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'On the Interior Regularity of Weak Solutions S .
to Nonlinear Elliptic Systems of Second Order - <

J. DANECEK . ‘

-Es wird die Cl.«-Regularitdt der schwachen Lésung (mit dem- Gradienten im BMO-Raum)
cines nichtlinearen elliptischen Systems partieller Differentialgleichungen- zweiter Ordnung
-untersucht. Das Problem ist unter-der Voraussetzung lésbar, daB das System die verallgemei-
nerte Liouvillesche Bedingung im BMO-Raum statt wie gewéhnlich im L®-Raum erfillt. Zum
SchluB wird gezeigt, daB die Liouvillesche Bedingung im Fal] des R? gilt.

‘Vicenenyerca ChoiperyiApHOCTh €1a60ro pewieHus (¢ r‘pa}meu'rom B BMO- npOCTpchme)
HeJMHelHON JMHNTHYecKolt cucTeMbl RUPPCPeHLITaNbHLIX yPABHEHUIT BTOPOro NMOPAMKA.
ITpo6nemMa MONOMMTENBHO pA3PEIINMA B MPEINOJIOKEHHH, YTO CHCTCMA YROBJIETBOPHET
o6olwentomy ycaosnio Jiunysuansa B BMO-npocrpaHcTse BMecTo Kak 00u4YHO B L*®-npo-
..crpancTre. B KoHue mokasaHo, uTo yciaosue JIHyBIIIA BHIIOAbHEHO B ciy4ae R2.

The interior Cl.e-regularity for a weak .solution (with gradient in the BMO-space) of a non-

linear second order elliptic system is investigated. The positive answer is obtained on the as-

sumption that the elliptic system satisfy the generalized Liouville condition considered in the

BMO- -space instead of the usually used L°°-space Finally it is proved that the Llouwlle condi-

tion holds in the case of R2. . . :
’ ~

0. Introduction

In this paper, which is a modified version of the thesis [4], we prove regularity for a
weak-solution (wnth gradient in the BMO-space) of the-following nontinear elhpmc

‘ . system (¢ =1, ..., N):. -

—Djagf(z, u, Du) + a;(x, u, Du) = —Da/,"(x) + fi(2),- L (0.1) |

where belongs to a bounded open set Qof R", n =3, u: Q—->RV N >. 1, u(x)
= (u‘(x ., u¥(z) ) is-a vector-valued function, Du = (Dyu, ..., Dyu), D, = 0/ox,;

we will use the sumration convention over repeated indices:

- In [6—9, 12] the $0-called Liouville condition (L) is formulated in terms of the
space L*. On'the other hand, the proof of L®-boundedness of the gradient of a weak
solution for the system (0. 1) has not yet been achieved in. 1easonably wide extent
“and the possibility of this proof is questionable.

The following defmmon isa gencra,lmed form of the Liouville property from [7 8]
and reads as follows :

Definition 0.1: The syst,em (0.1) satlsﬁes the Liouville property (L) if for every
z° € 2 and everyu € R¥ the only solubnons v in R" to

. —D.ag(z°, u,Dv(x)) 0, (i=1,...,N)‘ ‘ o _ (0.2)

.. -

with Do € BMO(R") are polynomlals of at most first degree. -
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The main result of this paper is the fact that if system (0.1) has property (L), then™
Du is locally Holder continuous in Q. To this effect it represents a gencralwatlon of
"[7,.8]. Because it is easier to verify that the gradient of the solution is an element, of
the BMO- -space’ (L~ & BMOY, the generalization reached in this paper has a funda-
mental meaning. The approach stated in'this-paper has been used in [lo], which deals
with quasnhnear parabollc systems. -

-

1. Notations and dehmtlons
In the sequel Q will be-a bounded open set of R* with Llpsch1t7 boundary 89 The -
meaning of Q) c—— Qs that the closure of 2, is contained in 2, i.e. 2, = Q. For the
- sake of simplification we denote by |-| and (-, -)-the norm and scalar product in R®-as
well as in R¥ and R"¥. If x € R® and r.is a positive real number, we set B(z, r)
={yeR: |y —z| <7}, Q,7r)=0n B(z,r) and @(z,r) will be the cube in-R"
“with the center in the point  and length of the side r.
By &4, k = 0 integer, we denote the set of all vector-valued polynomlals P— (P,
., P¥) Wlth real coefficients defined on R* such that the degree of P' is less than k for
each i=1,...,N.
Beside the usually used Holder and Sobolev spaces’ (for detailed mformablon see,
e.g., [3, 6, 12]) we will use the following ones.

-

Definition 1.1 (C’ampanato Morrey spares) Let 2 € [0, n], p € [1, oo} The space ~
Lr4(Q) is the subspace of such functions f € Lr(2) for which

Ifllzo. 01 ‘{sup s NI |"dy}”"<oo _ - SRRV

€3r>0 Qz.r)

Let k be a non-negatlve integer and 2 € [0, 7 + (k +-1) p). The space - .Z’,,’”(.Q) Is_.
the subspace of such functions f € L”(!)) for which B

2 vo.000) = Il Loy + [/]x,p.x(o) <oo, . B (.1'2),
where : ~ oL ' . : '
(eupaa = { sup 1 inf [ i) — P ay
. ’ zedr>0 Pe.?,, Qz.r) )
- With the norms (1.1) and (1.2), L? A(Q) and £,P4(Q) are Banach spaces. We will

+ work mainly with the spaces L?4, 7,24 and £,24; instead of Zo** we will usually -
write £24,
In our consnderatxons we make use, of the fact that for each function w € .2’,‘2 ‘(.Q), )
each 20 € Q, 0 < r < diam 2, there exists one and ‘only one polynomlal Pe 5’,,,
P(z) = P(z, 2% 7, u) such that . :

inf f|u(x) (x)|2 dr = f lu(z) — P(x, 20, 7, u)|2dfr..
T PePy QAzor) - 2z°r) ’

" Fork = 1we Wlll_wnt,e this polynomial P in the form

P(z, 29, 7, u) = D92, 7, u) +)fb7' 29, 7, W) (@ — 2)

T b0, 7, u) + (b(x° r,u), (@ —29), . (13).
and for k = 0'it equals the constant,

S gy = £ uly)dy = (meas B(2®, 7)) f u(y )dy,A '

: B(z°r) , B(z%r)
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_where meas B(z°, r) means the n- d1mensnonal Lebesgue measure. Denote further
U@, r) = f lu y) — u,,} dy, and define BMO(R") as the set of.all measurable.

functlons u on R* for wh:ch the set U = {U(x, r) z E R*, r > 0} is bounded settmg ‘

||lellz>orm. = sup U.
At last, let HYW(Q), 1€ [0 n] be the Banach space of all functlons u 6 Hl(Q),

D,u € £24(Q2) with norm’
||u||m a2y = lllzxoy + )_7 HD ullge, 1(9)

"~ Pro posxtlon 1.1: We have the /ollowmg zmportant propertws of. the spaces defmed
" above:

- (a) LAA(Q).= .2’“(.(2), 1€[0,n), ) _ o ‘ .
(D) Q)= £24(Q), 2 €[0,n + 2), o S -
(0) £27(Q) = LAH(Q) = L4Q),0 £ 1y < 2y <, - :
(d) L2MQ) = L*(Q) & £*"(Q), o
(e) £P™(Q) = £27(Q) = BMO(R) for all p, s € [1, co), Qbemgacube, B -
(B)-H"M(Q) = C%(Ly) for each Qy == 2,y € (0,1) and . L

Ilico.c20) S‘0(71 v, diam £, dist (Qo, 02)) Ml rmqar»

For the proofs and” more detailed information about the Campanato-Morrey spaces .
see, e.g., [1—3, 6, 12]. In the.sequel we will denote all important constants by the
symbol & and othcr ones by c.

A functxon u € HY(£) is called weak solutzon of (O 1)in.Qif -

oo~ f a?(x, u, Du) D,p(x) dx + f ai(z, u, Du) ¢'(x) dx
-9 S . TQ

~

= [ 1et@) D@*(x) dz + [ [i#) @) dz for allp € C=(Q), - (14)
- where d; ,a,,f, ,f: are functlons fulfilling for each - (x u, p) € QXRNX R"” Wlth
- |u| = L the followmg condltlons

- af e € CHQXRYX R, B S )

e @, w, P, laiz, w, p)| = 6,(L) (1 + |pl),- - o (1.6)
10a: (2, u, P)/ap;”l |8ai(z, u, P)/aplﬁl s&6m,. : (1.7)
oa(z, u, p)[ow], |0a*(z, u, p)/ox, . Co i ’

. :aa",-(i,' u, p)/gukl]‘] ||6¢1,(:c(, a, ;;;/m I}\Sg'g’)(l e, (48
a(z, u, p)[opf is umformly contmuous on QX R¥ X R"¥, (1. 9)
24z, w, P)|ODS APz, ) as |p| = o0, forall (@;u) € 2X RY (1.10) -
fr € H'9(@),  fie HaRQ), §>n, . R (1.11) -
S Welnae + ZWillnonay S €, -~ (L12)

| dar(@, P)/ap, ntns! = v(L) n)? ' V ‘
for all n € R™W, (2, u, p) € .Q)(RA Ro¥, . ) . (1.13)

- It is known that u E H3..(Q) 1f the functlon u fulfl]es the conditions stated above
" (see, e.g., [3])- : .
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9.-The results

‘

Principal result of this. paper is the following theorem.

Theorem 2.1:.Let u € H' () be a_weak solution of the system (0.1) and suppose
that the conditions (1. 5)—(1 13) hold I / the syslem (0.1) has the Liowville property (L
then u € Cl™9(Q).

There arise two natural questions: . - !
1. Do there exist systems of the form (0.1) with weak solutions in the- space H™((Q)? -
2. Under which "assumptions has the system of thc form (0.1) the Llonwlle pro- '
- perty (L)?

A partial answer on the first question is given in [5]. The problem of the H' (”

regularity of weak solutions is stndied- in detail in [3). The second quesblon is’ posi-
tively answered in the case of n=2and N> 1 by the followmg

. Proposition 2.2: Let the system (0.1) sutzs/y condztzons (1 5)—(1.8), (1. 11)—(1 13)
and let n = 2. Then it has property (L). .

" In the case » = 3, N-> 1some condxtlons under which linear elliptic systems with
L®-coefficients, quasnhnear or nonlinear systems, respectively, have property (L)
are shown in [11], [13] and [10], respectively. From [14] it follows that there are non-
- linear elliptic systems without property (L)

3. ,L'emmas ’

The followmg two lemmas concern the estlmate of the coefflclents of the polynomials
from (1.5).

Lemma 3.1 [1: pp. 140—144]: Let P € $P;, s € [1, 00) and E be a measurable subset
of the ball B(z°, r) = R" satisfying the condition meas E = Ar", Aa positive constant.
Then there is a constant ¢ = c(n, k, s, A) such that for each multiindex x we have

[ID.P@)]emslt S (@fr™+1) [ |Pl2))* dz.
. T E
Lemma 3.2 [1: pp. 146]: Let u € Z{%"+2(Q). ’hen Ihere exists a constant ¢.= c(n)
such that for every x € Q2 and for all 7,7y, 0 < r <'ry < diam .Q we have
|6%z, 75). — bz, 7)| = cro[u]x,z,nw(m )
'|b“(x, ro)' — Vi, 7) = c(l —+ In (ro/7) ) [u)g,2.n+2(2)
for all & = - 1,...,n, where b° beare defmed in (1.3).

Another important result needed for the proof of Theorem 2.1 is the foHowing

Prop081t10n 3.3 [2: pp. 373]: Let-2 be convex. Then there is a constant ¢ — c(n
dlam 2, meas Q) such that for each 2. € [0, n + 2] we have -

H'WQyc £ 21+2(Q)
lull# vz < ¢ llulloin  forall ue HUO(Q),

-~
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Now we presént a fundamental result concermng the partial regularnty of weak
solutions to the quasilinear elliptic systems of the type’

D.[AgP(z,u) Dyu] + Abw, w) Dpw! = ~Dgi® + gi- . o 3.1

Assume that the coefficients Az are-uniformly continuous, 4% are continuous in
/ QX RY, g € LYQ), g; € LYQ), ¢ > n and that (¢, u > 0 const_ants)' R
' Z 1457 + Z'IA il + Z lgitllze + 2 llgillzare < e, ' .

(x, ) 5,,‘5,;7 2 ulé2  forall (z, u) €0OX R¥, ¢¢ RA¥.
- Consxder the solutions to the system (3. 1) belongmg to the space H' n £* "(.Q)
Proposntlon 34 [12: pp. 147—149]: Let u be a u,eak solution o/ the system (3.1).
Suppose that U(x,7) — 0 as r - 0+ unz/ormly in each compact set K = Q. Then

u € CL3(Q) with x = 14 — n/q and the a- priori_estimate lllco.sixy = cl(,u, ¢, K,dist (K,
8!2)) holds

Y

4. Proof of the results -

Let Qo = 2, 2 € 2, be fixed, Ro = min {1 dist (R0, 892)}. For R € (0, Ry) and
4 € HM™(Q) (u is a weak solution of bhe system (0.1)) we define

Cy=yl@) = (x —2")R, ' . | (4.1)
u(y) = (w(a® + Ry) — b0, R) — R(b(=" R),y))|R, C(4.2),

where b9(2%, R) = b°(x° R, u)€ RY and b(2?, R) = b(a2°, R, u) € R"Y are the coeffi- o

cients of the polynomial P(z, 2%, R, u) from (1.3) since » €-%,* "+2(B 29, R)) for each
B(x°, R) = 2 due to Proposition 3.3. From (4.1) it can be secen-that for eacha > 0 -

. there exists R(a) € (0, R,] such that for all R ¢ (O R(a)) we have B(0, 2a]/—) < Og
(Og is the image of Q through the transformation (4.1)). From (4.2) it follows that
there existd’a constant ¢ > 0 such, that for each r >0, y° €R"and all R € (0, R(y"))
(R(y®) = R, in the case y° = 0) we have o .

[ 1Dunly) — (Duglysf* dy < clDulrswan 7™ Ly

Byor) - o :

and the equation (1.4) has thc following form: - .
R G + Ry, b°(z" E) + Rug(y). + R( (°, R), y), b(a*, R) F Dug(y)) Day'(y) d?/

Or

+ [ Raad=+ Ry, b0, By-+ Rualy) + R(b(a, R),9), b(z", R) + Dusly) v'() dy

On. ‘
= [ 1o + Ry) Daw (y) dy + f Efi(= + Ry) w‘(y) dy forally € Co°°(Qn)- (44) )
OR ) . .

As previously’ sald u € HE (Q) and with respect to (4.2) also up € H oc(OR)fThen it
. follows that ve = D,up satisfies the equation in vana,tlons _ ’

f (9a;® /6p,”Dﬂvnf + Rda; /au"(bk’ + o) + Raaf/axy) Wiy

Op .

+ [ (Réa;|ap,Dgvg! + R?aai/au" (b + vp*) + R20a;[,) y* dy
Op - i

. = [ (R®f;|0x,D ay; + R2of;j02,) ¢ dy forally € C®(Og). = = (4.5)
On . .

~ . L



v

540 J. DaNECEK

-~ In what follows we are going to prove thiat for each a-> 0 the set A, = {ug:

‘0 < R < R(a)}is bounded in H(B(0, a)) by a constant depending only on a. For this,

- lity, Proposition 1.1 and -properties-of the function-# that . . - me e e
L) [ v |Dugltdy e

< ec(L) [ 7 | Doglt dy + cle, L) a2 [ |op — (mdosal*dy

reason it is enough to prove the boundedriess of sets i, and i, = {D?up: 0 < R
< R()}.in L¥B(0, a)). The set 4t; = {Dug: 0 < R < R(a)} is then bounded accord-
ing to the Gagliardo-Nirenberg Theorem'(§ee, e.g., [3: pp. 25]). : ‘

- First, let us prove the boundedness of 4, ¥or a > 0 denote B(a) = B(0, a). o

Further choose 7 € Co°(B(2a)) such that 0 < 5 < 1,7 = 1 on B(a) and |Dn| = ¢/a.
Substituting for p in the equation (4.5) the function p(y) = 7 or(®) '—“('UR)O_? e}y We
have for each ¢ > 0 from thé assumptions (1.7), (1.8), (1.11)—(1.13), Young_’§ inequa-

kl N -

_ B0, 2a)

B(0, 20) B(0, 28)

+ c(e, L) {m(_l + |b(a*, R)|?) [ |Dugl? dy + R* [ |Digl* dy S
: ) . B(0, 2a) B(0, 2a) . o i
ot R2(1§+ 1b(a®, R)J? 4 [b(a®; R)%a"+ R [ |Df|2dy + R* [ IDilzéy}u (46)

: B0, 20) B0, 20)

.h_eré F=0sTFT=0) L= L(dist (£, a.QI), diam ©Q; “‘lla”;ll.(n)(())); in the case ¢ < 4

- in'(4.6) small enough, we obtain -

4R [ DTPdy + B [ DR dy}: |

= L){A+B+C+D+E+F). ) -

~

—_

it is necessary to replace the last integral in (4.6) by R? [ |Df|9/2 dy. Choosing & > 0

[ Doy IR

B(O.a):‘ : - L. ’ L o N -

< c(L)‘{a-e [ 198 = (@r)o.2al? dy + F2(1 + (b, R f |Dugl® dy
B(0. 2a) o - B0, 2a)
..+ B2 [ |Dugl* dy + R¥(1 +1b(2% R)[2 + |b(=?, R)|%) a?
B(0, 20).. - : '

B(0, 2a) - B(0, 2a)

’

Estimate now the individual terms in brackets. Since Du € ¥2"(f), we have

‘A =a?R" f |oufox, — (8u/6x,.)zn,2,m|2dx = [ Duls2nm an-2.
B(z%,2aR) ) .

Further from Lemma 3.1, Lemma 3.2 and the fact that Due L24(Q) for each 4 € [0, n)
(according to Propositioni 1.1/(c)) we obtain ‘ e
B =(1+ [ba® R)) R-"*2 [ |Du— b B)dz -
. . B%20R) :

< [R*2(1 4 |b(=%, R)?) a* + RX(|b(2®, R)* + |b(2®, R)|*)] @

/< oA, Ro) (1 4 In* R) R¥*2-0(a? 4 a) [lullgn.con e ' ‘

< o2, Ry, llwllmionay) (@ + ™),

e \ )
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:

~

where 4 € (n — 2,7)is arbitrary. In estimating the term C' we use the fact that
Du € I*#*(Q) for each cube Q= 2, s€[1,00), € [0,7) (see Proposition 1.1/(c))
and we proceed analogously as in the estimation of term B and obtain C =-c(2, R,,
i) @, where 2 € (n — 2, n) is arbitrary. From Lemma 3.2 it follows that D
< ¢(R,) a® and from the assumptions (1.11), (1.12) we have E = c(R,, ;) ami—2o,
F < &Ry, €,) a®1—42) in case ¢ > 4 and F < c¢(R,, §,) in case.g¢ < 4. From these
-estimates it then follows - : . S :

o [ IDugl2dy < €(8a, Ro, diam 2, [lullurmia), @) S c(a)

N .

. B(0,a) . _ ) - .
foreach R € (0, R(a)).. Hence [ |D%uy|? dy <-c(a)forany R € (0, R(a))-and the bound-
- BO.0) _ :

edness of the set /i, is proved. B C s <

RN : ) . . -
Now we are going to prove the boundedness of «#,. ¥rom Lemma 3.2, PropGSition
3.3 and (4.1), (4.2) we have : . s

J lu)l? dy ="R"2 [ Ju(@) — 865 B) — (4@, B), (z — )| dz

B(0.a) * B(z°.aR) . ‘ - A
< 2a**2(aR) "2 [ |u(z) — b%a®, aR) — (b(z°, aR), (x — 2)|2 d=
: i B(z’aRY . | A S ’
+ 2R "2 [ [B%(a®, aR) — b°(2°, R)-
B(z°.aR) ’

4 (b, aR) — b, R), (z — 2°))[? dz
- < c[uly2n+2(Bzaem) (1 4 In? @) max {a®, a2 = [Dulr2n@ cla).
Hence [ lua(y)i? dy < c(a) for any R¢€ (0, R(a)) and the boundedness of o#f, in

Bi0.a) :
H*(B(0, a)) is proved. o : . T
Compactness of the imbedding of H2(B(0, a)) into H‘(B(O, a)) allows us to choose
a sequence R, — O such that u,, —'zin'H l(B(O, a)). Using the diagonal process we get
a subsequence (we use the same notation for it) such that _ ’ o
lim ug, = z in H}(R"), lim Dug, = Dz ae.in R". C4)
k—o0 N ¢+ . k—oo . . - . LT .
According'to (4.3) we obtain that there exists a constant ¢ > 0 such that‘for each
y° € R*, r > 0 there holds ' ) T
J |D2(y) — (D2)yes|? dy = c[Dujrzna °- : (4.8) |
T BWwn) ) — - )
Further we deduce from (4.4) the equation for the limit function 2. For passing to
the limit in equation (4.4) the behaviour of sup {b(«°, R,);.k = 1,2, ...} is important.
Remember for the following considerations that Rb(2?, R) — 0, b°(z?, R) - B° € R¥
" as R — 0+ exist due to Lemma 3.2 and from the definition of us follows boundedness
. of the set {uz: R > 0} by a constant independent of R.

_(a) Let sup {|b(x% R,)|: k = 1,2, ...} be a firite number. In this case there exists a
subsequence (we use the same notation for it) {b(2?, )} such that b(«°, B,) ~ B € RnY
as k -> co. According to (1.6), (1.12),@.7) and the Vitali Convergence Theorem we

. can pass to the limit with k — & in the equation (4.4) (for the fixed function p). We
“.see that the second integral on the left-hand side and the integrals on the right-hand
side in (4.4) tend to zero. Thus we obtain that B + Dz(y) is a weak solution of the
system ‘ ' S : o A :
f a2, B B + Dz) D,y'dy =0 _forallye€ H(R").
Re o -7 : o
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s

Now from the Liouville prOperty of the system (1.4) it follows that z is & polynomial
of at most first degree. :
(b) Let sup {[b(a®, R,,] k=1,2, ..} be infinite. In this case we can suppose
|b(2®, Ry)|— oo as k > oo. Denotmg in the sequel b, = b(2?, R;), b0 = b%22, R,),
Sy = up(y), wly) = R,,(u,“(y) + (b(x° R,), )) we can rewrite equation (4.4) as

follows: ‘

f[“ (2 + Ry, b + wily ) bk + Duk ) — @ (:z;° + Rky, b0 + zvk(y) by

~R" P
. + a; (xo + Rky, bk + Wy .1/), bk) —a; (xo + Rky, b%, bk)
+ a’ia.(xo + Rky) bk ’ bk) — & (xo, bko: bk ] Daw_ ('!/) dy S . -

4 R [ a2+ Ry, b + wi(y), b - Duly)) vi(y) dy -
S - o
= f /.-“(x°'+ Ry) Daw‘(y) dy + Ry f (@ + Ry) yi(y)dy  forally € Co™(R").

Using the theorerq on the mean value in the integrals from the prevnous system we
can rewrlte this system in the following form:

f f da;*|opf (xo + Rk?/, b + wk(?/), be + tDu(y)) Do (y) Day'(y) dt dy
R" 0 : :
+ R j i da|out (20 + b+ zwk( ) bk) wi(y) Doy'(y) de dy

R" 0 . .

+ Rk j f 0a;* |z, (2° + tRky, b°, bk) yy D.y'(y) dt dy

R" 0

- R / a,~(x_° + Rky: b + w)‘(y), be + Duw(y)) w‘(y) dy
: R~ :

=/ 'f;"(?" + Ry) Day'(y) dy + R, f [i(z® + Ry) vi(y)dy  forally € Cy™(R").
- R’I N R’l - )

Taking into account (1.7), (1.9), (1.10), (1.12), (4.7) we can pass in the previous equa.-

. tion to the limit with.k — oo (for the fixed function ) and we have that the second,’
third and fourth integral in the left-hand side and the integrals on the right-hand side
tend to zéro. Due to (1.10) and the assumption |b(z®, R;)| — 00 as k — oo, we obtain
that the function 2 satisfies the equation .

J dsf(a®, BY) Di'Daidy =0 ° forally e Co(R7).
J ;

-

Itisa lmear elliptic system with the same constant of elllptlcmy and constant coeffi- -
cients and by means of (4.8) we have that Dz ¢ BMO(R"). In this case z is a poly-
nomial at most first degree again.

Returning to the z-coordinates, we prove that for each 20 € .Qo there exists a
sequence R; — 0 such that

lim  § |Du(z) — (Du)s.g,|? dz = O. ' . 4.9)
Ry—0 B(2%.R,) S . . :

-

>
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We have

f 1Du(z) — (Du)z° ml2dz = [ |Dun,(y).— (Dug,),. 1|* dy y
. B(z" Ry) - B0, 1) _ .
’ = f [Dug, — t]"’ dy forall £ € R™¥,
_ B(0.1) ’
Now we put t =Dz (Dz is a constant) and, passing to the limit, we see that (4.9)
-holds. '
Now let us consnder the equatlon in variations for the system (1.4) in Qo If We de-
note by v, the derivative D,u, we get as before that .

[ (8ao|opt D,,v,f + aa.«/au* v, 4+ aa, /3x,) D,(p dz

2,

ST f (9a; /Bp," D,gv,f + 3a,/8u v, + oa;/0z,) ¢* dx

= f (0f:*/0z, D, + ofilox , ¢f) dxz . forall (pé C®(R2y), vy=1,...,n
. 2 K SR (4.10)
Set ‘ " ' = o
A (z,0) = da*[opf (2, u(z),0), A=, v) = da;[dp (z, w(z), ),

9% (x) = —0a;®[ou (x, u(z), Du(x)) v,X(x) — 8a;*(0z, (x, u(z), Du(x)) + Ofi*[ox,( a:), )
gi'(x) = —8a./8u" (z, u(=), Du(x)) o) — 8a,/6:1: (2, u(z), Du(z)) + 8f;/0z,(x). -
From the assumptlon of the theorem it follows that 43/ are uniformly continuous and

bounded in 2, X R*¥, A% are continuoys and bounded in Qo X R*¥ g7 € LG(QO) and
g7 € Le2(Qy). Then the system (4:10) can be rewritten as . .

f 607[‘4 HEA v) Dﬂvyf Da‘po + 44 ;(x’ ’l)) Dﬂvy @6'] dx

—f [07°@) Dg' + 9:2) 9ol de . forallp € C2(Q). - -

"Thus v is a solumon of a quasﬂmear system of the type (3.1) for which partial regu- ‘
lanty (Proposition 3.4) holds ((4 9) guarantees that the assumption of Proposmon 34
is satisfied) B - .

Proof of Proposntxon 22 Let vE H,oc(Rz) with Dv€ BMO(Rz) -be a weak
solution in R2 of . ' o ‘ '

fag («°, u, Dv) D,‘q:‘(x) dx =0 " forall @ € Ce®(R?). - . ;
R* : . } .

’

The .equation in variations is . ' : L
f aa;“/ap,", (22, u, Dv) D,z},i Daq)" dr=0 forallpe C®(R?), (4.11)

where v, = D,». Now we prove that Dv, € L*(R?). Let weR,T > 0 be an arbntrary
constant Setting ¢f = 72(v, — (v,%)027), 1 € Co™ (B(y°, 2T )) 0<n=1,9p=1in
B(y, T), Dyl < ¢/T in equation (4.11), we get, f |1Dv,2dx = c for y =1,...,n,
B(y°.T)
where ¢ is independent of y° and 7' It is known that a sequence {g} < C| (Rz)
. exnsts such that Dg, — Dy, in L¥(R?) and therefore from (4.11) we have

f@a, /ap,ﬂ(z" u, Dv) Dgv,)D,v,! dz = O ‘ >

and fogether with the condition of ellipticity (1.13) gives the result 1

s

N -
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