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Maximal 0p-Algebras , on DF-Domains  

H.JIJNEK	 -

--S 

Sei D eindichter Bereich in einem Hilbertraurn'und sei YID) die maximale' Op* .Algebra von' 
Operatorenauf D. In der Arbeit-wird die gleichmal3ige Topologic TD auf Y+(D) für den Fall 

'untersucht, .dal3 D em DF-Raum bezuglich der Graphtopologie ist. Als Hauptergebnis wird	e 
eine Charakterisierung der be'schrankten Teilmengen von D und der Topologie TD durch be-
schrankte'selbstadjungierte Operatoren in H gegeben. Insbesondërc ist jede beschränkte Teil-

•

	

	mengc von D in einem besôhrankten Ellipsoid enthaltn. Ms Anwendung wird bewiesen, daB 
jeder Operator in Y'+(D) durch beschränkte Operatorezi approximiert werden kann. 
flycri D'nJ1oTIIoe nonpocTpaHcTBo B rR.mb6epToBoM npocTpanc'rne H flCTb l(D) riaici-
MaJthHaH Op*a i re6pa JIuueftHh!x -onepaTopoB iia D. B paüoTe pasHoMepHas TonoJIorsn r. 
na Y + (D) ncc5Jlexiye'Tcn B c.ny'iae morgg  9I3JlneTcH npocTpaHcTaoM THnaDF oTuocMTe.mIlo 
npoeKTunHofi Tono3lorHIT. FJ1aBIIb1f pe3yJII.TaT - xapaHrepnaaLMn orpaIIu4eHHbIx HOgMHO- 
?IecTB npocTpaH a 'cTB D if TonoJiornu TD C 110510ILbIo ciimiii.ix orpalin4eullblx carioco-
npHHeInhiIx onepaTopon. B 4acTuocTH,'HaHoe orpaHII4eIfHoe'noMHoecTBo npocTpallcTBa 

•	D coiepncs aeicoopo a. inincoue. B npIlMe}lcIrne joia3aiio ']TO xa+çaiü oneparop 
B l(D) HBJ1HeTCH npejeoi orpaH[IeH111,1x onepaTopon.	. 
Let D be any dense domain in a Hubert space and let Y+ (D) be the maxim-aximal Op*.algebra of • 
(possibly unbounded) linear operator. In his paper the uniform topology TD on l+(D) is in-
vestigated for the case where D is a -DF-space with respect to the graph topology. As a main 

• result, a characterization of the bou'nded subsets - of D and of the topology TV by strongly bound- 
ed selfadjoint operators is given. Especially, each bounded subset of D is contained in some 
bounded ellipsoid.. This is applied to approximate the operators in l+ (D) by bounded ones. 

S .	••	 •+ 

1. Introduction  
-5+ 

Arno nthenon-normable t,op1ogical*algebras, the maximal *algeb 1 .a.+(D) of 
bly (possi unbounded)linear operators on a dense'linear subspace D of some Hilbert spac 
H islof special interest ginc6 this'algebra and its subideals are used in quantum 

physics. Therefore, the structure of l(D) and of the domain,D supporting thealge- 
bra has been studied extensively. Bit up to now, far reaching and deep results 
could only beprovecl in the ease of a Fréchet domain D. Using the fact that the struc- 
ture of L(D) depends in some sense only of the structure of the bounded subsets of 
•D, KtRSTEN [7] could generalize some essential results-to so-called quasi-Frechetdo- . 
mains.  

But these methods fail conipletely for domains which are strong du1s of non-




normable Fréchet spaces. Examples of-such domain will be given in Section 3. In' - 
• - the main part of this paper we will develop a totally new -technique to attack this 

dual metric' 'case and we will demonstrate the powei-'of this technique in proving 
that any operator in °(D) is the c D-limit of a net of bounded operators. In the case 
of nletrizable domains this was shown by KRSTEN in [7]. As the key result in this 

- - paper appears Theorem 5.1. it states that every closed DF-domain admits a funda- - 

26*  
/	-
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mental system of bounded sets which are all "ellipsoids". A refinement of the tech-
nique presented here could allow moreover a detailed study of sevcial ..subideals of 
Y(D) as nuclear or' compact operators as it was done for the metric case in [4J.' . .. - 

2. Notation and basic results 

As usually, for any pair E and F of locally convex spaces we denote by .(E, F) the 
- linear space of all linear continuous operators from B into F. Concerning the notion 
- of maximal O-algebyas.we will follow [10]. First of all let-us recall this definition' 

and some well-known results. In all the following let'H be any fixed Hubert space and 
let D be any dense linear subspace of H. For any linear closable operator A in H we 
denolte by A, A* and D(A) its closure, adjóint and domain, respectively. The restric- 
tion of A*'to D will he denoted by- A . For given D the maximal Op-algcbra associat- 
ed to D is defined by	 ',	 0 

Z(D) = {A € End (12): A* exists D D(A*) A*(D) D}.  

- Obviously, Y + (D) is a *:algebra: The graph topology t on D is defined bV the system 
of all seminorms  

•	P() = IlAdli d E D, A E	(D).	
S 

This topology coincides with the projective topology on D defined by the mappings 
A: D --* H. for A E	(D). Since the identity 1 1, belongs to	(D), the canonical 
embedding J: D - H is tII :I1co11tinuous. Moreover, any operator A E	(D) is t-t-

S S -
	 continous as a map from D into itself.  

From now on we restrict ourself to closed domains, i.e., we suppose 

D'= fl {D(A): AE	(D)} = fl' {D(A): A E	(D)}. 

The selladjoint domains characterized by D L n {D(A*): A € Y + (D)J appear as a-
special case of such domains. Since the graph topology t is even generated by 
the system of energetiC norms 

PA 
erl (d) = (jAdl 2 + IId I 2 ) 1/2 , A E 1(D)	

S 

_and since the domains D(A) are Hubert spacs 'with respect to the energetic norm, it 
follows that D is a projective limit of-Hubert spades. in particular, (D, t) is a semi-
reflexive and complete locally convex space. Now, the following main questions can 
be posed:	S	 -	 S	 '	 5 

i. To ivhat extent does the topological structure of D reflet th structure of !(D) 
and vice versa?	 -	 5 

2. What topologies should be introduced on Y+ (D) and what about dense,subsets 
and state?	

S	 -	 S	

5 

3. What suhalgebras does,exist in %(D)?	 S	 - 

For the answer to these questions the' introductiqn of the strong dual space Db' 
of (D, t) poves useful.	 S 

- To avoid antilinear mappings we introduce thecomplex conjugate space D+ of D' 
by, replacing the original scalar multiplication in D' by the new one (2, x) -->- 2.x: - - 
Since any vector h E H defines a continuous linear functional .fh on D by Kd, h) 

(d, h)11 , we get linear continuous embeddings	 --

-- S	 J = .J1 'J 1 : D	H .- Db.	
--	 •'	-
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If we consider the bipolar of D in D', we obtain 
(J1 'J 1 D)°° _(J-1(D)o)o	(J 1 - ' (0))°	D.  

This shows that D is a(D', D)-dense in D' 'by the bipolar theorem. Since Dis semi-
reflexive, it is even a(D', D")-dense in Y. But then Mazur's theorem shows that D 
is also dense iri Db' and Db with espect to the strong topology -

Proposition 2.1: Every operator A E 1(D) admits a uniquely determined exten-
sion to some linea continuous operator A E 1(D b+ , Db ).	 S 

Proof: Define A as the adjoint operator of A: D —* D with respect to the-dual 
pair (D, D'). For any d, d0 E D we have (d0 , Ad)DD . = (A d0 , d)DD' = (A d0 , d)H 
=(d0 , Ad)11 =(d0, Ad)DJ . . This shows Ad Ad for all 'd E D. Since D is weakly 

-	dense inD b', A is the only (weakly-)continuous extension of A U 
Let us consider iiow some'om subideal in the algebra 1(D). Verysmall subideals 

can beobtained by the following method due to TTMMERMANN [16). Let 4(H) be any - 
ideal of operators in the algebra 1(H) of all bounded linear operators on the Hilbrt 
space H. Then the set 

- - 4(D) = {S E 1(D):XSY E 4(H) for all,X, .1' E 1(D)}.	 S 

is obviously a *-ideal in 1(D). As above, XS Y denotes the closure of the operator 
XS Y. The ideals 4(D) are very small', because they contain only bounded operators. 
Of special importance in this paper is the ideal	- 

/ 2(D) = {S E Y+ (D): XSYE 1(H) for all X, YE f1'(D)}, 

and we will mainly deal with such operators here. But the methods presented below 
can also be applied to the ideals 4(D).	 - 

For closed ddrnains D te ideal 2(D) can be represented by [14, Chapter 31 as 

2(D) = {S E 1(D): XS, TE 1(H) for all X, YE 1(D)}.	 -


The following easy characterization of the operators of,2(D) is very important. 

Proposition 2.2: An operator T E 1(D) belongs to 2(D) if and only i/there is an 
extension T0 E1(Db , 1)) of T such that the 'following diagram'commutes:	- 

To 
D	D	 - 
t	 -. 
j 

/T- -\	 . 

Bee J denotes the canonical embedding of D into. D + introduced above. Using natural 
identifications we can express the proposition by the formula 2(D)	1(Db , D). 

Proof: We haye to improvethe onstriiction of Proposition 2.1. LetT E 2(D) be 
given. In a first step we will prove T*(H)	D and T* E 1(11, D). For fixed h E H, 

- X E 1(D) and d E D(X*) we have j(X*d, T*h)I = J(TX*d , h)I	I'XII jjdjj 11h.

This shows 'Jl*Jj E D(X**) . Since D is assumed to be closed, this implies T*h E D. - 
For any Y E1(D) we getp y(T*h) = II YThIl lI YT i IIh, kind this provesthecon-
tinuity of T*: H — D. Next, let us consider the adjoiit operator (T*)': 11 — H'. It. 
can-be identified with some linear continuous operator T0 : D b —* H. Let us prove 
that the range of T0 is even contained in D. Fix X E I(D), d € D(X) and d' E Dt 

-¼
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The continuity of ci' means that' there is some'opertor Y E '—r + (D) such that ( d, d')l 
py(d) = lYdII for all d'E D. So we get 

(X*d ; Tod') 11 1	 IIYT*XdII	II YTk II Ildul. 

This 'proves Td' € D(X**) for all X € .°(D). Hence TOD	D. It remains to prove

the ontinuityof T0 : Db-± D.'Let Y € 1(D) be given. Then we have 

py(Tod') = 1I YT0d 'I1 = sup I (ci, YT0d')11 1 = sup I(T*Y+d, d')D,DI 
Ildi	1	.	 IIdiI	1 

sup j(y, d')D , D 'I = sup. Ky , d	PM?(d), 

	

VETYSH	 hEM 

where Sif is the unit ball in Hand M = T* Y+811 is t-bounded iri D because of the 
estimatioi px(M) ' IIXT*Y+S,f uI iIXT*Y+ Il. This proves T0 € .' (Db, D). .Qbvis-
ously, T0 coincides with T on D. 

Conversely, let any T0 € .' (Db, D) be given. For fixed X, Y € .(D) the product 
YT0X is a continuous map from D 5 into D. Especially, this is,a continuous map 
from H into H. This proves YT0Xj ff € .(H) I 

• There is a èlose connction between the set (D) and- the natural bornology of 
(D, t) for special domains. For Fréchet domains this was-discovered in [4] and in [8]. 
In Section 4 we will treat the DF-case. 

3. SelladjointDF-domains.	 0	 '	

0 

In this section we present 'a general method to construct DF-domains. Let us recall 
the definition f'DF-spaces. Theyhave been introduced by Grothendieck to have a 
nice.class containing the dual spaces of all'F-spaces (F = Fréchet). Conversely, the 
strong duals of DF-spaces are F-spaces. But there exist DF-spaces without any pre-
dual; There are several different definitions of DF-spaces. Here we choose the follow-
ing one (for equivalent conditions see [3]).  

Definition 3.1:.A locally convex space,E is a DF-space, if it has a countb1e 
fundamental system of bounded subsets and if the intersection of any sequenèe of 

•	closed absolutely convex zero-neighbourhoods is a zero-neighbourhood provided - 
that it absorbs all bounded subsets 1of E.	 - 

It is easy to'see that every metrizable space with a countable fundamental system 
of bounded sets admits a bounded neighbourhood. So it must be normed. This implies 
that non-normable DF-space cannot be mtrizable. Now, let us start with the 
contruction of DF-domains. This generalizes an example given in [9]. 

Let a= (c) be any increasing sequence of positive real numbers satisfying 

ilnn/x_*.0.	•	 -'	 -:	 (1) 

•

	

	Such sequences are called nuclear exponent sequences 'of finite type. The associated 
power series space of finite type is the space  

.7 = Aj (a)	€	:	' "a1< cc for all  < <I}.	- -	-.	-
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This is a nuclear F-space with respect to the "normal" topology given by the semi-
norms p 9'(a).==	0	1. 

-	n	
V	 - 

Proposition 3.1: The folkiwing systems of seminorm.s are/  equivalent on 7 (0< 
<1):	 . 

	

(i) p9'(a)'= ZI a I, (ii) pe(a) = (E Ina n I 2) 112	(iii) p9 00 (a) = sup IaI. 

Prof: Clearly, we have p(a) p(a) p'9 '(a)for all a E RM . To prove converse 
inequalities we first remark that, by (1), for every 0 < u < 1 there is some number' 
fl(u) such that in n/ce,, + in u	0 for all n	n(u). But this inequality is equivalent 
to n,,f"	1 for all n n(u). Thus- we get for Q < < 1-and u =fg ,the estimation 

p,°°((na0))	sup In a 0 1 + sup np"aj	 V 

n<n(g)	-	nn()	 (	-	 V 

	

- 	 nz)p900(a) +( sup	 c,p(a), '	(2) 
/ 

where c, is some constant independent of a. This implies	 V 


p9 (a) = E IQ'-a.1 = ' n 2 n2 aI 2 sup n-2a01 2c2p 00(a),  
fl	 V	 fl	 n	 V 

where v = 01/4 •	V	 - 

Corollary 3.2: We have	 .	 V 

V	 7={aE,:p900(a)<ooV0<<1} S	 -I 
- -	

(a E R N: p9(a) -< oo VO < < 1).  
- -. - Next, we will consider 7 as an algebra of diagonal operators on some subspace of 

12 . Let 7x be the Köthe dual of 7, i.e.	 V	 .,	 V 

D:=7'{dE RN : rIdanI<c,o for. all aE7}.	'	V	

V 


This is a complete locally convex space with respect to the normal topology given by 

p0 '(d) = E.I a0I, a E 7.	 -	 V	 (3)	
V 

•	Since12 9 7 wehaveD = 7x l. As inCoi-ollary3., this space D allows smeother 
representations:	.	 S	 S 

D•= id  RN:p0(d) = (' da)'1 < co, a E 7)	 V	

V 

V jd.E RN: p00() = sup da i l <00, a E 7).	 V 

In fct, we have  

	

V p

'(d)	 Z Id.a.	(Z n- 2 ) 	d0n2aI _^-2p°(d), 
V	

V 

	

•\n	In	 - 

whereb	(n.2a0 ). Since a E 7, v.e get k  7 by (2).	 V 

Proposition 3.3: The space D together with the equivalent systems of senhinorms (3)

and (4) is the stroni dual -space of the nuclear space 7. Especially, D is . 'a nuclear DF- - 
space contained in 12	V	

V V

	

V	

V 

- 	 V •	 1
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Proof: As a linear space, D is the topological dual ofYit .hresiectto the normal 
topology on 2 [6, § 30, 81. It 'remains to he shown that the strong topology b(D, .2) 
on D coincides with the topology given by the seminornis (4). Clearly, this topology is 
weaker than the strong topology. On the other hand, let M 9 . be any p-boutided 
subset of Y. Then there is some constant c such that Ia"I < c, for all n E N and 
alla € M. Set b = sup {Ia I : a E M}. Then we have p(b) c, thus b  Y. But M 
is contained in the interyall [ -1 b, b]. This proves. 

p jo(d)	pI_b.bI(d) 
=1 sup	 db = p'(d).,.  

•	 --	--	.	-	
-	OEI —b .b )°	 .	 0 

This completes the poof.I	 -	-	- 

-	Now we state the main iesult of this section.	 - 

Proposition 3.4: For every nuclear exponent sequence, the space D = zl i (a)x is a 
self ad joint donzain in 1 2 and the graph topology t• on I) coincides with the topology given 
by the seminorms (4). E.pecially, (D, t) is. a nuclear DF-space.	- - 

•

	

	 Proof: In a first step we consider the' commutative algebra Y as an operator'Igebra  
4 on D by associating to each a € .? the diagonal operator D6 = L' de ® e,,. Here 

(es) denotes the öanonicalorthonormal basis in 12. Since II Dad I1 2 = ' a,d 2 = p(d)2, 

the operators D map D into itself, and the graph topology t t generated by .4 on D 
coincides with the natural topology (4). Since D0 is a selfadjoint operator ontheHil- 
bert space 12 (a) = {x: f jxa1 2 < oo}, the domain D = n .{12 (a): a € Y} is elfad- 
j6int It remains to be proven in a second step that t t, where t is the graph topo-
logy generated bythe maximl Op* -.algebra 't'(D) on D. To this end we usethe folldw- 
ing lemma due to KURSTEN [] (recall that a sequence (e n ) is an unconditional basis 
in some locally convex'space D, if for any x € D there are scalar cocfficints c such 

- -	
that the netTEane: I	N, [finite is convergent to x):	- 

•	 !flE!	 J	- 

	

Let (e s ) be any orthonormal sequence in D	H. If (é) is a)i unconditional basis for 
some cthsed Op*algebra .it on D-then. it is an unconditional basis for any closed Op* 
algebra on D. -Moreover, we have	-	 - 

	

' (, e) 2 II Ae 1I 2 < oo for all A €	(D) and all x € D.	- 

Using. this lemma we can show the coincidence of tA and t on D. The canonical 
basis (e n ) in D is an unconditional basis fr (D. ta), in fact, it is even an absolute basis 
by the definition of D and the topology (4). By the lemma; we have	• - 

-.	' (d, e) Jj Ae . 111 2 < ec for all d E D, A € !(D).	 0 

Since d = (os") € D for all 0 <-o < 1, this implies a = ( II Ae II) E Y by Corollary 3.2. 
Since Ad = ' (d, e) Ae, we finally obtain	-	0 

0	 PA(d) = lI Ad II .= II f (d, e) Aeil	(d, e)I jAeIl . = p0'(d)., 
-	 0	 - 

This prov.es I = t I	 - 

• 0	•	
0	 - 

)	

0
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4. Bounded -Hilbert halls in domains 

In this section we will give a characterization of thebounded Hubert balls in domains., 
The'set of all absolutely convex and bounde'd subsets of (D, 1) will be denoted by 

(D). For every set M E (D) the associated gauge functional is defined by 

pM(d)=inf{Q>O:dEM}./	 . . 

If d is -not in the linear hull of M then we put pm(d) = oc. The lineal: hull of M in D 
will be denoted by D(M). If M is closed-then D(M) becomes a Banach space with 
respect to the norm PM and this space is continuously embedded into D. This is a 
consequence of the completenes of D (cf. [3, 1.3.4]). A set M E 8(D) is called to be 
a bounded Hubert ball, if its gaug6 functional p 1 satisfies the parallelogram equttion - 

PM(X ± y).2 ± pM(X - y)2 = 2(pAf (x) 2 + PM ( Y) 2). •'	-	 (5) 

• In this case D(M) is a Hubert space under pAj for closed sets M, and the associated 
scalar product will be denoted by [x, y]. It is very importantthat the Hilbert balls 
in D can be characterized in the following way. 

Proposition 4.1: For every closed and bounded Hilbert ball Al .D there is some 
positive operator T E () sich that M, =  T(811 ). Conversely, if T is any operator in 

(D), then the set M = T(S11 ) is a bounded Hilbert ball. 

Proof: Let us start with the second statement. If M = T(S11); then its gauge 
functional can be computed aspM(y) = inf {II x II :y = Tx}. But the norm satisfies the 
parallelogram equation and this property transmits to thinfimum Furthermore if 

any operator A E "(D) is given, thenwe have 11AM11 = II ATS11II	iiii This proves

the boundedness of M in D. Conversely, let'aiiv closed and bounded Hilbert ball M 

	

in 'D be given. As above, we denote by [., .] the scalar product associated t6p M . Since	.' 

M iseven bounded in H, there is some constant c > 0 such that 

-pM (x) 2	c x 2 for all x E M.	 - (6)
[x, x] =  
It H 1 be the norm closure of D(M) in H. Since every pm-Cauchy sequence in D(M) 
is convergent in D(M), the form [., .] is even closed in the sense of [5]. By [5, Thm. 
2.331 there is some positive operator W in H1, such that D(M) D(W) 9 H 1 and 
[x, y] = (Wx, Wy)H for every x, y € (M). Especially, we have 

pM(x)= 
11 Wxjj for all XE D(M).	 -	(7) 

From N(W) + R(W) H 1 and-N(W) =0 by. (6) we obtain. = H. By (7), the 
map W: D(M) *II is a pm-11.-isometry. Hence, R(W) is norm-complete in H1, 
sinceD(M) is complete. This shows R( W ) = H 1 Since N(W) 0, the inverseoperator 
W- 1-: H 1	D(M) exists and is an isometry, too*.Especially, we have IV-'(S,1 ,) = M. 
Now, define T € .(H) by T(x1 x2 ) = W'x1 for x3 x2 E H 1	(H - IJ). Then

we have T(SH) = M and T = T* ^ 0. Since M is t-bounded; the sets YTSff = YM 
is norm-hounded for all Y €	Therefore, YT ha a bounded closure in H. 
Since TY	(YT*)*, the same is true for TY. This proves T.€ (D) U 

5. Bounded subsets in.DF-domains	 - 

As already mentioned in the introduction, the characterization of the bounded sub- 
sets plays a key role for numerous questions concerning the structure of D and of 

• -	

- 1(D). 
The main result in this section is the following theorem. 

S	 •	 S	 .	

'-	 -	 • 

/



410	H. JTNEK 

The orem 5.1: Let (D, t) be , any closed DF-domain and let M be any subset of D. 
Then the following conditions are equivalent: 

(i) M is t-bounded.  
(ii) There is some bounded Hubert ball containing M. 

(iii) There is some operator T.E (D) such that M 9 T(SH). 

For F-spaces a similar result has ben proved in [8]. In view of Proposition 4.1 it is 
sufficient to show that every t-bounded absolutely convex and closed subset of D is 
contained in some bounded Hubert ball of-D. But before we need some deep results 
from the theory of operator ideals in"Banach spaces. Let E and F be any Banach spaces. An operator T E Y(E, F) is called to be a Hilbert operator if there is a,factori-,zation T =. SR with B E /'(E,H) and S E Y(H, F), where H is a Hubert 9pace. The set of all Hilbert operators from E into. F will be denoted by X(E, F). Itcan be shown [12] that the quantity 

-	.lI!III = inf 11 R11 JIS11	. 

defines a norm on X(E, -F-). Here the infimumis1 taken over all possible factoriztions 
e of T through som Hilbert space. It is easy to see that for operators T E %(E, F) with dim R(T) . = d < co the inequality flI T ffl :5: d 11 T1 holds true.	 - 

•0 

	

•	The next proposition is crucial for the proof of Theorem 5.1. Roughly spoken, this 
proposition states that Hilbert operators can be characterized by its finite-dimensio- 
nal parts. Let dim (E)be the set of all finite-dimensional-subspaces of B. For ME dim (B) we denote by JM the canonical ernbeddihg of M into B. Analogously: let codim (F) be the set of all subspaees of F of finite codimension. ForN E cOdim (F) let QN be the canonical map from F onto the 'factor space FIN: 

- Propoition 5.2: Let B and F be any Banach spaces. An operator T E .°(E, F) is a 
Hilbert operator if' and only if there is a constant c depending only on T such that 
HIQNTJMHI 5 c holdstrue for allM E dim (B) and all N E codim (F). 

• The proof of this proposition, can be found in [ .12, 19.3:7/81. The-idea runs as follows. 
The finite-dimensionqj operators QNTJM for N E codim (F) and M E dim (F) admit 
uniformly bpundd factorizations through Hilbert spades. Using the ultraproduct tech-
nique one can reconstruct the operator' T from its finite-dimensional parts. But the 
ultiaproduct of Hubert spaces is again a Hilbert space. This yields the desired facto-
rization of T. Now we are ,ready to prove the theorem.. 

Proof"of Th'eorem 5.1:'Let 'M'be any t-bouiided, absolutely convex and closed 
subset of D. The linear hull D(M).of M in D is a Banach space with respect to the 
gauge functional PM• Suppose for the moment that there would be another bounded, 
absolutely convex and closed subset'M 1 of D co?ltaining M such that the embedding 
map T: D(M) - D(M1 ) factorizes through some Hilbert space H 1. as T = RS. Then the set R(SH,) would be a bounded Hubert' ball in.D(M 1 ) D, and (ii) would follow 
from .M = T(M) = RS(M) IISII R(S,1 ,). Se we have reduced the proof of the theo-
rem to the existence of such a setM 1 .' Let us suppose now that such a set M1 would 
not exist. Since D is supposed 'to be a DF-space, there is a countable fundamental 
-system (Ba) of closed, absolutely convex and bounded subsets We may suppose 
M B1 and 2B 9 B^. The linear hull D(B) of B,, in D is a Banach space with 

- respect to the norm PB. Since ill B for all n € IN, the cañqnical embedding T:. 
D(M) -->D factors through the-canonical embeddings C: D(B) - D according to
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the diagram 

D(M)	
T	 - 

T-\	 /	- 
/C 

Byassumption, non of the maps T. is aHilbert map. According toProposition.5.2 
there are subspces M E dim(D(M)) and Nn E codim (D(B)) such that the opera-' 
tors	 .	 * 

QnTnJn : M 	D(M) - D(Bn) ç* D(Bn)/Nn 

satisfy IIIQnTnJnIII > 2n. For abbreviation we set Y. = D(B)/N. Put  
where d = rank J, = dim R(J). -Now, we use Proposition 4.3.11 of [3]. This result 
states tfiaf for every s >. 0 there is a linear continuous operator.S in the non-commu-
tative diagram 

J	 T  
Mn	D(M)	D(B)	 y 

S 

C. 	/ -	,	- 
such that IISC II	2 and 'lI(SG - Q,,) TJ II -< r. This means that up to e the

operator S. is a bounded lilting of Q on'the finite-dimensional subspaceTJ(M) 0 

D. Now, we can estimate the Hubert norm of the finite-dimensional operators as 
follows:

IIIQ TT - STJIII = IIRQ — S .C.) TnJnIII 
• 11M. SC ) TJII d ^ 1. 

This proves	
0 

= IIIQ TJ	(QnTn1n	STJ)III 

IIQnTnJnIII — IIQnTnJr - STJllI	2Th	1	n. 

• We pull back now th& closed unit 1 balls Sy of the spaces Y, to D by the definition 

V	fl {S'(S):nE N).	 . 
•	Let us prove that V is at-neighbourhood in D. In view of the continuity of the S. 

and of Definition 3.1 it remains to be shown that V absorbs each Bk. Since the finite 
intersection n {S'(Sy): n k}is a t-neighbourhood, it absorbs Bk. But for n > .k. 
we have 2B,, B and Sn(Bn) = SC(B) 2Sy, because of II S CIl ;5 2. This means 
Bk S_:- 5, 71 (SY) . Therefore, V absbrbs Bk ; This shows that V is a t-neighbouthood in 
D. But then there exists some operator A .E.r(D) such that 

pv(d) ;5 p er (d) g	(Ad2 + 11d112)"2 	 (8) 

for all d E D. So we have the following prodtct of operators:	 -	- 
•	

'JO	 -	 Is 
—+ DçM)—+ D	 • i Y,	 - 

J'•4	
/•	 -	 .	 - 

-	 D(A) 

•	 .-
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• -. where PA is the continuous embedding of D into the domain D(A) of Aequipped with' 
the norm and where ,, is some operator satisfying = S+,. By (8), ,, is 
uniquely ,determined and of nori'n 11 8.11 S 1. Finally, wecan replace Y, by some 
factor space of D(A). ind'eed, the space N = ker ,, is of finite codimensionin D(A) 
and we get a factorization of *,, through the quotient map Q': D(A) - D(A)IN,, as 

= S Q,,'. The uniquely determined operator	DJ )IN :* 1',, is of the norm

II&lI = IJ&II :!E^ i.This 'wav we have constructed, operators  

Q(PTJ: M D(M) -	-. D(A)/N 


such-that  

n < III STJ III = HIflP4Tj 1I1 = IIISflQflFATJflIH 

IIS I HQ'PTJllI	IIIQfl'PATJflIII.  

This implies PA T X(D(M), D(A)) by Prop osition.5.2, but this cOntradict's the fact 
that D(A) is a Hilbert space. Thus we are dpne I	 - 

6. The uttliforni topology TD and its characterization or DF-domains 

There áe several possibilities to introdu'ce,natural topologies on One of the 
most important among these is the so-called'uniform topology 'tO. This topology was 
introduced by LASSNER in [101 and it was int'ensively'studied'in the past by several 

• . authors. Concerning the case of F-doains we refer once more to [8]. The topology 
TD is given by the system of all seminorms'  

PM (A) = sup fi(Ad,, d2 )f: d 1 , d2 EM),	A E 1(D),	 - 
where M runs overa basis of thd absolutely convex and t-bounded ubsets of D. The 

"-	embeddiuig D	H ' 9 D1)4 leads to- the embedding .(D)	.(D, Db ). - In this

- context, the topology 'tD appears as the restriction of the bounded open topology on 
1(D, D,,).The result of Section 5-allow a characterization of TD by tiesubalgebra 
,59 (D).  

'Theorem 6.1: 'Let D be any closed DF-domain. Then 'the uniform topology 'tD0 
.(D) is given by the system of all seminorms	-	- - 

PT(A )	II TATII, A E 1(D), T E (D), T 0. 

Proof: The statement follows directly from Theorem 5.1 and Proposition 4.1 I 
The foregoing theorem allows the application of the technique developped for the 

metric case in [8]'arid [9] also in the DF-case.  

Proposition 6.2: Let D by any closed 'DF-domaim. For every X E Y+ (D) and for 
every 'tj',,-continuous seminorm p there is 'some orthogonal projection P E 2(D. ) such that 
p(X—PXP)<l.  

Proof: By Theorem 6.1 we may assume p = p for some T E (D), T ^! 0. Let 
T = JAdE2 be the spectral representation of T. 'First of all, we, pro\'e that for every 
e > 0 the projection  

- P =

k	11
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• belongs'to (D). To this aim we'introduce the operator	 .	 T 

co 
R = f' dEA. 

Then we have Re € .T(H) and P = TR. Since P(H) = TR I(H) D, we get 
P E .'(D). But P,: ' H -*D is even 11-11-1-continuous. Indeed, for every A E .(D) 
we have  

PA (PA = DAPhII = lIATRh Il	113Ti 11R111 IIh I .	-. 

Therefore, the acijoint operator P: D' -* H exists,- and P, P, € 1(D, D) is an 
etension of P. This proves P € (D)by Proposition 2.2. J)efine Qt = 1 - P and 
let X € .(D) be given. Then we obtain . 

pT(X - PCXPC) = IIT (X PZXPC) Til = TXT - TPCXPCTII 
• -	 = IQCTXT + PTXTQII 

IlQ T Il II XIT II -f- Il P I II TX II JjTQjj	EX'J'II -f- 11 TX11 e	1 

for sufficiently small > 0 I 
Corollary 6.3: Let D be any closed DF-domain. Then the set (D) is TD-dense in 

;Acknowledgement: The author wishes to thank the referee for pointing out him,-_. 
[14]. This rendered possible to extend the results to closed domains. 

S. 
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