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El 

Für auf einer glatten Kurve vorgegebene elliptisehe Pseudodifferentialgleichungen wird cm 
numerischer Lösungsalgorithmus hergeleitet. Er beruht auf dem mit der Mcthode der trigono- 
mctrischen Kóllokation verbundenen Gebrauch der Parametrix der entsprechendcn Gleichung. 
Die Berechnung der ersten N Koeffizienten des die genauo Losung aproximicrcnden trigono-
metrischen PoInoms erfordert O(N In N) arithmetische Operationen. Es wird eirIe optimale 
asythptotische Fehlerabschätzung in der Skala der SObolewschen Rhume abgeleitet, weiche den 
aus der Anwendung von Quadraturformeln herruhrenden Fehier berucksichtigt. 

flpe.naraeTcci a.TiropliTM 'lllc3IellHoro peweHuB aJlJTHnTIl qecKoro nceBao-JII(epe}II tit aJ1b-
Horo ypamieuHa iia riaofl aaMxHyTofl Hpnnofl. AröpuTl OCUOBH Ha HCfloJIh3oBaIlHll 
napaMeTplaxc.a jin cooTBeTcmyIouero nceBjoxxH0epeH1MaJ1b11oro onepaopa B C0ICTaHMH 

• C MT0IWM TpuroIIoMcTpslcxon icojuloxaiu. Jlrni HbL'IlacJleHlsn N HoaH1neHToB -rpllro-
HoMeTplvlecHoro noJIulloMa, annpoIcHMupy1ouero Toqnoe pewelilie, Tpe6yeTcs O(N In N) 
apHlMeTH qecKux onepaluafi. O6ocHoBalra onTIlManbHan acur.ini-oi'u'secian oteiuca Ilorpeul- 
HOCTH B mHa3ie co6oneBc1(11x npocTpaHcTn, B14JImajoigm norpewocn COOT BeTcTnyio[iuix 
HBaJlpaTypHbIx 4lopMyJI. 

We present a procedure for the numerical treatment of elliptic pseudodifferential equations on 
smooth closed curves using the parametrix for the corresponding pseudodifferential operators 
combined with the trigonometric collocation procedure. This requires O(N In N) significant 
operations to find N coefficients of the trigonometric polynomial which approximates the so-
lution. We prove that the asymptotic error estimate obtained,' including the quadrature errors, 
is of optimal order in the scale of Sobolev spaces. 

1. BBeel1IIo 

B HacToHuef cTa'rbe npegharaeTCH a44leKTHBHb11 aJII'opnTM npn6JlHneHHoro penie-
HH}I ypaffliel-lHrl  

Au=f,	
0	

1 (1.1) 

r,re A - EJIaccHqeCHIal aJlJllrnTH qecHHfl ricesgo 4ePCHqi4 ajibl-lblill oneparop Ha 
rJIaLHoh aaMFcHyTot HpHBof 1'. Tanae ypaBHeH g 136H14KaI0T,.B qaCTHOCTH, npii 
cBeJeHI4L4 Ha rpaI-lH[y BHTHHI1X H BHeIIIHLIX a jijiiinTH q ecRtix HpaeBbIX aagam Ha 
nJIOCHOCTH (cM.,.lianpHMep, [1]) . 3-TOT aJlI'OpHTM n0380j!HeT COBMeCTIIm 0[1THMaJLb1-lyIO 
oueHHy CFOpOCTH CX0JHM0CTH B CO6OJICBC}CHX I1OCTHCTBX (CM. HllHce OMJ1Y 

•	(1.2))  c oEeHlco O(N In N) HcJlaHeo6xouMbIx	 onepaLH. 

BonpocaM • np116iueiiiioro peweuim uHTerpaJlbHalx 11 HnTerpo-1l4epeHLuaaJlbHbIx 
- ypaBHeliHn na rJIagHon 3aMHHyTot HpHnofl nocBflueHa o6whIpHafl JisaTepaTypa. Pace-

MaTpunaeMbIfl aJecb HJlacc ypaBHeIlHfl nepecexae-rcfl c }cJlaccoM o)HoMepHhIX cHIIryJlRpuhJX 
niierpaisiiix ypaBileltuft it lerlaccoM I1sITerpaJ1b1IElx ypanHeuHn 4pero31a1a 2-ro poa. 
Paajiiviiaie MeT0ThI, II aaroplITNIbi qHCJleHuoro peineun TaKux ypaniieinan npexiomelibl, B 
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'lacTuocTu, 8 [6-8, 10, 12, 13, 20]. OCTaHOBIIMCH HecicoilbHo riojpo6iiee iia pa6oTax, n 
HOTOb1X 6auiii 113y'ieiibi MT0jbI npu6JIII+eHl1oro peweiiun ypaniieuiir! (1.1), 1-103BOJIflIOIUHe 
flO3I4Wfb onTutaiuiiyIo oieiiiy norpewilocTil . B wHaiie IlpocTpaHcTB C. ,fl. Co6oiena 
lI = 1V2 (F). floRcHHM, no 3ieci nMeeTcR B BHy. 143 OUHKU CIIn3y I-oJIMOrOp0BCHOrO 110-

	

• nepe'IIIllHa HoMnaBTa (U: Jul,	11 B npocTpancTne IJ(t < s) BbITeHaeT, 'ITO ecjin {9Jy) -

(mI-cBpoBaIIHan n ocJ1 efl0 naTe 1bHocTb N-iepiiiix HO11OCTI1CTB B H 1 I{uN} C uN € 9 N - 

• rloc.rlegoBarejlbHocTb annpOKci1MaIHfi (I)yHKL11H u E H3 , TO oieIIHa I10I'1JHOCTll B COOT-	-' 
BTCTBIOI1MX HopMax, Boo0ue roBopn, iie MoKeT GbITb apiwe, qei 

	

z — uq	CN8 Jul,	 (1.2) 

(nocToiIIIan C xapaKTepnayeT annpoKdnMa1HoHHble cBoiicTna nOcJIeJIO B aTeJlbHoCTIl (J?}y). 
OIJeHHy Talioro Bna ecTecTBeIIIIo Ha3l5lBam onmu.aiznoü. B [17] . 3'ra oLeIIKa 6b1.ua OGOC- 
Honalla B c.iTyiae MeToa Fa.riepHHHa iini wnpoioro iciacca clicTeM OuaIIcHbIx IIO1flpOCT- 
paIIcTB MINI . B pa60Tax [14, 15, 21, 22] 113y'IaJlcH INICTOA CnilaftH-KOJIJI0HaLUIII, JIH HOTO-
poro npn paMINIHAX npeJiijoJ1oen1nx Tai*e goxa3aua oi.e1lHa Billia (1.2). 

Heo6xouio OTMeTHTb, 'ITO iia npaTuKe Bbl'lHcnelIne M3Tflb1 opneaopa B MTO 
Fanepiiiiia ium 311a'Iellufl	ffl	E	B yHHl1 Av(v	yaiax oiJloHaiIl11 OCY1UCCTBJ1RTCH lipil-- 
6JiHMeHHO npii HOMOU11 HeHOTOpUX HBaIpaTypIIblX (()opMyJl. AIIaiin	ul 3 BocliMoft flpll 3TOM 
norpernHocTu C21O?+eH u 06uiio He npO113BOU4TCH. Ho 31HW1 nocie BBejeII1IFI RBaJpaTypIIhix 
4opMyJI TOT 1I1M 11HO1 MeTog np116.nhl2feH1lO1'O peweHiiH ypallHeniiB (1.1) CTaIIOBIITCH BhI-
'IIICJIHTeJIbIIbIM a.f?2opum.4t0.4t, CBOfiIIHM peweuiie 3aga'IIi It iOHe'iHOi nOCJTeOBaTe!bHOCTH' 
api4MeTll4ecldnx onpeatiitl, a cJieJoBaTenbHo, peawayei Ha 3BM.' AnTopy H3BecTIla 
)III]LUb oHa ny6JnhlaLwsi [18], B HOTOPOri 61lJ1 npe1JioHeIi It 060cHOBaH aJIrOpHTM 11p146J111-

6iiiioro peneunn ypaBHeIIHFI (1.1) o6uero rnia C onTllMajihulofl oieiixo1 norpewliocTia 
(1.2) (ona Rot;a3aHa lHWb npii t = 0), BHiio q aioiiAcil BOFpCWHOCTU COOTBTCTB1O[1HX 
1-uiagpaTypIII,Ix 4)opMy3l. -\aToT aaroplITNI ociionaii , Ha mmae Faiiepxniia C TpHroHoMeTpii-
'lecKoll öaailcIlofl ClICTeMOI1. LJ,rin npn6JIiaKelIlioro Bbi q ucjJeixlIfl aJieMeilTon MaTpiiwA 1'aiep- 
iiiia cyuecTBeHHo i1CfloJIb3ye'FCA c'rpyxTypa i-uiaccn'iecicoro iiceBowKepelIiwaJibHOrO 
onepaTopa. Ho o6uee 'incio apIU)MeTII4eCH[IX onepaiuifi, 1leoOxOU61slX Aim 0Tl5icHailHn 
npM61iaHé11hioro peweiin B niae TpIIrOHOMCTpM'Jecxoro nonlalloMa cTeneHll N, COCTaBJIHeT 
0(N 3). 0T1eT1l1 Tame, 'ITO B [6] JIH ypaBHeIIBfi niva (1.1) C nceB&ou44epeII1waJibHMM 

fleparopoM A, HMiOIIU1M He 3aBncflunfl OT X rJlaBlIbIfi CHMBOJI, nocpoen 3J1FOHTM cnJiatlH- 
.. annpoRciumamm pelIieHMa C 'IIIC.J!oM onepatHIl nopninaN, HO . ouima nol'peilinocTH npn 

TOM He nBaHeTCnonTnMaJlbi!oft.	 S	 S	 -	 S 

B oci-iose Halnero aJiropisirMa (cm. 11H}T 5) jieaiiT HerJocpeJcTBeHHoe BbiqncJIeHne 
,,crapulllx " Ho944n4IneHToB 4)ypbe npli6J1HHe1lII0FO pIuHHJi UN npi4 HOMO[U14 na-. 
,paMeTpiahca B jia ncBoli4epeHIu1a1IbH0r0 onepaopa A flORCHUM, 'ITO 3Cb 
HMeeTCH B rnaJy. OnepaTop B CTPOHTCH CCJCTBMH CIiMBO.JiM'ICCHOro MC'B4CJIeH1III B 
BnLe, yJo6HOM JJ1H Bh1 qHCJieHHb, H 6J11130K K onepaopy A-' B cjieAyiouAem cmicjie: 

S	 cnpaeiiia ac[IMUT0TU'Iecican opyia	 -	S	

-	 • 

	

-	 c(u)	c(B/),	I n _	-,	 •	- S	
(1.3)


rje c(v) = c - i0a44ii!we11TbI ype 4yHK41111 . v(x) =f'Cn e". 3Ta 4opMy.a 
ilduoJibayeTca ceyioiiiiM o6pa3oi.. flpH6JilmeHH0e peIneHHe'nueTcH B BIIAe Tpu-

	

•rOHomeTpHqecKoro noalnuoMa	 •	 S 

•	.	- U(X) -.	• c	 •	- •	 .	 - 
•	 –N/2<nN/2	 - 

nPIIqeM Ho044il41ieHThi c, c Inj > M, re M '' N' 13 , BbI'IIICJ1HIOTCH tipn [iOMOII1i 
4opriyiu.i (1.3) (aTH BMqllcJIeHilH HOH3BORTCH C HCfl6JIb3OBaHIICM airopna 6b1-
CTporo , npeo6paaoBallun 4ypiie 3a O(N1nN) apn4mierneciuix oriepai.uu). OcTaJIb- 
1-Ihie oa4uwiewrii c . ( inj M) Bb14HCJIrnOTCH flpll HOM0lJH npenaraeoro HaMH 
o6o6ne j wi - AIeToAa MexaHuqec1l-1x HBajpaTyp (cm. 1IyHKT 4). Oenowiaa Bhi'IHCJIVI-
TeJIblian pa5oTa -3ecb npnxou1Tcci- Ha peuleHne cooTBeTcTBy1ou.e1 ducTeMb! . JlllHeh- • •
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•	Hhxx aJli'e6paHecInx ypaBHeHHi: O(M) ap1t4leT11 qecmx onepaiw1l 3	 H . ra oieHa 
uiyer BbIöop 000THOffleHII5I ieicgy N H M (o6ee nicjio onepaiwli tie go.maiio 
öhlTb öojIbule, '4eM O(N in N)). 

llyHHTli 2 it 3 cogepiaT noc'raiiorncy aagau it ndnoMoraTe.mbHble yTBepageHHfl. 
B HYHKTe 6.13 }aqecTBe npiiepa paccmaTPHBa1OTCh 1I3BeCTIIhIC	 ypaB-




- HeI-IHH 113 Teopliu gH)paEul1II. 
• -	Ociioinie PC3YJ1bTTh1 HacTorn1eii eTaTbil aHoHdHpoBanhl B pa6OTax [3, 4]. 

2. 0603IIaudnuH, HOCTaHOBRa 3a3111 11 lleRo'ropble BCII0M0FaTC.1b11b1e yTBep1ge1IllM 

FIycTb x E [0, 21 - napaep na rJIagKoft 3a 1HyTOi HpHBoft V. B CO60JICBCHOM 
npocrpancTBe H(P) = lIt (1 6 fR) öygeM lloJIbaoBarbcn HOpMOfI 

I	 -	 11/2 

lull =	 JnD2tIc(u)2 
neWs	•.	 -	- 

r'ge c(u) - Koa4HlHe1ITh1 4ypbe	H1411lI4 uno ciicTeMe {e 1 '}. Jjiii HOPiLhI orpaHH-
qeHiloro oneparopa A: H - H 6yget iIcLIojIb3oBaTb oöoaiiaqeiizie	IIpMei

ecJIIi x = 1, TO BMCTO l lA lj j, , 6ygei nllcaTb MA Iii . Bygeri nncaTb ord A = r, ecrni 
IIA II.1_ < 00 gjiniuo6oro I E R. I4jaccIa qec4i ucengogu	epelIIHaJ!!.IInI oriepa-




Top nopjwa r € 71 Ha P oicno orIpegeJulTb KaK OflepaTOp, HOTOpb1ft iipu JII060M 
> —r MO?clIo flCTBHTb B Bilge

-	 IS 
= E A 1 + K 1 = Ar t + K 1 .	 •	 (2.1) 

1=1-1	 •• 

3gecb ord K = —1, A 1 - oI!topo3nbIe ncegog114epeHtWaJ1bHbIe orrepaopi hop-

flg}ca):	 -	 •	..	•	 • 

•	- A 1 = ci,(•,-+1) A + a1 (•,	1) A 1 ,	 • - 

rge, 

•	•	Au(x) = O0. çc0 (u)/2 +	en 1c(u) • 

— CI4MBOJI RpOHe}epa,) a,( • , +1) E C°°(fl. 4yii.wirn a,(x, n)	e"'A1 inx



HaabIBaeTca Cu.3t60i0 A,. He'rpygiio BHgeTb, qTO 3T0 noJIoMildTeJlbHO OAHOPOAHaFi no 
n yHl-uI1n : •	-	 - 

a(x, n) = a1(x, sn i) n,	n	0,	-	 (2.2) 

• ipoe TOFO, 2a1 (x, 0) = ôo , 1(ao(x, +1) + a, '-1)). • • - 
•	lip H M p 2.1: MlITerpo-guJ4epelhlHajIbHb1ft onepaTop 

2 

•	•	Au(x)	p(x) Du(x) + -- v. p. r cot ----	u(y) dy, -	.	 - • 22z2	J	2 
-•	 0	 - 

•	re D—i	= — ia/ax, ap,, q, € 000(f), nn.iinei-cn og1iöpogIiui ncengogM()4epe1I1uaJ1b-




HElM oneparopoM nopngia j C CUMIJOJIOM 41 (x, n) =' n i(p,(x) + q,(x) sgn n). 

•

	

	ilpunep 2.2: flycTE X(x, y) - 6ecxolle4Ho rJlagKoe npu x - y + 2n (nE ) II 2z-




• nepnoiul4ecHoe no o6o11M nepeMeIlH1hMnJpO, Tacoe, •ITO 

•	 X(x, x + 1) = — i(t/2 t I) p (x, t) -	In El q(x, I + g(x, 0,	•	. 

-•	:35* •	 S	 S
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re p, q, g - 6ccxoiieiio rJIaJixHe npH Itl < n 4yHx41111. 'I'ora linTerpaJibuLhull oneparop 

Ku(x) =JX(x, y)u(y) dy	 (2.3) 

IIBJIHCTCH i iaccwieciui nceBo I(epeHLHaJibuIM onepaopot nopnaxa (He BMWe)  
npii qem oHopoHoe c.uaraeioe A_ 1 _, B npegcaieniui BH)3 (2.1) onepaTopa K ilMeeT CHM-

-'BOil a_,- (x, n) = n-1—iDg l (p(x, t) + q(x, t) sgn n)Ig_.	 -	- 

-

	

	Ha3aHuhIenpnMepb1 aHTn4ecHil nc'iepriiBaioT nce HJiaccH'iecKHe nceuogii4epeiiinaJii- - 

Hbie ollepaTophl ieiioro nop ggiia Ha F. A HMeIIilo, npOH3BOJIbHbItl Rilaccr14ecxIfl ncenw-

M4epeI1w1aJlhHhLfl onepaop nopiva r € 7 iia F MoHHO (e111LcTnelIi1hIM o6pa30M) npe-
cTaBllTb B Buje- 

A = E A, + K	

/	

-	(24) 

re A, - 11HTerpo-Ju144epeIIwlai1bHbIe onepaTophl npepa 2.1, a K- - HHTerpajlbHblii 
oneparop (2.3) C onHcaHLIhIM BO BT0OM ripepe HOM X. 3T0 HO Mlii TaH3e 6yleM Ha- 

• ahIBaTb aOpOM peayARPI(Oa nacniu onepamopa A. (Pa3y.1eeTcn, npii r —1 cyMMa no j B 
npegCTaBjieHltu A OTCyTCTByCT.) 

RaaCCj4qecKuf1 nceBJoI444epeHIHaJ1bHb1ii onepaop A nopja 7 IIaBbIBaeTca - 
ddIiunmu'LecKuAs, ecirn er'o riiaBHbIrl CI4MBO.n ar(x, n) iie o6pauaeTeH B HJib npii 
m r= 0. Hapa.iemp1uccoM nopiu3ca rn jii irceBjo-)IH4epeIIIJ11aJIbHoro onepaopa A 
HaabiBaeTcH Ta1coi onepaop B( m ) , 'iTO ord (I - B(m)A) = —m. 11ap1eTpInc 

- B"" .nii 3JTJ1HnTjjqecRoro IIceBJ1o1144epeHwaJIbHor0. onepaopa A riopiiisa r CTpO- - - 

- LaTCH BBHe CMMbI -	-	 -.	 -	- - 

B(m) = Br +	+ B_r_m+i	-	 -	 - 

oJHopo)wbIxnceBo1wMepeHuMaJ1b}IhIx onepaopo B_r., C CLIMBOJIaMB b_-,(x, n), 
KOTOpbie onpeeJ1flIoTCH peiyppeHTHIIMH cooT1iouIenz4nMIl -	 - 

-	- b_,(x, ±1) = a,'(x, +1),	-	 --	 - 

-	b:; ± 1) = —b(x, 1) E

	

(±i)"/n! (r + k)	 (2.5) 
p+n+k=j	 - 

-	X b_f k(x, ±1)	±1)	(jE N)	 - - - 

i'je (r + k) = (r + k) (r-+ k + 1)... (r +k + n - 1). aTM )opMyJIhI BhlTexaloT 
113 TOMhI 0 }OMflO3L1IHM ABYX- nceBou144epeHw1aJIbILMx oriepaopo (cM., - 
Hanp., [16]).	 - 

flycm /JNII 4N - ABa pa36I4eIIIlH oTpe3Ia [0, 2t], cocTonnue 113 - paBHOoTcToH-
ILU4X y3JI0B X7 (N)_ 2ijN' 11 = = 27v(j - 1/2) N' (j = 1, . . .., N) co-
OTBeTCTBeHHO. Byei npe T;riojiaraTb H3BCCTHhIMI4 BHa'ieHHfl ( Y H HLU4l a1 ( . , ± 1) 
(J = 1 - 1, . . . , r) 11 b__ 1 (, + 1) (j = 0, ..., rn - 1) B y3iiax - pa36HeHFiR 4N• BygeM 
TaK?Ke npejwoJlaraTb LaaBecTHhlMH 3HaqeHun jpa X peryJIapHOu qac'rn onepaopa 
A B y3iiax a I BymepHOil CTHL1 4 M X /JM, re M -..N ' I'.	 - 

MerloJibayB yaaaiiyio BH4opMaInIo o6 onepa'rope A, a aioe 3Ha'ieHin 4yii- 
IHH / B y3JIax pa3614eHnH 4N, Mbl flOCTOHM sa O(N in N) ap aeTLa'IecI1x oriepaLiai4 
npu6Jlz4eHHoe peiucin4e vN ypaiieuw (1.1), y1OBJIeTBOpHIOIIee oIeH11e riorpelu-
iioca
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• [Iycri 71 N = {n. E 71: —N12 <fl N12}, EN	JIHHHR o6oriona yiiicuiifi


e(x) = ell, n € 71N• BBeei1 npoeop PN Ha EN opmyjio fi 

PNv(z)	erc(v).  

?3EZN	 -	 •>	 - 

1epe3 PNV O603HaHM I4HTepnoi1HIu1OHHhIi Tp11roHoMeTpHecIMi - noJu1HoM 113 EN, 

coBnaaIozu11 c HenpepbiBHo1 yH}wleft v B3JIX pa36IIeHHH , AN. 0qeBi1)Ho7qTo 
PN' - TaHHe npoeop HaEN. Ec.riii v E H1 lipu 1> 1/2, To 

PNv(x) = L' (Ecn+kN(v)\ e".	 (2.6) 

1-	- 

0e131lj1IiI TaIfl}ce cJ1e)y15uwe cooTllolueHun:	-	 .. 

PN=PNPN,	 (2.7) 

- PN4191 = PNJIc,PN - ( € C(f'));	 (2.8)


3JCCbJI jajiiue 41.1— ouepaop yMHoIceHnH Ha )ynIuu410 97. 

3aee q aiiiie 2.3: rIpHMeHellHealropHTMa 6blcTporo npeo6pa30BaHlln 4ypbe noauo.nneT 
flbI4flCflHTb BCe Ho34I!Iu1eHm1 TpHr.pHolIeTpu'lecKoro noHHoMa P %.v 3a O(N In N) aptu-
MeTMecIux onopaiHfl. 

	

3aie q airiie 2.4: flycrb v € EN	TpHroHoMeTpuqec}u1 nOJmHoM, A, - 0a110pOgIibIt 

nceBaoaM())())epe1I1MaJJbHuft oneparop C CHMBOJIOM a,(x, ± 1), aaaaIinlIM 11DM x € i, rae 
M :!^ N. Toraa 311aqeHiu	HHLHh1 A,v B TOHX CCTHH LM M0+uIO HaTu no TO1Hb1M 
riyiai aa 2N +O(M In M) apriim1en1ecx1ix onepaiuii. B caioi gene, B CIIJIY cooTHolue-
iiiitt (2.8) uMeei jiiin z € Am	-	 -	

•	 .1 

A,v(x)	a(x, +1) (PA4.+v) (x) ± a,(x, —1) (P MA,y) (x). 

Hoa41IuueIITM TpurOIIoMeTpn'19cH11x HOJIMHOMOB A±v E EN BM q MCJIrnOTCH -a N onepai k ii ii
 yMHw+ceHMsl. CorJlacHo TOMCTBY (2.6) 

1A 1 4v) (x) = E (E C fl+kM(AjV)\ ell ;	 - 
flEZ'M\k  

aaec aiin BbI4HCJICIIIIH ncex cyii no kiieoxoaineo He 6oJlee N onepauvift cioaeiiiin. 3na-
'leHun 3TIIX TpIlronOMeTpwJeCxux HOJIHHOMOB 113 EM Ha ceri-e J.M MOBHO BbI'IMCJIIITb flH 110-

- MOLIUI airopua ôblCTporo npeo6pa3ouaHnH ype 3a O(M, In M) apII4mleTu'lecxHx onepauMft. 

HpHBeJe1 Ileo6xogliMhle B julbH erimem oLeH}H, xapaicepiiyioiwte aetCTBHe B 
mFcaJle H1 npoewropo PN,N, a Ta1ce flP0HTOPOB QN = I -	'	= I - pN 
HenocpeacTBellllo npoBepneTccl, 'ITO 

IQNVI:	0	- (N	cc) ripu v € H, t € IR, (2:9) 

IIQNIH = 0(N- 1 ) (N -. cc) lipH r E IR, r, (2.10) 

= 0(1 + N'') (N -> co) -11pM -r € [R, 21 € [Rj. (2.11) 

JI emma 2.5: I'ijtte,orn	ecmo cieayioufue coo nnouzeNu5i: 

- IQ NvJ t	0 (N	oo) npu v € H 1 , t> 1/2, (2.12) 

•	II	 II,.	= 0(N' 1 ) (N	cc) npu r > 1/2, 0	I	r, (2.13) 

IIPNIJ,.t	0(1 + N t -') (N	cc) npu -r >1/2, 1 E R. (2.14)
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oHaaaTejIbcTBo: flOCHOJThKy QN = QN + PN - PN , nplI V E H, (0 :5: t r) 
iiieei 1Nv It	QNVh + (PN	PN) v Ie . Lajiee B CHJI (2.6)	 -	- 

I(PN - PN) vI 2 = f Ecn+kN(V) 2 (1+ nD2t. 
flEN k$-O	 .	. 

I4cnoJm3yH iiepaeuco IJlBapua, MoicHo nolca3am, 'ITO npaan 'acm 3T01'O pabel-!-
cr8a o1eHIIBaeTcs1 cepxy BeJIH q HhIofi	 . 

C,2(1 + W/)I(_T) X IC(v)I 2 (1 ± In j)2 ' = C,2 (.1 ± N12)2(i_T)IQNVr2, 
.'N  rje 

C, 2 = ' k I 2 ' . TaKMM o6pa3OM,  
-	 - 

,v:E:^ IQNVIe + C,(1 ± N12)T IQNvI,.  
OTc1oja 11 143 CBOfiCrB ollepaTopa QN BhITeIaIoT npeiie )Be oteHHIi,- a nocJIeHaH 
noiIy'IaeTcH UPH HOM011H cooTIIQlueHnii (2.7), (2.1-3) II (2.11):  

IPNIL.t = IIPNPNII,.t	+ l PNI.t IlNI, = 0(1 ± N T )!	..	-


CJIecTBHe 2.6: flycmb T € C (fl . -Toôa fl/ft juo6ot t .0 cnpaee1teao1fenca - 

PN4tcPNI;  

•	c nocmoNnnot C = C(), we 3a6ucavçet om N.  
B camom jejie,  

.	
IIP-4tPNIIi = II 41PN - QN41,PNIIt  

	

IIA1Ijj IIP lI -1- IIQNIIi-,,t IIlIt+1 II 1 vIlt.t+i•	 . 
OcTaeTcHBoduo.nb3oBaTbcH o1eHIaMH (2.13) ii (2.11) I	 -	- 

3. MeT0,Tt TpIwoHoMeTpn'Ieelcoii KOJI.iOKaI11n  

3ecb I! Aajiee 6yyeM npeywoslaraTh,'ITo	IInTn'IecKHhic6BonMepeH1ilaJIbHhIii 
orlepaTopA tejioro uopHJ1-ar OôpaTIlM m  € H3 , TaK 'iTo peuieHIIe ypaBHeH	(1.1)

cyuecTByeT, Cjj1111CTBeHf1O ii npIiiIaj.r1ea-nT H3 ; npii. ;)TOM dnpaBexJ1IIBa oueHHa-
I u L,	C ItIs—r, rjeC = IIII3_r,s  

-N- npu6Jua1cenue.4t .ItemoOa nip u2onoMempuLec)cot o.vzoatuu }Ia31JBaeTcn 4yHI-
i.iiiii uN € Ev, TaKan, 'ITO	--.	 -	- 

AUN(x)=/(x),	xE 4N • '	.	 ..	.--	-	(3.1) 

• AunpoiccnMaIulI-t UN € EN, 11peJiaraeMMe HHe, 6yjyT yjoBJ1eTBopHTb 6611ee o6uei

(Bo3r1yueHHoi) ducTeMe ypaBileBBhi - --	 - 

•	.	(A -f ÔA) Ufl (X)	1(x) + ôf(x),	- x. E AN -	 .	 (3.2) 
-I-	-	 -	.	 -	- 

	

- rje 6A - 1IeioTOpbIi1 ollepaTop, a of —'HenpepbIBHaa . 4yHI1wc1.	- 

-J1eiia3.l: Hycrnb s - r> 1/2, r	S. 'I'o2ôa cyuecmey1om maFcue no.'uxucu-




meitbnue -Koncrnaumbt € it N, 'mo OA.% .'uo6oa nenpep&cnoti ,6ynctuu 0/ u aw6oeoone- - 

	

- painopa OA, yôo6Jlem6opflFol4eo ycJioeuFo IPOAII t.g _r <e (N	N0), cucmeita ypac-	- 
nenuti (3 .2) npu N No o0no3na lulopa3pewele.Iia ucnpaeeaiiuea oienca nopezunocmu - 

- URIC	C(N' 3 IQNuIS+ IP N0AU! ir + PNfIl;),  

20e nocmoznnaa C ne 3a6iicurn om N it u, a manwe om 6/u OA. -
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LVV 

V	 JoHa3aTenbcTBo: OHo OCH0BaH0 Ha npegcTaBJleHrnl A B Bilge 

0	
A=4ç.4+T,	

V	
(3.3) 

rge ord T = r -	- He o5paJ1a1oivaHcH B 0 4yHffIuln iia C(F); 4 - oSpaTil.

mbiti nceBgOAm(j4epeH L;KaJIbHb1fl ollepaTop nopga r, Ta}O!, 'ITO 

• -	 P4PN=4PN, 'NE N.	 V	 (3.4) 

- HpegcTaBjIeHue (3.3) nogcHaaaHo . aHajiorla qubIMu paccMoTpeHIlHMH g.'ui. a5CTpaKT-
iior'o duHryJnrpHOrO oriepaopa B [13, rn. ii].V HpHBegee goHa3aTeJlbcTBo 3TO9 4Iop-
iuyrni, onycHaFi HeuoTopble geTailn. Ho iouM	 V 

•	Au(x)	Z ell' (I + I n IY cn(u),	'Pu(x)=f e t c(u),	 - 
nEZ-	 •-	 •-	

V 

•	
. p=J_p•	

V	

- , 	 H	V 

,Ljin ()YHH1U414 g(x) = a(z, +1) a,.-'(x, —1) (ar(x, N) - rJIaBIIblfi CIIMBOJI A) flOCT-
V pouM pa3JIoeHne g = g+g_, me g± . = exp (P± in g). Tax xaH onepaop A o6paTMM 

V 

TO [arg g(x)J,	in1 A = 0 u In g - onpegeiieuau C To qHocTbIo go HecyiiecTBen-




HOFO cjiaraeioro (HKLH 1-13 C(F). [lOJ1O7fdHrt '(x) = ar(x, —1) g 4 (x) = Gr(X, +1) 
V 

X g- -I (x). Torga (cm. (2.1)) Ar =V4(4 + Tr_ i , re 

= (Plt9. + P4t) ''	V	

V	

• 

r1	/lt/utg P -	'llg + 4t—'P- - P/1() J1.	 • 

- Jierico BugeTh, '4T0 ord Tr_ i = 7 - 1. 3aieei'we Terlepb,'iTo 

V	 c(g ') = c n(g^) = 0,	n > 0.	 (3.5) 

eiCTBlaTeJibi1O, Benny onpegeiieuiau orlepaTopaVp+ 4yHlnu4H P+ In  iaicyHFcLwri 
- -icoMrlJIeHeHoro nepeMenHor'o z = e HflbIBHO ripogojiwaeTCH go aFIa.n1uTu4eclofi 

B icpy re Izt < 1,	HEJI1R g = exp (P In g) Taae 6ygeT aHajuiTuqecFcofi 
B 3TOM Hpyre. OTcioga cJIejyeT, 'ITO c_(g)	0 npwn> 0: A1iariori1'IHo flOBH1OTCH

ocTaJl[,nbIe eooTHowelLI4R (3.5). CJIegcTB[1ni1u 3THX COOTHomel-INtl HBJlneTcR najinqiie 

• y onepaTopa 4 o6paTHoro i - ' =	+ P - 419+) ii COOTHOIIIeHHH (3.4). 
I4CrIoJlb3yu npegcaienue (3.3), ciacTeMy vpaBILelIui1 (3.2) MO?MIO 3flHCTb B 3H-

BI4BaJIeHTH0M niage	 V 

V	

• 

V [ + FN ('1"+ 6A)] UN -= P(1 + /)	
V	

V	 (36) 
V 

i'ge q,=	. 4eicTBuTeJ1bHo, yMHO?IUIB aeBYIO i npasyio 'IacTuVaToro PBHCTB Ha V - 

(I)y11HLH10 92 H BocrloJihaonaBmncb onpegeaef-filem npoeopa P N, cooTuoweHufi (3.2)V 
MOHO 3arIncaTb B Bilge •	 •	

V	 • 

V	 + 4t( + A)] UN = PN92(f + of),	yjv € EN 
•V	 •	 - - 

3To ypasuenlie aiBuBaJIeHTHo (3.6) B cHay cooTllolueHufi (3.4). HoIaeM, 'ITO ecm 
nopa IIF 4 4 IIt.t-r gOCTaTO 4HO MaJia, TO flll OCTTO'IHO 60JIhIIIHXN ouepaop B JIeBofl 
'lacTia ypaBHeHnH (36) o6paruii }ca}conepaTop Ii3 H 1 _, n H 1 . I'Ireeei	 - 

+ P,itT ± VOA) = nJIIcA - QNT + PN416A. 

3gecb onepaop JI1çOA VO6PaT1V (p6paTHbIh V paBeH A 144,), aBa gpyriix cJlaraeMblx 
oLeHnBaIoTcfi cJlegyionWM o6paoe. BV cuiy (2.13)	V	 V	 -	 • 

IIQN t IIt,tr	jQNIli-r^i Vt-r 
Ici1TII t.gr+i	O(N)	• 

V	 •	 •	 •	 .	 -V..
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H, C y4eroM COOTHOUICHUI1 (2.7), (2.8) u (2.15), 

IF	ôAg_r	IIPNct,PNIh_r IjP NâAII i .-, :E9 Ci IPNAI!.. 

ECJIH IIPNM IIt,t_r	= C,- 1/2, TO IIPH AOCTaTO qiiO 60JIbIIIHX N(N	N0) 

II[ + PNcJ1t(T + oA)]'!I_ ^ 2IIA1c%(IIrg. 
I4Tai, npu N ^! No ctcreia ypaBHei-I1 (3.2) OHO3HH0 pa3pemnMa. JiHoieiI-

HH IrorpeinHocTu BhiqTeM 143 J1eBOI 14 npaBO1 aCT14ypaBHeHHR (3.6) 4)yH1uHIo 
[A -f PNCJJIq,(T -4-- ÔÁ)] u. flocie HeIoTopi&x TOHCTBHHhIX npeo6pa3oBaHul% C_IIC--_ 
noJlbaoBaHileM coOTHo1ne1u1k (3.4) noJIyui 

[4 4 P1 M(T + 6A)] (UN u) = — QNC'4U'+ P4t9,(61 -, Mu)	- 

= —Qu + Pt,(o/ - âÁü). 

3ecb ilepBoe criaraeoe clipaBa oLeHnBaeTcH no Hopme B 11gr flJH HOMOI11i COOTHO 
meHwn (2.13): 

Q N 4QUI r	IIQyIIsr,t—r jc, II8;8_r IQN t Ia	C2N'8 IQNU I$, - 

a BTOPOe - fli4 HOMOUU4 (2.7), (2.8) II (2.15): 

-	It/ - ôAU)I_r	IiPN'41.pPiqIIt_r JPN (ö/— 5Au)Il_r 
-	 5C3(IPN61I1r + IP N6AU T ).	 - 

143 3THX cooTHoweHMn BHTeHaeTyTBepneHue'JreMMh1 I

IlpM nOMO[IH JoIa3aHnofi .meMMbJ -ierico npoepnecn 
TeopeMa 

3.2: Hycmb s -'r >  1/2. ToOa cyuecrnayem maoe n ucAo N0 , 'uno npu 
.- N :^.N0 cucmeMa ypaffleitutz Atemoaa nip uonostemp11twcIcouz co.iMoialuu (3.1) oEMo' 

3na'iHo pa2peueu.tta O.'za iuo6oü q6pwquu / E Har. Hoclte000amellbnocmb {UN} cxoôumci 
?imo'uLo.4ty peiueniuo u no nope 8113 , U flU r t s cnpaceOiwea ozenca copocmu.-
cxoOuMocmu Ju - UNIt :5 CN' -8 Jul, c nocmo.cinnoil C, ne 3a6uc guferz om N u 

4. Mero MexaHnqecKllx HBaJpaTyp 

Eiur peaalH3aru4H meToAa TpllroHoMeTpwlec}coii JoJ1JIo}aU14H B BIIC BbI4I4CJiHTeJIb-
HOPO aiiropriMa IIeO6xoliMo HMeTE )opmyjiy Ran npH6JIHe1IHoro Bh!qHCJICHIIH 
3HaeH14ii yHH1H1 (Ae) (x) npii n. E ?LN , x E 4N• llpecTaBJIeHHe (2.4) onepaopa A 
rlogcRa3blBaeT TaRylo tfOpMyJly: 
•r 	 2-t 

(Ae) (x)	(A 1 e) (x) = e1x E a,(x, n) + --- f X(x, k) e-.	(4.1) 

	

j=O	 k=i 

3ecb nepan cyMMa cnpaBa B cJuiy a,(x, n) = e"Ae paBila Toil OT (A,e) (x) - 
(npii r-:E^ —1 oa noJlaraeTcn paBHOft 0). Bropan cyMMarIBJIneTcI 

HrerpaJia (2.3) npn HOMOIUH KBaJpaTypFioft )OpMyJIb1 npflMoyroJthHHKoB C pa3-
Ak-; aTa cyMMa onpeJeJ1eHa 11H x AN, B qaCTHOCTH, npu x E A. [br-peIuHocr	

oproyim (4.1) 3aBHcnT OT rJIaj}cocTl4 ggpa X H B 06ueMcJIyae cocra-
JifleT O(N 1 ) (CM. H11?He	I8M 4.1). Boiree ro'nia -HBaJpaTypHaH 4opMyiIa OTBe-

4aeT 6o.mee noJpo6HoMy (n cjiyt ae 1> 1)	 (2.1) oneparopa A: - 

	

r.	-	 N 
-	(Ae) (x)	(A,(N)e) (x) = el- f a,(x, n) + (2z/N) ' X_,(x, 4) e"k; 

-	 - j=1–I	 k=1	 (4.2)
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me X_ 1 - flO ouepaTopaK_ 1 . Ho HCflOCJCTBHHO 3TY4OpMYJ1yB BblqHCJleHHRx 
IIcrIoJIb3oBaTb HejibaR, raK K3K Hpo - X_j npI4 1> 1,' B006ue . rOBOpr1, HellaBeerHo. - 
floaTo1y iiii npueeri eë K 6oiee yRo6Hor1y BHy. A IIMeHH0, noKaaeM, qTo 11p11


	

x E 4NCHPaBejjurIBO TOflJeCTBO	 . 

(A 1 1e) (x)	(Aj(N)e8) (x)	 - 

- + e"	(a1(x, N) 01(nN1) +	— N) O( _nN1)), (4.3) 

01(x)=(_1)k+1(x -k),	= —1, —2, ..;	'	(4.4) 

3TOFO 3arIumeM CYMMY no k cnpaa n (4.2) B BHge - 

N 
(2r/N)	X_,(x, Xk) e 1" = (K_ I oN, ,,) (x),	 (4.5) 

k=1 

	

re	 . N 
6,,(x) = (2r1N) , O(x - Xk) eln iA:	 (4.6) 

	

-	 k=1	 - 

— o6o6neHHas1 Iy}1KIHH, npniajiieaiva H npii r < — 1/2. opI1y.r1a (4.2) 
flH 3TOM npHHuMaeT BlITA - 

	

-	 = Z A ie,, ±	 .	-	 (4.7). 

OTcIoa 11 . 113 npecTaBJ1eHMn (2.1) ii (2.4) oneparopa A BbITeHaeT coo'r}IoweHHe 

	

-	Az(N)e,, = A, 1e,, + L' A 1 (e, - 6w.n) .	-	:	 (4.8) 

3aMeTIIM Teneph, qTO  

•	 -	O,,(z) =	'(_1)keI()r.	 .	-	 '' -	(4.9) 
k 

B caioi je.rie,  

	

-	 -	 N- 
Cm(ON'n) = (2t) 1(6N.fl , emr) = N-' ' eI(mfl)2(i_h/2)N'  

j=1 
(-1)-"', ec14 m - n HPTHO N,  

1	0,	eCJin m - n He HP3THO N 
Bocno1b3yeIcfl 3THM pa3JIoKdnHeM JJrnONfl: 

A 1 (e,, - 6N.n) (x) =	(—l)'(A je fl + k y) (x) 

	

k*O	 -	 - 

= ' (_.I'+Ia1(x, n -J- kN) e I +')z ; -	 (4.10) 

	

k*O	-	 .- -	 -	- 

- npii x E AN UMM	= etx, 11O3TOMy (CM. Tae  

	

- -
	(A(e,, - ON ,,,)) (x) = e	(_1)k+Ia(x, n + kN) 

	

-	k*O -	 - 

- = N i el nx(aj x, ±1) 0 1 (nN') + a1(x, —1) O5(_iN-')), 
XE/iN,  

OTK8 C yqeTOM cooTnomeHilfi (4.8) noJ1yqaeTcn-ToecrBo(4.3).
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(I)yHwi4Io Uy € ER 6yei ILaabIBaTb N- npu6iucenuet .emoOa stexanu'ecux 
KcaOparnyp nop.ciOa 1, ecita (cp. (3.1))	 -	 - 

A,uN (x) = /(x),	x  4N•	 (4.12) 

3T1IcoolJioIueHn g aKBMBaJIeHTI{bI clicTeMe JIHHeilHhIx aJ1re6pauecFcI1x ypBHI1iIti 

'	 =/(x1), j= 1, ...,'N,	 (4.13) 
-_-	 I	 / 

= cfl (u),	=(A1'e) (x)).	
0 

MO?EHO noKa3aTb, '-ITO BbI q ncjIeIiHe Boex Kcce()(!)Iiw1eHToB a TpeôyeT 0(N2 In N) apw-
MeTFI4ecKHx onepauHf. -RaK 113BeCTH0, JJ1R pel.ueHHfl clicTeMbi ypaBHeIIHI[ BHa (4.13) 
iiyiio 0(N3) ap MeTI qecFI1x oriepaiiiti. Tei caiwi o5iriiü o6'i,eM BbI'-lF1CJeHHü, 
I-Ieo5xoJiuMwx JIT!FI OH)CJICIIH)1 Ko)(HIweHToB TpHroHoMeTJ5H4ecFcOrO ' noiIiIfoMa• 

•	u, TaHnce cocTaBJIHeT 0(N3).  
llepehei K OIHK noi'pemHocTM LIpn6JTH?KeHlui uN . Bocno.rib3oIaBun1cb TeM, 

qTO PNV = v ripii v € EN, 3arTumeM cooTHomeHHn (4.12) II BHj 

	

- (A + A 1 ) UN(X) = /(x),	x € /JN,	 .	 (4.14) 
rge -	 - 

= (AN)	A) P.	 .	 (4.15) 
]Te1Ma 4.1: [Ipa ./u06o4t	0 cnpaeeO.iuco coomnoutenue	 T 

IIPN A1I, = O(N 	N -±	.	 -	 (4.16)-
 io Ka3aTeJI h CTB 0 -O6o3I-Ia qHM epe MoN onepaop YMHo7HeHlIF1 Ha.o6o6lleHHyo 
yHKIHIo ÔN '=	(cu. (4.6)) H,3aMeTIIB, 'ITO ôNn = dJoNeN 3a1IHLueM 000THOUIOIIHJI 


(4.7) npu it E 7L V B BHJe  

AI(N)PN = E A 5P. + K i töN PN.	
-.	 - 

j=1 - i	 -	 -	 •0	 - 

OTCIOJa ii ii-3 (2.1) IIoJIyrI .ÔA,(N)	K_(MN - I) PN .TaK iiatc K_,	A_, + 
+A_,_ 1 + K_ i _rn npii iiO6oi mE Z (CM. cHoBa (2.1)),To  

FN As = ± PNA J(116 — I) PN + PNK_ l _rn(416 v - I) PN	(4.17) 
j=1-1-m  

• (ncio m MU BbI6epeM HeCKOsInKO'nO3Ke). BocnoJIb3yeIcH 4opiyjioi (4.11) H BarnI-	
0 

uie f-c caaraeMoe cnpaBa B. 1-ItU 

0	 PNA)(JI16N - I)P, = NPN (Jta, ( ..+ l)PN0 N + c/lta,(..+1)PYO1N), 

rje	 0	 -	 --

 e'O1(+nN') c(u). 

TaK imi O(+nN')I.;S 2- i npl-i n € ?ZN (ci. (4.4)), TO, 11pM jio6oi ; 1 II 0,NII, ^ 211. 
OTcIo)la HMM 	- -	- 

•	
-	 -IPRAj(to — I) FNI	(N12)' (IIP1Oj . ;+1 PNI + IIPN ta,( . ._1)PNIL), • 

r'e iopMu cupaa B. CIiJIy (2.15) orpaI11 qeiIbI CBePXY He 3aBmcmrqefi Or N 11OCTOHH-
• HOi. TaKEIM o6paaoM, II PNA j(4t6N — i)PA I, = 0(N),	N	oo.	 ••	

0
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3amtIdHpye1 Terrepb reioe qncjio m	r + 1 n,BOdnOJ1b3OBaB1flHCbVO1.eHKOrl 

(2.14), aaniime	
V 

	

I) PNIIT	IIPNIIr+1,,II	-l—mlI—i,+1iI ( loN	fl P,II,, 

C1 II( 16 - I) PNIL,1.  

3gecb HopMa ci-IpaBa ecTb O(N). B cariot geae, nycTbv € H, flpll nOMofl11 OpMyJi11_ - 
(4.9) aarntiuei paaioeniie B PRA ype	 V 

I) PNV = (MaN - I)	c(v) e =	c(v) (ôNfl - e) 

	

flEN	 ?1EZN 

V	 =	c(v)	(_1)k e+kN	 - 
-	EN	k*0	 - 

OTcIoa ilieeM	 V	 V 

- 	 — I)vvI i =	c(v)2 f (1 + I + kNI)-2' 
V	

kIsO	 V 

- 	

V	
' 

c(v) 2 C1 2N- 2'	C12N-2' IVI,2 
•	 flEj	 V	 V 

re C 1 2 =	(IkI - 1/2)- 21 , flOaTOMy IJ( toN	I) PNII, j	C,N-1.. 
V	 - 

k0 

OIoHqa're.nbHo - HyHMoe cooTllolnel-me (4.16) noIy4aeTcR 113 (4.17) ii noc.rieiuinx 
- o1.eHoH	 V V

	 V 

V	 143 JoHa3aHHoft J1eMMb!erHo noJ1yaeTcrI ciegyiówee	
V 

llejJ1o7iceHiIe 4.2: Tlycmb r :^-, g . - To2Oa IIPN OA	jjsgr = O(N + N-IrVz)	
V - 

ji,1 .'uo6o2o s € R.	 V	

V -	

V	

V 

o1ca3aTejIbcTBo: VI	opiyiii (4.15) cJ1eyeT, 
qV15j(N) =, OA I (N)PN . flo3To1y	- 

IIPN0h1IIs.tr ;^5 IIP NOA lIIt_rII PNIIs,l_r . 0Tc1oa. H Ha cooTHoIneHul (2.11) II (4.16) 

V	 BhITeIcaeT H?*HR oieaa I	 V	

V 

V Teopèia 4.3:.Hycmb s — r> 1/2, 1> —r. Tbaöa cyuecmeyem ' macoe ajucijo N0, 
- nio npa N No cucmet a ypaenenuü (4.12) stemoaa exanuajecux ieaapamyp nop-

•	.qa I o3uo3na'iuo pa3peutuMa.0ii.9 .iiio6oi /Jynctua / € H8 _. rIocj1eao6arneib1t0crnb 
V	 N} cxoaumc.c  K mouoy pe-utenuo u no nope e H3 , u npu t r cnpaGeôiUU?a ozenia 

copocmu cxoOu.iiocmu	 - 
•	

IU — UNIt	CNt8 IuI s ,	s — I	t	
V	 -	

-	 (4.18) 
V	 \-

•	 Oe nocmoannaN C ite aaoucum om N it  

LoHaaaTeJbcTBo: 14a upe lo?+ce!-lnht 4.2 (npu s = 1) C yqeTOM YCROMin' 1 > —r 

cJ1eyeT, qTO II PN0'A lItt.1 . r -O npi N - co; nODTOMY H cucTeMe-ypaBnenIsli (4.14) 

	

MO?KHO flp11MeFiflTb aemmy 3.1 (c 3aMeHofi OA ita 6A 1 ii Of = 0). 113 JIeMMbI BblTeHaIoT	
V 

-	
- oJHoaHaq Haa paBpeWuMOCTb C11CTCM1.I (4.14) u otea flOI'peIIIHOCTH	V	 S 

lit

V	

- V	
V	

— UNIt 5 C1(Nt_8 IQNuIS'.+ lPN0hIt _ r)	
V	 V 

•	C2(N'8 IQNuI O ± N' + N181 ) .	 - 

Taic •icai IQNUI S —.O npu N -± oo (cm. (2.9)), TO 0TC1OJa npii £ 
= s (c y'ieToM He-

	

V paeca •-r --1 < 0) cJteJyeT, 4TO u -* u H3 . 1{poMe Toro, 113 oqeBIaHor'o	• 

HepaBeHcTBa IQNUI3	BbITeEcaeT oieiuca l it — uv I j ^-, C2 (2Nt8 + N1 ). 1 u 13 Ha	—

V HOTOpO1 I-!oJIy'IaeTca COOTHOUJeHUe (4.18) I
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3aieaiuie 4.4: 143 oxaaaTeJmcTBa B11,HO, 'ITO oIeHHa norpenhllocTil (4.18) ocTaeTcn 
cnpaBeJ1IInon H npH 1 = — r, HO B 3TOM cy4ae, BooGLUe rouopn, BeT CXOU1MOCTH UN -+ U 
HO HOMe u H3 .	 - 

CJIeJCTBHe 4.5: Eciiu / € C(P), mo, npu iuo6ot I € IR, iu - UNit = 0(N'), 
N oo. 

5.. Hp I451IHaeHHoC Bb1nc.ae1JI1e IcoaIt!kueHToB c(u) jipit 60aiMIIX IiI. 

OIITIIMaJ!bHbIIi aIropnTM HpH61llKeH1IOUO pemeuna ypaueimn (1.1) 

Hpeywoeiiinii B npeJI.biyweM nyHHTe anropimm noaBojIfleT HaliTe 11ocJIeoBaTe.flb-
IIOCTb flpH5Ju1HeHuli Ui,,' € EN , 3T OBJ1eTBOpfl1011.yIO OnTHMaJthHOli oieiiie norpein-
HOOTH (1.2). Ho qiic.mo onepaiwli, He06xoHMh1x JaH omlcKaHHH Bcex KO34IiLHeH-
TOB TpMroHoMeTpHecKoro. noJiuHoMa UN, cocTaBJIHeT 0(N 3). 3Iecb MM 06CyJJ!4M 
aJIropuTM, HO8BOJ1H!OIUHli HafiTil C0OTBeT0TByIOIw!e KOa4m1Lu4eHTM 3a 0(N In N) apI-
MeTli qecKlix orIeparHli. 

MM BodnOJIbByeMcn adHMnTOTI4 qecKoii 4OpMyJIOrf QMU ' QMB(m)t (M -- oo), rje 
B(m) = B_ + ... + B_rm+ i napaIeTpHKc gJIH nCeBjoRwMepeHUHa.mbHoro onepaopa 
A. 3Ta 4opMyJIa nOKa3MBaeT, 'JTO HO3HUHHThI 4ypbe c(u) npn 6oJibinl!x Inj 
MO?KHO BbIqucJLnTJ, npu6.nlnlceHHo npll nOM9LIUI napaMeTprn-ca, He npH6era}! K ,,JOpO-
rocToflu.eMy" MeToy MexaHH qecRllx HBaJpaTyp. 

ByeM ncKaTb np!46Ji!ie11Hoe peuleHl4e B Bmje 3aBHcnero OT napaepa M TpHrO-
HoMeTpllqecKoro noJIMHoMa uN(M) EER . llycm 0 < M N. floJ1oBM 

•	
- QMUN(M) =QMPNB(m)PNI.	 (5.1) 

143 aaMe qaHIlli 2.1. H 2.2 cJieyeT, qTo JJIH BblqHcJ!eHHh! KO344HUHeHT0B TpHroHo-
MeTpnqecicor'o noJinHoMa QMUN(M)(€ E)-Heo6xojin10 0(N, In N) 4pn4Mel'nqecKnx 
onepaunfi. 

HpeoeHne 5.1: Ilycrnb s - r'> 1/2, 2ôe r' = max {0,r}: ToaOa cnpa-
eeJ./uL8b& ciieOyiouue coomnbutenux: -	-. - 

-	IQMU 7 QuN(M ) i B_*O,	M,N	oo;	 .	(5.2). 
IQMU - QUN M) i t	C(M t - 8	+ N t - 8 ) Jul,,	r'	I	s,	(5.3).


eae nocmoxnna.'i C ne 3aeucum om M; N u 

	

•	JJoKaaaTeJIbcrBo 3T01'O flJIOKOHHH naJio?KeH0 B HOHUC 1IacTonu.ero r!yH}cTa. 
3arteTnM 'renepb, 'ITO npoeuin V = PMU TO'IHOO pernen u na EM yJoBJ!eTBo 

HT ypaunenio Av = / - AQMU. Ero MO?KHO 6io 6b! PffiHTh MeTooM MexaHn-
(c 'rncJIoM Y3J1OB M), HO ana'iennn ())YHKUHH AQMU B y3aax CeTHH 

Am Hen3BecTHh!. lloaToley, BocnoJlbaoBaBnnlcb TCM, 'ITO flpn M. -± 00 cnpaBeJ!HBbI 

	

-	acnMIIToTHqecrnle ()OPMYJ1b!QMu	QMUN(M) n AQ '-'Ar. l Q f (cm. (2.1)), Mb! 3aMeHMM - 

	

•	BTO ypaene Ha . ,,6JIH3Koe" ey 

Av = / - AT IQMUR ) .	 -	 (5.4) 

3ecb-3Ha4eHna npaaoli tiaCTR iia ceTe AM MOFT 6bITb BM'IIICJICHM B dH.fly 3aMe-	-. 
uaHnn 2.2 aa 0(M in M + N) apH4)MCTB4ec1nx ollepalulli (npejnoJiaraeTcH, 'ITO KO-
3("HIUIeHTM TpnroHoMeTpn'Iecfforo.noJ!nHoMa QMU N(M) ye onpeeJ!eHb1). floJioK141 

PMUN(M) = VM, -	 -	 - (5.5)
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rje VM € EM - M-e rIpiI6JIHaeHne ieroja MexaiIIl qecKHx NBagpaTyp nopmua 1 JJIH 
YPBHHHH (5.4). 3To npit6illlaceHlle (ci. npegbuipwirt pa3eJi) MOHO HatiTli 3aO(M3) 
apil4mteTll qecKiix onepa[uiii. C yeo 3aIeqa!!I1H 0 Bhl qucJleHiIH npaBoI qacTil ypaB-
HHHR (5.4) qiicjo apH41eTHecII1x oI!ePauHi, 1-Ieo6xoJU1Mh1x JiR OTh!CKa!f HI! VM, 
cocTaBJ!neT O(M3 + N).	 - 

11per1oceH11e 5.2: Hycmb s - r'> 1/2 ii 1> —r. To2aa IPMU - PMuN(M) i s	0

npu M, N --> co. HpoAte moo, O a g neompuqame.ib11b1x I > r + 1/2 cnpae&.4uea oI,eJt?Ca 

IPMU - PMuN t) ij ^S C(M-' ± M t -8-' + Mi-s-M + N8)'iuI,, 
s, C ije 3a6uc.'zu4eü oin M, N it u nocmoNnnoi C. 

LoHa3aTeJIbcTBo 3TOro flpeJJ!0eHIIH MM Taic?fce 0TJ10HHM Y0 KOHUa aToro pa3je.na. 
Cyiiiiipyei cKa3aHHoe B ceyIoELe1 yTBepHJeHi1H.	 - 

Hp e g.i 0 e Hi! e 5.3: tluciio apuemu'wccix onepatuü, neo6xoôu.ibIx aAA e&'uc-
.'ienua Ko36!fiuLuenm06 inpueono. 4tempunecn000 nod!uKoAta UN(M) € EN, onpeôeutenno2o 
i (5.1) u (5.5), cocmae.iem O(M 3 ± N In N). Ecjiu hpu dmoM s —Ir'> 1/2 U 1> —r, 

•

	

	mo UN(M) -* u no nop.ite e H. npu M, N -* 00; icposte mow, Ojia neompu1ameu!bnux

t.. > r + 1/2 cnpaeeOiiuea ote,oca noepezunocmu 

Fa — UN(Mt ;5 C(M-' + M'- 8 ' +M':" + N'-8) Jul,*,	It :E^ 8, 

eae nocmoanuaji C ne 3aeuCum om N, M u u. 
HoJlod;cu.'i menep	 - 

•	

- UN = uig(M) ,	rye	M x N113 ,	 (5.6) 
'r.e. 0,Nh13 M:-5 C2N'13 , re r[OCTOFumbie C, II 02 He 3aBI4cgT OT N H M. 

TeopeMa 5.4: tluc.w apuuemu'eccux onepa1uii, neo6xoôat&x ôjzg eucienua 
w9g5g5utue1im0e mpu2oKo.Mempu1 ecKo2o nwiuno.ta UN € EN, onpeaed!enKo2o e (5.6), 
cocmae.flitem O(N In N). 'Ecjiu npu 3moAt s - r' > 1/2, 11 1> —r, mOu ± U no nop.e 
c H, npu N -. co; Kpo.te mow,	neomputameu!bnbLx 1> r-+ '1/2 cnpaceOituea 
otfenca' nopeuinocmu Iu - UNIt < CN 1 ' Jul,, ,8 -	:E,- I :!E^ s, 8e -= min {l/3,

(+ r)/2, m/2}, a nocnoanj,wi C ne aaeucum omN it u. 

JoHa3aTeJIbcTBo COCTOHT B HerI0CpeCTBeHHofl .npoBep!ce YTBepmgeH11fi TCOML1 
ilpil flOMOUUI npeJJIoneHJ1H 5.3.	 S	 - 

3ai!e q a}IMe 5.5: VcoBue HeoTpHuaTeJIbllocTH t B reopeMe 5.4 M0x{IIo CHHTb, eC3IH 
BMecro (5.1) noiioum, HanpHMep, Q1u(M) = QMPB(m ) -PNI, rae N N12. Ho aoRaaa-
TeJiberBo npegameiiHn 5.1 cTauorn!TcH eyueCTBeHI!o 0onee rpomwgiimt, It ML! He öyaeM 
Ha HCM ocTaIIaoJTi1BaTbcn. 

• Paae.q 3a i3epLuaeTCH joKaaaTeJibcTBaMu npegjioHieHiitk 5.1 115.2. 
LoFca3aTeJIbcTBo npeaJloMceHHI! 5.1: 3allHmeM (CM. (5.1)) 

QMU - QMUN(M) = QM (l - PNB( m )PRA) U -	• 

= QM(I —B(m)A + B(m)A + NB(rn)A - Q NB(m)QNA U. 
OTcloaa C yieToM (2.10) noJlyqaercn o1eH}ca	 • S 

/1	(M) 

- -.	.•	 C,(M'-8-m Jul + IQ NAUI I _,) + IQ NB(m)AU I g + IQ NB(m) QNAUI I .	5.7)
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JI1I TOI'O, 'ITOöh! flOJl11Tb (5.2), H?HHO 3eCb I1OJIO?KIITb 1= S H BodHo.Ib3OBaTbcg 

cooTl-louleHueM (2.12)	 3aMeT11B, 'ITO B CHJIY COOTHOUICHHR (2;13) 

IQ NB(m)Q NAnI S	I1QI18 IIB(m)II r.s IQNAUsr :—S C2IAuI3; 

KoppeTHocTb ccbIJloH Ha (2.12) u (2.13) o6ecne q llBaeTcn YCROBnem S - r ' > 1/2. 
OIeinIM Teneph 3aB11cHn14e OT N cJar'ae1h1e cripaa B (5.7). flOcKOsIb1y S — r ' > 1/ 
it I — r ^ 0 2 TO B C11j1y COOTHOWeHHÜ (2.13) nIeeM	 - 

IyAUIr	IIQNIsr.tr IA	IuI	C3N 8 Jul,,	-.	- 

IQ NB(m)AUI I + IQNB(m)QNA4 

.IIII	(B()A	+ IIB(m)Iis L r,8 IIIIs-r IIA ii88)kI8	cN	]uI.


Orcioja u iaa HepaBeñcTBa (5.7) noiyaeca HBHH oieiiia (5.3) I 

,LoJca3aTeJIncTBo npejjioaeiinii 5.2: Tpnro1IoreeTp144ecm?Ii HOJIIIHOM v = 
FMUN(M) E EM ITO IIOCTPOCIIHIO yoBJ1eTBopaeT ducTeMe ypaBHeHI4t -	 -	- 

(A,(Mvsi)(x) = /(x) —AjQuN )(x),	X EM,	- 

rje Ai(M)OnpeeJIaeTcg B (4.3). BTy C1,1QT ebiy MOcIIO 3aIlFlCaTb B BHC	-	- 

(A + ôA M ) v51 (x) = /(x)— (A MU) (x) + ôf(x),	x € Am, -	(5.8) 

•	= AQMU — A . ,QMu M). Ha npeIoneann 4.2 (npll £ = s) C yqeTOM yc.riOBun 
1 > — r cJIeyeT, 'ITO IPM 5Ag( M) IIg .l _r_ Onp11 M -*; nODTOr*1y H CHCTeme ypaBHe-

HHi (5.8) MOHHO IIpIIMeHIITh nemmy 3.1 (c 3aMCHOR N i-ia M, u Ha y , ÔÁ iia 5AM) 
H / Ha / — AQMU). 143 D.TOii JIeMMhI BhlTeHaer OHoIIa'I1Ian 
(5.8) (upu AOCTaTONHo 60JIbInI1x M) H oieHIa norpC LU11OCTH 

Iv — 
VMIg :—< C1 (M 8 IQMz + IPMÔA L VI t ,.+ I PM(4QMu — ArlQMUM!)lgr)I 

Yq IITLIBaH,- 'ITO V = PMU H VM =PMUi M); 3TY OLeHKy MO?HHO nepenca B BHe 
(c1.TaH+ce (4.15))	 -	 - 

I pmu — PMuN tT I t	Cl (I MôA I ( M )1iIg. r + PM(AQu Ar.,QMuNM)lj_,).


3ecb nepBOe c.nar'aeMoe dnpaBa o[eHuBaeTcn upil noMOnH npevIo?HeHun 4.2: 
lPMA,(M)ulg_r ;S C

2(M' -+ Ml-8_l) Jul,.-

,LJIH BTOp0I'O c.11auaeMorO B CMJ . Iy cooTHowelluft (2.14) (HarIoMHIne, 'ITO I — r-> 1/2) 
11 (2:10) i-iMeeM (CM. TaHne (2.1))	 - 

PM(AQM-U — A,.
I QM-UNTMT )Ij.,.	-	 - 

-	= I PM( K QMU + ArIQM(U — uN(M))),Ir 

IIPMIIt:r(IIK LII r-1,.t-r IIQMlIs-r-i Jul ,, + IIA riIIg.tr QM(u — uN')It) 
C3(M' lu l., + I QMU — QMuR°it) .	 - - 

B IlTore 113 3TIIX O UCHOK -(npu I = s) 14 (5:2) nieeri nepnoe yTBepnceHHe. 3TH me 
o1eHHu B IcoM6nHaIUau c (5.3) 1OT BTOPO yTBepaeHHe I	-	 S
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6. llpI11ephI	 . . 

B 310M pajeie MM pacciopii iieHOTOpble ijiacci qeciie HHTerpaJlbHble ypaBneHng 
- 113 TOI4H ipaiiuii. B q aCTHOCTII, MU BbI qHCJIHM CIIMBOJIM OJHOpOHbJX cjlaraeMhlx 

8 pa31lo?eHHn B11 (2.1) gim cooTBeTcTfiy!olwlx nceBAOAm44epeHLxiiajibHb ,IX onepa-
TopoB, a 1'aI*Ke Heo6xojIMUe j.rin npM'eHeHa npejJ!oeIIHoro B 
flHHTC aJIr'opwTMa napaMeTpIrFcH.	 - 

HycTb Q	- o6JIacTL, C raagRori 3aMKHyTofi rpamiueü -r = Q. Pacc1oTpnM

ypaBHeHne FeJIbI1'0j1bUa  

ziU(X) + k2 U(X) = /(X),	X € R2 \ Q,	.	 (6.1) 

C ycJIoBMeM il3JIyleLLL4H	 - 

•	 . &J/&r + ikU = O(r'),	r = XI -* co.	 (6.2) 

• Rait 113BecTHo (CM., iianpnIep, [5] ziirn [9]), .petuel-ine U yJoBJIeTBopHeT UpH X € F. 
- .	nHTerpaJlbHoMy cooTHolneHulo  

U(X) = 2U0(X) + 2 f ((aG(X, Y)/eN1) U(Y) - G(X, 1') aU(Y)/eN) dsp, 

(6.3) 
rje G(X, Y) =(i/4) B0(2)(k IX — Y I) — YHHWIR Upilila gim ypaBneHHa--I'eJIbM-

• roJIb1a Ha FIJIOC[OCTH C ycJloBneM 113JIHHH (6.2), U0 - peuee ypaBlIeIIHn 
FeJ1MroJIhuà (6.1) .BO BceM npOCTpaHCTBe 1R 2 C ycJIoBueM )l3JIy qeHIln (6.2) (najaio-
iee iiojie): U0(X) = f G(X,.Y)/(Y) dY. CooTHoweline (6.3) BMecTe C ipaenbnt yc-
JionneM Bna (X) U(X) + i(X) aU(X)/aN = 0 (X € F) oSpaayeT CIrCTeMy HHTe-
rpaJInhIh!x ypaBHeHuu OTHOC11TeJthIIO 4yiiiiittk U(X) ii U(X)/N(X € F). OcTalio-

•	BHMCg nojWo6Hee Ha )ByX iacTHix cJIyaHx. - - 

1. 3aaa'a ,4Tápuxiie: U(X)= 0, X € F. B 3TOM c.rIyae CO0THOIIIeHMe (6.3) npeB-
pauaeTCR B HHTerpaJIbHoeypanHeHHe(1)peju'oJ!bMa 1-ro poa 

f G(X, 1) au(-Y)/dN ds = U 0 (X),	X € F,	.	 (6.4). 

• - OTH0CHTe.nbHo (HIII411 aU(X)/aN. Moaiio no}ca3aTb aine (c1. [5])., MTO 3T3 4yHH- 
IUIR , OBJICTBOPHT cJIey1oneMy HHTFJIbHOM ypaBHeHHIO. 4pejroimia 27r'o 
poja:  

aU(X)/eN + 2f (ao(x, Y)/aN) (au(Y)/&N) ds = 2aU0(X)/aN, 

•	 XEF.	 .	 -	(6.5) 

2. 3aôa'a HeiLtana: eU,(X)/3N =0,-X.E F. CooTIIouielIIle (6.3) B 3TOM cJly'Iae 
CTaHOBHTCH HHTerpaIbHh!M ypaenne	 2-ro poa.	 • - 

. U(X) - 2f (aa(x, Y)/dN) U(Y) ds = 2U0 (X),	X € F,	(6.6) 

oTHocMTeJthHo YHHgMFI U.	-	 .-	- 
B Begot 1Ia 1' napare'rp x € [0, 2r] TaHot, 'ITO ()YHFUU1H z, z(x) = X 1 (x) + iX2(x), 

npHH4JIeML1T coo( .r), npie z'(x) r= 0, a o6xo HOHTypa 11O113BO11TC1I flpOT11B 
qacOBOft cTpJTXH. Toi'ga	 •	 . 

- G1(X, F) = .!:_ .H(2)(k Iz(y) - z(x)l),	.
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-	aa(X, F)	ik H1(2)(k Iz(y) - z(x)I) Tm (z(y) - z(x)) z'(x)] 
ON	4	Iz(y) -	 Iz'(x)]	- 

aG(X, F) -	ik 111(2)(k z(y) - z(x)j) Imf(z(y) - z(x)) z'(y)] 
-	4	Iz(y) - z(x)I	 Iz'(y)I 

rge H1 ( 2)(r) = —dH0(2)(r)/dr. I1o.rióiciri u(x) = U(X(x)), v(x)= (aU(X(x))/aN) z'(x)I 
Torya yparnieaiii (6.4)—(6.6) HpflUCbIB!OTCH B BHe 

y)v()dy = u0(x),	 (64) 

re  

7C(1)(x,y) = .!. 110(2)(k z(y) - z( ) I) , 

V(X) +fX (2) (x, y) v(y) dy = 2v0 (x),	 (6.,5)' 

	

rje	 - -	 -	-.	- 

ik H1(2)(k z(y) - z(x)I) •-	___________ 
X(2)(x,	

z(y) - z(x)I	
Tm [(z(y) - z(x)) z'(x)],	- 

+ fX(3 )(x, y) u(y)dy = 2u(x),	 (6.6)' 

re  

ik 111(2)(k Iz(y) - z(x)I)	- 
X()(x,	= 2	z(y) - z(x)j	Tm [(z(y) - z(x)) z ' (y)].	- 

LJui ayieHnsi Hgep X() (s = 1, 2, 3) HaM nOIIao6BTCg upecTanmeHIe 4yHHInn 
FaHHeJUI H0 ( 2)B BI1J 

H0 ( 2)(t) = (2/ni) In t E(- 1 )' t2"/4'(n!)2 + 92(T2), 

re t7 € C°(R) (CM., HanpilMep, [11]). 143 ero cJ1eyeT, B UCFI-IOCTiI, 'ITO 

co 
= (1/fli) In r E (-1)' T2"/4"n!(n + 1)! + T2(T2), 

-	 n=O 

re ip 6 C°°(IR). OTMeTHM TaIEe, 'ITO 4)yHKIHH  

Z(Y) - z(x)	Tm [(z(y) - z(x))z'(x)]	Tm [(z(y) - z(x)) z'(y)] 
y—x	'	(y—x)2	..'	-(y—x)2 

ôecicojieiio n44epeInHpye1H npii I - xi < 2. 3TO BWHO m3 paaJIoHenMll 
(6.8)—(6.10) (cm. H11He). HcrIorIb3yH ciaaaiii-ioe, IICTPYJHO nOlca3aTb, '1To4yIIrn1414 
X(8) (s = 1, 2, 3) HBJUIIOTCR 6ecIcoHe'IHo rJIaJWHMH ripii x-- y + 2n(n€ ) H JOfly-
CHIOT npeACTaBjieHHe - 

X(8)(x, x + 1) = - ( 1/2T) Ili I l l 3 (x, 1) + g8 (x, t),
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re 4yHHuuH g3 if g8 6ecHoieno rnu4epeH1A11pyeMhI 'upu 11 < 2, np11!eM - 

00
•	

( - 1) (k z( +1) - z(x)1)2n	 0 

2q1(x,1) =
	 4"(n!)2	'	

0 

•	 .	 (- 1) (k Iz(x + 1) - z(x)J)2n.  
•2q2 (x, 1) = —k2E	•4"m!(n + 1)!	

Im [(z(x + . t) , — z(x))z'(x)J, 
n=O

• .	
0	

-	 ( - 1) (k z(x+ 1)— z(x)I)2n
 

2q3 (x, 1)	—k2'	
4"nl(n ±  

	

' Im[jz(x+ 1) — z(x))z'(x +1)].	
•0 ' 

Taiui o6pa3oM (c1.. npl4Mep 2.2), klHTerpailibHuft onepaTop ' K( 8 ) , c n.rpoI 7C( 
.0' HBJLneTcH }u1acdH qec}HM ncenoH4ep'eHuHaJIbIIhIM oriepaopoi nopia (He Bblwe) 

—1, npuiei cjlaraeMoe A_ 1 _ (j = O 1,2,...) 8 npcaieiinr uua (2.1) onea-  
•

	

	opa K 8 ilMeeT CUMBOJI a_5(x, n) = n niDgq,(x, t)Io . FIaij.cM HX. ,LJLR 3T01'O

IIOCTPOHM pa3JIoKeHhIe 4yHK[Ii11 q, B PHhI no cTeI'!eI-IRM - 1. Byei •IIoJlb3oBaTbcH 
CJ!egyIOulj4MH o603Ha qeHI4HMH:	- ''	

•	 • 0 
•, 

- (x) = Ii(x)I?;	cx(x) = jz'(x)j 2 d(argz'(x))/dx	.	 (6.7) 

	

(urteeTca B BHAY UOI43BOJIbHM 4HHcI4poBaHHafl BeTBb MHOFO3HaHO4yHEWHM Arg).	• 
HecJIoicHHe BhI qHcJle-lH g nolcaahlBaloT, 'ITo	•	 -	

0	 •	 • 

Iz(x + 1) - z(x)1 2 = (x) V +	e (x) 13 +	,	 (68) 
0•	

•

 

	

J.	'.	 ,	••	•	
0 

	

• Tm [(z(x-- 1)— z(x)) z'(x)] = --- x(x) g2 —	'(x) j3 + 	 (6.9) 

O	

- 	 Im[(z(x + 1)	) z(x) z'(x + t)] =	(x) 12 +	'(x) t.+ ...	' (6. 10) 

3T11 paaJIoaeHua MOKIIO HfOOJIHaTb, BbI'IHCJIdUI JaJIbHewHe lcoa(MIIIIUIeHThI (oHil 
•	•TaFn+e	 epea	HK1HM e	M iix npon3BoJHhIe). llOJIb3yHCb 3THM14 

pa3JloIce1IHHMn, HeTpygHo I'IOJIy'IHT1	 ,	 0	 ,	 -• 

•	-	q(x, 1) = ---,± -- k2 (x) 12 +	k2e'(x),13 f .... ,	. 

O • •	 q2(x,t)	•.- k2 x(x) 12 ±	k2x(x) t	 0	-	•	
0	•	• 

4	 12 

- .	q3(x,1) =	k2x(x) £2 - -. k2cx'(x) j3 + ."'	0	•	•	 0 

BTM paaioen npn mejiaHKH Tac;Ie MOHO npó)oJnmm.	• 

	

I4TaIc, ypanHeHuR (6.4)—(6.6) MWEHO aanucam cooTBeTcTBeHHo BBue	0 • 

•	•	-	K(')v = U0,	•, -	-	 -.	0	 .	•	
(6.4)" 

(I+K(2 )v = 2v0 ,	•	 0 0 •	 .	(6.5)" 

• - (1 + K(3)) u = 2u0.	•	 ,•	
•	•- -	(66)" 

•	36 Analysis Bd. 9, Heft 6(1900)	 0	•	 -
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OnepaTophi cJIeBa B 3THX ypaBHeHHFIX HB.3HIOTCH IJIaCd11 qec1dHMH nceBoI)(epeH-
LUI3JIBHbIMH onepaTopaMl4, npe r1 = Ord K(') = —1,r, = ord (I + K(8 ))	0, 
s = 2, 3. OHH ilMeloT cJ1ey1oLw1e paaiwicean miga (2.1) (npnl = 5): 

K(') = A + A (1) + A + K, 

1+K8)=1+A+A+K, s=2,3; 
3Cb

a(x,n)	— I n I T ',	a(x,n) = _-_k20(x) I n I - , 

a-( -'.) (x, n) =	ik2e'(x) n inL, 

a(3) (X, n) =	k2c'(x) iI-, 

a(x,n) =	k2c' (x) inL3,

.a(x, n) =	1k2 x'(x) n


a(x, n) = —ik2c'(x) n iI5 

BTM pa3J1o?xeHH1•Mhi IlcnoJIb3yeM ji.riii npH6JIuxeH1Ioro pemexi ypaBHeHI4t (6.4)" 
o (6.6)" lipri nosioLuø npej.moxeHI1oro B npe)buyrueM rlyHHTe anropllTMa. Bi,inn	-


heM napaMeTprncci nopnisa- m = 4, Heo6xoj11Mbie yJin ero peajii3aiuiH. ilapa- 
MCTIiHC nopnwa 4 miin onepaopa K(') FiMeeT BHJ B1 + B_ 1 + B_ 2 ; C1lIBOJ1M b, 
OJH0POJHbIX ciaraeix B sbiq iiCjlnioTcn iipu riosioaw opsiyii (2.5): b1 (x, n) ='- 21ni,. 
b_ 1 (x, n) = k2 (x) i n L 1 , 2b_2 (x, n) = —5ik2e'(x) n I nL3 T1erxo BneTb, 'no onepaop 
I -	HBJIHeTc1 napaMeTpinccoM- nopwa 4 j ju 1 + K(8)(s = 2,3). 

B aaxjnoqeHue ilHTepeci-io ripoallaJIliBIlpoBaTh, }a}coe 113 ABYX ypaBHeHnft (6.4)' it 
(6:5)' ygo6Hee JJiH OTbICHaHI4H YHKLU4M V. [IpH oHaxoBoll cTeIleHM 110po6-
11OCT11 OHIICaIIIIH CoOTBeTcTBy1On1X nceBAO911 44epeiigmaJIbHblX oflepaTopoB . (1 = 5,. 
m = 4) B paiax npeuioxeiioro HaMI4 aJir'opuTMa ocT14a1HMa ouexa C11OOCTH 
CXOJUIMOCTH (CM. Teopemy 5.4) iv - VN!t CN 8 Ivi3, s - 5/3 :^-. I :E^ s. ilpil 3TOM B 
cyae ypaiieiix (6.5)"Jono.mHIiTeJibHo npenoJIar'ae'rcn, 'no I > 1/2 (jin ypaB-
HeHIIH (6.4)' JWCTTOHO HeoTp141aTe.mbHocT11 I). 1{pOMe TOr'O, j.n.a pa€iomi c xHTe-
F3JibHb1M ypaBlieHileM (6.4)' rpe6yeTcn MeHblue 11H4OpMaiU4H 0 HOHTYPC I' (4yiiic-
iiin	 epea z', a 4)yHKLUIH a - 'epea z' ii z", cm. (6.7)). floc.rieiee. 
oöcToHTe.nbcTBo oco6eliH0 CYWCTBHHO B TOM cJiy4ae, xora IIOHTYP 3aAaR He aua-
.iiinqecxn, a 143BeCTHhI J1HUJb 11OOPU1HThI HelloToporo i1OHl11OFO iia6opa (MaccxBa) 
TOH Ha  
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