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On the Singular Behaviour of Fluid in a Vertical Wéilge - N o |, ' ¢
! . .
E. VIIERSEMANN : ' _ S

Dedtcated to the memory o/ Johannes Ma,ull) Y X

Es werden Losungen der Gleichung fir Kapillarflichen iiber Gebieten mit Ecken betrachtet.
Dabei wird angenommen, daB die Ecke durch zwei Kurven begrenzt wird, die einen inneren
Winkel 2« haben mit 0 < 2« < 2 und & + y < 7/2, wobei ;v, 0 <y <=2 der Kontaktwinkel
zwischen der Flache und der Containerwand ist. Es wird eine asymptotische ¥ormel fur Ls-
sungen in der Umgebung der Ecke a.ngegeben v : i ) ) -

I/lccneuym'ca peilleHHs YPaBHEHHA KANWLIAPHOCTH B OGJACTAX C YIAOBHIMH TOYKAMH.

- Ilpennonaraercs, YyTo yrioBas TOYKa OKAMMIIAETCA ABYMSA KPUBLIMH MMCIOIMMH BHY TPEHHHI
yroa 2o Takolt, 4ToN0 < 26 < mw M x + ¥y < /2, rAe ¥,'0 <y < /2, ABNAETCA YIJIOM

MCHLYy KOHTAKTHON MOBEPXHOCTHIO M rpanuuefi o6sacTu. }onaamuaeTcn acummo'ruqem(an
¢dopmyaa man pememm B oxpecmocm ymonon TOYKH. . R Jo.

Solutions of caplllary surface equation over domains with corners are considered. It is assumed
that'the corner is bounded by curves which make an interior angle 2x with,0 < 20 < 7 and

"o+ y < nf2, where y, 0 < y € 7/21i is the contact angle between the surface and the container

wall. An asymptotic formula for the solutxons near the corner .is given. - ‘ '

/ \ . ' ".. '
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1. Introductlon. We conSJder the non-parametnc caplllary problem in the preserice
of gravity. One seeks a sufface S: u = u(z), x = (,, ), defined.over a bounded base

" domain 2 — [R?, such that § meets vertical cylinder walls over the boundary 29 in
‘a prescnbed constant angley, 0 < y < /2. The problem when a tube of cross- -section

Q is placed into an mfmlte reservoxr leads to the equatlons (see Fmw [3))

A}

. vTu= COS‘y on the smooth parts of 29, : Ve | (1.2)

'where Tu = Du/}/l + |Du|2, x =const >0 and v is t,he extenor unit normal on

0Q2. By Du we denote the gradlent of u. .

Let the origin z = 0 be a corner of 2 with the mt,enor angle 2« satisfying 0 < 2a
<L n. We assume that the corner is bounded by two émfflclently regular curves and .
that each curve makes an angle,oc with the positive z,-axis, see: Figure 1.

In fact, it is enough that the curves belong to C%* for some x4 € (0, 1).{When the
curves are lines near the origin, then Concus and.Finw [2] have shown that s
unboundéd at the origin if and only if « + 3 < 7/2 holds. In this paper we are inter-

ested -in .this singular case. Thus, we suppose that « 4 y < /2 in what follows.
Let 7, 6 be polar coordinatés centred at x = 0, set k = sin «/cos y and define

N

uy(r, 0) = (cos 6 — sz — 8in?0) [xkr. . _ L - (L3) \

1) See foot-note on p. 433.,"' Lo o
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N

div Tu = xu'. 1n.Q . I B . ' o (L)
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Then, using a method of Concus and Finn, we have shown in [4] that

@) = ufr, 0) + O) (1.4)

" holds near the'corner for an ¢ > 0 when the corner is bounded by lines near the ongm

That is, z, = tan & - 2, is the.upper curve and x, =.—tan « - z, the lower pne which -
define the corner. The leading singular term u,(r, 6) was discovered by- Cowcus and

. Frxx ([2] and [3, Theorem 5.5]). The expansion (1 4) shows that for fixed 6§ the func-

tion u(r) is asymptotically a hyperbola. For 6 ="+ one obtains the curves of con-

_ tact on. the container wall, compare Fix~ [3, Note. 4, p. 131] with respect to an. .

experiment “performed by TAYLOR [5].

x2~ ? e -z ’
) —8=d -
v Z A B .- \
< . \r : '
AN X ’
8=const
) z §-- Fig. 1 .

The aim of this note is to obtain an expansion like (1. 4) in the case when the corner

* is bounded by. curves instead by lines. Under the stronger assumption 0 <y< nf2

we obtain by the same method that

u(x) = uo(s ) + 9(0) + O(s)

holds Herc s,0 denote curv11mear coordmates and ¢ is the (unique) solution of a two-
~ . point boundary value problem for’a regular second order ordinary differential equa-
tion, see the next sections. .
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Curvnlmear coordmatés We - use curv1]1near coordmates x, = xl(s #) and
x2 = (s, 0) (—x =0 a; 0.5 s < s, 8 small enough). Here 6§ = const yield the
curves pagsing through the origin and s denotes the arc length on these curves mea-
sured from the ongm see Flgure 1. More precisely, let ™

[y

o1

z, = fi(z,) = tan o« xl + a,,:t:,2 + O(xl")
E be the ﬁpper curve and ) ) .
xz = fo(z) = —tan o - , + agz,? + O(x,3)" v (‘2.2)
the lower 'one which define the corner. We set . = - ' \
. 1 tan 0 tan 6 o
e ) = 5 (14 2 ) + +g 7 (1 oy @3)

‘and mtroduce the arc length instead of z, through . ' '

l\\ _

s'=fV1 +x§,;‘(§, ods

!
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which defines z, = »i(s, 8) and z, = z,(s, 0), where we denote’ :tg(xl'(s, 09), 0) by
,(s,.0) again. We'find the coefficients g,, g, in the e\pansmns ) :

7

24)

x,(s 0) = scos 8 + szg,(B) + 0(83),
(s, 0)='ssin 0 + 70,0) + O6) | - (25)
as follows: Inserting (2.1) and (2.2) into (2.3) and then (2.4) fox x,, we obtdin (8, 0).
Comparison of coefflclenbs with (2.5) yields v ./
O gu0) = g,(0) tan 6 + 2 eost 0 Glay 4y, 0, 0), @)
- where G is defined by . - : :
G(al, as, o, 0) = ( + tan O/ban &) a, + (1 — tan 0/tan &) a,. L (2.7)
From~(‘2‘\.4) (2.5) and x, - 2, =1 it follows bhat - T n T
9:(6) = —ga(0) tan 0 ; : ' (2:8)
holds. Combining thls equatlon with (2.6), we obtain .
0:(0) = —271 sin 0 cos® (0) Glay, ag, 2,00 . . 29
and, . . 4 o e - \
g:(0) = 271 cost § - G(a,, Ay, &, ). . ’ o . (2.10)
Set 2 = (2,, %) and D — C!ét’(x”’ x“). From (2.4), (2.5) we sec that |
R . ’ v \Tre e : : .
2o %o = 8 + 2e(6) 8% + OfsY), S -
2w = O+ 06, \

'D:s+e(0')82+0(s\8);"\‘ i v -

where : o . (
e(6) = —g,'(0) sin 6 + g,'(0) cos 6,
f(6) = "91(0) sin § + ga(6)cos 6. . -

We mention that e = J’ holds because (2 8). Fma]ly, we obtain from (2.9),(2.10) for
f and e h .

;— (1/2) cos3 0 - G(a,,az,zx 6), : e
L e= ';——(‘3/2) sin 6 cos? 0 G(al, a,, &, 0) + (cos §/2'tan &) (a, — a,), (2.12)

~

where G is defmed by (2 7)

e

3. The asymptotlc formula. For O<o< go, 0o small enough, we set 2,=80n B
2o = (02 n B,\{0} and I'; = 2 n 8B,. Here B, denotes a.disc with radlus p and the
centre at the origin. The pr oof of the asymptomc formulas (1.4) and (1.5) is based on

_amethod of Concus and Finn, see[3, proof of Theorem 5.5}, which relies on.the follow-
ing comparison prmmple VVe give here a special version which we need in our case.
For the constant x > 0 let Nv = div Tv — »v. '

" Theorem 3.1 (Coxcus and FInx [1)): Suppose thdt. Nw = Nv in Qg, v=w on'
- T,andy-To=vw- TwonZ hold. Thenvam.Q _ t

AN
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With the a.bbre'viat,ion A ’
R =.D% + wg + Zg+ xgw, — 2z, - xgw,wo' ’ : . o
\ ~ , .

~we have in curvilinear coordmatcsns 0

- . :
"1 9 - ToWs — Ly - TgWp Wy — Lg * LWy
div Tw = [( = ) + ( = ) ]
‘ 1Dl VB s\ VYR 0
and oo ‘ C -t
. {(wg —=Z, - xow,)/]/l—i on the upper curve (0 =),
v. Tw =

. . ( we +. 9:, xow,)/}/jf on the Iower curve ( = —«).
For N

o o) = (cos§ — VIE —sin®) ke, - o 3.1

: where k = sin oc/cos ¥, let w = s 1h(0) + q(0) — As* for a functlon q€ C—«, o],
a constant A # 0and a constant A, > 0. We define .

L Lg = (40)q) + A4,0) ¢, o (3
’ -whcre Ay = h2(h? + Rh'%)"¥2and 4, = 2hK’ (h2 + h2)732 and set
‘ F(6) = —2(® + 13)"5 (eh + 2ehh’® + fh'3)
‘ fﬂW+WWWW—wWﬂ+WV+WP“_ -
-2 e[h/ (2 + B2)12) ‘ ‘ . : ' . (3.3) ¢
'Wlth e and f from (2.12) and (2 11). After some calcu]atlon we obtain that; '
d1v Tw = xs7h(0) + Lg + F + O(A)s“) + 0(s)

holds, prov1ded that 2 <1 and (4|2 < K, are satisfied for a constant Ko > 0r
Hence, since s~ 1h(B) =w — q(G) + As%, it follows : i

T Aiv Tw = xw + xdst + O(42s) + Os s 0T 34
ifgisa solutlon of - ' - . ’ . i '
Lq——xq—{—F:O on (—w, x). . ) o (3.5). . -
Agam after some calculation, one firds ' ' ‘ ‘4 '
v Tw = cosy — APk/(h® + KD)0l2 514 n 0(s?) , "(3.6)
on the uppgr curve (0 = «) and‘ N e L
o Tw = cos y + Aihh/(h2 H2)-32 s+A L O(st) - (3.7)
‘ _on bhe lower one (0 = —«), provided that g satisfics the boundary condlt,lor\ls .
N q+/h—eh'—0 for 0= —xandf = «. . © T (3.8)

As a,bovc ‘we assume also here that |4} A S K,and 2 < 1 hold.

Lemma 3.1: 'There extsts a umque solutzon 1o the two—pomt boundary value problem
(3.5),.(3.8).

Proof: It is enough to show that the homogeneous problem has’ on]y the solutlon
q = 0. Let g, be a solution to the homogeneous problem associated to (3.5), (3.8) and
u a solution to (1.1), (1.2), when the origin is a corner which is bounded by lines and -
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each line ni'a‘kes\, an angle o« with the positive z,-axis. By the same argument as in
[4] one finds u = 7~ 1h(6) + go(0) + O(r*). Here 7, 6 denote polar coordinetes. Thus,
since (1.4) holds too,"it follows that g,(6) = 0 on [—zx «] 0 .

Theorem 3.2: . Let u be a solution to -(1.1), (1.2) and suppose_ that 0 < 2 <m,

0<'y <aj2and « + y < /2. Then, for an e > 0, u = uy(s, 6) + q(6) + O(s*) near
the corner, where q is the solution to the bounda'ry value problem (3.5), (3. 8) and 1, zs
defined through (1.3). '

I "o

Proof: Since 0 < y < af2 holds it follows “from the definition (3.1) of & that’ '

h€ C®[=a,x] and hi(x) = —h(—a)> 0. Let w. = s71h(0) + q(0) — As*, where
the constant 4 is posmve then one obtains from (3. 4) (3.6) and (3.7) by the same
argument as in {4, proof of the theorem] that there are positive constants 4, eand 2
not, depending on the particular solution % considered such that div Tw — xw = 0

in £, w=<wuon I, and »-Tw < cosy on Z, hold. Then, Theorem 3.1 -implies.

uU = uofs 6) + q(f) — As*in Q By the same argument it follows » < uo(s 6) + q(6)

S+ As* for ossibly other osmvc constants 4, ¢ and A. Here the: comparison function
P y P p

w = s71h(6) + q(G) + As" A > 0, is used. Thus, the théorem is proved !

Note added in proof. More recently,-the correction term q(0) was bemg calculated
numerlcally by Dr Berndt and Dr. Janassary from the University of Le1pz1g

! »
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