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'I‘he Asymptotlcs of the Solutlons of Lmear Elliptic. Vanatlonal Problems m.
Domams with Edges

J. ROSSMANN

- T-1
Es sei G ¢in beschrunktes Gebxet im R" mit stiickweise glattem Rand 8G = U ILin o, wobel
j=1

I'; und M; glatte zusnmmenhangende (n — 1)- bzw. (n — 2)- dlmensmnale Manrzlgfaltlgkexten
sind. Fcrncr seien L ein elliptischer Differentialoperator der Ordnung 2m, a(u, v) eine zugehorige
Dirichlet-Form und ¥™(G) der Raum derjenigen Funktionen aus .} 2™(G), die den stabilen Rand-
bedingungen ByVu = 0 auf I'; und N u = 0 auf o#; (ord B,'» £ m — 1 und ord N;') < m — 2)
geniigen. Es-wird gezeigt, daB die Losung » € ‘l/"'(G) des Variationsproblems a(u, v) = (f, ) fir -
alle v € Y™(G) unter entsprechenden Voraussetzungen an f Summe .von gewissen smgu]aren Ter-
men und einem regulurem Term u, 6 Wom B(G) (B € (0, 1]) ist. o —

T-1
l]ymb ¢ orpannuenHan obnacrs B R” ¢ kycouno-raagkoi rparmuen G = U Iyny (/ﬂ,, rae
1 =1 .

I'j u A; ABAAOTCH TIANKMMA CBASAHBIMI (n — 1)- M (0 — 2)- \iepnmmu’Mnoroéopaanﬂwn,
cooraenmcnuo Iycrs, panee, L damunTiyecKuit nu(brbepenuuanbuun onepaTop NopAfka
2m, a(u, v) coorsercryowan dopma Hupuxye u Y™(G) rpocrpancTso. Beex yHKunit U3
W,™(G) ynosneTBopAOWMX yCTOlUNBLIM PPaHUUHLIM ycaoiAM BlPu =0 wa I n Ny =0
-na .o (ord By < m — 1 1 ord M) < m — 2). ‘JIOKa3LIBAETCA, YTO pemenueu € UM(G)
Bapuauuouuon sapaun a(u, v) = {f, v) auna ncex v € U™(G) B COOTBETCTBYIOIMX YCIOBHAX
Ha' f .ABJACTCA CYMMOJT HEKOTOPHIX CHHPyJIﬂprlX qumculm 3 perynnpnon (I)ym(lum Uy -
€ W,m+8 G) (ﬂ € (0, 1]). : .

~

-1’
‘Let G be a bounded domam in R® with plecew1sc smooth boundary 6 = U I)n U M, where .
- j=1 j=1

I; and Jt; are smooth connected (n — 1) and (n — 2)-dimensional ma?mfolds,i respectively.-
l‘urthermoro let L be an “elliptic differential operator of order 2m, a(u, v) a Dirichlet form ,
" corresponding to L and Y™(G) the space of all functions from W,m(G) satisfying the stable bound-
ary conditions ‘B,thu =-0 on I; and Ny =0 on ofl; (ord By <m — 1 and ‘ord N
< m — 2). It is proved that the solution u € Y™(G) of’ the variational problem a(u, v)-= (f, v) '
for all » € Y™(G) under certain conditions on f can be written as a sum of some singular terms
and a rcgular term w E W,m+8(G) (B € (0, 1])

’ : -

.

* . 71. Introduction

_ Let G be a bounded domain in R" with boundary 8@ consisting of (n — 1)-dimensional
smooth connected manifolds Iy, ..., I'r and (n — 2)-dimensional smooth .connected .
manifolds Jll,, S Mroy. We suppose that .G ‘in a ne1ghbourhood of each’ point
FE€M=MV - U HMMr_,.i8 diffeomorphic to a-dihedral a.ngle D = K x R"-2, where
K is a plane cone. Elhptnc boundary value problems of the form’

)

L(xD)u—f mG’ . ' o

‘ . 1
Bz, Dyu =g on Iy (j=1,...,7T; k=1,...,m) '(~)

~
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are considered in [10, 12} in the class of the weighted Sobolev spaces V (G’)' with
the norm .

llly: gy = (f 3 rps=t+ieD ID“ ul? da:)”” v » (2) .
»b G sl _ . :
(1<p<oo,BpeR, r=r(x)=dist(z,), D* =D ... D},

D,, = —idfox;) . " , - ‘

A disadvantage of these results is that the verification of-the conditions there (tri-
viality of the kernel and tokernel of some model operators) is not-easy in the general

case. However, in the case of the Dirichlet problem, these results can be applied to-the
variational solution » € W,™(G) (see, for instance, [2,3, 5, 6, 12]) because-this solu-

’

" tion is contained in the weighted Sobolev space Vy(G). Unfortunately, the theory in

the spaces V) 4(@) is not immediately applicable to the solution of arbitrary varia-
tional problems Nevertheless similar results are obtained in [16] for the Neumann
problem for elliptic differential equations of second order.

The regularity of the solution of the problem (1) is determined by the elgenvalues
of some parameter-depending elliptic operators, which will be described now. Let

_ be an arbitrary point on # and let I, T (zi(C) €{1, ’1’}) be the sides of G-

adjacent to {. The tangential half-planes I';* to I, at the pomt { determine a di-
hedral angle D, with the edge M,. We consider the problem

. L D)u=gla) - inD,

. (D) u = ge*(x) on I* k=1,...,m),
where L(¢; D) and Biy(¢; D) are the principal parts of L(z, D) and B,ci(x, D) ‘with
coefficients . frozen in ¢. Applymg ‘to (3) the transformation z — (y, 2), where (y, 2)’

= (Y5 Ya» 2} --+» 2n—2) are local Cartesian coordinates in a nelghbourhood of £ and z
are coordmates in the direction of M;, we obtain the problem

'ZO(C; y:Dz)u— - 2 aaa(C)D Da’ll«_(p m‘.‘D}

o]+ e =2m

S ' (3)

: (4)
- Bap¢;D,Dyu= X b,‘“(C)D D"‘u——q;,,* on I*
. lo’|+la”" | =my® .
(k'=1, ) D, has the representation D; = K; x R"~2 in the coordinates (y, ), ‘

where ](4 ]S a plane cone. If we denote by r, o the polar coordinates in the y-plane,

K, can be written in the form

={yeR:0<r< 00, w€ D — (——wo(C /2, +wall) /2)}
Furthermore, we can write the operators ﬂo(C; 0) B (¢; D”, 0) as follows
L&; Dy, 0) = r~2"2(L; , D, 7D,);.
w(; Dy, 0) = T"”"‘*ﬂl*(é; w, Do, vDy).
We denote by U((; 2) (4 € C) the operator of the parameter- dependmg problem »_
f(¢; w, Dy, )v(w) ——w(w), w € 2,
Bt 0, Doy D) 0(0) = w0 = £ w@)f2 (b =1,0..,m).

The operator’ U(¢; 2) is elliptic in the 'sense of AGraNovVI¢ and VISIk [1]. Therefore
N(; %) is a homeomorphism W,2™(2;) — L,(£;) x €™ x C™ for all 2 € C except a
countable number of isolated. points, the elgenvalues of W(Z; 2). Thereliesonly a flmte ‘
number of eigenvalues in every strip &, < Im2 < h2 of the comple\( plane.

=

)
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In the followmg we denote by V B(G) the closure of C’o°°(G \Jll) with respect to

the norm (2) and by W4 4(G) (B > —1) the closure of 0,*(G) with respect to the norm

) el sio) = (f-rea S |Deulp d:z;)llp. : - c (6)
- G lal St . ’

“For simplicity we also denote by L. s(G) the space V9 ﬂ(C') W3 4(G). Furthermore

]et VE4%(I';) and W§}'*(I';) be the spaces of traces of functions from V}4(G) and

L5(@) 12 1) on I';. The following imbeddings directly follow from the deflmtlon
.of t,he spaces or can be ea51ly proved by means of the Hardy mequahty .

Vis(G) = Vig (G) for k=1,...,1 ifg=8-k, N
' Why(G) = WK (G) for k=1,...,0 if- 2~k —1;
in particular we have Vi ,4(G) = Wi, (G)if f>1— 1 Moreoveg,'_;for arbitrary real
B > 0, the imbedding - ' 7 - : . .
WL a(6) = WA(Q) = Wiy, 4(6)

is valid, where W2 (G) denotes the usual Sobolev- SlObOdeZli space and 8] is_the B
~largest mteger number with [ﬂ] < B (see [14])

2, Formulation of the variational problém .
“For simplicity we assume that the set % of the édges of the domain @ is connected,
that means 7' = 2. Then we write I', and I"_ instead of I, and I,. Let L(x D) bean
elliptic differential operator in G with smooth coefficients, which i is given in the varia-
tional form - N

L(:C, D) U = Z D’(aayD U) - . o o . (7)
. . laLivism _ - T »
~and let - \ . _
alu, v) = Ik 3—' asyD*uD"v dz - o ‘ 8)°
’ G _lal, Ir. =m . N .

be the corréspondmg Dirichlet form. For functions from C,™(G \ o) or in the class of
the spaces V), 5(G) Green’s formulas are not essential different from those in a domain
with smooth boundary (see [8 10,17)). However, in general for functions from Co“(@)
also integrals over /4 occur in Green’s formulas additional to mtegrals over I'; and
I'_. In the following a system of differential operators’

8,0z, D) = g'ay;(x)pa. (G =0,n, 1= 1;k=0,...,n)

lalsi
N

is said to be a normal system. on J# if the following conditions are satisfied:
(i) For all xy € A there exists a vector £ with_direction beéing orthogonal to «# in

2, such_that S{(z,; &) # 0. Here S(z,, D) denotes the principal part of S;()(z, D) =~

with' coefficients frozen in x,. That means, if we transform the operators S (xo, D)
into the operators S o(xo,.Dy,, D e D. .}, where Dyl, D,, are derivatives in directions -
bemg orthogonal to ¢, then there exists at least one £ = (&, &) € R2 such that
(xo, 51’ 521 O) 4= 0. ’ k)
(i1) The polynomlals Sk’(xo, £, 6,0) (k=0,...,n;) are linearly independent for
every xy € S and every i. SR . e '

I3
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- The system {Si®)} is sard to be a Dirichlet system of order L on At if furthermore the -
following condition is satisfied:

(iiiy The polynomials S(z, &,, &, 0) (k = O ) form a basis in the linear
. space of homogeneous polynomials P(£,, &,) of- degree ifori =0,1,...,0 — 1,.25€ M.

Integration by parts similarly to [8] yields the following Green’s formula.

Lemma 1: Let {F; *}, o...m—1 be given Dirichlet systems of order m on I, and
- {Sk(‘)}. =0...m—2;k=0,...i @ Diricklet system of -order m — 1 on M, where the coeffi-

“cients of F* and Sk(‘) are ‘smooth. Then there exist normal systems {G*}j=o...m—1 .0f .. __ ’

bmmdary opemtors onT] with ord G’ * + ord F;* = 2m — 1 and boundary opemtors
Y oon M (i=0,..,m—2; k—O - 8) uztk ord T + ord §;» < 2m — 2
(lhe system of the fopemtors T is not normal in géneral, some of them can be equal to
zero) such that, for all w,v € C°°(G), -, . ,
m-2 i

a(u, v) fI/uv dx+ ):): fG’ *uF*e vdai : Y ka(‘)uSk(")v du. ‘

+ j=1 I ; _ Ci=0 k=0 M

- Here o, and e are measures on 'y and M, respectwely

\

N

~ In the following let {Bi*}g=1....m be normal systems of boundary operators onl;
w1th smooth coefflclents and ord Br<m~1 for k=1,...,p* m<ord B,*
<2m — 1fork =9p*4+1,...,m. Furthermore, let {Ny}i=1....m" be a normal system
of boundary operators on Jll Wxth smooth coefficients and ord N;. ='m — 2.'We assu-
me that’ Green s formula . .

. -

alu, v) fbuv de + % fdi,,*uB,, vdo* _
: Sk k=1Ty
1Y 5 [BeubFan+ 5 | %uNkvdﬂ )
-+ k=px+41 It k=1 M T

’ is valid for all u, v € C®(G), where ®,*, 9”,, are boundary opera,tors on I'*and A, T
respectively, siich -that ord Bk 4 ord &,* =2m — 1, ord Ny - ord ¥, < o2m — 2.
We denote . i : '

L UmE) = (uc Wz""(G): Bi*u =0 on I'* for k =1, ..., p*;
‘ ' N =0 on o for k =1,..., mg)

(my’ < m'). Then we consider the following variational problem
For given f from the'dual space (‘U"'(G)) find a solution u € Y™(@) of the equation

afu,v) =(f,v) forallve U™G).. L (10)
We suppose that the Dirichlet form a(., -) is ?}'"(G)-coercire, ie. T

-

- ) la(u V)| = ¢ llwme “”“w.'"(c) for a]l-u, ve ?}""h(G)’,r :

(ii) Re a(u, ») 4 Cz”'“”L.(c) = Cs”u”w.z"(c')

-where €15 €5, C3 ATE NION- negative constants. Furthermore we suppose that the opera-
- tbrs By*-(k = 1, ..., m) cover the operator L on F {. The U™(G)-coercivity ensures the -
local regu]arrty of the solution outside of a nelghbourhood of the edge , ie., if
uE€ ?/"'(G) is a solution of (10) with /E L,, loc(G N H), then u € WIT (G \ ) and u
satisfies the equations - : : :

Lu = f in G, B,,u:()on r,. (k__: 1,%.., m). (1)~

LN

From this we obtain the following regu}arity@'ssertion.
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Lemma 2 Ifue ?/"‘(G) is a solution of (10) u,zth the ngkt kand side f € (?/"‘ G’))
n Lo,,,(G’) thenu€ Win(G). > . . . -

: Proof: Every function we W,™(G) can be written in-the forrn u = u, + Uy, Where
u, € Wgr m (@) and U, € VB(G) (see [14]). Since f € L, ,(G), we have u € Wi (G N\ A).
: Consequently, uis a solutlon of the equatxons (11) and Uy i 1s a solution of the problem )

l/u2=/—Lu€V (G) in G, - P -
Bytuy|r, = -Bﬁu,m € V2'" Myt = l’”(1’ ) (k=1,..,m). AR
Usmg [10 Theorcm 10. 2] we obtam Uy € Vim(G) g,nd therefore u € 'ng',‘,,((v‘) |

”

3. Asymptotlcs of the solutlon : L

We w1]l investigate now t,he behawour of the solution u € Y™(G)‘of (10) in a nelgh-
-bourhood of a point ¢ € 4 if the right-hand side f belongs to the dual space W,=m+8(G)
of _W,m=8(G). For simplicity we assume that the domain G coincides m a nelghbour-

. hood ¥ of ¢ with a dlhedral angle ' ‘

D= {x—-(y,z)eR" ¥ =W v) € K, z~(zl,..  3a_s) € RA-2).

Furthermore, we restrict ourselves to the case that the coefficients of the boundary .
" -operators Bp*,(k = 1, ..., p*) and Np~(k =1, ..., my") defmmg the subspace ‘I/"'(G’
.. are mdependenb of the varlable z in this nelghbourhood N

Lemma.3 LethECl(KxR" 2) Then forOSﬁ<1

| flyl‘” lp(y, )2 dy dn < 5 f fl?il” 22 |gf2 + IVWI?) den
R K R K

Proof Let 5 € 00°°(R+) be a cut-off function \Vlth supp /C —[0,2) and /( ) = 1
forr < 1. Then : . .

T | flyl""" l<p(y,77)l denS [ [ |<P(y,n)!2dyd77

R K R K
Irlllx/l>l

-

and, by the Hardy inequality; L . A c -
S R R oty mi* dy dn |

Rn-2 K
iyl <t . : . o
Sc [ fl/l =2 |(Jn] Iul)(p(:l/,n)l2 dy dn R
. Re ‘ : .
Sc [ [ |y |Vu(x(lv7| ivl) oy, )f° dydy . o
Rn-Y K . . - -
f flnl” 2 (Inf? g ltp ¥, M)IE + IV,,w(y, e ) dy dn.
R"'

-

Hence, the assertion is true W

In the followmg let ¥ € C°°(G) be a cut-off function- being equal to zero outsu]e
of ¥ and' tooneina nelgbourhood U’ = <= U of . Furthermore, 1f ¢ is a function on —
Dand h e R, {,, denotes the function defined by

’“Ph(y’ Z) = q’(:’/’ 215 -eey Zn-3, 2 n-2 + h) - ‘P(?/: 215 eeey zn-z) .

} .
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If fisa dxstrlbutlon then the dlstrlbutlon f» will be defmed by the equat,lon (f,,, <p>
= {f, - for all p.

Lemma 4: For 0 < § < 1,f¢ W;;":;(.@), supp f < ¥', we have
5 ’ :

f hi=2 “/"HW:_B"($) dh < c ”/”w—"‘ ! (1),
0

Proof: For simplicity we restrict ourselves to the case n = 3. By the Riesz theo-
.rem there.exists a funcmon w € .W5y(D) such that . _ S~

(w, 'U)W’"(.D) :—f > D waD eD, 7vdydz _(j’ v)

D lal+jsm ' -

for all v € W,™(D) and |[wllw,) = |fllw,-m2)- Mor_eover:, we have

(wn, V)w,mdy =W, V_p)w,m) = {f, v_p) = (fn, V)

for all v € W,™(D) and |[willw,~2) = fsllw,-~2). Let F,-, be the Fourier transforma-
tion-with respect to zand # = F,,,v. Then we denote by 4 the functional .

A@) = [ [ X %D, *w(y,n) D,*5(y, n) dy dn._
- R K. ls|+jsm j 7

Using Lemma 3 we then obtain the inequality

IA('U)I = l(w U)W."'(ﬁ)l =[f, v = ”f| w;ﬂ‘;,m) ”v”w""",(»)

2.5~ .
—Il/llw;zéi.(m(f S 2 1D,3* dy dn)”z
. ' |a|+;Sm r
gcnfllw,—-:;;,m)(ff 9~ 26 2 ¥ 1D, nrvlzdydn)n/z . o
: a+lJ|Sm i -
Thus we get
f [ 2 Inl¥ |D,*w|2 dy dy <0||I||w;-"_'+l,,(3>)~
R K. !al+;Sm . ) . i

and )

: \

f h-26+1 ”/h”w-m(g) h — f ho2+ |Iwnllww(1>) dh ‘, : | '

- f praes f f 5 o 1D,
lal+jEm

6ff i* X ¥ |D,*@? dy dn SCIl/IIw—mH,(m)l

la]+jsm

r]h

2
dy dn dh

Theorem 1: Let u € V™(G),be a solution o/ the vcmalwnal problem (10) with the rzght- .
hand side / € W2 purs (N Then .

"y oz € WPZY(G) for.0 < f < 1'and y dudz; € W,m(G) for p =1

(¢ =1,...,n - 2) . If furthermore f € Ly 5_4(G) (0 < B < 1),.then

Ty Oufoz, € WINTWG) (G =1,...,7%—2). o
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RN

- Proof: In order to simplify the notations we restrict ourselves to the case n = 3,
The proof for n > 3 is completely’ analogous. :

At first we prove the assertion for the case that the support of « lies in a neigh-
bourhood %’ of ¢. Then, for small |A], the support of u, € ‘U"‘(G) is.contained in a
neighbourhood % of ¢ and we obtain .

a‘(u{h) 'l)) = _a’(u) v-h) + k(u’ 'U)_ . i
—<f,"l)_,],> + k(ua /U).: </h) 'U> + k(u ’U), .

"where k(u, v) = f Y Qay,—n x) Dy Dyv dz. Smce a( -) is ederciv_e we get
o .G lallvsm

lealivener < ofletun, )l + Il ‘ |
< ofm unl + R, )l + lalliie) -
< c(lfllwemer + lellwmo) lluallwme)

and therefore

Nuallvomey < cfallivime) + lullivme) . ‘ . . (12)
- We have, by Lemma 4, . - . o ;o
f h-2EY ||fh||w.'"'(6) + ”u”w,"'(c)) (”/”w,—g;‘l(c v+ [|u||w,"-(c))

if 0 < ﬂ < 1. Usmg Lemma.'3 we further obtain

Ilau/azllw,m-l f f r% 5 n¥ |D,ay, m)[* dy dn

Iﬂ'+7§m )
cf f 91?2 X |n% |D,d(y, n)*.dy dn,
8 . I°I+l<m
where : :
[ X |D “aly, n)lzdy dn Scnvuw,mm, .
1 K Ial+1sm .
and ' . _ ' o

. 8/ Int .
J | .- '=¢~f f(fh - 1|€""’—1|2dk) Z n[% |D, “u(y, |2 dy dn
=1 K .

Inl2l K -0 lal¥j=m

‘ ~SC_[’& 2”*‘ff 3 |l \D,sly, )P
el +jsm

=1 gy dy dh

= Cf h=2%+1 ”’Un”w,"'(c) dh

Hence, for 0 < § <1, we get
|3u/5zl|w;":' o = C(“/”w;:”;,(c) + |lellw,me)) -

Now we can.prove the assertion du/dz € Wf’;',,:,,(G) similarly to Lemma, 1. By [14]
we can write au/az = v, + ¥3, where v € WL (G) n WE ,,,_ﬂﬂ(G) and v, € VEZHG).
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Smce u € W"”" "(G) we get .:' N

: ou of
L’Ua — L 6_ L’I)l = a—z }
Here [L 6/62] denotes the commutator of I, and 8/6z and V31 _5(G) denotes the dual
space to V3, s—m(G). Analogously we obtam

+ [Li] u = Iy € Vi_A6):

Bi*ulr, = —By*uilr, 4 [Bi*, 8/22] ulr, € Vi ().

- From thigsand from [12 Lemma 3.1]it follows that v, € VE%%(G) and Eu/az € W2';',,';’ﬁ(G) A

. We now _consider the case § = 1. It is easily seen that ||/n||w, G) S [|f|]w,-p.u(0,
for |h| < 6. Consequentlv we have by (12) . -

lleallwamicr é_c(llfllw.-"'“(a) + ll@lIW."'(G)) for |h| < 4,

* where the constant ¢ does not depend on k. Consequently du/dz € W,™(@) and

llou/0zllw,m) < c(lifllw,-mie) + ||u||w,m((;,) Analogously to the flrst part of the proof -

we get 0uf0z € Wé'z',,“_,(G) iffeW, ™Y @) n Ly (). -
Bmally we give some remarks for the case that -the solution » has_an- arbltrarv
support in G. Since u € W3 (G) if f € L, ,,(G) (sec Lemma 2) we have Bk (rw)iry
= [Be*, y)ulry € Wz"'_"'**'”?(lw ) for k=1,...,p* and Ni(zu)la = [N, 7] ula
€ Wym=rs(l) for k =1,...,my’. It can be proved (see [14]) that_there exists a

functlon v e Wim(G),with thesupport in % such that yu — v € Y™(G) and llav/azﬂwmm .

<c ||u||w=...(G, Then we can consider the function w = =yu — v mstead of % and ob
* tain the a,ssertlon for 6w/6z -

Lemma 5: The space W, +#(G) 1 Lym_p(@) (0 < B < 1) ) is zmbeddedzn Wy (G) '

Proof Let f € W2 m+8(G) 0 Ly, m-p(G). Then -

o K/ 'I))‘ C”””Li_—nwﬂ(a) forall ve L2.—m+ﬂ(G)a - :
: T \elbllwym-per forallve W@, -

Ifvis arbltrarlly from W3 ﬁ_l(G) then we can write v = v, 4 v,, where

v e Vg AU < Log_m(G), vy € W"';,(G)"c W,m=8(@), [ s

and
loall 2 pmic) + ”'02||W.'"-B(G) =c ”v”w"'—‘,(o)

Consequently, we get
Ki ) < K1, vid] + I/ )|

< cllvallzs pomi6) T ”veﬂw.m—ﬂ(c)) =c H”Ilwm- NI

Corollary: If u € U™Gyisa solution of the varzatwnal problem (10) wzth the right-
hand. side f € W,~"t8G) n Lg,,, ,,(G O=<B=<1), then youldz; € Wom—1+8(G)
i=1,...,n — 2). . ’ o N

.-

ThlS assert,lon follows from Theorem. 1, Lemma 5 and the 1mbedd1ng W%”,:,“_IB(G)
= W, 1+B(G) 1 .

We now can apply the formulas for the asymptotics of the solution -of elliptic *
boundary 'value problems near conical points-(see [4, 9])~to describe the behaviour
of the solution of the variational problem (10) near the edge ‘We write the operators

"
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Lix, D), B;*(z, D) in the neighbourhood % of ¢ in the forin.

Y

. L(;:_’ D), = L(?/’ 2, Dy» Dz) = ' Z a‘a'u”(y: Z) Dy.a.'D:a"': - o~
. .. . : Ia'|+|a”|S?m o ) B
’ ‘Bki(:n D) Bl’ (?/, 2, Dy’ ‘D ) = Z i ;G'a"(y;‘z) Dl‘/“'Dza”' . L ’ o

|a IEJEE |<m‘:£

Then, for fixed z, _ _
~ Ly0,2,D,,0) = - A ‘a,o(o, 2) D,*

B0, 2, D, 0)~ Z bkao(O "2) D,

= . -~

‘are operators .on the cone K and t,he sujes y=of K respectlvely, -where L,(0, 2, D,,, 0)
is elliptic in K and the boundary operators B0, z, D,, 0) cover Ly(0, 2, D,, O) on y*.

" We define W} 4K) (1=0 integer," f# > —1) analogously to the space W 4(G) as: "

" the closure of Cy>(K) with respect to the norm ||u1|w' .= (fr % 37 |D,u(y) 12 dy\V2

K lest
(r =ly)) and- W’_”e(y*)\(l = 1) as the space of the traces of functlons from W ﬁ(K)
on yi' o : N

Lemma 6: Let u €. W2 mN(K) (0 <e<l1) 'be a solution o} the elliptic b(mndafy .

value “pr oblem

L Li0,zD,0u=f mK, « SN

B(0,2,D,,0) u.= g* on ‘yt(k=.1,...,m) .

with‘/é w3 ,,,_,,(K) ‘and g € WEm—met—112(x) (0 g'ﬂ <1). We suppose that supp « .

2,m—8

is compuct.and that no ezgenmlue of U(z; 2) lies on the lines Im A =1 — m — f and -

dm 2 =1~ m+ ¢ Then u has the represenlatwn ' coond
T r z; Xg5—1 R -
wu= 2 X X ¢ k’”’ Z ‘(1 log 7)* ¢; e o) T
j=1 o= l k=0 . BN

otz e g o) + v,

where ug € W3 m—p(K). Here ), are the eu_]envalues of U(z; }.) in- the strip 1 — m — B
<Im2<1—m4 ¢ g% are the eigenfunctions (k = 0) and associated functions

-(k > 0) of U(z; 1) with respect to )y, and y is a smooth cut-off fum:twn u,zth support ina -

'nezghb(mrhood ofr =0.
Proof It fo]lows from [4: Lemma 4. 11] t)ha,t w€ Win . (K) can be written in the

form 4 = 2 u,,y, yzf/z'y' + v, where u’ € Vin  J(K), yii_é C. Furthermore, we

l+]—
R —1—myt

“have g,* = 2 gir! + ge't if my <'m — 1, where g,'* € Vz""'”**_”z(y*)' and

2,m—f

3 gi; € C, whereas gk* € Vim- "'k* V2(y4) if myx = m. Consequently, we get

L0, 2, D, 0) u' = f € V§y(K),

' +e. Vzm m.:t 12 ey if m.* gm,.
B;O(O, z, Dw 0)’ @llyi _ {gk (7 ) ) k

+ e :i:‘ ' 3 p :
gk.m_l-m.tr"‘ mmE g i it Smo— 1.

- . . -

[N
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.

There exists a function u”’ = } cg™~! log *rp,(w) (see [4: Theorem 1.3]) such that
. 8=0 N

Ly0,2,D,,0)u” =0 - inK,

B*(O‘z Do)u= 0°, on yr  (K=pt+41,...,m),
kO\Y)s @, Ly, gl:::m 1—- mkym 1-mt  gp yt /(k:],:‘_.,pt).

Smceu — yu'' € V7, (K) we obtam :
k

w =y = = 3 cjur's ¥ — (1 log 7)%p ““_"'“’(w) + ’do,-“
jio.k $=0 N

wherg ug € Vim_s(K) (sec [4: :I‘heorem 1.2], [9: Theorem 3.2])

. For applying this lemma to the solution of the variational problem (10) we intro-
duce-the extension operator R,

(%) (T z) = p(r) ffz + tf)HK(l)dt
Rn-3
t = (ty, ..., t,_p), where r = |y, v is a cut-off function being equal to one in a neigh-"
bourhood of 7 = 0, and K is a smooth function with compact support in (-1, 1)~
and f K(t;) dt; = 1. It'is known (see, €.g., [12: Lemma 1.2]) that & is a continuous
R . .

map v

Wy R — Wi (D) o WE,(D) oo n W3l om(D) (0 <y <1).

Theorem 2: We, suppose that the Dirichlet form af(-, -) is V™@Q)-coercive and that no
eigenvalie of U(z; ) (z € U a M) lies on the line Im A = 1'— m — B. If 4;(z) is an
eigenvalue ‘of U(z; ) with Im 2;(z) =1 — m for some z € U N, then let Tm 2, i(2)
=1—m for all z€ U n M. Furthermore, we suppose that the eigenvalue funclwns

A7 =1, I) from the strip1 —m — B < Im 2 < 1 — m do not intersect and change
their multzplzczty on U n M. Then the solution u € V™G of the variational problem (10)
with the right-hand side f € W{"‘“’(G’) 0 Lom—p(G) (0 £ B < 1) kas the'form

1 23 %03~ Y 1 . ’
=2 X Z Ejau(r, 2) f“"”Z— (ilog f)" 9w, 2) + 1y, .
j=1 o=1 k=
where u, € W,nH8—4(@Q) with an arbz‘tmry posz'tz've real number ¢ and & = K¢jox
are the extensions of Cjox € WyImbITm+b=1=¢( 1)

~ Proof: By Theorem 1 we have d(yu)/z; € W%’:‘,,'_ﬁ(G) (z =1, — 2). For fixed
z € U 0 M we then obtain

LO(O’ Z, v 0')‘([“) ('1 Z) € WO m—ﬂ(K)
Bi5(0, 2, D,, 0) (yu) (-, 2)l,2 € Wi '"**‘%*)

Let ¢ > 0 be such that no elgenvalue of 1(z; ) lies in thie strip 1 — m < Im 2 < 1
—'m + & Since (yu) (.,2) € wim . (K) Lemma 6 1mp11es that

-

r xg5—1 . -
(yu) (y,2) = 3 f ’7 Ciok(?) 7“"” 7 prlll 10g r)’ e Nw,2) -
)=l o= 1 4 .
+ w(f) Z; cr™ 1 log frgs(w, 2) + uo(y, 2), (13)
. 8= B o :

2’
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where 1—m+ﬂ<1m}()<1——m for7_—1 I and Im)()—l—m'for;
i=I+1,...,1I. Summmg up in the expression (1‘}) for qu = ufromj=14"1to -
j=1r only, we denote this new functlon by w. Then we obtam .

Dpo(qu) = Dfw + D“u0

~

1075 3F o) r“:“*): (1o 7 54w, 7).
. j= l o=1 k=0
Since D "‘(/u)( 2) € Ly(K) for |x] = m, (D,*w) (-, z2) must also be a functlon from
L,(K) for Ja| = m. However D,w has the form , .

. - Dpw'= 7‘1P(w, 2, log r) + 2 r“:“’;in(w,'z,_log ),
. ji=I+1 B
where Re (i) (2) - m) = —1 and P, Q are polynomla]s of logr Consequently,
D, w must be equal to zero for |x} =m and (13) can be rewntten in the form
I x5 *g.
() e = 5 5F g o 5 L log " e “-*"’(w 2)+ 'y, 2),
j=1 o=1 k=0
_— . o (14)
. where ug'(-, 2) = uy(-, 2) + w(-, z) € Wi _s(K) and
| R JE2
’ ~\12
o Mg 0 = (100 ol P
+ Il/(~,2)llfygm_ﬂ(x>) , g P )
(the constant c is independent of z). From (14) we get
N " S TR -
g D,"(yu)y, 2) = Z Z Z' Cjok(2) T““’ ™
" k 1 ] X i . ,_;1
x 3 LIB s, 2) + Drugy, ). (16)
a=0 : .
Here . ’ .o~ ‘
00w, 2) = 2, (a ) Gy i ) 90 (0,2)
and, fors < k, ° . : ’ -
- .
N ¢i(k—a.u)(w’ z) p— Z ‘x];k”(z)\ q),(k—v,v)(w, 2) ‘(ajk‘“ sm()oth). .
.ov=s . : ) ' } i
Let v be the function v(r w, z) = D,™(yu) (y, z) — D,f','uo’(y, z). Then. -
Y R
S e, =5 L i Crle) ()" > LB g, . )

Since the elgenfunctxons @] (0.0) (a =1,..., 7,) correspondmg to the same eigenvalue ‘
A; are linearly independent for every j t;here exists a system of functions y;(%) such that

"2

~ -

(¢, 2), 1 (5 D))o = [ 9% (@, 2) %) (@, 2) dov = b
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From-(17 ) we now obtain S -
\ =
( (l; ks 5 2), w(a )( 2) ) — Z (t . kT)H,(z) m C k(z) - L
- (R A 1 ]o lz,' T ‘ _
R e a8
‘ O . L a=C C )

('=1,...,1;6" =1, .,7,,]6"—01 ,,{‘,,/—]),

—

(a,0) _ __ (k—aa)

- where- a” s = (@ “’ )) "are smooth functlons on J and- t,q, v are . arbl- T
. trary real positive numbers (18). can be considered as a linear. algebralc system for

~.the functions 7*%~™cj,,. We "can choose the numbers tj such that the coefficient .
determinant of this system is independent of 7 and has no zeros in a nelghbourhood J
of { (see [11: Lemma 3.5]). Consequently,’ every function 7'%~mc;o; in (17) can be -

~ written_in the:form v . -

N

T”’(;)_mci’éiz) = Z (v(t,r, ) 2), "pv('-: 2))_0 P,(Z, lOg ’)‘).,. o . ._ ) - : . ., 4'_

where , € {y),(")} are smooth functlons on 2 x4t and P, are polynomxals of ]og T
with smooth coefficients. If we denote by v, and v, the functions

~  wy(r, z) = m-ih@ Z’ f (D m 7u)) (t 7, w, )w,(w, z) dwP,(z;log 7), _
. v=1 Q . ' -
v,(r 2) = 7‘”‘ “14y(2) 2 f (D ’"uo) ( ,Ts W, 2) Polw, 2 )de (z log r),

v=1 Q

we obtain vy(r, 2)’ = cjak(z) +. vy(r, 2). ‘Using (15) we get . . ’ o

JormRrmAmamRe jyo(r, 2) — cjor(2)|® dy dz
. G . - -

= [ roe-rmioamiz o, (r, 22 dy dz < oo |
) o ¢ . : . . -
. and - ‘ ~ -

J ro#-umymem et | Doyy(r, 2)|* dy dz R
G ’ . ’
= i Do\ 2)jt dy dz < oo, | "

Furthermore, by Theorem 1 . fr—” 21"“1 2m+2+42e |D v,(7, z)}2 dy dz < oo, e,

Vg € Wi _p_1mi,-my14(@). Smce —f—Iml —m< -1 we, further obtain v,
= Cjok: Consequently the function Cjox MUSt belong to the space W,Imut)+m+8—i—c( g1y
We now wrlte (14) in the form ‘ ‘ -

I x5 %¢o 1 . E .’ ' I
=y ¥ ki (R r“’z ——(‘ BTN oo Ly, 7
j=1 o=1 =0 =0 : . .

where

i (@ log r)® o
U = + .Z Cjok — S'?C,ok) 4 Z;)——— k=),
. . ok .

i
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"Using (153) and the properties of the ext’fensio_n operator & we obtain D,“u,
€ Lo m—p—.(G) if |x] = 2m and applying Theorem 1 we can prove that.

DD, "u; = D,;*D,*(yu) — D,;*D; E (Rejor) 74 Z‘ (11'(;_'gr) q,f(li—a.05
r

belongs to Lo ,;+,(G) if |a} + [yl _2m, Iyl 21 (cf. [12: Theorem 4.1)), i, e, -

uy € Win_5.(G) = Wy +P=5(() 1

We remark that the number & can be omltted in Theorem 2 1f no logarlthmlc terms
occur in the asymptotlc

Exam p] e: Let u € Wzl(G') be a solution of the Neumann problem for the Laplace operator
—Au =/f in G, &uov=0 on I',. o o L . N (19)
Then u is «a_lso a solution of the variational problem* ‘ '

a(u, v) = f |Au| Avdz = (f,v) forall ve W’;(G). ' .' L (20)°

" Obviously, a(., ) is WZ‘(G) -coercive and we can apply Theorem 2 to the solution of (19) For
: snmpllcnty we suppose that the domain @ cdincides with the dlhedral angle -
=fz=(2)ER:y=(y,¥) €K, z= (zl, . ,,‘_2) € | .

-

ina neiéhbourhood % of a fixed point z, € M, where .

=eR:0<7r=ly'< 0,w €0 = (—wy2 + wo/2)}

denotes a planc cone..In.order to describe the behaviour of the solution in-the- nelghbourhood
of M we have to calculate the clgenvalues of the operator l(z; )) of the parameter -depending
problem

0[0w? — 22 =0 in, 314/3(0 =0 for © = +wy2 P

from the strip —f < ImA< 0. The elgenva.lues of U(z; A) are Icm/w0 (Ic € Z) and the eigen-
functions corresponding to knijw, (k == 0) aré cos (kn(w/w, + 1/2)). Let ¢ be an arbitrary smooth
cut-off function with supp y —%. Then we obtain the following assertion if f € Lo, —p(G)
O<p=1) .

anuHWWW)Hﬂ<m%,

b) yu = Z elr, z) rinlos cos (h(w/wo 1/2)) +.w if knjwg < g < (T + 1) njwy, where ut.'

€W l+"(G), nnd c, are extensions of functions from W f—lalwe(.gt).
" ~ !

-—
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