlenfolge gennu dann H-limitierbar zum Wert a 
1st, wenn alle starken Banach-Limites dieser Zahlenfolge' denselben Wert a zuordnen. Em	• 
starker Banach-Limit 1st dabei-ein lineares Fjnktional mit. bestimmten Eigenschaften im 
Raum M alter bëschränkten Zahienfolgen. Allgemeinere gleichmSl3ige Limitierungsverfahren . 
lassen sich in ä}snljcher Weise charakterisieren.	. 

11 oiaaiinaeTcn, •ITO orpaii it4en hall 'iiicjionan IIoc jlejLolIaTeJlhHocTb MO+CT .11lMl1T111)O- 
naTbcH H-leToaot K aua'ieniiio a Tora It TOJhIKO TO I'a horJLa BCC ChlJrbHLIc Ballaxhi npe- 
7EJj,f flpItflIiChlBa}oT aToft nocJleaoJ laTeJlbu ocTIt TO ;Ee caMoe aHa q enhie a. Cnjn,hIblfl Baitaxon 
npeaeii HB3IHOTCJI npii 3TOM .ilihhlethIhlM yHKuhtollaJloM C hIeKOTOpblMH cnotcTIsaMli n npo-
CT3IICTI1O Al ncex OrpaHht'lehhhlhlX 'ittcjionux nocjle1LohhaTe j1b11ocTetl. Boiiee o611we MeTojbI 

- pacuoMephioro jlhtMnTnponaHhtn MoFyT öblTb oxapaHTephlaoeahlbl aHaJlorIluUt5iM o6paaoM. 

A boiindd sequence is shown to be ll.-limitable to the value aif and only if all strong Banach 
limits assign the same value a to this sequence. In this connection, a strong Banach limit means 
a linear functional with certain properties on the space Ill of1bounded sequences. More general 
uniform . limitation methods can be characterized in it similar manner. 

I. Introduction	 'S	 S 

The concept of almost'  was introduced and. tudied by LORENTZ [7], cf. 
also ZELLER and BEEXMANN' [14: p. 12], and STIEGLII'z, [ 13] for a generalization. 
Almost convergence has found its most important application,perhaps, in the theory 
of uniform distribution of sequences where it leads to the concept of well-distri-
hutioti, cf. KUTPERS and N!EDERREITER [6: p. 40], SCIIATTE [9, 10], 1)m1oTA and 
Trciv[3].	 .	.	. . 

Almost convergence can be regarded as a uniform version of the H 1 niet.hod (ai'ith-
. nletjc means). it is no matrix nIethod and must be defined by a two-dimensional limit-
ing process. On the other hand, abounded sequence jaj is almost convergent to the 
value a if and only if certain linear functionals, so-called Banach limits, assign the 
same value a to this sequence.	

.S	

/ 

Another limitation method being defined by a two-dimensional limiting process is 
the H-method, Cf. ZELLER atìd BliExmNN [14: p. 11], SdIIArJ'E [8]. The H-method 
possesses also applications in probability theory, for a sui'eycf. SCIIATTE [12]. H- 
limitation can be regarded. asa uniform version of limitation by logarithmicl means. 
Because of these similarities with almost convergence, the question arises whether 
the H-method can also he characterized by the fact that certain linear 4tnctionals 
assign the same value a to a given sequence. This question can he answered in the 
affirmative. The correspdnding functionals will be called strong J3anach Ii?! its.
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Further the similrities between almost'convergence and I-i-limitahility induce 
the trial to fill the gap between both methods. Thus the concept of uniform n-
limitability is considered as a special case of the uniform p-Iimitahility, cf. SCIIATTE 
• [9— 11], DRiroTAnd TicIr y [3]. The uniform ?r d-limitability can also be characterized 

bylinear functionals which wilibe called n &Banach limits.	- 

2. AImot:convergence° 

The starting-point for our considerations is the concept-of almost convrgence as	--- - 
introduced and characterized In LORENTZ [7]. . 

Definition 1: A sequence (x.= {a,,}j of real numbers is called almost converent 
tothe value a if 

.1	k+N	 •-	 - 

lirn -	'a.==auniformlyink=0,1,2,...	-	 (1) N n=k-f 1 - 

Remark 1: Obviously (1) is equivalent to 

1	k±N	
S 

S	 urn	sup --	' an - a = 0,	 . (2) 
N—= L=O.i.... -	n=-k±1	 S 

and this is again equivalent to 

S	 lim lim sup .-	' a,, - a = 0,	
S	

(3) 
•	 N--co	k-.co	N n=k+i	 S	

S 

since (3) implies the boundedness of {a,,}.	 .	S 

Remark 2: On account of (3) almost-conergencc is equivalent to the method H* 
(verkurzte arithmetische Mittel) considered in SCHATJ'E [8]. From Satz 7 of that place 
we obtain the following assertion: If the Fourier series of an'integrable function is 
almost converj,ent, then it is even convergent. This justifies further the denotation 
"almost" convergent.	 .	 .	.	

•S S 

We consider the set.M of all bounded sequences a = {a,,_ 1 . Then M is 'a Banach 
space if the linear operations are defined termwise and if he norm IaI is defined by 

= sup ja,,I. We shall write a ^ 0 if a,,	0 for:n = 1, 2, ... Further we denote 
• by, S the shift operator, Sa = {a,, 1 }.	. 

	

Definition 2: A linear functional / on M is called a &tnach limit if	- 
(I)	•f({1, 1, .. .}) = 1.,	 • 

•	(ii)	/(a) ^i_--0 for a	0,	. 
(iii)	AS-) =,/(a).  

The eistence of such functionals va shown by Banah and Mazur, cf. ZELLER 
und BEEKMA.NN [14: p. 12]. If the sequence a converges to a, then /(a) = a for every 
Banach limit / by (i) to (iii). But we can say much more. 

Theorem A: The sequence a € M is almost convergent to the value au and only if 


	

• /(a) = a holds for every Banach limit / in M.	-	• 

This interesting characterization of almost' con vergenee was used by LORENTZ [7] • • 
for the definition of almost convergence. Then the characterization in Definition 1 

- appears as  theorem which is proved in LORENTZ [7].	•	
-	 -
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3. 11,,.-limitability	S	 - 

In what follows we shall charadterize the H-limitability analogously to almost 
convergence by a class of linear functionals. 

Definition 3: A sequence {4} of real numbers is called H-Iiinitable to the value 
aif  

•	urn linistip IfIk (a)	al = 0,	 /	/	-	(4 
k--c.	n—.00-	 S 

where
1 • Ho (a.) = fin j	Hk1(a) = - , H(a,),	k	0.	- 
n 

-	 I 
The H-limitability of a hOunded sequence {a} can be defined analogously as 

almost convergence by replacing the aiithhietic means by logarithmic means. The 
following theorem is identical with Satz 3 in SCHATTE [8]. 

Theorem 13: The sequence a.E M is H-lin.itubleto thevalue all and only if 

kN a linr urn sup	E - - a =0. () -	N—cv k—s6o	log N n=k±1 fl 

In comparison to condition (4), the condition (5)can be analyzed more easily by 
asymptotic methods as represented in, e.g., BERG [1]. We intend to reduce II 

•	limitability to almost convergence. To this end we define = BA = {b} by 
2-1 aj 

= log 21
 

j_7 
2'	ii = 1 2	 (6)


If the given eqiience a = {a} is bounded, then Ba is hounded, too. 

Cordllaiy 1: The-sequence a E M is H-limitable to the valte a if and only i/the - 
sequence =Ba s almost convergent to the value a 

'Proof: In (5) we can restrict ourselves to k = 2K , N = 2r with integers K, r. Then - 
we have	-	-	 - 

•	-	1	kN_1U	 1	K-,-r 
•	 !' —i- - a = -	' b, - a U	 --	•'• 

logN,1k fl	 r ,i=K+I	- 
• Inspired by ColJ.EN [2], we introduce in the Banach sppLyc M of bounded sequences 

a = a,j the operator Ta = y where c (a 2 , 1 + a 2 )/2. Then 27'a = {a1 
+a2,a3+a4,a5+a6,...}. -We obtain 

(5	 n2k	 -'••	-S ui'ka =2	 a,.	 •	 (7) 
-	1	j=tn_2k+1 J	• 

Definition 4: A linear functional g on M is called a strong Banch limit if 
(i) S	(J({l, 1,...)) = 1,	 •	•-	S 

(ii) g(a)	0 for Ba	0,  
(iii) - g(Ta) = g (00 -	 ,	 •	 •	

0 

• Remark 3: -Let the sequence a be almost convergent to 0. Then from (7) we obtain 
IT'all s for sufficiently large k and consequently I(a)l = Ig(Tka)I e aceordirlg 
to (ii), (i). It follows that g(a) = 0 for each strong Banach -limit q. Especially, if the •	sequence a is convergent to 0, then g(a) = 0/or each strong Bañach limit g. 
210 Analysis 13(1. 9, 1-1 

1 
eft 4 (1000)	 -
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.	
.	 I	

.•	 .	 - 

Remark 4: Let . a E M and y = a - Sa. Then y isalniostconyergeiit to 0 and 
g(y) = 0, g(Sa) -= g(a Thus each strong Banach- limit is a Banach limit, but not 
conversely.  

Remark 5: Strong I3anach limits g can heconstructed in the following way. Take 
a Banach limit / according to Definition 2, assign to a = {a} a sequence = Ba. 
= {b} according to (6) and p4 t g(a) = /(fi) . -Then (i) is clear, since for a = I we 
obtain b = 1 + e,, e,, - 0 andt({b}) '= /({1 1, . . .}) ± /({€,,}) = 1. The condition 
(ii) is trivially satisfied by condition (ii) of Definition 2. in order to show (iii) we insert 

- :Ta iii (6) and obtain BTa =	with,	..	. . .. . 

1	2-I	 .	 . 
(c41_1+a2)/2/=b±1±e,'	I	, 

log 2  

g(T) = /({b n*}).= /(bh^ I }) + /({e,,}) = /({b}) = g(a). 

If conversely' a strong Banach limit g with (i) - (iii) is given, we can construct a Ba-
nach limit/ by /(#).= g(a). Thi'dèfinit.ion is independent of since fi = Bcx =Ba2 

- implies g(ai - a2) 0 and g(cx 1 - a 2) 0 by- (ii) and-therefore g(a 1 ) = g(a 2 ). The 
conditions (i)—ii) of Definition 2 are clearly satisfied. Since S = b +1 } = BTa 
-j- By where y converges to 0, the condition (iii) of Definition 2 is also satisfied in 

. view of Remark 3.  

Theorem 1: The sequence cc € M isH-liniitableto the value ai/ and only i/g(a) = a 
holds for every strong Bancich limit g in M.	 . 

Proof: By Corollary 1 the H' -limitability of the sequence a to the vltie a is co 

eqiiiivalent to the almost convergence of the sequene fi = Ba to the v1ue a. By; 
Theorem A this is equivalent to /(j9) = a for every .Banach limit 1' and by the 
construction in Renark 5 this is eqnialent to g(a) = a for every strong Banach 
limit g I 

Example 1: \Ve consider  

(1.,0,0,1,1,1,1,0,0,0,0,0,0,0,0,1,...}	-	S. 

and obtain	 .	.	 -. 

TScx= (0,1,1,0,0,0,0,1,1,1,1,1,1,1,1,0...}.  
I	-t 

By Remark 4 ind (iii) we have g(TSo.) . = g(a). On theother hand, g(a)	g(TSa) = I by (i).

Consequently g(c) = 1/2 for every strong Banach limit g, and the sequence a is H. -limitable 

- to the value 1/2. This follows also immediately from T)icorem B or Corollary 1 since P =B(N 
-. = 11, 0, 1, 0, 1, ...) + 

Remark 6: The condition (ii) is 'equivalent to the two conditions 
-	(ii*)	. g(c) ^i 0 for & > 0,	 - 
- (iv)	/j(a) =0 for i = Ba = 0. 

Obviously - (ii) implies (ii*) * and (iv). Let conversely Ba	0. Then there is an a * such 
that a* >_ 0 and Ba = Ba* . It follows g(a) g(*) from (iv) and g(a)	0 from (ii*).

The.condit.ion (ii) cannot be relaxed to the condition (ii*) alone. We give an example. 
Example 2: Let a = 1a1 be given. We introduce  

	

= 2—	' 'a1  
\	j=3-2"'+l	 .. 

and put g(a)-= 1({x}) for some Banach limit /. Then g is a linear funétional with (I), (ii*), and 
(iii). Now we can choose a sequence c%* such that x,, = 1 and therefore g(a*) = 1 but Ba* =0.	- - 

-	I
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Remark 7: Replae in Definition 4 the operators  and 'I' by B* and T*, respec-' 
•	tivel, 'vhieh are given by 

	

-	 1	IZ'I •	 B{a,j = {b*},	b*	 ' _L 
1 log x 

and-	 0

•	1	I(n+1)I	 - . 
•	, -	 =  

X j=IznH-I 

where> 1 is an arbitrary fixed real . number. Then we obtain modified strong'lka- 
• - nach limits g*. As it is easy- to see, all preceding assertions cat? also he proved for, 
• . modified strong Banach limits g*.. Even each strong Bdnach limit g is also anwdified 

'stro7g Banach linit g* and conversely. Namely, let B*a = 0. 'This' means that the 
sequence a is H.-limitable to the value 0 which can- be shown analogously as Cordl- 
lary' ,l'. Therefore g(a) = 0 for every strong,Banach limit g by Theorem 1. Moreover 
w,considery =, a - !l ?*a. Then my is almosticonyergent to 0 and, consequently y 
is H-limitable to 0. It follows g(y) = 0, g(a) = g(T*a) for every strong Bana'ch limit 
g: Therefore looking to Remark 6 we see 't-hat'every strong Banach limit is also a 

	

- modified strong l3anaeh limit. The converse can he shown in the same way.	- 
Remark 8: We see furthermore that the condition (iii) in Definition 4ean'be 

replaced by.  

(iii)	g({a 1 , a2 , . .	= g({a0 , a 1 , a 1 , a2 , a2,  
•	vherea 0 is an arbitrary paraueter. Namely, assume that y is almost onvergent to'O - 

'and put  

flk
/ 

= {bk , bk+ l , bfr j , b+2 , b 2 , bk+2 , bk 2 , bk+3)  
where #I is defined by Bfl = By. Then g(y) = g( 1 ) by (ii) and g(fl1) = g() by (iii*). 
But g(fl) :5; e for sufficiently large k,"and therefore q(i.) = 0. Now g(Ta) = g(), 
where 271 °= {2a 0 , a 1 + a2 t1 + a 2 , a3 ± a4 , a3 + a 4 , ...I according to (iii*) . Since 
= - a is almost convergent to 0, we have () = g(a).  

4. Uniform n_d_lirnit,ahility  

In this section we wish to fill the gap het.'een almost convetgence and H.-limitability 
• by a class of limitation methods.  

Definition 5: A sequence {a} of real numbers is called uniformly n"-limitable to 
the value a,0<d<1,if 

lim lim Sup N"'-' E• ct n' '- a = 0,	•	 -	(8) 
N-+ k—oo  

0	 -	

5	
,	 L	 - 

where L = L(k, N) is the largest integer such that !' n- N'.	
0 

-	 0	 •	 n-sk-j-1	
0 

Remark 9: As in i)efinition 1 and in Theorem B, respectively, in Definition 5 for 
a E M the lim sup can be replaced by the sup. 

	

-	 k=Oj....	 .	 - 

	

Remark 10: Let 0-:!-, c.  <l	I and let a E M be uniformly it-limitable. Then:' 

a is also uniformly ?r"-limitahl, cf. SCHATTE ([9: Theorem 5] or [11: Lemma 1]). On 
the other hand, there are sequences abeiug uniformly 71-limitable but not tttii 

21*	'	.	•	 -	 -	 '	 0
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formly n_c_limitable, cf. the considerations following equality (29) in ScIiA'rru [91. 
In this connection, uniformly n- 0-limitable rnans almost convergent àid unifrinIy 
71- 1 -limitable means H.-limitable. 

We 'again intend to reduce uniform j-limitabiIity to almost convergence. To 
this end we introduced,, = [?d10 — d)] and fld = Bdc = {b} by 

	

d—i	 -	
I 

b. = (1 - d) E aj'.	 (9) 

Corollary 2: The sequence a is uniformly 71-limitab1e to the value a if and only - 
, if the seqLence Id = l3dcc is almost convergent to the value a. 

•	 -

 

Proof. : In (8) we can restrict ourselves to k = dK, N = d r with integers K, r. Then 
we have

L	 1 K+r 
•	•. N"'	' a,'rd - a = -	' b _L	+ '/K,r	- 

n—K'+i 

• where urn lirn sup KrI = 0 I	- - 
r—	K—oo	 - 

•	Corollary 3: The uniform n-limitation-is no-matrix method.  

We introduce the tranforination 'I'd =	= {c}. For d	j <	we set 
M(j) = j, .- d -- d 1 and c, =	For instance 

= {0 4 , 05 , a61 a 9 , ..., a 13 , a 16 , ..., a221(12,5,	((3, 035 , . . .} 

Deli ii ition 6: A linear functional qd on M is called an 71 -Banach limit if 
(i) 9Xl, 1, ...}) = 1, 
(ii) g(a)	0 for i3da	0, 
(iii) gd(Tda) = q(a). 

• Remark Ii: If the sequence a isconvergent to 0, then II/'/a !I	e for sufficiently 
large k and consequently g(0)= 0 for each n-Banach limit. 

Remark 12: To each Banach limit / an n-l3anach limit 9d can he assigned by 
gd(a) = f(Bda) and conversely, analogously as in Remark 5. To this end, Remark 3 
must be replaced by Remark 11. 

• Theorem 2: The sequence a E M is uniformly n-liinitable to the valie a if and only 
• if yd(a) = a holds for every n-Banach limit 9d in M U	- 

Example 3: Let d = 1/2, a = {a}, where 
f1if(3k+1)2n<(3k+3)2	(k--0 1. . ) T 
10 if (3k + 3)2 ;5 fl < (3k + 4)2 - . . 

Then a ± 7' 119a ± T2 1 a = 12, 2, ...}, and a is uniforml y 72 1 / 2 -limitable to the value 2/3. This 
can also be seen from Corollary 2 since	 - 

1 112a = 11, 1, 0, 1, 1, 0, 1, 1, 0, . -.} + {s,,}.	 - 

Remark 13: Lt 0 :^-. c < d :!^ 1, a E M, and j,j any n-l3anach limit. Then 

= 0 means that the sequence a is uniformly 7-1imitahle to the value 0. But 
then a is also uniformiyn_ d_limitahle to 0 according to Remark 10. It follows g() 
= 0. Moreover we consider y = a — Tca. Then '3CY is almost convergent to 0 and 

-	consequently yis uniformly n_ c liri 1 itable to , 0 according to 'Corollary 2. But then y -
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is also n- d-limitable to 0 according to Reñlark 10, and it follows g(y) = 0, g() 
= gd(rCc). Thus we have seen that each n-Btnach limit yd is also an.n?-Banach 
limit. The conveise is not true oil account of Theorem 2 and since there are sequences 

being n_d_limitable hutnot n_ c_l i m i tal)le, cf. R.emark.l0. - 
Clearly, an n:°-Banach limit means a Banach limit and an n-Banach limit means 

a strong Ranach limit. Note that T = S and B0 Is the identity, but T 1 and B 1 are 
not defined Thus it cause' s some difficulties to introduce more -geiieral-p.-I3aiiaeh 

- limits.	 -	 -
Si 

5. More on strong Banach limits-
 

FiraIly we give yet another characteriatioti of strong Uanach limits for *hich a 
counterpart for n-Banach limits is not known. Let	 - 

Ha = (H 1 (a)} 
= {-_ 	

a7 }	 - 

Theorem 3: The linear functionalg on M is a strong I3anach limit if and only if 
(i)	q({l, 1, ..}) = 1,  

•	(ii)	g(a) > 0 for a > 0, 
(iii) g(S-) = g(a), 
(iv) g(Ha) = g(a).- - 

Proof: 1. Let tile conditions of Definition 4 he satisfied. Then, according to Remark 
4, the condition (iii) of Theorem 3 is also satisfied. In order to prove (iv) we write 

•	 S 

•	)1 
JJ 1 (a)/j =	ajEi2 =

	
a/j ± 0(1)	 1 

I s 1i- 00. It foll9ws that B(Ha - a) is althost convergent to 0 and consequently 
Ha - a is H..-limitable to 0 according to Corollary 1, hen'ce g(Ha) = g(a) on account 
of Theorem 1.	

5 

2. Let the conditions of Theorem 3 he satisfied. Assume-further that a is II-
/ lirñitahleto 0. Then IS iJikalI	for sufficiently large k and i by Definition 3. Hence 

= g(SiIi ka)I ;5 r according to (iii), (ii) and therefore g(a) = 0. Put y = a - Ta. 
Then y is H.-limitable to 0 on account of Theorem B and (a).= g(Ta) Let further - 

= Ba•= ,0. Then a is H-limitable to 0 aiid q(a) -0. Now we can apply apply Re-
iark6I' 
Corollary4: The sequence a E Mis H-liniitablc to till valye a if and only if g(a) 

= a holds for every linear functional g on M which satisfies the conditions (i)--(iv)'o/ 
Theorem 3.	 .	 S 

Corollary 4 can also he concluded easily'from results by Duiwc (4 :.Section 6]. But - 
these results relyoti a theorem due to EBERLEIIN [5] a proof of which wasiiot found 
in the literature.  

	

Remark 14: The example g((a,1 ),	a 1 shows that the condition (iii) ' iii Thebrem 3

is indispensable. But the condition (iii) can be replaced by the weaker requirement 
that q(a) = 0 if a converges to 0. This is possible hecaiise 5H(a - Sa) converges to 0 
for a E M and therefore g(a - S) = .g(H(a - Sa)) = 0 by (iv). The condition (ii) 
in Theorem 3 is also indispensable, choose q({a,j) = 3f({b27 _ 1 }) - 2f({b2,1}), where	- 
{b} = 13{a}, and where f is a Raiiach limit..	

0
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