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er betrachten Hélder-Zygmund- Raume 27-periodischer l*unl\tlonen /iR =G wobei fiir
- die r-te ‘Ableitung die k-te Differenz mit Schrittweite % in der 'LP- oder C-Norm durch dine
¥ unktion w(h) vom Modul-Typ beschrinkt ist. Fiir die Fourier-Summe und dhnliche Approxi-
mationsprozesse. erhalten  wir Fehlerabschitzungen in dazugehorigen Holder-Zygmund-Nor-

men, falls die Glattheit von f durch weitere Hélder-Zygmund-Bedingungen gegeben. ist. Die

Konvergenzgeschwindigkeit~Jdlit sich-auch im allgemeinen Fall in einfacher Weise angeben.
Dies gestattet die Formulierung von Sdtzen vom .Jackson-Typ fiir diese Banachraume: AuBler-

_dem lassen sich die Konstanten in diesen Abschitzungen explizit berechnen.

PdLC\IaT])IIBle.TCH upocrpancrea muna [éappepa’3urmynaa 2a- MePHOMUECKITX Gy kit
/ R — € rakux, yro LP-umn C-HopMd k-Toff PABHOCTH € L1AroM A OT 7-Toit IPON3BOAHON orpa-"
"HUYEHA 10 OTHOMIEHHIO K GyHKUIN w(k) TINA MOAYIb-(YHKLHN. Y CTAHABINBAIOTCA OUEHKI
NOrPelHOCTH AJIA YACTHOI cyMMbl Dyphe H 1A APYTHX TPOLIECCOB AINIPOKCHMAILII B COOT-
 BETCTBYOLNX HOpMaX [énhiepa-3urmMynaa, ecii IaajkocTb [ 3ajiana’ s TCPMUHAX APYTHX
)(,‘Iomm Fénbuepa-3urmynna. Kai B M3BECTHBIX KIACCHUYECKHX pe'aym,TaTa\ Tak M 31ech
CI\OpOCTl, CXO/IMMOCTH  BhIpa:KaeTCcA MPocTHiM. obpasom. ITO IIO’JBO:IﬂeT dopmyauposath
Teopembl ,_Lrhehcoua G TAKHX 0AHAXOBBIX NPOCTPAUCTB. Boaee Toro, bee KOHCTAHThHI B
Y

“We consider Holder: /ygmund spaces of 2a-periodic functions / R — €, where the k-th differ-
_ ence with step-size h of the 7-th derivative in the ‘LP- or C-ndrm is bounded by a modulus-
 type function w(k). For the Fourier sum and related’ approximation processes we mvestlgdtc
error- estimates in corresponding Hélder: Zygmund norms if the smootkiness of f is given by
other Holder-Zygmund conditions. The convergence order for the general case cap be formu-
lated in a mmplo manner. This allows us to state also Jackson-type tlu,orcms for such Banach
spaces. Moreovu‘ we give m(plmt, values for the constants appoarmg in these estimates.

1. Introduction C0 ! ' . -

Convergence results ‘in Holder- 7ygmund norms‘for given trigonometric approxima-
" tion processes play an important role in the approximate solution of singular. inte-
gral equations (sce [11, 12]). In palbl(,ular the convergence order .in such Hélder.
norms for the Fourier sum and the mterpolatory polynomial on equidistant nodes
has been treated in a series of papers in the last 15 years: In this connection, we
mention LEINDLER [4], STYPINSKI [14], Krorov [3], SickrL {13] and the authors
" [7—-12). However, these papers contain in detail only the case of the classical. growth
condition ke for the difference term. , -

The aim-of. this paper is to prove approximation re%ults in Holder norms based on
geneml modulus-type functions w. Note that our approach does not need essential’
restrictions on w., In this direction our results generalize theorems obtained in. [4],
where w has to “fulfil very delicate inequalities. Here we establish an easier and more

geneml cohvergence condition which allows us also to find thc order of convcxgcncc

AR
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~ Since the modulus of ‘contin'uity based on the first difference does not descrihé the
best approximation completely, we use higher differences. First results in such Holder-
~Zygmund norms are contained in [5, 6].

In detail, we consider the Fourier sum and its de la Vallee Poussm means. How- .~
ever, the method of proof can be used in a similar way. for other linear approximation ’
methods as well. The-norms based on.C and L?, 1 < p < oo, can be handled by the
same methods. The results are similar up:to different operator norms of the Fourier .

sum. All estimates are formulated with. explicit constants depending only on para-
" meters of the spaces. Using -de'la Vallée Poussin means, we establish a Jackson-

type theorem on the best-approximation in such Holder-Zyginund spaces. However, ™™~

in our.general approach it is not possible to prove converse results (see [71 for the.
c]assncal Holder spaces) Introducing some separable subspaces wé can formulate’
s ccjrrespondmg ‘small-o* convergence results. These estimates are of special interest’
in view of the nonseparability of the usual Hoélder- /ygmund spaces. ‘

~

2. Definit-ioné and preliminary résults -

-,

Let X be one of the usual spaces LP (1 < P < oo) or C of 27- perlgdlc complcx-'
_valucd functlons the norm in X being :

M 27

) iy , B
- [I[llp = {f If()I? dx}. it X =1, .
fllx = S0 o '

: | e = max @) if X=c.
. nax ,

" In the followmg, thc value p = will always refer to the underlying space X = C.
For k € IN, ive define the s¢t of modulus-type functlons 0* as the set of all functlons
w satisfying the following conditions: , :

- a) w: R* — R* (here R* := [O oo)) B , .
" b) wis monotomcally increasing’; ' : ‘
¢) wh) > w(0) =0 as h—>0+;
d) w(k) k7* is monotonically decreasing.

‘Given w € Q, define the seminorm |||y« by

“ fllye ='sup {nAhkfnx/wwi: >0},
where o 3 .
é'nlf(x)- (:r; + h) — f(x) &"Fl : An"f = Ahl dpk= 'f» k=2

In what follows, we will often use thc well-known’ mequahtxes

(2 e i feX : '
n,zlnkfnxé e S k=,
. R 4,50 if  fe-beX
where /“‘ b stands for the (dlstnbutlonal) (k — !)-th derivative of f (see e.g. [15]
We denote by X' the set of all functions f such that o € X and |f"ye < oo.
Note that X' @, p10\ lded with the norm

- : . A
o« . » N

. ||/IIx'-w-= Z’ II/"’IIx + 17l
=
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is a Banach’ space. burthel more, Ict Xre be the subspace of Xre defmed by
CXre = (e X At xlwih) > O as b — O+}. '

Notlce that this subspace is only of interest in the case where w(h) h*%— 0o as
* h,— 0+, because the condition-||4,*f|x/k* — O as h— 0+ implies . that f = const.
The spaces X', generalize the classical Hélder-Zygmund spaces, in which case

w(h) = h" with 0 < ﬂ < k. For f €X and n € N, we define the n-th Pouner sumof -

‘.fby ' ‘ . ' -
&mw='2/ﬂmv“ .

=—n

and the n-th-de-la Vallée P011§Si|1 mean of f by
. 1 - LN

" - 'Un,v/—leZ Skf': Oévgn

N

Fux thermore, let

OB =il S pdvipee T,

~where T, is the set.of all tngonometrlc polynomnals of degree less than or equal to .

- . To prove estimates in Holder- Aygmund norms we need the followmg well-known"

’ 1csu]ts

leN, .
n(/: X) = Cx(n + 1™ sup |41,‘l/<m)”Y

Lemma [ (15 -17): If '™ € X, then E.(f, X) < 1) (ﬂ + )= II/(f"?]l:\— and, for all - :

o<h<ijin¥ 1),

. The constanl O, cun be estimated by, S

1

(3 4i1=12  m=z0, . 3
18 i 1=3 : Coe -

of =4 A m=1. . N - A
2t o l =5 ‘ . C
Lemma 2 (2, 17]: The esnmate I'f - SMx = B,,E,,(f, X) holds with

e 2,o+4;z2lnn ' if 1§p§oo,\ o : . :
g _ 4/ +2 G 1<p<2,
p = . . B L ]
R 1 if p=2, o
4pt-tip 4 2 af 2<p< ool
Furthermore, s, : _ {

. ‘n+v . ‘ ) . .

If = coeflly =36 3 Eippelf, X)0'*). ' (1)
. i=0 ) ) . o ¢

3. \ppm\lmatlon by the Fonner sum

For simplicity of the representatnon we here restrict ounselvesto the apploum&tlon
of. f by the Fourier sum S,f. By the same method. of proof one obtains analogous
“error estnmates fox mterpolatoxy polynomm]s on equidistant nodes (sec [9, 12]

¢ oL ,

i
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Theorem 1: Let r,m € [1\0, k,l,n € N w, £ 2 and wge % Assume one of the
following two condutions to be-sutisfied
(i) 0 S m—r<k—1and q(k) = ™ g (/L)/w,g(h) 8 monotomcnllr/ mereasing
or '
(i) k =m—r (|mplymg that q(/L) is monotomcally mcreasmg)
Then for. / € XM s e /mw the estimate

I = lifllewﬁgDBpQ(l/(7l+ )) Suv IIZ'a’f""~’llx/wa(h)},

B ST <h< . P R . Lo
where
pi2k+' . - if k=<m —r,
| max (C,Z" ! 20, —mtr—i= ‘) if m—r=k—1,
or, shortly, . . . ) ’
Olg(1/n))  if 1<p<oo

wy € 2, wg € Q™7 n Q¥ and ¢ monotonically increasing. This is an 1mmedmte consequence of

”/ - IS'"/”X'_‘,,"? =

lO(q(l/7L) log n) if p=1lorp=co (1 = 0). (2)

Remarks: 1. There is a gapm-—r < E<m—r + lin the conditions (i) and (ii) of Thco-

v

rem 1. To make this clear we quotc the follo“mg example: Let m =1, r = 0 k=1=2,
wy, (k) =k, w';;(h) ="h% Then : -
' Xrog = {f:||dfllx = O(h ) h > 04} S = Xmes = {/ Eu(f, X) = O(n ), n' > oo}, ~
so that Theorem 1 does not make sense. V
2, Assertion (2) remiins true, without any restrictions, for all k, ! E ,m?r ENg,m =7 41, -

Theorem 1 and the inequality
sup ﬂl/’h"/"’ll,xfwﬁ(h) b > 0) S 25K sup 1A, [3] feo h) h > 0}

if < k and wg € QF = Ok, ‘Ho“evor in the case m == r we must assume k > I, in general,

because N

€ X: 14 lx =0h), > O} F U € X a3y = O,k 0). @

8. Note that if the condltlons formula,tcd in Theorem.1 or in Rcmdrk 2 are fulflllod then
Xmuwy C Xr. TR

4- Similarly one can fmd analogous approximation results for the mtcrpo]ator) polynomial
“L.f e T,,, which mtcrpol.ltes fat equldlstdnt nodts (see {9, ll]

: Befonc provmg the theorem we add some simple facts

Corollary 1. Und'er the assumptions 0/ Theorem 1 (see also Remark 2) we have,
/or f € Xmwa, : -

. : o(q(l/n)) if 1 < p < o0 ) " S
. = bu/"‘rw” { (7(1/m)logn) if p=1orp= oco. o oo)

The following two corollaries illustrate what happcm for particular choices of the

palamcters . P o , ,
. . B L

Coro]lary 2 Let w, € Q% wpe 2, m —r22,2<p<oo cmd'/E Xmes Then

W = Sufllyras < 120pg(1/(n + D) ™| o,

’

\
’
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In (5, 6] asymptotic estimates ‘are obtained for Iif ~ ,,/||x. if fe 27(‘, s < I8
where 36” is the Banach space of all functions f- 6 X with finite norm
Al = Il/"’II\ sup A VNS ’I' )
i= “o-

with s’ EBO,S—ISS <s,1/—11fs(f\'andz,=_1fs€& F\ceptforthe,case

teN, ¢ ~1.<s <t (where ki= 1,1 = 2, m = r), Theorem 1 gives good constants

~

'|w—4whSBEwmx .

If. condmon (i) is fulfn]]ed thcn

- for these estimates. In view of ((3) it issclear, that Theorem 1 does not include . this

particular case. However, in the special situation of J€*'spaces we can compute
constant by standard methods (see [12]). It is natural that this constant tends to”
infinity if ¢ — s goes to zero. - ' AN -
Corollary 3: Let f € " Thcn, for t >-s, S B o
' . [ 18 4+ 12/(1 —27Y) 4f e Nt —1<s,
unwwwgmm+w4ww+ . |

24 - - otherwise.

.Proof of Theorem 1:Set H = (h:0 <h < /(i - 1)}, G = {h: h > 1(n + D).
In view of the Lcmmas 1and 2 we obtam for0 <7 < rthat - . '

'

< B,Cyn + 1)-m &,(1/(n 4 1)) sup { ||/1,,’/("'>]| /w,(k) h>0),

where we have used that S,/ = (§,f)¥. chce, by summation, we find that

Leem)) ..
_nu— Sul)Plls 20 + ymBQ%(<iJm,Mu>m

j=0 " heH wa(h)

(4)
To estimate the second term of the norm we spllt the supremum into two parts.
l‘nst write ' N

4:= SUP {HAk(f — ‘Sn/ m”\/‘“e(h)} B SUP {En(dhkfm X)/wﬂ(k‘) .

7

’

OEn(A/kf") X)ysa ”An"/‘””\' < a |ldpk-mErfem)| . hmer

- < A2bm U Ay, SRR C)
which gives thab e ) ' . -
A<8, 'r““"’“" =1 sup q(k) sup {i |Al,,'/("’>||\/w°(}z) _ - -(6)
heH .- .

Let now k Em— 7. Usmg Lemma | once niore and takmg into account ‘that.
Ao L1hk/ = él,\ Ll / we th

‘E (zl,,“f(” Xysao sup |[/l,,"z|¢,‘f("‘ by (n + l)'*" m

’

. = 01(" + | )'”‘ ™ hk g“p llél '/‘""ll\/w,(b)} sup w, (k). A7)
Hence, : o

. . -1
A g.B,,O,(n + 1)yrm wﬁ( ! ) o, (, 7 l) sup {||A,3’/‘”"||\/o;a(é)}

" + 1 SeH
Combining this estimate and (6) we obtain

: ) : : 1 ldpt ™)y [ m2k=mtr=l=t if m —r Sk — 1,
) 4= B"C"’( T 1) ii‘,’,’ ok 10 fk<m—r.
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' The case h € G-can be handled ina snmlm way, This gives -

S“P flid "(/ = ,./)("llr/w»(/b) ) < B,2¢sup {E n(f(r)r‘xl)/wﬂ(h)}'
. heG

4 T\ 1 .
L S BCm 4 1) s (n " 1) 'w°-(n-+ 1)8"1) Do (R (8)
+ . : .

heH

Putting together (4) with the last two estimates we:afrive at,the assertion @
0 o | | R
-+ =4 Best apprO\mmtlon e T o s
\ :

By a well-known result of Bari a.nd STFCKIL\ (1}, the pnopextles o - .
B X) =0(w(1/n) (v —00) | and  [4¥lx = Olw(k)) - (h —0+)
* are equivalent if and only if w € Q¥ satisfies the estimate” . = '

1< lim weh)ok) <- Tm wlch)wh) <

h—0t - : -h—>0+

;-

\

for some c. By this reason we do not try to characterize the best approximation in
Xrs for the.general choice of w; and wp. However, with the help of the de la Vallée
Poussin ‘means of f we can remove the log % term in the estimates. Then we obtain
-an order 'of convergence which is best possible at least for w, and wg from some sub- _
classes of o and Q" contammg wa(h) = ke, wy(h) = R0 < /3 <k, 0<a<l. ‘

L(,mma U nder thc a&sumptzons of ’I'heorem 1 we hcwe

5 - ) R T/ R

_ <
"/ GnL/I|\fw5 26Dl= - 1}—{»—7,—*—1 q(l+7b—v+1

For.q(k) h r < C a simple calculat)on )lelds that

. sup
0<h<i/tn ~e4 1) w, (k)

. , . _O(n_YIOgv+1)~ . R A 0=Sy<l
S W= el ey = 4 0L 1og F 21 e od).
' e X"‘_Dﬂ. n~jg(v-{-l)(n—v+1) Tr=s (» = o0).

, B R 2 IR
Proof: By (1) R T
+c 1 K T ,.(A,kf(') X))
I — oA e _36 — Y Eiin- @, X _:”‘_._ .
N ‘:,f Ga, fHX g = '_0 v+ 1 F 1 (}4,0 v(f ) + Sllp e (h)
Estimatirig the terms in the parantheses in the same way as'in (4), (5); (7) and (8)':
“gives the assertion nnmedlatcly g ' :

K To have the best p0551b]e order~ of convcrgence ](,t v = [n/2). Lsmg that’ q(Q/n)
< 2 "'“‘q(l/n), we obtain the following theorem.

’

Theor em 2: Assume the condznons of Theor em 1 are fulfilled. Then

T Ey(f, Xres) < 108 - 27 m+kDg(1/n) l'/‘""hxw .
. 5
- In partwulm if f€ Xmoa, lizen : b y )
. E.(t, X' “e) = O(q(l/n)) n— 00, . o0 i

From the last result. it follows zmmedwlel y that the spaces X™™ s qre separable for uny
- choice of v, € 2.
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