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- Elliptic Oscillation Theory - L

V. B. HEADLEY

§
Wir, gebmuchen eine geeignete Darstellung von Gérdings Ungleichung, um 1 \Ilchtosznllatlons-
kriterien' fur die allgemeine elllptlsche lefcrentla]glelchung gerader Ordnung

2 (= D“[Aaﬂ(z) Dﬂu]—~0 (@ ey L ,
lal.18]=0

von bekannten Nichtoszillationskriterien far die hdufiger betrachtete Gleichung (—l)"' 4™y
+ h(x) u=0(xc¢ Q) abzuleiten, wo.Q ein unbeschranktcs offenes Gebiet des [R” ist:

Yn0'rpe6.vma onMH u3 nouxonmnux Bapuamon nepaBeHcrBa'opaunra (Gérdmg) MBITIOKQKEM,
KaK MOMHO BEHIBECTH HOBHE TCOPEMbI Heocunmmumx AAA o0WMX ITNIUNTHYECKUX ypaaueimn
4EeTHOrO MOPANKA :
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. f‘ (-.1)l«lpa[A,,(x) Dﬂu]_o (z€R) .
. lelLIBl=

\

' M3 M3BECTHHIX TEOPEM HEOCUMJIIALMH [JIA Goilee 4acTo H3y4aeMOro ypaBHEHMA (—1)"' A"'u '
+ h(z) u = 0 (x € ), Tac 2 ABIAETCA HEOTPAHMYEHHBIM OTl(pblTblM nonwuomecmom R*".

Using an approprw.t,e version of Garding’s’ mequuhty, we show how to deduce néw non oscil-

) lation theorems ior the general even- order elhptxc equatlon / - “
Zv (—l)l‘xl D#[A,p() Dﬂu] =0 (z€Q) I .
‘lalu1Bl= . .

from known non-oscillation theorems for the more frequently_studied equation (-1)m Amy
“+ h(z) u.= 0 (z € 2), where 2 is an unbounded, opeh subset of R”. N

. . l R \ .

1 Introduction. Several writers (see, e. g.,[2, 3, 5, 8, 9]), have obtained non-oscillation
.theorems for vauous forms of t,he elliptic pa.rtml differential equation

()" 5 Dfaula) DPul + agfe) w = 0 @eegc RY) Mo

la|=|8i=m

in an unbounded open set 2. In a recent paper [6], by using a -version of Poincaré’s
i inequality, the author obtained non- -oscillation theorems for the more general equa-
tion - - Ti .
. (=)™ 3 D“[Aa,,(x) DAy + Z‘ B, (x) Dru.= 0. . .
le]=181= ' -
In the present paper, by using an appropriate VCISIOH of Gérdmg s mequallty, we
w1ll extend the results in [6] to the cquablon

Iui= 3 (—1>I“lD°[Aaﬂx>Dﬂu]—0 @eOSRY -1
leliBi=0 . '
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where the coefflclcnt functions A.z-are real-valued and sufflclently smooth. (The -

niulti-index notation employed here is the same as in [1] ) Our main result is a com-

parison theorem, whose proof, based on a suitable version of Gérdmg 8 mequallty,

will show that every known non-oscillation theorem for the equamon :

(~)md"u - h@u=0 (@ERCRe). @

gives rise to a new non-oscillation theorem for (1). - : . ' v

N !

2. Definitions and preliminary results. Throughout this paper, G will denote any non-
empty, open (possnbly unbounded) subset of 2. If k is any non-negative integer, we
define the ‘seminorm- |-|; ¢, the 'wezghted seminorm | . 6.0 a.nd the norm |||, ¢ as

follows , y - . ) o
ule,c :[ Y [ \Dup? dx]llZ o ' B | 3)
’ [al k\(l '. . » -
s ]ulk,G.w [ Z f (k'/o‘ ') [D"u]2 dx]”? R o T . (4)
r . lal=k G , A y '
- 1/2\ T ’ o . ' t . -
}I‘ullk.c,= [Z Iu]%g] . - ( i ) _ - - — (5)

. The definition of. a0 is rpotlva.ted by the following formu]a, which'is vahd for a.ll.

’

“Then it is ca.éil)'r- seen that

real-valued (D in Co®(G):
' fd)A"'(Ddx_(—l)"'fqb(ZDk) b dx

.

= f¢2(m'/a')D2°d5dx .

. G la|=m

==l ¥ f@D"[(m'/a')D“tﬁ] dx

’ lal=m G i
=X [l |DPRdz.
la|= mG i

» N

. To compare the semmorms - lm. ¢ and - ],,, G W let -

N
. \
.

|y’|m.0 é 'Iulm,G,w é 601/2‘ !u'm.G- v R . (7)

We also note that, in (3) and (5), when there is no dangerl of confusion, we omit the

subscript G. Let Cg¥(@) = {u € C¥G): flulle.¢ < oo}, and let Hy(G) and H,(G) denote -

the completions of Cz*(G) and C,®(G), respectively, with respect to the norm |||, g-

» If G is bounded, and if there exists a non-trivial function w.in II (@) n C*™(Q)
* such that (1) holds, then- G is called a.nodal domain for L or a nodal domain for (1). If
for all positive r the region {z € ©Q: |z| > r} contains a nodal domain for L, then (1) is '

said to be nodally oscillatory (or strongly oscillatory) in Q.
Using integration by parts, we can-easily show that if G is any non-empty, open
(possxbly unbounded) subset of 2, then for.every real-valued @ in C;*(G) we have

f OLOdz = 3. [ Auplz) D°OD!P dz + f di?Aoo () dx
lal=|8l=m G

I 2m=1- !

o

!
lal+fl=1.¢ =~ °

Co.= max {m!lfal: |x| = m}. e B - (6)‘

+.x fAﬂD“G)D”didx . '. ¢
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The standard proof of the global version of Gérdmg s mequaht,y [1 Theorem . 6]' .

- now yields the followmg result.

..
A

Lemma 2.1: Let E, denote the elliplzczty constant o/ the dz//erential opemtm' L;in

other words, let ) ) .

Eo = mf{ Z aﬂ(x) §a+ﬂ |§|—2m 0+ ¢cR 2 E .Q}

' . lal=|8l=m - .

" Suppose thal the principal coef/zczents Aaﬂ (le| = |8} = m) are um/ormly continuous
on 2, and that the remaining coefficients A.g (lx| + 18] = ‘< 2m — 1) are bounded and -
measurable on Q. Let G be any non-empty, open subset of Q. Then there exist constanls _

(0 00) and & € [0, oo) such lhat for every real-valued @ in Co""(G), we havc

2 f Aqp(x) Duquﬂcbdx+ ); f Aa,(x)D“qJDﬂdidx > ¢, E, nqbu,,,c —c2|<i>|g;c.

. lal=Bl=m G | _ Jl+181=16

The constant ¢, depends only on m and n; the conslanl 02 depends only on m, n, K,
sup:{|d.s(x)] -z € 2;1 < |«| +°|8] = 2m — 1} and the modulus o/ contmuzly for the ,

' pnnupal coejfzcecnts

3 ’l‘he main results. Using Lemma 2.1, we will first obtain a comparison theorem,
which-we can then employ to obtain new non-oscillation theorcms for (1) from .all '
known non-oscillation theorems for (2). U : + -

\

Th():orem 3.1: Let M be the differential operator defined by A v '

S Mu (—)m e A [Ag(@) —clu, o o e ()
where ) - o P o SN :
Cor= i Egfce, L . o i s (10)

and Co @8 de/zned by (6). If (l) is nodally osczllalory in Q, then the dzf/erenlzal equatzon

!

-

“ L Mu—O : L ' (11

8 also nodally osczllatory in Q.

. Proof: If (1) is nodally oscxllatory in Q, then for every positive number 7. t,he reglon
{x € Q: |2 > r} contains a nodal domain @ for the differential operator L. Thus, thére .
existy a non-trivial function w in H,%(G) n C?*™(@) such that (1) holds. Furthermore,
(8), Lemma 2.1, (9), mtegratlon ‘by parts (4), (7) and (10) imply:that, for every-® in
Co®(G), we have )

f@Ld)dx—lfdiMcbdx - o g o

> [chO 1Pll? — Ca |¢|o + Ago |Pe?] — [Ca 1Pl + (Aoo - Cz) |d)|02]
= chO ”¢”m - 64 |¢|m Gw 2 cl I¢|m — ¢y |¢|m Gw '~ - )
. = [(c1Eo/co) — ¢4] |¢Im0w = 0. ! R (12)
Using (1), (12) and a contmunty argument we obtam 0= f uludx = f uMu dz.
8

.

1N

G
_ Therefore, the smallest elgenvalue of the eigenvalue problem' Mv = )v, v € H,%G)
n C*™(@) is non-positive. Hence, we can apply a known monotomclty principle [4]

to show that G has a non-empty open subset G’ such that zero-is the smallest eigen-

value of the eigenvalue problem Mw = pw, w € H,%G') n C?™(G').- Thus, we have
shown that, for every positive number 7, thé equation Mw, = 0 has a non-trivial
- solution w, with a nodal domain ¢ = G = {x € Q: || > ry-0. ‘

.
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To illustrate how Theorem 3.1 may be employéd to obtain new non-oscillation
* theorems for (1) from known non-oscillation theorems for (2), we now generalize the

* - non-oscillation portion of [8: Theorem 1]. (In [7] we showed how to obtain new oscil-
lation theorems for, (1) from known oscillatioh theorems for (2).) "

Theo rem 3.2: Consider the polynomial ‘ o ’
¢ : L

-1 ’ . \

[+l —2m 4 g)2p] = Tbat.

0 o k=0 - - : CoT

3

~.
I

If n'2 2m, or if n < 2m and n is odd, then (1) is nodally non-oscillatory in. Q if thére
: exists @ posilive?iumber' 7o Stuch that for every x in the region {x € Q: |z| > 7o} we have
», : \I

[Aoo z) — 02]/64 > —lz7m Z [(@k — 1)"] b4+ log?* lzl o (13)

‘ Proof Suppose to the contrary that (1) is nodally osullatory in"Q. Then it follows
from Theorem 3.1 that (11) is nodally oscillatory in Q, contrary to the fact, proved in
[8: Theorem 1], that (11) is- noda.lly non-oscillatory in .Q whenever (13) holds B

. We invite the reader to formulate approprrate generalllatlons of other known non-
oscillation criteria. : oL
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