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On a Lattice Problem for Geodesnc Double leferentlal Forms in the’
n-Dimensional Hyperbolic Space
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Im n-dimensionalen hyperbolischen R.aum H, wird- in Veral]gememerung eines Gitterpunkt-.

,problems ein Gitterproblem fiir geodatische Doppeldifferentialformen. gelost. Dazu verwenden

wir eine eigentlich diskontinuierliche Gruppe @ von Isometrien des H,, mit kompaktem Funda- A
mentalbereich. Es wird der Zusammenhang von Gittersummen und dem p-Eigenwertspektrum

- des Laplace-Operators fiir Differentialformaen auf der hyperbolischen Raumform H,/® be-

trachtet. Zur-Losung des Gitterproblems werden Mittelwertoperatoren fiir Differentialformen,
deren Kemdoppelformen und: ein Landausches lefcrenzenverfahren verwendet

3 ~— .

Ifyers H, — mnepGomwecxoe 7n-MepHOe NPOCTPAHCTBO, B. KOTOpO\i onpenenena BIIOZIHE
pasphHBHAA Trpynmna naoue'rpmi ¢ KOMDaKTHOH (yHmaMenTasnbHOll obnacteio. B M, pac-

‘CMaTpUBAéTCA 0606MIeliHAA ceToYHas 3ajiaua LA reofeandeckux Anolinux nnddepennnans-

HuX_(opM. VayuyaeTcA CBA3b. MEMAYy CyMMaMil 3HaueHUlt ABolficTBenHOl ¢dopmu u cober-
BCHHBIM CNEKTPOM omepatopa Jlannaca mia aupdepenunanbuuix Gopm B npocrpaHcTse .
runepGonnuecknx Popym HKaitdpopna-Kauettna H,/@. Jlna peulenusa 3aAa4u HCMNOAb3YIOTCH
oneparophl ycpennenus quddepesnuanpnolt GopMel, UX AAPA, & TAK:KE PA3HOCTHHI METOX

" Jlanpay.

- . . /7" - .
Generalizing a. lattice. point problem we solve a lattice problem for geodesic double differential
forms in the n-dimensional hyperbolic space. Thereby we use a properly discontinuous group &
of isometrics of H, with compact fundamental domain. We'study the relation between lattice
sums and the elgenvalue spectrum of the Laplace operator for p- -forms on the hyperbolic space

form H,/®. Our approach essentially uses mean value operators for_differential iorms, their

kernel double dlfferentlal forms and a Landau difference method.

1. Introduction

Let ® be a properly discontinuous group of 1somemcs of the n- dxmensnonal hyper- ..

‘bolic space H, of constant_curvature —1 without fixed points (with the exception of

the identity map ¢d) with compact fundamental domain &. We denote the correspond- ~
ing Killing-Hopf space form H,/® by V. Let d and é be the differential and codif-
ferential operator acting on differeritial p-forms on a Riemannian manifold. The p--
eigenform spectrum S, of the Lapldce operator 4 = dd + éd plays an important
role for various problems ' A variety.of results on the spectrum of the Laplace opera--

. tor on a compact hyperbolic space form and its geometry as well as relations be-

tween them follow from the Selberg trace formula, cf. [12, 13, 22].
P.GUNTHER [9, 11] has treated a lattice problem which- generalues the Landau

' elhpsoxd problem and pointed out that a certain lattice sum determines the 0- -spec-

trum of compacb hyperbolic space fonms In order to determine the p-specmum by
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lattice sums, we use the following geodesic ¢ double dlfferentlal forms introduced by
P. GUVTIIER [6] : N v

wmd =1, o) = 0, |
Gl(x, y) = Sin}‘l 7(2‘1) y) d(i?‘(x,.y), o Tl(x, y) = df(x, y) (ir(x’ y) s (1)
op ='4(1/p) Opr AN G, T, =0, ART

with the geodesic distance 7(x, y) of the points z,y € H,; d and d denote the differ-
ential with respect to z and y, respectively. Every isometry b of H, induces.a mapp-
" ing b* for differential forms. If we use b* in connection with a “double differential
form it shall be taken with respect to the second variable. We are interested i in

IO, x,y) ‘Z— b*ay(x, by), Sz, y) = bZ(; br,,(vc,,by)T (2)
0<r(zby)<t - . . 0<r(§bu)<l

. This paper is a continuation of thc treatment of lattice problems in [24], in that paper -
we have studied the Euclidean case. In Section 3 we show that #°(¢, z, z, ) and
S (t, x, x) or even f tr S°(¢, z, z) dv and _f tr (¢, , x) dv determine the spectrum

F

.8, of A (for the defmmon of the traces cf. Section 2). #° and &* also contain informa-
tlon about the eigenforms of 4. We ‘use Selberg transformations (cf. [25]) for the,
treatment of these problems. As usual in the context of lattice problems, we are
interested in the asymptotic behaviour of #°(t, z, y) and S*(¢, =, y) for ¢ — oo.

"A p-form is called - automorphzc if it is invariant under b* for all b € &. We iden-
tify the @-automorphic differential forms on H, and the differential forms on V. In- "
the space of quadratic integrable p-forms over V there exists a complete orthonormal

system E, of eigenforms w of 4 which we can suppose to be closed (dw = 0) or coclosed -

(6w = 0). Thereby we have used thescalar product which we get by integration
over V from a pointwise scalar product for p-forms defined in Section 2-by (4). We
decompose E, mto E,=E}u E2y E; with : :

Er" ifdw=0 (ha,rmomc eigenforms),
w€q Ef if o = 0, dw =+ 0,
LB iféw_Odw#O
The dlmensmn of E? is the p-th Betty number B, of V. The eigenvalue of an eigen- -
form w € E, we always denote by u,: do = - o We get the

‘Theorem: Set N =(n—1)2and de/me

[z CW@“PWN“ﬁw+N)MMMM)pr=@

| wEE,
. oé"“’<"(”+:) ,
Fe(t: 2, y) = Z alu) exp ((VN2 — po'+ N) 1) o z).0(y) forp=mn—1,
. weEl_,

/or‘p #_O,p‘#n— 1.

Then we get for the lattice remainder R° = S° — JE° the error estimate

1°(t, 7, y)ll = Olexp ((n — 2 + 2/(n + 1)) {)

A

0<uw<n( )
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u,zth the pointwise norm ||-lf with respect to xand y given by (6) coand ¢, are’de/zned by
colpe). = ¥ T{ea@)) [ Mealw) + N + 1),
i) = (—1)" copt) plea(u)+ N)2

-Vu,zlh co(u) =Y N? — u. The same statement is true for T instead o/ o if we replace p=0,
p=n—1,E, E byp=n,p=1,E,, E?, respectively.

3y

We want to give some conclusions and remarks The specnal case p = 0 for & is-

the known result, for ) \ N
Al zy)= T 1 ‘ -
be®. <
riz.by) <t : :

of [11] The leadmg term of J’" is determined by thc clgenforms with eigenvalue 0
for p = 0. For p = n — 1 the order of magnitude of the leading term is determined
by the smallest positive eigenvalue lesser n((n — 1)/(n + 1)) and JE°(t, z, y) is
closed, there is-no harmonic part. This is in contrast to the situation we have seen
Jin [24], in the Euclidean casc the leading term of the lattice sum g° forp=0,.
n — 1 is always determined (for J°(¢, z, y) & 0 in the termmology of this paper) by_
the p- eigenforms of eigenvalue 0. The leading term of the lattice sum J’" + St is
harmonic for p = 0 and p = =, is closed but not coclosed for p = n — 1 and is
coclosed but not closed for p = 1 (if there exist eigenvalues u€ E,,_l and ueE?
with 0 < u < n((n — 1)/(n + 1)) and % =% 2, respectively).
For the proof of the theorem we use mean value operators for differential forms.
A more detailed treatment of these operators and relations between them one can
- find in [19, 23]. We apply a Landau difference method which also was essential for
the treatment of a lattice problem for p-forms in the Euclidean space, cf. [24] The
solution z(¢, 4, u, n) of the Euler-Poisson-Darboux equation - o

(d?/dt2 + 2 coth ¢ djdt + p 4R — (0 — 1)?)) 2(¢, 1, u,n) =0,
20,2, u,m) = 1, (dz(t, 4, i, m)]dt)];ey = O

‘is essential for the eigenform expansion of the kernels (18) of mean value operatoxs.
The basic plopertles of z(¢, A, 1, n) are recalled in Section 2

2. Double diﬂerenti'al forms and spherfcal mean values

 We defme the doublc dlfferentlal forms

N

a,,(x, y) = o {da cosh r(z, y)}? (exterior power),

Bu(z, y) = —1 cosh r(z, y) {cosh r(x, ) d&(ln cosh r(z, y))} .

By (1) we get

®p =0, +coshrz,;, B, = cosh r 0p + Tp.
According to [6, 23], we have _
Aoy = —pn —p+1) &p, 4B, = —(p + 1) (?z — ) By | -

d—-O.ﬂ~O

The dlfferentlal operators are taken with respect to. the first variable. We' use a

global coordinate system (!, ..., z") of H,. In order to-recall the geometric back- \
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ground of the geodesnc double dxfferentlal forms o, r,,, we defme the component-of a
p-form - _ .
@ ='<p,~l....', dzir A - A dzie” ) '
in the direction ofa vectoi v= (v )of the tangent space in z'€ H with »* v, =-1by
Py = PULY Pl i) AT A - - A dx"’

“We adopt the ‘convention -of summing over repeated indices. [... |¢] ...] shall denote
the alternation w1thout i. Further. on-"we set ¢p|,, =@ — <p,,, We define the point-
wise scalar product of p- forms @ and y by

(@ - ) (@) = p! gi,iy(@) phH2(2), R - @
Using the Hodge star operator *, we have . h

0 = (—1)prtn+l ¢ d % for p-forms and (¢ - ) %1 = P A* '(;J o )
‘The scalar product of double differential forms - o

- @@ y) = gir- i ip(®> Y) AT A o A daie dyli A - A dyls,

y(z, y) = 1/).‘ .,], ip(Ts Y) dxi A -+ A date dyit A - A dyi'p S L
is defmed by . _ 4

(@ - ) (8 9) = PP Gipii (2, ) p7 o ”(x » o~
and the trace in (z, z) by ) : ~ :

¢

trog(x, 2) = p! @i, -'" e (2, 7). . _

) Let c(t) be a gcodes_lc line with c(0) = yand ¢(l) = z. If we do a pa,rallel branslatnon e
of the component @(Wzomeon of the p-form <p(y) along c(¢) from y to 'z, we get

(—1) r,,(x, ) @(y) according to [8]). If we take q;,v instead of ¢, -we get ( 1)P"

X oy(z, y) - @(y) and (—1)?. (o, + 7,) is the transport form. :
"We mtroducc the sphencal mean valués . :

M“[w] (t x) = ca sinh!~ "t f oy, y) w( y) doy, ' , -
S(z.b) . .-
Mﬂ[w] (z ) = cgsinh'="t [ B,(z,y) (y) do,
. © S ) - E

: 1 : o . _
with ¢; = —( 1)? 1"'""1’(%/2 for dlfferenbxal P forms w, S(z, t). denotés the sphere -

“around z w1th geodesic radius ¢, do denotes the surface element. In [7, 8, 23] the spheri-
cal mean values defined with g, r,,\mstead of G, ﬂ,, have been treated. Usmg these
results we get

_ (——(n - p)/n siﬁh"’iy(t, n + 1, u, n) .
C M wl (¢, x) =9+ cosh ¢ y(¢, 7 — l,p,n)) w(x) ! vfor Adw = puw,do =0,

S _ Azt — 1, 4, n) o) : forr Adw = pw, dw'=0,
S . o . -
| T
, ;z/(l,n —1Lun) oz . . for Aw = pw,dw, =0,
MAw] (¢, 2) = (,—p/n sinh®t.x(t,n 4+ 1, u, n) o :
- - " | +coshtai,n—1,p, 'n)) w(x) Mfor do = pw; dw =0
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w1th the functions . v ) -
alt s ) = 2{t, Ao+ (p 1) (v —p—ma),
y(t, 2, p,m) = 2(t, 4, p +p(n +1—p)=n,n),

S ) a-nfg
Z(t, ).‘1 ,_u) 71’)_2 (_ (COSht + )) .

'- 1 - . 1 " . : . -
><F(E—Z,?-Fz.,—z-(l*l-l)»g_(lfCOSh‘))- :
1 =VN* =y, =m=12

523

F thereby denotes the Gauss hypergeometric funcblon The functlon z sa.tlsfles the-

Euler-Poisson- Darboux equation

d2[d62+/cothtd/dt+y+/2/4—Nz)z(tAy,n)_O BN

)

Wlth the initial conditions 2(0, 2, u, n) = 1 and (dz(¢, A, > n)[dt) [t=0 = 0. We ha.ve
2(t, A, u,m) = (1/(/. + 1) sinh ¢ d/dt + cosh t) 2(t, A + 2, u,m). For iy, =4 + 2" we

get-« N o v i

2(ty 2o, i, n) = (ZESillhl—-l‘ t/B(—z_ (4 + 1), '2" (;-2‘ - ;?l)))

e

" X [ (2(cosh £ — cosh s)) b2 sinkis 5 2(s, 2y, 1, n)ds. (9)
: : ) PO ‘ | -
~ The estimation o
J2(¢, 2, uy m )I =N sinh—#2 t(,u — Nﬁ)-m . .

foru > i > N2, N
_. form developmcnts of kernels of mean value operators By setting

-

-~ (10)

= (n —'1)/2,¢ > 0is of importance for the convergence of elgen-

ult, 2, g, n) = —(2 4+ )72 ((}. + 1)/2 —p + n/2) smh2 ty(L, 2 + 2, u, n)

—}-coshty(t Aapym),. - - N

(11)

(¢, A, u, n) = —(l -+ 1)—1 ((2. +1 /2 -+ p— n/2) smhztx(t A+ 2 i, n).

" 4 cosht x(t Aypym) S

we’ obtam ult, )., u,n) = ((4 + “lsinh ¢t d/dt + cosh ¢) u(¢, 2 + 2, u,n) and the
: \-

_Same ‘equation for v instead of . Usmg the asymptotic beha,vxoul of ¥ (a b,c

X (l—cosht))fOrt—>oo(cf [14]) wehaveforOS,u<N2 t—>oo .

\

N _/_ 1‘(—2— ( +-1)) I(y) 2=t
W2 o) = TRy T(T2)
’ + 0((Cosht —if24y— l) + 0(( cosh {=ie- z)

(2 cosh fyr=42

‘ w1t,h 1= ]/N2 — 4 Further on we get by a short calculatlon (cf [19])
_z(t, 2, N2, n) = O(t sinh=4/2 t.

-

1
» 2 .

(12)

(13)

\
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3. Lattice sums and spectra

The Laplace operator 4 = dé + dd for p-forms on a compact hyperbolic space form
'V has a discrete spectrum S,.. The cigenspace of an eigenvalue u € S, has finite_
dimension d,(u). For 4 > 0 it is the orthogonal sum (with respect to the scalar pro-
duct (4) integrated over V) of a subspace of closed (dw = 0) and coclosed (6w = 0)
eigenforms w with the dimensions d,4(u) and d,®(u), respectively. Put 8, = 8, \ {0}.
By the telescopage "theorem of McKean a.nd Singer we have d,l(u) = dp,l(y) for
wes, Cf (). . - - .
To begin, we consider the relationship between lattice sums and the elgenvalue
spectrum for p = 0. We define '

K, y) :'b%k(sinhz‘—;r(x,by)) ‘ o
€ .

for a continuous function & on the real line with co.inpact support. For cvery pair
(%,%) € Hy, X H, the sum is finite because @.is “properly dlscontmuous We have
K(z,y) = K(y, ). Using '

At z,y) = XY 1 : ' .
’ beG
' riz,by) <t Ve N

- we can write K(z, y) as a Stieltjes integral:

! s
“od

K(z, y) =fk (si'nheé r) dA(, z,y) (7). , | (14)
o i . . : ‘ :
- P. GUNTHER [11] considered the asymﬁtotic behaviour (t'—>'oo) of A(t, z, y). Follow-

. ing standard ideas for the proof of the Selberg trace formula, we use the integral
operator ) 7

i K: q)‘—> fK(x, y) o(y) dv,;‘; fk (sjnh*—é— r(z, y)) o(y) ;ivu :
N 5 . s \ h .

RN

-for @-automorphic functions @ on H,, which are quadratically integrable over a
fundamental domain F of & in H, (dv denotes the volume element). The last integral
can also be written in the fofm .

2n’_‘/2/l‘(n/2) k {sinh? -‘1— ) sinh®—1 » Me[g] (r, x) dr.
2 - .

~

By v1rtue of (7) the cngenfuncblon expansion of the kernel K(:t,, y) with respect to '
the elgenfunctlon system E, gives (as an L2 equatlon over J with respect to y)

' %Ic(sinhz—fr(x, by) b h(V — Nz) 1’) w(y) : . - (15)
P oS <

’ with

2?5"/2 ;1 N

—_ 2} — 1 2Ll o -1 R . .

h‘( Mo — N ) To]2) k (smh 3 r) sinh®~1 7 2(r,n — I, po, n) dr (16)/
p -

\
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-

According to [25], the funcbions k and k are related by the Selberg transformations: _

k() = ((— 1)) Q™ (10) s

' ©o o . forn = 2m + 1,
—_ m .
Q) = = wf t[ = f k(t) de...dt, dty | )

» 1n
k() = ((—l)m/n'") f‘\Q"”)(w)/]/w — tdw

forn = 2m,

Q(w)—w"‘ 1ff flc(t }/t—t,,, Lt diy dy R

wt tin-1
L}

(forn_2 m_lsett,,, 1_w)and

Q(?b) = Q2 coshu —2) = g(u),

h(r f exp (wu) g(w) du, g(u) = (1/2n)f exp ( —1ru,) h(r) dr.

—o0 —oo e

We could deduce (16) directly from these transformation formulas. We want to
allow for the possnblllty that k no longer has compact support.- Thereby we use
A(t z,y) = Olexp [(n — 1) ¢ } (cf. [11]) and the fact, that .

W€ Eq.pey >0

*Z () PO 0o(2) w(y) > 0)

is absolutely convergent in order to prove that the series of both s1des of (15) are
convergent. By a standard approximation argument (cf. [13, 25]) we see that (15) is
still valid (even as a pointwise equation with respect to z and y), if we suppose the .
following condltlon

C)h = h(r) is'an even a.na.lytlc functlon in the strlp
|Im < (n—1)2 + e, ¢ > 0and h(r) = O((1 + |r|)—m“‘3 "))

If we choose h(r) = exp (—7?) and use (14) and (15), it follows easily that A(¢, =, y)
- or even A(¢) —f A(t z,x )dv, determines the O-spectrum S,. Notice further that

’

A(t z,y) determmes b (x) w(y) for nE So : ,
WEByHpy =4
In order to get a relation between the p—spectrum and lattlce sums, we define for

Azni 3 ‘ . . -
Aot 2, %, y) = ¢5(2) (2(cosh t — cosh 7(z, )4~ x (2, y)
> with” ' ’ ‘ . . .
' rlXazi
.- v ift>0, ( 1)? z. 4=
O =10 itr<o, W= T
ST E 1’(—2— (A —n— 1))
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and the an‘aldgous equation with g instead of «. It is convenient to set -

A A3, y) = Y ORI, 5, by), - P Az, y) = )j A0, 2, 2, by), )
Lo : be® 4 . :
A(t, 4, 2, y) = (2 — 3) cosh ¢ AP, A — 2,2, 9) — (2 —3) At A — 2, x,y)
(() - 3)/2 _'p + n/2) (ﬂlﬂ(t,), z, );

‘ﬂ(t,)‘,a:,y) (l-—3)coshtc/ll°(t)—2xy) (l—3)JIl’(tA—2x,y)
) —(Z—3/2+p—n/2)</ll" Ax,y) _

.(18)

—

' For (&ﬁcaufomorphlc p-forms w, we have

[ e, 2,2, ) wly) dv, = [ A (¢, 2,2, y) wly) do,
F o H,

N " ‘ . M
= %/)f (2(cosh’l — cosh 1r))(‘1-"“")/2 sinh"~! r M[w] (r, z) dr.
3 . -

- . - -
- ’

.~ If we use the mean value formula. (7) for JIZ“ and equation (9), we obtaln ‘the eigen-
form expansmn of </ll" for more details cf. [23).-More premsely, we have the -

Proposxtlon 1: For z, y € H, the following eigenform expansions are vahd as L?
-equations over F with respect to y: :

Gy MUY = 5 ult, 2 —2, ) Sinhi=3 £ a(a) wly) ;
N | weEys T - L/ - .
+ X alt;h =2, m) sinhi~ 3tw( ) w(y); r
) . : weE, UE® -
) MG An Y = Z 2 — 2 g ) sinhi? L (z) w(y)
weEU B .
- Co A YA —2 m,,n)smh‘ "tw( ) w(y);
s . . weE, ’

(i) A2z y) = D (t,z;/@,‘p)sinh*-*tw(x)'w(y);- -9

(iv) lﬂkt, Az, y) = 2

@B,

y(t, 2, ,uu,,n)smh’I 1tw(x)w() o - (20)

The serzes are pomthse and absolute convergent inxandy /or A>2n + 2.

It remains to prove the. pomthse convergence. But thls is a consequence of the
- well-known fact, that Z (;4,‘,)“‘/2 ”w(x)]l llw(y)| is convergent, and of the estlmate
(10) i . . weBty . :

-\ Taking the trace in (19) and (20), we obtain for 4 > 2n +. 2 by mt,egratlon over J
f tr A(t, A, x, x) dv, = ) (—u.) (). — 1) sinh=1¢ z(¢, A, pw, n),

N wel‘),,‘s .
ftr ﬂ_(t, 2,z x) dv, = 3 (—pa) (A — 1)? smh‘ lty(t,/,‘uw, n). .
F . weByt ’

N\
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If we suppose the condmon (C) for & with the dimension 2 + 1, we deduce by inte- -
gratlon()>2n+2 2el) . .

-

f k (smh2— r) smh ly f tr A(t, A, z, x) dvg dr T Jel g

F

= T (—p) (G — 1 h(vum —(@— 1)/2)2) -

L we B,

with &, = o + (P + D —p) =2+ ( 2 — (n —-1)2 ) The functions kb and k

" are thereby related by the Selberg transformamons (16) and (17) with respect to the
- dimension A 4- 1."We get the analogous equation for &9 instead of A if we Teplace -

E‘byE“and ;4,,, by Ho = o 4 p(n + 1 —p)—n +— (i2 < (n — 1)?). Again, we.

use h(r) =exp (—72) Then it follows that A(¢, 2, 2, y) and AB(t, A, z,y) or even the tra- .-
cestr A(t, 4, z,x) a'pd tr B¢, 4, 2, x )determme df(p)s; dy d(u) for p € S, and S,, itself.

’

" 4. Lattice estimates

-

- In order to extract information about the asymptotlc behawour of & °(t, x, y) and
I (¢, z, y) for ¢ - oo we shall use -

Eas

3(t z, y) : Z sinh? r(x, by) b*ap(x by)

0<r(z by)<t -

.Observe that ' . -

) . . v ¢ N ' o - N . .

. Fot,z,y) = [ sinh 27 dS(, 2, ) (). . S . o@n
. 0 N . . . .

.Par!tia.l integration gives '
¢ . Y
St , y) =2 f»cosh 7 sinh~%¢ :f(r, x,y)dtr +.sinh=2L (¢, 2, 9).

— -

\
In view of this we consider the’ asymptotlc behavxour of 29’ ¢ =, y). We can write thls '
double differential form in terms of the kernels defmed in Section 3:’ :

S, x,y) —c*( WL n+ 5,2, )+ (n+2)cosht</llﬁ(t n+3 z, y)
- — (n 4 2) M@, n + 3, 2,9)) )
M= p) M By my) + Aln £ By ) - o (22)

with ¢* = = (—1)° 7"/ T(z]2 + 2).

We use the pomtwnse convérgence for A > 2n 4+ 2 of the eigenform éxpahsion of
A, P stated in Proposition 1 and the following recursion equation which is an
immediate consequence from the definition.
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Lemma 2/ For 4 = n + 3-we have
ofot A, A+ 2,2, y) = (2 — 1)sinh t A, 2, 2, y).

' “The same equation is valid with B instead of «.

" In connection with its eigenform.expansion we break in two parts

T hmy) = F altd— 2 ) sinh S () o) ,
nw<(“x)\$+1 w0 ST TR e
+ X ath—2p, sk le@ o) - (23)
WEEONVE, - : )
. o <(N—p)*
and ‘ ) o
Rty %y 2, y) = SM® (t i, y) 276’“(t Az, y). o o (24)

In the analogous equatlon for c/llﬂ we use y, v instead of u, . We remark, that
ult, 2,0, n) = 2(t, 4, 0,n) and »(t, 2, 0, n) = y(¢, 2, 0, n), t,herefore it is of no impor-
tance if we include Ep" in the first or second sum. Using (23), (24) and Lemma, 2, we
get : : '

Lemma 3: For A = ’;L + 3 we have
8)ot J*(t, 2 +-2,%, y) = (2 — 1) sinh ( J(t, 4, z,.9).
The éame eq@tion is vﬁlz’d for - Re z'n.s;tead of Je°. \
The following estimates for the eigeqforms w € E,are well known (cf. [5, 11]).

Lemma 4: We kave

2 Nlw@)F pme = O(E"/2 9) for o <nf2,

msE, O<pey<é

> e@lEut = 0E™=¢)  for o >nf2.

WEEL. pu>¢

(25) :

As a consequence of (10), (23) and (25) we deduce for A > 2n +72 the mequahty
lAte(t, 2, z, y) — Fo(¢, 2, , y)l| < cg sinh¥2=1¢ with a constant c¢g not depending on
z,y and ¢t. We now want to use the recursion .equations of Lemma 1 and 2 and a
Landau difference method (cf. [11, 15, 24]) to get information about the asymptotic
behaviour of ¢ for ¢t — oo for smaller values of 4. We will need the values ) =n+3,
A=mn-+5. :

Proposntlon 5: The asymptotzc behaviour of H°(t,n + 3, x, y) for t — oo is gnen
by [, 7 + 3, 2, y)ll = O((cosh ¢y»—(n— nin n),

. Proof: It will turn out to be convenient to use the transformation & = cosh ¢

which we indicate by -, for instance_ Mok, A, z, y) = JM(t, A, z, y). Then we can
write Lemma 2 in the form (A — 1) ME A 2, y) = oM (&, 2 42, 2, y)|9& and the
_same equation is true for ¢, R° mstead of A*. We set, m = n/2 for even n, (n 4 1)/2
- for odd » and get

¢ m £

- JI“(E,A+2m,x,y)—-c7) m) ff fe/ﬂ (171,) x, y)dn,...dn;,,

11 1
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o . . -
with ¢;(2, m) & 2"'1“(( —14 2m /2)/1*((;. — 1)/2). For a function F from R into

an arbltrary vector space we use the dlfference operator ValF(&) = X (=1 (m)
. X-F(& 4 wn)with g = &%, a € (0, 1). Applying V.2 on Jl*, we'get =0 v

mac/?lﬂ(f, A+ 2m, z, y) = ci(2, m) I,,,“z/”“(&, 2,7, y) BN s
™~

with ) T ’ R ) Y
- L " E4n mmtn mtn ' U
I,8F(&) :'f f f Fm)dm ..., dny,. . : ‘ P
- 3 7 R . L
Thus o _ o :
Mo, D, 2, ) = o2, m) 71 TV 0ME, 2 4 2m, 7, y) -

-~

: + LA 2,7 y) — e L y) ). (26)

This notation means that the integral operator I,,% is taken with respect to the vari-
-able indicatéd by a point in formula (26) and the used argument is written at the -
- end of the formula: ‘

LA (&, 2, =, y) — </ll°( 1, 2,9) (&)
E+n 'lm+'l\’lt+’)

f f j Jﬂ“(E,)x,y) c/”"(?},,lx, )dm.._.dr,m.‘

— —

-

The equation (26) is also valid for :7—6’“ and &* instead of Jl’l‘.
Combining these equations, we get

ﬁ“(é”.)_’ x, y) = C7(2., m)-l n_fnv"'a;%“(g’ A + 2m’;x’ y) .
T LT, Ay x, y) — T, Ay, 9) ()
o, °(‘/”-‘(£, bz, y) — M, 2,2, y)) (6).

Now we are bakmg the pointwise norm |I-|l with respect.to z and y. The paper [5] tells
us how to get |- Il under the integral sign. For 1 = n + 3 we get .

||‘7f“(§,n+3 %yl IS ol Ty + T+ J3)
with . -

-

Ty =nm Ile“ﬁ°(§, n+ 3+ 2m,z,yl, . ) ~ -

Ty =L [T+ 3, 2,9) —Fo(,n + 359l 6, ()

Ts = 1~ "L, | Ao, n + 3,2,y) — M(,n + 3, 7, y)f (£).
' We will continue the proof by estnma.tmg I 15 c72 and J,.

-

" Estimate of Iy We break the elgenform expansion of Re(&,n + 3+ 2m, z, y) in
four parts with respect tow€ E,(b>0,N=(n— 1)/2) '

() weEfS, (N+l-pP<u=e&, (i) we_Epd, §°<,um
(ii) w € Ef, (N —pP<p, =&, : (iv) wE'EJ, & < py-

v

As a consequence of .
G —Du, =2, %, ) sinh?— 3:— a(u(t 2, p, n) sinh*=1 ) [2E
(A —1)2(t, A — 2, u, n) sinhi~3 ¢ = a((t, A, u, m) sinh*~1¢) [oF

34 An_a/]ysls Bd. 9, Heft 6 (1890) . ;
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L ~

with E = cosh ¢ and by Lagrange’s theorem of dlffexentxal calculus we obtain

N "V ( (t,n + 1 4 2m, u, n) sinhnt2m t) = cgu(t,, ,n 4 1 M, n) sinh™,*,
NVl (2(, n A+ 1+ 2m, g, n) Sinh®+28 £) = cox(t,¥*, n 4 1, u, n) sinh™,**

with £,* = cosh £,* and £,** = cosh t,*¥*, £ < &,%, £,%* < & + mn Using the above

‘ decomposntlon of R, n + 3 + 2m, , ), we get '
N " IV ”Jl“(f, %+ 3 + 2m, x, y)[[ . T

N u(tn+1+2m,yw,n)smh"+2'wIuw uuw(y)u'

weE,
(N+1—- m'<na,56°

+o X 2 (att, o+ 1+ 2m, e, ) sinh+m 4| ()] o)l
, ’ (N— ;’)sguwﬁ" . Lo )
- 2l n A 1 g, ) sinh® )o@ e @)l
E°<;fa, . . :

+ 2l n + 1, ) sinht‘ 22| lo@)| o)l -

o<uy D ~

We suppose & to be large enough, so .that (N p)2 < & and (N + 1 — p) < &b,
Assuming (8), (10), (11) and Lemma, 4, we w111 have

o)™ IV 20, n 3 3 + 2m, 2, y)|

o (111+m(1 o _nfdtem "—“+mu— ) —m) '
= 2, o\ Ho . 4 F &2 o] @)l o)
» - B
(N+1=pP<ppsé® '
. n—1 T nt1+2m . '
. : ——tm(l—a) —— -
) + §o £ Mo 4 lw(@)] ()i
. (N—pP <i=<e® ’
' ( at1  n483 T ndl n+l) ’
+ ‘e% E2 o, + £2, Ha - |lw(x)'l Hw( M
E°<p2,
©omo1 e
-+ %a £2 py @) o)l
- 6"€<wa ' .
— e (En_;L—+M(l o+ (" "+::+2"')b + E%wnu a)+(.ﬁ_"“:2’" )b te ("—”+l)b

P ) )
Pluggmg inb=2(1—a) glves ‘

n—l(n—l)a

‘ Trisepé ?

Estzmate of J»: There is only a finite number of clgenforms w€ Ef, E with

eigenvalues yu, not exceeding (N + 1 — p)%, (N — p)?, respectively. These eigen-
forms are of class C* and so their norms are bounded by a common constant. Using

P

o
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agaid Lagf{mge’s theorem of differential calculus, we obtain

g s =7 %’ Cu(e,, n — 1, u,, n)| sinhn-2 48
(13 B

l‘m<(N+l p)' -,

. ) . 7
+ 7 Z lz(tin, w — 1, p,, n)| sinh?—2 ¢3*
weESU Eph ) -
Bo<(N—DP)* .

By (12), (13) we get =~ - ' A

. 1 n— " n—1 n-—1 -1 n—1
nt +"_l+ 1_?_14. "_2;_"_+"

s < (5""7 R _T“)%f TETE T g g,

" Estimate of fa If we use (5), the duahzablon formulas x%0, = (<1)" 14_p, *¥7,
.= (—1)" on_p (cf. [6]) and the property xb* = b*x, a short calculation glves “Ib¥o,(,
byl < cis, ”b Tp(x by)l] = c16- We have

LSt By = B b*(op(%, by) + cosh 7(z, by) 7,(x, by))
. r(z.by) <t .
with ¢, = (—l)P.\n-"/zf(nﬁ + 1). Thus o = o
| AMe(ny,n + 3,2, y) — N, 7 13,z R -
C=cr X7 bMoyx, by) + cosh r(z, by) (e, by)

.gr(:: by) <ty

with £ = cosh ¢, and 7, = cosh ty. Because of the property of @& to be properly dis-
continuous, we can estimate the- number of lattice points with ¢, < r(z, by) < t, by
" €1 times the difference of the volumes of K (x t,) and K(z,t,). Consequently we get -

(6, + 3, 2,4) — ol 4 3,2, ] S g 510 o
forfSnIS§+m7, N
This implies by (27) .

T3 S cpfnite,

Comparmg the estimates for 7, 7, a,nd N 3 we see that the best result is reached
with @ = 2/(n 4 1). We get

uwmn+3xums%e(nwwn L (28)

* Analogously we get '
I, 1+ 3, 2, Y) S cutr—tn-lntn, ; @)
- As a consequence of Lemma. 3 we have ‘ ’

IR, - B, 2, y)l| S cpaf+I-tr= i+ - (30)

~and the same result for § instee.q of & § _
Followiné (22) we define
RE(L, x, y) = cH[— Ji"(t n+5,z, y)
+ (n+2)cosht¢7l”(t n + 3, , y) —(n+ 2)<7l“(t n—}—3 z, y)]

34* ’ - ‘ -
st : . ] ‘
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- and the saine equation with y
< .

By (12) we have for t — o0 (u < (N — p?)
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14

with.c* = 1 (—1)P =2/ (n/2 "+ 2), and H* =& — R®. The equations (28) —(30).
9 . . . , q

. ,‘ lead to .

N _n-t _n-t .
(T3, 2, )| < calcosh &) 70, RF(t, 2, ) _ ofelm "“)‘)-f e

So we are able to estimate the remainder R% of §. We are now interested in the order’

‘of magnitude of J%. A direct calculation in accordance with (11) and (23) gives -

o (0 — )P +:2)

© w€Ey
poS(N=D)? .
<~ -

+ (n — p) cosh t 2(¢t, n + 3, p,,, #)} sinh®+t2 ¢ w(x) w(y) "(32)

4 Z =Pyt + 3, w) Sinh ™ (@) 0ly).

(WEELUES -
- B S(N+1—-p)®

: . a—1 - ' ' T
oty 2,y my = TEA DR LGlN I8 o oy quy)) + Ofexp () (33)

- ; -

{2+ 7)) T/
with — ot \’ '
= V=g — Y2+ ) — 1 for zalw) 2 112,
‘,(z(:u) = (N —P) ..’_',u, ) Tz —’{ _;/2 - Zz(,llv) . for xz(/‘) < 1/2.

. YV +1=pr— =17 .
- ,x"(”). Y+ L7 ;#’ % {—1/2 —n(w) for py(w) <12
_instead of z, y.(u) and 7, (valid for g < (N +1 — P)R). This gives -
C 1 m = Ofexp((n + 1 —(n = Dite + 1)) e

for p #O and p + n — 1. This is the same order of magnitude as for A%: Next we

consider p = 0and p =n — 1. We have E¢ = 0. After short calculations (32) and .

(33) gives ‘ N .
. st(t,ix, y) o : ’ ) -
= & (N =g+ N + 20 0@ oly) HHL Gy B9)
S mmEL R
) Ilm<"(m) o ’ : ]
with ’ N

H2(t, %, ) — Ofexp (v + 1= = Djn + 1) 9),

v +52) M —m) : R PR

b = TN = po + N +3) g L )

. '1—(‘—[1,‘,—*—71,‘/N2 _I‘:"*—N)— fOI‘p:O, ' ’ - e

Cog = 20 ' R . ) - g
T —,u‘,,—N—{—}/Nz_—,uw' forp=n—1. oo

.

—2/2 4 gy(u) — 1 for yy(p) 2 1/2,"

" y g » —-/ . . .2 e R =
(Yfes) Fo(t, 2, y) = Za [ = : .a.:(t,n + 5,4, n) sinh .\t
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’

forp=0,...,n We spht, 8¢ in

" We set 3,5 = 9% for p+ 0, n— 1 and :76’—36*’ 5, RS = H*E + RS

Jeo(t, z,y) = 2 f cosh 7 sinh~% ¢ H3(v, 25 y) dt + sinh-2¢ H,5(t, z,y) .
0 . - . .

—

and .
. N .-‘ ‘ R : . N
Re(t, z,y) = 2 [ cosh tsinh~2 ¢ R¥ (v, 2, y) dv + sinh~2¢ RE(, 2, y).

Now the theo_l.'em follows from (21), (31), (34) and (35) after short calculations |

e
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