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\\r ir betraclten Holder-Zygmund-Räume 2z-periodischer F'unkt-ionen /:	—€; .5wobei für 
•	die r-te Ableitung die k-teDifferenz mit Schrittweite h in der LP- oder C-Norm durch dine 

Funktion a(h) vom Modul-Typ beschränkt ist. Für die Fourier-Summe und ähnliehe Approxi- 
• mationsprozesse .erhalten wir Fehlerabschätzungen in dazugehorigen Holder-Zygmund-Nor- 

men, fails die Olattheit von / dimrch weiteme Holder-Zygrnund-Bedingungen gegehen ist. . Die 
Konvergenzgeschwindigkeit4ät3t sichaueh im aligemeinen Fail in einfacher Weise angebemi. 
Dies gestattet die Formulierung von Sätzen voni.Jackson-Typ für these Banachräume: Auf3er? 
dem lassen sich die Kont:inten in diesen Abschatzungen explizit berechnen. 

•	PaccMaTpmmnalorcH mmpocTpalicrna Tuna FdJlhepa-3mmrMylIaa 2-uepnomiieciitx (lJyITKl4ltii 
[R C raHmIx, q io LPujin C-miopmd k-rofi , pa3HOCTII C uiaiot hOT r-Tofl npomI3Roamsoii orpa-' 

m-iu'mena no oTImolImellIno I-4yumu1umm o,(h) Tumia MojyJmb-(lyuHLuill . 'cTamIanJ1nBaIoTcn ouelmKml 
noI'peu1ImocTli1JmR 'lacTuofi cyMMbl (l) vphe IT aJnl fpyrlIx rmpoueccon allIlp0ICltMalUllt B COOT-
mlercTBymoutx mmopax ['eJ1hiepa-3milMymmla, eciii l'1aj(IocTb / aataua It TCMI1IIX apyrlix 
ycJloITlTrI I'6riIepa-3ItrMywta. Ka, is II3BCCTIIbIX xJlaccu q ecKnx pe3yJ1mraTax, Tais it w.eci 
Ce0pOCTI Cxo - wsiocTn ilI1paaaeTcn npOcTitM. o6paaosi. BTO iloaBoJisleT )OpMyJ1ItpOBaTi, 

S	reopei .LI-seiscoiia 3III TaIltx uialmaxoisbix mipocpaiici'n. Bo'iee roio, uce KoIlcTaHThI I s	- 
• COOT IIeTCTHyIOIIUIX omteiiiax mu,i q mtcjinlOTcri 1-IflhlbiM ouipaaoM.	 - 

• \Vc consider Holder;Zygmund spaces of 2z-periodic functions /: [R — C, where the k-th differ-
ence with step-size h of the r-th derivative in the 'L- or C-nrm is bounded by it modulus-	 S 

type function w(h). For the Fourier sum and related approximation processes we investigate 
error- estirhates in corresponding HolderZygmund norms if the smoothness of / is given by 

i other l-Jolder-Zygnsund conditions. The convergence order for the general case can be formu-
lated in a simple manner. This allows its to state also Jackson-type theorems for such Banacim 
spaces. Moreover, we give explicit values for the constants appearing in these estimates. 

I. Introduction	 -	 -	-	 - 

Convergence results in Holder-Zygmumid miormns'for given trigonometric appr'oxima-
- tiotl processes play an important role in the approximate solution of singular. jute- - 

gm-al equations (see [U, 12]). En particular, the convergence order in such Holder. 
norms for the Fourier sum and the interpolatory polynomial on equidistant nodes 
has been treated in a seres of papers in the last 15 years: in this connection, we 
niention LEINDLER [4], STvrIrsxr [14], KRoTov [3], SIc1EL [131 and the authors 
[7-12]. However, these papers contain in detail only the case of the classical.growt.h 
condition ha for the difference term.	 - 

The aim•of.this paper is to prove approximation results in Holder norms based oil	- 
general modulus-typq functions w. Note that our approach doe's not need essential 
restrictions on co.. In this directioti our results generalize theorems obtained 'in [4],	• - 

shere w has tofulfil very (lelicate imieivalities. Here we establish an easier and more 
- general cotwergenceconditioti which allows its also to find the order of convergence.
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- Sin ce the modulus of ' eontituity based on the first difference does not dcscri}e the - 
best approximation completely, we use higher differences. First results in such HOlder-

;'Zygmuiid norms are contained in [5, 6]. 
In detail, we consider the Fourier sum and its de laVallée Poussin means. How-

ever, the method of proof can he used in a similar wa, for other linear approximation 
methods as well. The-norms based onC and L, 1 :s,- p < 00, can he handled by the 
same methods. Th results are similar iip.to different operator norms of the Fourier - 
sum. All etimates are formulated with, explicit constants depending only on 'para-
inete'rs of the spaces.' Using de la Vallée Poiissir means, we establish a Jackson- 
t ype' theorem on the :best'approximtion in such HOlder-ZygInund spaces. However, 
in our.general approach it is not possible to prove converse results (see [7] for the. 
classical Holder spaces). Introducing some separable subspaces, we can formulate' 

-' corresponding "small-o" convergence results. These estimates are 'of special' interest 
in view of the nonseparahility of the usual Holder-Zygniund spaces.  

Q . Definitions and preliminary results  

Let X be' , one of the usual spaces L (1	p < oc) or C of 21-jeri9dic complex-
.valued functions, the norm in X being  

-	 1/p 

= iiiiip =	t(x)I dx}	if	X = 

I/IL	max lt(x )I	if	X = C.	- 
x€R 

In the following, the value p = cc will always refer to the underlying space X = C. 
For 'k E N, ve define the set of modulus-type functions Qk as the set of. all functions 
co satisfying. the following conditions:  

) u: ER R' -> ER . (here RI:=[O,  

	

h) to is monotonically increasing;	. 
as h-*O+; 

d) w(h) h:' is monotonically lecreasing. 
'Given to E Qk, define the seminorrn 1 . 11 by 

- !ItIIv' =sup {lIzi ktI!/w(h) : h > O}, 
where	 - - 

zI'/(x)= &+ ii) - 1(x)	and -	= 4h LJ"/,	k ^E! 2.	- 

In what follows, we will often use the well-known inequalities 
'	-	(2' 114 h'tIIx	-	if	/ E X 

Ikl h ktIlx ^	 '	 -	(k'^ 1),	 - 

	

Lh'' ILl h fIIx	if	 1) E X	- 

where /1k-'!) stands for the (distributional) (k - l)-th derivative of / (See e.g. [151). 
We denote by X"° the set of all funtions / such that /() e X nd 'II/ 1 IIx < 00. 
Note that X''", provided with the n orm  

ItIIx w = E IItWIIx ± IItII
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is a Banach space. Furthermore, let X r,I he the subspace of Xrc defined, by	- 
i r .w = {fE . Xr.w : II h k/Ix/w(h) - 0 as h -* 0+) .	 S 

Notice that this subspace is only of interet in the case where CU (h) h k _ oo as 
k—* 0±, because the condition II A /Ii/h" -*0 as h —*0± implies that /	const.. 
The spaces	generalize the classical Halder-Zygmund spaces, in which case 
to(h) = he with 0	:!E^ k. For f E X and a e N 0 , we define the n-t.h Fourier sum of 

by  

S/(x) 
k=-n 

and the n-thdela Vallée Pousiii mean of / by 

1	

- 

Furthermoe, let 

E. (f ., Y)	irif (II/ - vIIy p € T},	 S 

where T is the set.of all trigonometric polynomials of degree less than or equal to n. 
- To prove estimates in Holdr-Zygrnund norms we need the following well-known 
• results.	•-	 -	 - 

•

	

	Lemria 1 [15-17]: 1/ /	€ X, then 'E(f, X) ^ -- (n + 1)-"' lItIIx and, for all
lEN,  

•	 E(/, X)	C,(n + 1)- a	sup	Izlhl/m)ILv.  
•	

.	 0<h<I/(n±1)	 .	 S 

The constant Q can be estimated by, 

3	1/ 1 = 1, 2,	 rn 0,  
•	 18.	•'i/1=3	S	 - 

cL 53	if 1=4	 l.	•'	 . '	 - 

•	2'	if l5	 '• 

Lemma 2 [2, 17]: The estimate / - 8nfIIX ^5 BE(/, X) holds with 

- 2,5 + 4 2 ln n '	if 1 :5: p	00,"  

BP 
•	 4(p/(p - 1))hIP ± 2	if 1 <p < 2,	•	 . 

1	 'if p=2, 

4p'-"P +2 S	 if '2<p<00.	 •• 

•	Furthermore,
fl+L'	 - 

If	'n.v/IIX ^S 36 !' E L+fl _ V (/, X)/v1 .	 '	(1) 

S	S	 S 

3. Approximation by the Fourier sum 

For' simplicity of the representation, we here restrict ourselves to the approximation 
of. / ,by the Fourier sum S,,/. By the same inetlod, of proof one obtains analogoôs 

- 'error estimats for interpolatory polynomials on equidistant nodes (see [9, 12]).
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Theorem 1: Let r, m E N0 , k, 1, n E N, co ' Q' and w E IY'. Assnnze one of the 
following two conditiOns tobe-salisfied: 
(i) 0	m — r	k — 1 and q(h) = hm_Tca(h)/w fl (h) is )flOflOtOfliCally iflCreasiag 
or	-	 - 
(ii) k	rn — r (implying that q(h) is monotonically increasing). 

. .ihen for .f €/- we have the est , imate 

Ill — SuhlIXr .
	

DB
.
q(1(n +. 1))	SLIPSLIP {llZlhhfm,)IIX/Wn(h)}, 

4-_•..	-	. - .
	1))	SLIP

 
where	 . .	 . 

- S	 -  

-
D — 

JG,2'	 -	if k :E^: m 

	

 
lax (G,2 1 , 2C 1 ± 211) if m — r	k 

/ -
	or, shortly,  

- 
5 O(q(1111))	if 1 <7) < 00 

Ill — S fM y r.co =	 . -	( n —i oo).	P)Q(q(1/n) log n)	if 7) = 1 or p = cc 

Remarks: I.1 ; here is a gap rn-- r < < m — r + tin the conditions (i) and (ii) of Theo-
rem 1. To make this clear we quote the following example. Let in = 1, r = 0, k = I = 2, 
w(h) = h, o(h) =12 . Then	 .	 . 

I4h2f	= 0(h2 ), h- 0- }	X7I2,n = (I: E(/, X) = 0(n 2 ), a 

so that 'rlieorem 1 does not make sense.	 - 

2. Assert-ion (2) remuins true, without any restrictions, for all k, I E i, rn, r E in > r -f- 1, 
w E 0 1 . w E Qffl-r n Qk and q moriotoni6ally increasiiig This is an immediate consequence of 
Theorrh 1 and the inequality  

- -
	sup {JIA s k/( r )II x/a(h): It > 01 5 2' sup fllldhk'/(0x/w(h): h > 0} 

if k' < k and a	Qk'	1k However, in the case ni = r we must assume k-^ I, in general, 
because	 - -	 -	 -	- 

If ( X: 114 '1	0(h), h — 0+1	(I E X: II z1 5 21IIx	0(h), h - 0+).	..(3) 

3. Note that if the conditions formulated in Theorem, I or in Remark 2 are fulfilled, then 
Xm.wn	Xr, Io fl.	 - 

4. Similarly one can find analogous approxithation results for the interpolatory polynomial 
L/ € T, which interpolates / at equidistant nodes (see [9. 11]).  

Before proving the theorem we add some simple facts.	 - -

Corollary 1. -Under the assunipliths of Theorem 1 (see-also Remark 2) we have, 
for/ E Xm.,  

-	(o(q(I/n))	if 1 <p <00	. 
-	If — Sn/Il y r.I fl = I	 (n —i-- 00). 

-	-	 .	o(q(1/n) log ) if p = I or p = 00. 

The following two corollaries illustrate what happens for particular choices of the 
parameters.  

Corollary 2. Let co. E Q2, a E Q2 , in — r	2, 2 :5-, p < cc and I E Xmb0. Then 
SnfII X r.o fi	120pq(I1(n .+ 1)) f( m )ll	.	-
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Iii [5, 6] asymptotic estimats are obtained for Mt SfIIe if / € Xt , s < 1, 
where 7C i's the Banach space of all functions 1€ X with finite north 

E IItIIx ± sup h'- 114oV1($)ILr, 
j0	 0>0	 - 

with s' € N 0 , s - I ^ s' < s, v = 1 ifs N and v = 2 ifs E, N. Exept for the case 
€ N, t - l< s < t (where k;= 1, 1	2, in = r), rrheorem I gives good constants 

for these estimates. in view of '3) it is'clear that Theorem 1 does not include this 
prticulai' case. However, in the special situation of •X spaces we cali conipute 
constant by tandard methods (see [121). It . is . natural that this constant tends to' 
infinity if t - s goes to zero.  

Corollary 3: Let / E . X. 'J'/ten, for I >'s, 

lit	Sf	;5 B(n	l)' li/llx 
{18	12/(1 - 28t) 

otheritzse 
-

.1	
1

.Proof of Theorem 1: Set H = {h: 0 <h < 1/(11 + 1)), 0 = {h: h> 1/(n + 1)). 

	

In view df the Lemmas 1 and 2 we obtain for 0 	r that	 - S 

11(/	 ^S BE(/"), X) 

^ BC1 (€ + 1)i-m €(I/(n-- 1)) Sup (II4 0 ht( rn )11 . /W(h) : h > 0) 
where we have used that S,,/()	(S/)('). Hence, by summation, we find that 

	

1(1 - S/)( > ll ^ 2(n +	-m BC1w (_
1

 )	11 /JJ	
(4)

n + 1 oii w(h) 

To estimate the second term of the norm we split the supremum into two parts. 
Ffrst write  

A = Sup (jiA,k(/	S ,,t) jj r/w fl(h)) ^ B, sup {,',,(j0k/(r, X)/-(h)} . 

-	 0€!! , hEll  

If-condition (i) is fulfilled, then 
•	 2E(4,k/r), X)	Ilzi n k/ T )lp	' lILi h k m.r/(m) pl hm- 

^	 Iki0h/(m)11	 '	(5) 

which gives that  

	

< • snp q(h) Sup Li o l f(m)/w(h)) .	 (6) 
• 0€!! 0€!! - 

Let now k :!E^ m - r. Using Lemma I once more and taking into account that. 
Li LI hk/ = LI 0kLi ö h/, we get 

•	E(zi h k/(7), X) 5 C sup li/JOkLI61/(m_k)ll.V (7i + 1)-
S	 6€/I 

	

C1 (n+ I )rk. m /k sup{ Libu/(m)iI.t./w;()} 'sup w(h).	(7) 

	

60I	.	-	 6E 11 
ieiice,	 - 

A^BC1 (n + 1)-'	
(	 (;	1)	

{llLi/(m)ll,r/o,.

C'ombinng this estimate and (6) we obtain 

•	•	A	J3Cq (_
l
 ) sup LI'f'	 1,
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' 

•	The case h E Gcan be hnd1ed in a similar way. This gives 

SUP II zl ,'U - Sf)(")IIx/w(h)}	B,2 A sup E(/(T); X)/(qfl(h)) 
hEG

Bp 2kCg( ± . 1-rn	
(	

I	

, 
(1) (_	) SII P : { Il Ll h hf (m)j Ix/W (h )} .	. (8) 

	

n -+- 1	fl 1V	 lie H 

Putting 'together (4) with the last two estimates ve'arive at.the assertion I 
a	 -. 

• r

 

A. Best approximation	• 	 V	
•	 .. 	 .• 	 • -	

V 

V	 1y i well-known result of BAR1 and STECRIN [1], the properties ' V	 V	 V 

V	 .	

'E,(/, X) = O(w(1/n)) (n — . •oc	and	I4 hkfIIx	O(w(h)) (h —V'-.O±) 

V	

' are equivalent if and only if w € Qk satisfies the estimate	
V 

1 < lim w(ch)/w(h)	urn	 < ck V 

V	

h-0 i -	 - l1--*0+ 

for some C. By this kason we do not try to characterize the best approximation in 
for the . general choiceof w• and w. However, with the help of the de Ia Vallée 

V V 
Poussin 'means of / we can, remove the log m term in the estimates. Then we obtain 

V	

, an order of convergence which is best possible at least for w and w from some sub- 
V 

V 

classes of	and Qc contai1ing w(h) = h, w fi(h) = h, 0 < < k, 0 < OC <	
V 

V S V	 L m ma: Under the assumptions of Theorem 1 we have	.	
V 

n+v 1 '	 I	 4 1f(m)I 
36D	

+ + i	+ n — v + 0<h<I/	i o). (h) 

ForVq(h) h < C, a. .simple calculation yields that	. 

/.\ 
V	

'	 OnYlog______ j	 .21 0 1	 •. 
- \	,v+1/ 

V	

'V	

: 	 ILfvtiXT.W	
o(-
 log	

n2 )	
if y =	(n -o).	 V 

0 (i	v+	I.g-, n	if Y> I 
it 

V	 - 

	

v+1/	 V 
Proof: By (1),  

n+v	 r	 ..	 V 
If - Gn.v/r,,	36	

I	
E+(/(), X) +	

E,	r	1
lca-	- 	V + i + 1 j=0	.	 h>o	(L)fi(h) 

Estimating the terns in the paranthesesin the same way asin (4), (5); (7) and (8)-
V	V 'gives the assertion immediately 9 V	 V 

To have the best possible order-of convergence let. v = [n12]. Using thatq(2/n) 

VI	
;52T_rn+kq(l/n), we obtiin the following theorem. 

Theorem 2:Assume the conditions of Theorin Iare fulfilled. Then.	•	V V 
V	J'(f, XT-')	108 . 21-1+kDq(l/n) If(rn)ixw

 
In particular, if E Xm,i0, then,	•	S	V	V	 V 

E, Xs) = o(q(l/n)), 	-	.  
Forn the last result, it follows inin'iedialely that the spaces ?"'°- are separable for any 

- . choice of w. € Qt .	-	V	 •
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