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-	 .	
.	T	T-1 

Es sei 0 ein beschränktes Gebiet im WI mit stuckweise glattem Rand aG =U L1 n  41, wobei 

	

-	 .	 .7=1	7=1 
F, und 4t glatte zusammenhtngende (n - 1)- bzw. (n - 2)-dimensionate Manigfa1tigkeiten 

- sind. Ferner seien L ein elliptischer Differentialoperator der Ordnung 2m, a(u, v)'eie zugeharige 
• Dirichiet-Form und V(G) der Raum derjenigen Funktionen ausW 2m(G), die den stabilen Rand-

bedingungen Bkt)u = 0 auf F) und Nk i)u = 0 auf 4t (Ord Bk1) m - 1 und ord Nki) m - 2) 
genügen. Eswird gezeigt, daB die Losung u € V(G) des Variationsproblems a(i, v) = (/, v) für 
alle v € V(G) tinter entsprechcndcn Voraussetzungen an / Summe von gewissen singularen Tef-
men und einem regubirem Term U, € W2' fl ( G) (p € (09 1]) 1st.	 — 

'	 T	T-1 - 
Ilycrb 0 orpaHll'IeIIHan oG.ilacTb B R 5 c	 rpaiiiuefl C90 = u F, n U 41) , rge 

F) it dii, HUJIIIIOTCK rJiaIHMl1 CBe13flhIbIMn (n - 1)- H (n - 2)-IepIIIIMu M116roo.6pa3HJIMM, 
cooTBeTcTBeIIHo. llycTh, jajiee, L aJiJlunTHuecKnü )uI epeHunaJ!bJIa1n orlepaTop nopaja 
2rn,a(u, v) CO0TBTCTBIOIIH (PopMa Jupuxne •H V(G) ripoCTpaIIcTBo BCCX 4)yIiHI11ft 113 
1V290) Y)0B1CTB0PHIOWHX yCT0II4HBbIM rpaIIMMIIhIM yCzomtfim B()u 0 iia F, it Nk ()u = 0 

-iii 4i (ord Bk(i) rn - 1 it ord Nk(i) m - 2). Joxa31,IBaeTcn, 'ITO pewelineu € Vm(G) 
BapHaI11oHIIofl 3aa'l1I a(, v) = (/, v) iun ncex v € V(G) B C00TBCTCTByI0uJ11x YC411OBIIFIX 
Ha f .HBJIRCTCR CyMM01i III0TOb1X CHHFJ1RHbIX yniwtfl if peryuipnofl 4yIIhI11n U,- 
€ 1472m+fl(Q) ( € (0 

T	T-1 
• Let 0 be a, bounded domain in WI with piecewise smooth boundary bG = U F, n U dii,, where 

.	.	.	 .	.	 ,	 • j=1	j=1 
F) and dii, are smooth connected (n - 1)- and (n - 2)-dimensional manif olds, respectivcly.-
Furthermore, let L be an'elliptic differential operator of ordef 2m, a(u, v) a Dirichiet form 
corresponding tq Land Vm(G) the space of all functions fro* M W2m(G) satisfying the stable bound-
ary conditions Bk (i)u =0 on F, and Nk ( i)u = 0 on dii, (ord Bk(f) k rn - I and 'ord Nk(i) 

m - 2). it is proved that the solution u E 21(G) of the variational problem a(u, v) = (/, v) 
for all v € V-(G) under certain conditions on / can be written as a sum of some singular terms 
and a regular term u1 € lV 2m+fl(0) ( € (0, 1]).  

- 1. Introduction  

Let 0 be a bounded domain in Rvitli boundary aG consisting of (n - 1)-diensional 
smooth connected manifolds r1 , ... rT and (n - 2)-dimensional smooth connected 
manifolds 4t,-'. . . , 4(r. We suppose that .0 in a neighbourhood of each point 

	

€ 4t = A, U	U 41r_iiS diffeomorphic to a dihedral ankle !D = K x R" 2, where
K is a plane cone. Elliptic boundary value problems of the form 

- L(x,D)
-
 ü=/ in 0	-	 • - 

	

 •	 (1) 
Bfr( 1 )(x, D) u =	on f' (j =1 .. ., T; k = 1, . - ., in)



F 
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are considered in [10, 121 in the class of the weighted Sobolev spaces V , (G) with 
the norm

[ujJ	(G) = If	' r'" 1 D"ujP dx\ 11P	 (2) 

	

II L	 I
X., 

D, = —i/ax1 ). -

A disadvantage of these results is that the verification of-the conditions there (tri-
viality of the kernel and ëokernel of some model operators) is not- easy in the general 
case. However, in the case of the Dirichiet prblem, these results can be applied to the 
variational solution u E jl/m(Q) (see, for instance, [2, 3, 5, 6, 12]) because-this solu-
tion is contained in the weighted Sobolev space V 0(0). Unfortunately, the theory in 2. 
the spaces V, fl (G) is not immediately applicable to the solution of arbitrary varia- 
tional problems. Nevertheless similar results are obtained in [16] for the Neumann 
problem for elliptic differential equatiops of second order. 

The regularity of the solution of the problem (1) is determined by the eigenvalues 
of some parameter-depending elliptic operators, which will be described now. Let . 
be an arbitrary point on iI( and letPi'("), Tj ) (i±() E (1, ..., T)) be the sides of 
adjacent to C. The tangential half-planes P ± to I'j	at the point C determine a di-



hedral angle 0 4 with the edge M. We consider the problem 

L0(; D) u = q(x)	- in 0C
	 (3) 

B(;'D) u	(x) on	(k = 1,..., m), 

where L0(; D) and B± (^; D) are the principal p'art.s of L(x, D) and Bk (x, D) with 
kO 

coefficients frozen in . Applying to (3) the transformation x -± (y, z), where (y, z) 
= (y 2/2' z, ..., z_2) are local Caitesian coordinates in a neighbourhood of and z 
are coordinates in the direction of M, we obtain the problem	- 

	

(; Di,, D) u = -	' a ' .() D'D"u =	in '.D	- 

D, D)u =	'() D'Dfu =	
(4)

(k = 1, ..., m). _D C has the representation .7 = K x R" 2 in the coordinates (j, z), 
where K is a plane cone. If Ave denote by r, a the polar coordinates in the y-plane, 

• K, can be -written in the form 

K = € R2 : 0 <r < o, co € Q = (—w()/2, +w()/2)}. 
7	 - Furthermore, we can write the operators "(4; D,/ 0), ko D0, 0) as follows: 

L0(; D, 0) = r_2-'(; to, D,L rDr) 
• B' (^; D, 0) = r m±(Z k*(; co, D, rDr). 

We denote by U(; 2) (2 € C) the operator of the parameter-depending problem 

I(;w, D, 2) v(w) = (a), o € Q 
co, D, 2) v(u)	w= + w()/2 . (k = 1, .., m). 

The operator U(; ).) is elliptic in the'sene of AGRANovi6 and VIIK [1]. Therefore 
U(; 2) is a homeornorphism W2 2m (Q) -->L2 (Q) x Cm x Cm for all 2 E C except a 
countable number of isolated points, the eigenvalues of U(; 2). There lies only a finite 
number of eigenvalues in every strip h1 < Tm 2 <h2 of the complex plane.
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In the following we denote by V(G) the closuie of C000 ( \ CAl) with respect to 
the norm (2) and by W(G) (/9 > - 1) the closure of C0°°(G) with respect to the norm 

lIIIW G) 
= V _r2fl L' ID-u! dz' 1I .	 (6) 

	

 II • 1	 I 

: For simplicity we also denote by L2 (G) the space V(G) = WO (0). Furthermore2.
 let V''2 (1'1) and WP (r,) be the spaces of traces of functions from V'(G) and 

W(G) (1	1) on F,. The following imbeddings directly follow from the definition 
of the spaces or can be easily proved by means of the Hardy inequality:	- 

V(G)c: V(G) for k = 1, ...,l if  

W(G) c: W	(0) for k = 1, ...,l if /9'	/9 -	- 1; 

in particular we have V(G) = W(G) if 9 -> 1 - 1. Moreover )- for arbitrary real 
/9 > 0, the imbedding  

	

c: I'V2P(0) c	 2. 01—ft (G)	 S 

is valid, where W2 fl (G) denotes the usual Sobolev-Slobodezkij space and [8] is - the 7 

largest integer number with [/9]	/9 (see [141) 

2. Formulation of the variational problem	 -.	 - 

For simplicity we assume that the set ,ilt of the edges of the domain 0 is connected, 
that means T 2. Then we write T' and 1 instead of J' and I'2 . Let L(x, D) be an 
elliptic differential operator in 0 with smooth coefficients, which is given in the varia-
tional form	 --

L(x, D) u = E	 -	 ( 7) 

S	

\	 -

 -

andlet  

a(u, v) = f f a,D"uDYvdx	 -	(8) 
G k1.T y	m	

-• 

be the corresponding Dirichlet form. For functions from CO— (O \ 11) or in the class of 
the spaces V'(G) Green's formulas are not essential different from those in a domain 

• with smooth boundary (see [8, 10,17]). However, in general,'for functions from C000() 
also integrals over-EM occur in Green's formulas additional to integrals over I', and 
P_. In the following a system of differential operators 

Sk ()(x,D) =	' a(x)D	(i =0,.-.,1— 1; k =0,..., n 1 )	- 
S.	

•	 _\	 - 

is said to be a normal system on 41 if the following conditions are satisfied: 
(i) For all xo € 4l there- exists a vector sithdirection being orthogonal to iJt in 

x0 such that Sj(x0; ) =1= 0. Here S(x0 , D) denotes the principal part of 8k()(x, D) 
with coefficients frozen in x 0 . That means, if we transform the operators S(x0 , D) 
into the operators S(x0,D,, Dy ,, Dr), where Do ,, D, are derivatives in directions 
being orthogonal to l, then there exists at least one = (, ) € R 2 such that 

-	S(x0 ,	,	0)	0.	 - 
(ii) The' polynomials ko

	

x0 , ,	0) (k = 0, ..., n 1 ) are linearly independent for 
every x0 € At and every i.	 S •	 •
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The system {Sk0} is said to be a Dirichiet -system of order I on 
4t if furthermore the 

following condition is satisfied: 
(iii) The polynomials S(x0, , , 0) (Ic = 0, ..., n1 ) form a basis in the linear 

space of homogeneous polynomials P( 1 , 2 )of'degreei for i = 0, 1, ..., 1 - 1,-x0 € A. 
Integration by parts similarly to [8] yields the following Green's formula. 

Lemma 1: Let { F1 }10 rn-i be given Dirichiet systems of order m on r and 
...............rn-2;k=0...... a Dirichlet' system of order m - 1 on 41, where the coe/fi-

cients of F1 and Sk () are smooth. Then there exist normal 8y8teins.{G} 10 rn- 1 of . 
boundary operators' on -r, with ord G, + ord F, = 2m - 1 and boundary operators 
'J') on itt (i=0,...,m-2; k=0,...,i) with ordTe(1 ) + Ord Se( t)2m_ 2 
(the system of the 'o'perators Tk ( 1 ), is not normal in general, some of them can be equal to 

-. zero)', such that, for all u, v € C(G),  

mm-2 i 

a(u,v5 -=fL'uvdx+ !'2 f-Guvda+'!	f G	 ± J=i 1±	,	 1=0 k=O J( 
Here& and 

i are measures on P and A, respectively. 
In the following let {Bk}k... I rn be normal systems of boundary operators on 

•	with smooth coefficients and ord Bk ± < in - I for Ic =J, ..., p, m :—< ord Bk 
:!E^ 2m - 1 for Ic = p + 1, .., m. Furthermore, let {Nk } k . . i ,, be a normal system 
of boundary operators on At with smooth coefficients and Ord Nfr :5;m - 2. We assu-
me that' Green's formula	 S. 

a(u, V' ) .= f Luv dx + ,' E f	uBid6  
. o	 ± k=1 r±  

± '	. f Buda ±	f 'kuNkV du	- (9) 
± k=p±+1 F-	 k=I ., 

is valid for all u, v € C(G), where	are boundary operators on J'± and 
respectively, such that Ord Bk + ord	= 2m - 1, ord Nk +'rd W < 2m - 2. 
We denote  

- -	V(G) =.{u € W2 m(G):	Bk u = 0 on r for k = 1, ...,p,	- 
•	 .	 .	 Nu = 0 on Jt for Ic = 1, ..., m'} 

• (m0'	m'). Then we consider the following variational problem: 
For given /'from th&dual space (V"(G))', find  solution u E Vm(G) of the equation 

a(u, v) =(f, v) fOr all v € Vm(G).	 (10) 
We suppose that the Dirichlet form a( . , .) is Vm(G)coercive, i.e.	 - - 
(i)	a(u, v)I 5 C1 jIujjw'(o)	 •-	 .	 ' 

•	 '	 .	 for all.0 v € Vm (G). . -	.	(ii)	Re a(u, u) + d2IkIIL.(G)	c3I!uIIw(o)	- 
'where c 1 , c21 c3 are non-negative constants. Furthermore, we suppose that the opera-
tors Bk (k = 1, ..., in) cover the' operator L on F. The V•m(G)cQercivity ensures the 
local regularity of the solution outside of a neighbourhood of the edje it-I, i.e., 'if 
u € Vm(G) is a solution of (10) with / € L2 . 10 (G \ At), then u € W OC (G \ at) and u 

•	satisfies the equations  
Lu = fin 0,	Bk u = 0 on f'. (k . = 1,..., m).  

From this we obtain the following regularity-assertion.



-	
0	
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•	
Lemma 2: If u € V-(G) is a solution of (10) with the right-hand side / E(Vm(G)).' 

	

•	fl L2 ,n(G), then u € W,(G). 
Proof: Every function uEW2 m(G) can be written in the form u = u1 + U2 , where 
E W(U) and U2€ V' (G) (see[14]). Since 1€ L2 m(G), we have u € 2. 10 	- 

Consequently, -a is a solution of the equations (11) and u2 is a solution of the problem 

O Lan2	/ LU1 € V m (G) in G,	 - 

-	Bu2rj	BeujIrE V_ m_I (r± )	(k = 1, ...,m). 
•	TJsing'[lO.: Theorem 10.2] we btain u2 € V,,(G) and therefore u € W,,(G) U 

3. Asymptotic's of the solution	 S	 - 

We will investigate now the behaviour of the solution u E Vm(G)'pf (10) in aheigh-
•	

- lourhood of a point C (A1 if the right-hand side/ belongs to the lualspace W2-m+fl(G) 
of W2 m -S(G) . For simplicity we assume that the domain G coincides in a neighbour- hood 21 of C with a dihedral angle	 - 

= {x =(y, z) € R:y	(Yx,Y2) E K, z = (z 1 , ...,z_2 ) E R 2}.	- 

Furthermore, we restrict ourselves to the case that the coefficients of the boundary 
• -operators Bk ,(k = 1, ...,p) and Nk- (k = 1, ...,rn0 ') defining the subspace VI(G) 

• are independent of the variable z in this neighbourhood. 

	

•	Lemma 3: Let q € C1 (K x R 2 ).-Then,for 0 :E^19 < 1, • 
•	-1 • f J y I 2	(y )I 2 dy d 1	c f f	_2(I2 IT1 2 + VJ2) dy d.	- - 

R.-' K	 R"-' K	 - 
•	Proof: Let x E C0 (i) be a cut-Off function with supp	[0, 2) and y(r) = 1 
- for  < 1. Then	-	 -	- ••	 - 

	

•	 -	 f	f I y J 2	 f	f 1,7 12, I(y)I2dyd	
--- - •.	 - 

R"-' K	 -	 R":' K	 - 
--	I'iIIyI>l	-	-	 •	 -	 -	 - 

and, by theHardy inequality,  
S	 -	

- I	2j(y,7)l2dydi
 

	

•	

c f f y_2P Jx(II	J) ç(y, i)12 dy d	- 
R-1 K	 - 

C 	f ! y I 22 Iv(x(JIjy	(y, 7))1 2 dyd?)	•	

0	 -	 -	
0 - 

	

5	 C f f 1,1 1 11 - 2 (Ii 2	(y, )I 2 + V(y, ,1 )1 2) dy th7-.	•	 -. 

•	•	 It"-' K	 - 

Hence, the assertion is true U	-	- -	-	
0	 - • 

In the following let x € C(G) be a cut-off function being equal to zero outside 
of 2/and toone in aneigbourhood 21'	2/ of Furthermore, if is a function on -- - 

and h € R, Ch denotes the function defined by	 •	 - 

- 
S	 h(y, z) = (y, z1 , .., ;_, 2_2 ± h) - (y, Zj; ...,	 -
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If is a distribution, then the distribution /, will be defined by the equation (/h, ) 
= Kt q,.) for all q. 

-	Lemma 4: For 0 <fi < 1, /E JV(2), supp / c ?t', we have 

h1 - 2	dh	C 

Proof: For simplicity we restrict ourselves to the case n = 3 By the Riesz theo-
rem there exists a function w E .W 0() such that 

(w,	: = f .	DD21wDD21v dy dz = (f, v) 
II+jm 

for all v E W2 m(J) and IIWIIw,	= ltIw.-() . Moreover, we have	- 

(wh , V)W"() =(w, v_h )w () = (t, v_h) = (/hg V) 

for all v € W2m(2) and IIWhIIWa() = I1th1W m(.5) . Let	be the Fourier transforma-
tion with respect to z and 0 =	Then we denote by A the functional - 

•	 A(i3) = f f	E ij 2iDu'(y, ) D(y, ) dy d.	• 

R K II+im 

Using Lemma 3 we then obtain the inequality 

JA(fll = (w, V)W()J = Kt v)I	I!! W"(Yi) I[VlIw() 

	

IIIlPw-j	(ff r22	Z	I77 I 27 ' I1)u 2 dy d77 1/2 

-	 - \R K	II+jm-1 

- --	Cjjf j '+1	(f j In i -2	E lql 2j J D Ofl2 dy d 112 . -	- 

	

\RK	+JjIm	 / 

Thus we' get 

f 	Jq 121 E 1,71 2j I D,,'iv 1,2 dy d?7	CII/II-() 
R K	kI+jm 

and	 • — 

a	 •-	6' 

f h_' Il/hi1 w.-m(2) dh = f h-2 ' iIWhIIW,m(2fl dh 

r 	ff el_12

	

dyd?)= I h- 2 ' 	E FjI2iIDJ2	 dh
J II+jm	 h 

	

0	R  

•	 c f 	InI21 E 17I
2j IDü' I 2 dy d?7 ;^jCII/IJw_ n+i () I. 

	

R 	kJ+jm 

Theorem 1: Let u E Vm(G),be t solution of the variational problem (10) with theright-
hand side / € W 1 (G). Then,	 •- -	 -	 - 

Z au/az € W(G) /or.0 :5: < land eU/aZ1 E W2m (G) for = 1 

= 1, ..., n — 2) . If furthermore / € L2 .m_p(G) (0	ft	1) then	- 

	

Z a/ez, € W21-1 (G)	(i	1 1 ...,	- 2).	 0 -
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Proof: In order to simplify the notations we restrit ourselves' to the case n	3.
The proof for n> 3 is completely; analogous. 

At first we prove th assertion for the case that the support of u lies in a neigh- 
bourhood 21' of . Then, for small Ih, the support of uh € Vm(G) iscontained in a 
neighbourhood 21 of 4 and we obtain 

a(u4, v) = —a(u, V_h) + k(u, v) 

=	 v) + k(u, v) = K/h, v) + k(u, v), 

• where k(u, v) = f	' a , _,(x) DuDvdx. Since a( . ,.) is coercive we get 
G IlIvIm 

•	ILuhIIW,(G) ^ c(a(u, Uh)I + IIuhI!L.(G))	
0 

< c(j, u)f + Ik(u, Uh)I +• II UhIIL.(G))	- 
-	 ;5	 H- Iuthv,'G) I'uhIjw,(G) 

and therefore	 -	 - 
2	 2	 2 •	 ^ c ( I/hI j w,-m(G) + IkIIW,"(G))	 (12) 

- We have, by Lemma 4, -	-	•	 - • 

h21 (IIfhIP3- rn(G) + I IUI1 ;v,-(G)) dh	c (IJfJW	'(G) +IIuIIv,m(c)) 

if 0 </9 < 1. Using Le'mma'3 we farther obtain	 - 

•	IIU/azIIWfl_(G) = .f f r 2	,'	JJ D'ii(y, 'q)J 2 dy di7 
•	 •	 It K	k+im-1 

C  f 1,7 121 !' II 21 jD'iL(y, ) I 2.dy d7J, 
R K	I'I+jm 

where	
0	 •	- 

•	f	f1
,71 21	'	12i ID"(y, 7)12 dy di	C IHW,m(c) - 

kI1 K	IaI+jm	0	 0	 0 

and	
0	

-	 •0 

/ô/ 

f f	= C f f (,, f h-2 - 1 Ie lnh	il2dh)	J2j D9(y, 12 dyd 
I'?I1	K	 I'l1 K	-O	 •	 II+im 

0	 • 

f' cr 	 e' 12 c h- 2 '	I- !' II2hID(y,1)2	,	dydidh 
 JJ	Jc-1-jm	 C' 

•	 0	 ItK 

= C  h-21+1 Iu4I1vmc dh.	 -•	 -	-	 - 

Hence, for 0 </9 <1, we get	 •	 ' 

• --	 IIazllW;.-(G) ^5 C(I/IIy_rn+a	+ IHW.m(G)). 

Now we can . provethe assertion au/az E W 2 1-1,(G) similarly to Lemma 1. By [14] 
•	we can write au/& = v 1 + v2 , where v1 € W',(G) n W_ 1 (G) and v2 € V(G).
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Since u E W(G) we get  

Lv2	 - Lv 1 =t + 1L,---1u - LvE--V_fi (G).	.... 
az	 9z	azj 

Here [L, a/az] denotes the commutator of L and a/az, and V1G) denotçs the dual 
space to V_m(G). Analogously we obtain	.	. 

Bk v2Ir± = —Bk v I Ir± + [Bk , a/az] ulr± E V 112 (fl 
- From this and from [12 :Lemma 3.1] it follows that v2 E T7 i(G) and au/az E -W(G)..

	

We now consider the case' fl = 1. It is easily seen that lfhIIw-"(G)	IIfiw,_m+G
for IhI <6. Consequently, we have by(12)  

iiuhiiW'G ^ c(fIIw-m(G) + IiUIJWm(G)) for jh j 
where the constant c does ' not depend on h. Consequently au/az E W2m(G) and 
aU/aZW,(G) ± IuIw9G)). Analogously 'to the first part' of the proof 

we get au/az € W 1 (G) if / E'w2-m1 (G) n L2.m_i(G). 
Finally we give some remarks for the case that-the solution u hasanarbitrary 

support in G. Since u € W(G) if '/ € L2 m(G) (see Lemma 2) we have Bk (u)I'±	-' 

= [Bk , ,] utr € w_m k ± 1/2(1,) for k	I	,p and Nk(/u)i..,j = [Nk , ,J uJj
E W2m-t( IIi) for k = 1,..., me'. It can be proved (see [14]) thatthcre exists a 
function v € JV,(G)\vith thesupport in U such that zu - v € Vm (G)-and' iI8v/8ziiW(G) 

Then we can consider the function w = yu - v instead of u and ob-
tain the assertion for &w/az I 

Lemma 5: The space W,- m+# (G) fl L2.m_p(G) (0 fi ^ 1)is imbedded in W2, ,-- #'(G). - 

Proof: Let / € W2-'(G) fl L2,-P(G). Then 

-	.	friiiiL._+(G) . for all v € L2._m+p(G),  
Kf v)( 	 - 

-. L for all v € W2m-(G).

If v is arbitrarily from W. 1 (G), then we can Write v	v1 + v2 , where 

v1 € V 1 (G)c L2.p_m(G), v2 E	(G)c W2"(G),  
and	 -	 - 

S	 -	
Ik'111L2_rn(G) + ii'211W."(G) ^ CIIVIIW_1(G).

 

Consequently, we get	 .. .	 -. 

K/ v)i	Kt,vi)i + K/,V2)I  

. c (I v lIJL8_G) + 1v2 IiW,-p ( c ) )	C lI ViIw, I	 . 

Corollary: If u € Vm(G) is a solution of the variational problem (10) with the right-
hand side .-.j € W2 -'--G) n L2,m_p(G) (0	I), then X aulaz i E W2	 (G) 

= 1,;. .,n - 2).  

This assertion follows from Theorem . I, Lemma 5 and the imbedding W(G) 
c W2 m_ l+(G) I	 -.	,	 , 

We now 'can apply the formulas for the asymptotics of the sOlution of elliptic 
boundary value probl ems -near conical points-(see [4, 9])- to decribe the behaviour 
of the solution of the variational problem (10) near the edge. We write the operators
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L(x, D), Bk(x, D) in the neighbourhood 'ii of in the form	 .	V 

V	 , L(x, D) = L(y, z, D , D) ' a.,.,, (y, z) DY DZ` ,	- 
• I'I+I'"I2m	 - 

Bk (x, D) = BL- ' (y, z, D,'D) =	'	b'-(y, z) D,,'DZ".	.. 
•	 VI±I'I m± 

Then, for fixed z,  

	

L0(0, z, D, 0) =	' a'0(0, z) D,"	 V	

V 

-	 V	 V	 II=2nz	 V	 V.	 , 

and	'	 V	 V	

-	 V	

V 

B(0, 2, D, 0)	b±;'o(0,z) D'  

	

V	 V	 ,	 V	 -	
V 

	

V	 are 'operators on the cane K and the sides y± of K, respectivély,-where L0(0, z, D, 0)	
V 

is elliptic in .K and the-boundary operators B :: (0, z, D, 0) cover L0(0, z, D, 0) on y. -ko 

• We define W(K)(l 0 integer, /9> — 1) analogously to the space W(G) as 

	

V the closure ofC000(K) with respect to the norm Ujjq p(K) = (f r2 X Du(y)J2 dy\ 1 I2	
V 

V	
V. '	 \K	II 1	• 

(r = yj) and-Wj"2 (y)VV(l	1) as the space of the traces of functions fro *

	

rom W' 2(K)	V 

Ofly± : .	V	

'	 V	 V	

V	
•V	

V	
V 

Lemma 6: Let u E W 1 ,(K) (0< e < 1) be a solution of the elliptic boundary 
value problem  

-	- L0(0, z, D, 0) it = / in K',	 V	

' V	 V 

	

- V	 '	 B(0, z, D, 0) UV g1,1 on 
y 

(k =1, ;.., m)  

with € W' 

	

.m_p(K) and g, E Wk '(±) (0	1). We suppose that supp U'	
V 

is compact and that no eigenvalue of U(z; 2) lies on the lines. Tm 1	1 -- m - /9 and
• Tm 2. = 1 - m + e. Then u has the representation  

- I'	X1 '-1	, k 
U = !'	'	' ciOkri ' —(i log r)8 (k8.()	V-	 ' 

	

j=1 a=1 k=0	, 8=0 '	 V	 - 

	

- 	 S	 .	 V 

• '	 - + (r) f c3rm log 8r,(a) + Uo,  

	

8=0 -	 V' 

where U0 € W' fl (K). Here ;.,are the eigenvaliies of U(z; 1) in. -the strip 1'—, m  
<Tm 2 < 1 - m + e, jp, k.o) are the' cigen/unctions (k = 0) and associated functions 

- - (k> 0) of U(z; 1) with respect to 2, and p is a smoothcut-off function with support in a V 

neighbourhood of r 0.  
-, Proof: It follows from [4: Lemma 4;11J that u E W 3,(K) can be written in the 

	

m-2 '	 -	 V 

form' u = ' u15y1 1y2 1/i!j! + u', where u' € V,,('K), u .. E C. Furthermore, we 
i+j=0 

m-1—m±	'	 V	 -	 -' 	

- 	 V 

'have g = V E gr + gfr' if mL	m - 1, where	€ V m__U2(y±) and 
j=0 ,	 - 

€ C, whereas g € V	_'I2(y) if me	m. Consequently, we get	- 

•	•	L0(O, z, D,0) u' = f E Vmp(K),	V	

- 	 r	 -	

- V 

-	

•

1 9k:k,rn—j_.,,^rm-1_'mk±

gkE VZ tlI2(>) '	if mk ^ m, 
B 

V

(0,z,D,0),u'I± =	V •	 ,	 V 

	

+ gk ± if m	rn  

•	 V	 V	 V
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5' 
There exists a function u" = Ecarm_l log 8r993 (a) (see [4: Theorem 13]) such that 

8=0 

L0(0, z,D, 0) u" = 0 - in K, 
0	 on y	(k'=p+ 1,...,m), 

BI(0, z, D, 0)	= {g mi _ m ±rm_ i_ m	on	(k = 1,..., p±) .	- 

Since u' - vu" E we obtain 
k1. 

a' - tpu" = ,' c10 r' 2i ' -i- (i log r)8pCk_3(w)	'Uo, 
j.a,k	8=0 S. 

where u0 € V_(K) (see [4: Theorem 1.2], [9: Theorem 3.2]) I 

For applying this lemma to the solution of the variational problem (10) we intro-
ducethe extension operator R, 

(/) (r, z)	v(r)ff(z + tr) jJK(t) di, 

t = (ti , . ., 4_ 2 ), where r = lyl, V is a cut-off function being equal to one in a neigh-" 
bourhood of r = 0, and K is a smooth function with compact support in (-1, +1)- 
and f K(t1 ) dt 1 = 1. It is known (see, e.g., [12: Lemma 1.2]) that S is a continuous 

map
W2(4"2) —* W _(5)) n TVL^ 1 (2) n ... n W y+2m_i (.CD) (0 < y < 1). 

Theorem 2: We1 suppose that the Dirichiet form a( . ,.) is Vm(G)coercive and that no 
eigenvalue of U(z; 1) (z € 21 n A() lies on the line Tm 2 = 1'- rn- j9 if 1,(z) is an 
eigenvalue 'of U(z; ).) with Tm 2 1 (z) = 1 - m for some z 21 n Jt, then. let Tm 21(z) 
= 1 - m for all z € 21 n A. Furthermore, we suppose that the eigenvalue functions 
2,(j = 1, ...,I) front the strip 1-rn - <1m2< 1 — mdo not intersect and change 
their multiplicity on 21 n A. Then the solution u E ' Vm(G) of the variational problem (10) 
with the right-hand side ,f E 'W2_ m '(G) fl 1,2.m_p(G) (0	1) has the.'form 

Zi"aV'' 	k 1	 - 
= Z E X jOk(r , z) r''	-i- (i log r)8 92(k'_8.o)(w, z) + u1, 

j=1 a=1 k=0	 80 

where u1 € 1V2m+P(G) with an arbitrary positive real number s and e jok = Cj0k 

are the extensions of c10 k E W1mAi()'m+1'(41). 
Proof: By Theorem 1 we have a(xu)/z1 € Wifl (G) (i = 1, . ., n - 2). For fixed 

z €21 njut we then obtain 

L0(0, z, D, 0) (ru) (., z) € W,m_(K), 

B :': (O, z, D, 0) (xu) (. z)I ± € W2.—.: 
—112(y±). 

Let e> 0 be such that no eignva1ue of U(z; 1) lies in the strip 1 - rn < Tm 1 < 1 
- m + E. Since (ru) (., z) € W,, +,(K) Lemma 6 implies that	- 

•	 I'	x,	 k 
(zu) (y, z) =	' ,'	' C,0 k(z) 7'-1 !' -- (i log r)8 91j(k_s.) (0j, z)	-	- 

j=1 a=1' k=0	 80 S. 
S	 - 

+ v,(r) ' c 8rm_1 log 8rq 8 (w, z) .+ u0(y, z),	 (13) 
8=0
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where 1 - m + < Im 21 (z) < 1 - m for j = 1, ..., I and Tm A,(z) = 1 - m for 
1 =1 + 1, ..., F. Summing up in the expression (1) for yu u0 from j = I +'l to = I' only, we denote this new function by w. Then we obtain	 S 

D0a (yu) = D0w + .D0uo 
I	joj-1	 k	1 

•	 .	 -	 +D9 E ^' .E Cj0k(Z) I2,(z)	—i- (i log r)8 5(k_8.o)(w, z). 
•	 S	 j=I a=1 k=0	 8=0 8.	 - 

Since 40(yu) (., z) E L2 (K) for ja I = m, (D 0w) (., z) must also be a function from 
•L0(K) for JcI = rn. However D11 0w has the form 

D 0w = r'P(w, z, log r) + E 7 t Ai(z)_mQ( , z,log r), 

where Re (i(z) rn) =- 1 and F,. Qj are polynomials of. log r. Consequently, - 
•	DVOW must be equal to zero for ja l = m and (13) can be rewritten in the form 

I	 I	 k 1 
(XU) (y, z) = ' 	c,0 (z) rU	' 

,()	—i- (i log r)8 p1(k.o)((j, z) + uo'(Y, z), 
-	 j=1 0=1 k=0	 s=0 8. 

-	 .	 (14) 
where u0'( . , z) = u0 ( . , z) + w( . , z) E W..(K) and  

n-2 
Ju'(, z)JIy: () 	c (u (., z)IJv (K)	 ., z)2 

+ IPt(, z)1 ,0 (K)	.	 (15) 

(the constant c is independent of z). From (14) we get	- 

.	 = 
-	Drm(yU)(y, z) = 	57	 ' C50 ,(z) rtA,_m

j1 a=1 k=O. 
k t i lo	\8	 . 

	

X ' '	' .ø(k_a.a)(w, z) + DrmUo (y, z).	 (16) 
8=0	8. 

Here.  
(0.a)(, z) = 2 (A + i) •.. (A 1 + rn i.— i) (O.o) (w, z) 

•	
.5	 .	 - 

and, for s < k,	 . -	.	 S	
?• - 

z) =!cJk$,(z)q,j_0)(a, z) • (jk3;srnoOth).	 S 

	

Let v b the function v(r, co, z) = Drm(yu) (y, z) — Drm o'(y,z) Then • .	• 

I	Xi 'oj l	•	 k (i log lr)8 

	

- v(tr, w, z) = Z ^' E cJOk(z) (tr)IA,m E	'	c11(k_8•0)(w, z). -	(17) 
S	 7=1 0=1 k=0	 80	8. 

Since the eigenfunctiors	(a = 1, •.., Xi) corresponding to the same eigenvalue 
2, are linearly independent for every j there exists a system of functions lpj (0) such that 

- ((O.o)(. Z),1(0) (., Z))	f	(0o) ((o, z) j(°) (co, z) dcv =
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From-(17) we now obtain  
I	 - 

(v(tj'o'k'r, ., z),	 (., Z))Q =	(t 'O'k'r) 1(z)_Tfl CJ0k(Z)	 - 
-

'8(j 1ogt);O'k'r)8(00)()	 (18) 

1';k'=O,1,...,x0j'-1,), 

- where ..here 	are smooth functions n 41 andare arbi- 
trar.y real positive numbers. (18) can be considered as a linear algebraic sy ,teni for 

- —the functions ruJ_mcjok. We can choose the numbers tj'ok' such that the coefficient - 
determinant of this system is independent of r and has no zeros in a neighbourhood 
of 4 '(see [11: Lemma 3.5]). Consdquenbly,eiery function r I kt_ mcjOk in (17) can be 
written in theform  

ri(2)_mcjGkz) 
=	

(v(t, ., z),	(., Z))Q P,(z; log r), 

' where	E {(a)} are smooth functions on Q xJt and P are polynomials of log r 
with smooth coefficients. If we denote by v0 and-v 1 the functions 

v0(r, z) = m—Ilj(z)	f (D m (yu)) (Ir, w, z) (o, z) dwP (z log r), 

—	 v1(r, z) =r M AJ (Z) E f (DrmUO ) (1 r, co, z) p (w, z) dwP (z, log r) 

we obtain v0 (r, z) = Cjak(Z) , v(r, 'z). Using (15) we get  

-	f	Ivo(r, z) - Cjok(Z )1 2 dy'dz  

= f r_2fl_2	2m+2tIvi(r, z)12 dy dz < no  

•	and  
f r_ 2P_ 2Ima, _ 2m + 2 + 2t I Dv0(r, z) 1 2 dy dz  

7-2P-2ImA,-2m+2+2e IDv i (rz)I 2 dy dz < no.
 

Furthermore; by Theorem 1 J r_2fl_2 A2m+2+2e ID2vo(r, z)1 2 dy dz < no, i.e;,• 	- 

•	V0 E W.__Im2,_m+i+e(G). Since - - Tm 2, - m < —1 we, further obtain vl 
= cJCk ; Consequently the function C 10k must belong to the space W21mA,(.)+m+P_1—(4I). 

We now write (14) in the form  

i	, -	 k - (i ba r)8' 
U	Z E Z (cJk) r5 !'	 (k-8.a) + u1 ,	-	- 

j=1 0=1 k=O	 '8=0	S. 

where'  -	-	k (iboar\8 
U1 = Uo + .^' (c - SCjok i1 ) , E	b /  

j.o.k	 8=0 -	S.	•	 -	 -	 - - 

-
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Using (15) and the properties of the extension operator R we obtain DL7u1 

E L2,m_t(G) if jaj = 2m and applying Theorem 1 we can prove that 

k ' i log r8 
D/'Du i = D aD2 (y) - DY DZ Z, ?c,) r121 '	 / q,.(k8.0) 

-	S	 j.c,k	 s=O	S. 

belongs to L2 m_p+e(G) if jal + jyj = 2m, IJ	1 (cf. [12: Theorem 4.1]), i. e., 
U 1 € W 2_ 1(G)c W2m+fl—(G) I 

We remark that the number ecan be omitted in Theorem 2 if no logarithmic terms 
occur in the asymptotic. 

Example: Let u E W20) be a solution of the Neumann problem for the Laplace operator 

—Au = / in G, 9u/ev = 0 on r.	-	(19) 

Then u is-alsoa solution of the variational problem'	 - 

a(u, v) =f J Auj iXvdx =(/, v) for all v € W2 1 (G).	--	 (20) 

Obviously, a( . , .) is W2 1 (G)-eoereive and we can apply Theorem 2 to the solution of (19). For 
simplicity we suppose that the domain G cincides with the dihedral angle	-	0 

-	 .7={x=(y,z)ER":y=(y1,y2)€K, z=(z1,....,z_2)€R-2} 

in a neighbourhood 2€ of a fixed point r0 € M; where 

K = {y € It2 : 0 < r = Jy i< 00, to € Q = (—w0/2, + w0/2)} 

denotes a plane cone.. Inorder to describe the behaviour of the solution in the- nighboürhood 
of M we have to calculate the cigenvalues of the operator U(z; A) of the parameter-depending, 
problem	 - 

-	= 0 inQ, &/9w = 0 for co = ±wo/2 

from the strip -# < Tm A < 0. The eigenvalues of U(z; A) are kizi/w0 (Ic E 71) and the eigen-
functions corresponding to kiri/w0 (Ic 0) are cos (k7r(0/w0 + 1/2)). Let X be an arbitrary smooth 
cut-off function with supp x	2€. Then we obtain the following assertion if I € L2,1p(0) 

• (0<	1):	 - 

a) yu € TV.4 1 (G) if /3 < 2z/o.o, 
k 

b) zu = E c1(r, z) Tia/WO cos (&r(w/wo -+ 1/2)) -i-. u1 if kr/wi </3 < (Ic + 1) 711w0, where u1 

€ W2 1 +fl(G), and c1 are extensions of functions from 1V2P—'"°'(4t). 
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