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ICBaJpaTypIe 4opMyJuI, BeKaIonue 03 MK-anupoBciioaIuH. 

C F. MHXJIHH't	 . 

.4 

In einer vorangegangenen Arbeit hatte der Verfasser für Funktionen der Masse C(' ) [O, 1] 
(8 eine beliebige naturliche Zahi) eine FEM-Approximationaformel konstruiert, welche nur von 
den Werten der Funktion in den Knoten abhhngt. Dabei ist eine Fortsetzung der gegebenen 
Funktion innerhalb der Masse CC') auf ein kleines Segment einerseita oder beiderseits des Inter-
valls [0, 1] erforderlich. Entsprechend erhalten wir zwei Approximationsformeln. Diese inte-
grierend, erhalten wir zwei neue Quadraturformeln, deren Genauigkeit von 8 abhangt. Die 
rechte Seite jeder dieser Quadratiirformelzulst die Sumine derréèhtèn Seite der kiassisehen 
Trapezformel und elnes gewissen Terms vom Typ einer Grenzschicht. Bei der zweiseitigen Fort... 
setzung des Integranden wird die Grenzschicht zwar etwas komplizierter, aber die Genauigkeit 
der Quadraturformel wird such gröf3er. . 

B OHOfl Ha flP5JUIICCTBY!OUUfX pa6or aB'ropa g1H MJiacca C C' ) [0 1] (3.-, rno6oe aypana 
Hoe 'iucio) 6iuia nocTpoeHa MR3-annpO1<CHMaIHR, aaBucHnaH TOJIbI(O;OT a gaqeuidt C&MQt 
4YHHICH}f B yanax Cem	 M B. 11pM 3TOM ouaaBaeTcH Heo6xoJHML1M npoornum gaHHyIo 
4yuximo C coxpaueuae xjiacca C C') Ha Mamifl ovpeaox no OAHY Hill! no 06e CTOOHU OT-
peaia [0, 1]. COOTBeTCTBeHHO HOi1IOTCH gse annpoHdnMaIHoHHale tJopMyJuJ; npoMuTe-
rpHpoBaa lix, HOiTyiHM ABe Hoae RBajpaTypRsse lOpMyi1U, TO'111OCTh IcoTopuxaaBMcMT OT 
8. flpaBaH qacm ua)lçon Ha HHX ecm CyMMa npaBon qacrn Rjlaccuqecuofl 4opMyiILl rpane-
iuIt H H0KOTOOFO BLL?*HHH Tuna flOFHHHOFO CJIOH. flpu ABYCTOPOHHem npooinuexw 
nobmTerpaJmaofl 4lyHic[uH nOrpaHnHbLfl c.mo4 Hecicoimuo yc.uo?RHHeTcH,Ho TO'IIIOCTh xsaj-
paTypuofl (DOpMyiIu BoapacvaeT. 

The author has constructed in one of his preceeding papers e. FEM-approximation formula for 
functions of the class C(')[O, 11 (8 an arbitrary natural number) which depends only on the 
values of the given function at the knots of the net. This construction demands to continue the 
given function (with preserving the class C(')) on : : a little segment of one or both sides of the 
segment [0, 1]. Accordingly one obtains two approximate formulae. Integrating them one 
obtains  two quadrature formulae which accuracy depends from 8. The right-hand side of every 
of them is the sum of the right-hand side of the classical trapezoid rule and some boundary 
lyer. If one use bilateral continuation, then the boundary layer becomes a. little more compli-
cated, but the accuracy of the quadrature formula increases.	 . •. 

BBeeuhfe 

Hycm u = u(t) - lTOH8BOJ1bH}l 4yHKIUlH, cHaueM, BemeCTBeHHoft nepeMellaofl, 
onpeeileHHan.n .HHrerplapyeMan Ha HeKOTOpOM npoeicye [a, b]. Mo6an annpo-
cHMal.HouHa g 4opMy.na gan aToft cyHRIHH, 6y)yH nponHTerpupoaaHa-Ha-.yHaaaH-
HOM npoMe?Ky'rKe, flOpO?K)aeT HROTOPY10 RBPTYPHY}O lopMyily. MemoO xoe'-
imix sJzeMenmoe (MI{3) jiBaHeMl HcToqHMRoM MHOFIIX aunpoKcHMaIuoHublx 4opMyJI 
If, cooTBercrBeHI-io, Muorlix XBaaTHh1X (Ey6arypublx, ecui t -- TOK& Muoro-

epuoro npocTpaucTaa) opsryJi. HeKoTophie TaKIfe 4OpMyJmI noiiyez B [1: l'.n. X]. 
B qacTHocTM, KIf f101f8H0 B [1], TaKHM ny'reM MOHfHO flOJ1HTb HjiaccKqecHyio
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opiyriy 3iepa Mait.nopeua, a Tarnie oiey ee norpeInnocrH. :B TOlk me MOHO-
rpaøn [1] noiiyierni ABe Hy6aTypnIze . opMy.1mI J.nH 4yHxIutl, 8JHRMX B Ry6e 
HJIH B mape; 8TH OM)7J1M T aime 0CH0BaRM Ha MR3-annpoHcHMaiHn nobmTerpaJIh-
HO 4yHRIHH. 

B AaHHOA came CTPOJqTCR ABe HOBbLe HBaApaTYPHLze 4)opMyJIbI, HCXOH HO MK-
UUOHCiiMLHH C flOI'paHH'lHM1f CJIOM (CM. [1: rJl. VIII, § 6]); B xa geCTBe HCXO1HO 

CIICTeMH 6epeTCg CHCTema XyCO1HO IIWIHHOMHJIbHNX 4yHIctH, YOBJIeTBOPHIOIIHX 
YCHHHb1M 4yHaMeHTaJ1bHb1M cooTHomeRmIM. llocTpoeHlle MH3-annpoKcHMaiuH B 
aEHOM cnyvae Tpe6yeT npooineua J&HHO 4yHHIHli, C COXHHIIM xjiacca, aa 

OTpeBOK, Ha HOTOPOM OH& aajaa nepBoHaqaimHo. flpH BTOM npoAojimeHne MO7HHO 
CTPOHTb .irn6o aa OHH MB ROH[OB H8B&HEOFO OTpeaHa, JIH60 sa o6a; cooTBe'rcTBeHHo 
uoJIyIaIoTcfl ABe RBaJp&TypHMC drnpMyJlbI. 

FJIaBa I. OjnoeTopouHee npooIMcenne. 

§ 1 JLepBoHaaJIbmIIt BHA . RBajipaTypuoA opMyJuI, oiena ee norpemuoea 

-.	anJIpoEdRMaIJuH. S	 -:	 S 

JlyCTb 8 HaTypajibHoe '1HCJIO, I - BLICTBHH&J1 nepeMeHnafl H {Wqa}qo.i ...... .. . CH 
CTM& 8 KCOVHO UOJrnH0MI!aJIhHbLX BCXOHBLX (DYHFJAHR CTHCHH 28 - 1, O11HCHHMX 
B[1: CTp. 14]. HanóinHH ee OCHOBHMB cBolkcTBa; B oTJnI'me OT [1], npaMeM, 'iTO 
supp w118	[-1,1]. CHCTeMa .Wqa} yoBJIeTBopHer ; ,ycLIJIeHHILM	HaMHTBJIbH&M 
cooTHornernifiM"	 .: 

•	
8-1 8 (1	 P 
E ' ,	, o(t—I)=----,O^y^28—l;	 (1.1) 

- q=0 i.O	-	 y	 •-



CaMNe 4YHRIHHWq8 onpe1eJInioTCH H& CBOM HOCHTJIe 4OpMyJ1Ott 

8—q--1 •	(1 - 0 8 -tq E . ak()t	(0	I :5^ 1) 
k=O	 •	 (8+k—.1 q! (Oga(t) =	 a' 

8-9-1	
•	 =	k (1 + I)' gq L' ( r_1)k ak (*)tk ,	(-1 ^ I ^ 0), 

•	 k=O
(1.2) 

Ha He6 BhiTXT, B 'iCTHOC'M, 'iro w(—t) = (_1)w(t) . flycm ii € C(')[a, b]. 
MH3-anupoHciiMawlH t1 HHLHH U HO HCXOgHOt1 CMCTeme {wqa}, HaR naBecTHo, 011-
peeinecn 4rnpMyJIO1 

81 2,1 

uA (t) = *	hQ()(a + jh) w,(t/h - ,),	h = (b - a)/2n;	(1.3) 
g = O i—O 

OieHH1i Pa8HOCTb u(t) - uA (t) B flpeJfloJIoHeRHH, 'iTo a = 0, b = 1, U € C'' [0, 1]. 
Bu6epeM npOHBBOabHoe xejjoe aa'iee j0, 0	^5 2n, H UOJIOHUIM to = j0h,
£ = 6 + rl&, 0 ^-, v 1, TR 'i'rO £ 6yJeT H8MBHHTbCH B npeeiax OT £0 io to + h. 
ilMeeM

a—i 2. U(t) - 
t(t) = u(t0 + rh)E h'u(Q)(jh) wqs(T - (5 - jo)). 

c = O 3O
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BIiqHTaeMoe Mo,KeT 6MTb OTJ11I'HO OT ToKecTBeHHoro HYJIH TOJ1BXO, ecrni / = 
1UIHJr Jo + l,IIOOTOMy flOCJ1CHHfI dopMyJIa.ynpouaeTcs2: 

8-1 
- uA(t) = u(10 + th) - ' [hu()(10 ) w,(T) + hu()(t0 -f-h) co,(r - 1)]. 

q=O 

Pa8J1onHM i(t0 + rh) no cpoxe Teiopa go OCT&TOtLBOFO -mea C npou8noHofl 2L, 
a 2L()(to + h) - O ocTaroqHoro 'uleHa C flp6H8BOJHO1l Toro me nopaxa 28, H 
CTaBMM BTO oioa. B ciuiy 4yHaMeuTaJIbHhIx cooTHomenuP (1:1) r.maBRie qjienz 
CTPOH Teiopa HC3HYT H 0CTHTCH paseucrBo 

- O(t) = h28 
F

2t(28)(j WQ8 (T)
 q-0 	- q)!U)	 1)]. 

3ecb H ' HROTOPb18 T0KH llOMC1{YTXOB ('a, t0 +th) ii (to, t0 + h) cooTseTcT-
BeHilo. Aim paccMaTpHBaeM1x aecb nyco'ino no3IIrnoMIlaabImIxJynrnHfl a g, BPHO 
H8BHCTBO IWqs(T)I l/q! [2: 4opMyJIa (10.1.9)],- ina noc.ueJHero &BHCTB& cie-
iyer

u(t) - uh(t)l	
(28)! 

[1 +	(28 —q)' q 1 lu Dc 

CyMMa B RBPTHbIX cno6icax eCTb eymma BOBP8CT8IOIUHX H0344nLuleHToB 6HHOMa 
•Hi,IóToua CTflCHH 28 MHHYC ICHT&JIhHI -noa4M)nIlleHT, PBH1 (?.8)1/(8 1)2; pae-
HOOTCTOHIIH OT KOHLOB xo8(4HLneHTu 6HHOMa p8.BH1I Me7ny co6o, a eymma Bcex 
ero xoa44nhILHenToB pasHa 228 . OTc1oja ncuo, 'rrp aTa cya paBHa 2: 1(2 — ,(28)!l  1)9, 
H MU 11IIXOHM K oiene 

fu(t) - v.A(t)J	
(28)! 

[i +	
-	

llullc.	 (1.4) 

Dry oienny M0?HHO HCKOJ1bKO yflpOCTIfTb, ceiaB ee 'I)"Tb 5oiee rpy5ot, eCJIH sa- 
MeTMTb, VTO 1eHTpa.mbHLItt H08414Hw1eHr 5HH0Ma HbIoToHa cTeneml 28 paen 2 TIpH 
8 = 1 n 6oJibme 2 UpH 8> 1, Till ro	I 

Ju(t) - u(t)J ;5 ((2h)282(28)!) ll&28)llc.	 (1.5) 

148 4rnpMyJmI (0) MORHpHCRfl1O11Tb npou8BoHue, O6aBHB TIpH BTOM lieKoTopylo 
HOBYIO flOFLUHOCTL [1 l'.ii. VIII, § 6]. HaeM Taline Koa44HIneumIc, 'rro6iz 

28-1	.	. 
huC(t) =f c u(t + 1k) . + 0(h28).  

£-0 

Pa8.JIoKI1M u(t + 1k) no cpoe Teiopa: 

281 u(')(t)	lh 
u(i + 1k) =	 l'h' +	u((28)) (i). 

r=O	r!	(28)! 

flocTaBHM OTO B (1.6) 
28-1 28-1	u(')(t)	la-i 

hu()(t) = f	Ph" 	''(28)!	hulk, 1=0 r=O	r!	1=0 

Ol < 1. OTc1oJa noiyaecn 8 CHCTM JJ1H IICROMNX Roa44nhIneHroB: 
28-i 
E c1' = ô,r!,	r = 0, 1, ..., 28 - 1	 (1.7) 

1=0
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(q =0, 1,...., 8 - 1; ô,. - CHMBOJI KpoHeIepa). FIx o6iwd onpeiw.mHTeJib ecm wipe-
)OJffiTCJ1b BawepMoHa qnceji 0,.1, ...., 28 - 1; OH OTJ1HCH OT HyJ1H, H 
WfCHThI c onpeeiniocn eJuHoTBeHHbIM o6paooM. 3aMeTHM, 'iTO HpH q = 0 pe-
mene CHCTCMbI (1.7) OqeBHJHO: 

3a11eHHB B tIOPMYJ18 (1.3) npoHaBoHue no 4JopMyJie (1.6), HOJI'iHM 

8-1 2, 28—I =	E Ecu(j + 1) h) wqs(i/h —1) +R(t, a, h),	 (1.8) 
q=0j=0 1=0 

re
8-1 '2n 28-1 ' R(t, 8, h) = 	' 0,1(1l8h28/(28)1) IIu281Ilc

Q =O =0 1=0 

H, cJIeoBaTeJ1bHo,	 . 
81 128h28

'	 i1u '	28-1 
IR(t,8,h)I ^ 2n	

(28)!'T 2(28 — 1)! h28-'	
128 

Tpolhiyio CMM B (1.8) O6OBHa qHM tiepeo 11h(g). Tora 

u(t) = dh(t) + OglI(s, h),	IN ^ 1,	 (1.9)
re

=
 [

(2h)28	h28-'	28-I

2(28)F +2(28	1)! E £28] II& 28h IIc..:	 (1.10)

flpbTerpHpoBaB ToeóTBo (1.9) no t B npeJeJ1ax øT 0'jo 1, flOJ1VHM nBapaTyp-
HIO 4IOpMyJIy	 t	 * I -. 

fu(t)dt	f(t)dt 

-	 8-1 2n 28-1	 •	1 ..- -'	•.	 • 

= 	f ' c((j + 1) h) f w 8 (t/11 - J)dt, 
- 9=0 j=0 1=0	 0 

(I	 S	 •	 •	
-5-

norpeiuocm UflllOKCHMLH}1 HOTOPOfk O10HHB&TCH BeJiHc}rno (1.10). 
3êTnM, 'iTO AJIFI nocTpoeHun ()yHHrRn.2b He66xoI1Mo llpöO.TDH1iTb u  Coxpa-

HeHMeM iuiacca Ha npoMe?K3rT0H (i, (23 1)h). Taxoè noo.neHne MO)KHO pea-
.lnlaOBaTb B BM uoJIHHoMa CTCIICHH 28 - 1, npejctaiiionero co6ofl rjiaBHyio 
'iacm CTPOKH Teiopa gan IjYHRLUIH U B ToqIce 1. 

§ 2. Bi1rmcaenne Im'rerpaIoB OT HCXOJRL1X yHKunht 

HHTerpnpoBaHne HKIHH lah BLHIOJIHHM CJ1IORHM O6paBoM. BO8bMeM ieioe 'incio 
Jo' 0 :5: J0 ;5 2n. - 1, nOjIOHMM J0h = to H nponnerpnpyei npeeiax OT J0h jo 
(jo+

(j.+1)h	 2n+28—1 8-1 28-1 

f (jh()j = h E	E L'cu(kh) v(r - (k — Jo 1)) (It. ql 

j.h	 k=0 q=0 1=0 

Hocnteim yaxurn Wq8 eCTb otpeao [-1, +1], HHT0FUJi B nocneHe opMy.me 
cnpaa OTJ1H'iH OT HYJIH TOJIbHO npø 3HaeHHHX k = Jo '+ 1 H k = o + I + 1, H
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nocieji1ee paBeHCTBO npilnllMaeT czeyouu11 a: 

(j.+1h	 20-1	 1 

f iih(t)dt = h i E Ecu((io +l)h) fwq(r)dt: 
j.h	 Lq-0 1-0	 0 

a-i 28-1	 1	 1 •	
+EEu((fo+t+1)h)'fo)s(t_1)dTj.	(2.1) 

q-0 1-0	 0 

• B&VUCJIHM HHTerpaJIbI clipaBa. Ha cooTHomeaH. (1.2) Bureiae'r, q'ro; 
= £,pq3(t)/q!, rjepq,(t) = ( 1 - t) (a0(') + a1(8)t +	± aq_1g81). OTC1Oia B CBOIO 
oqepegb BbrreKaeT, 'iTo	 - 

Pq8(1) = 0, ip, 8(t) = _. (28 - q  

Teneph	 S 

qa 
= / Co

qs (r) dt = • f Tipqa(T) dr 

= - (ql)i f	,(r)d	(q±i)!( —q _1)8+ 1,8) 

( 8 \(28—q-1)!	
22 - q + iJ	(2s)!  

re B ecm 63Ta-yHHiiia 31tiepa. 1anee, 

I w,(r - 1)dr=f cvqs(—T)dr = (-1)9 f w(T)dT = (_)q• 

flpBeëM TaSJxuuy ana'ieniilt	yjrn ana'iennfl 8, 1	6: 

q8+1,	2	3	4.	5.	6 
+ 

o	1/2	1/2	1/2	1/2	1/2	1/2 
1	 1/12	1/10	3/28	1/9	• 5/44 
2	 1/120	1/84	1/72	1/66. 
3	 1/1680	1/1008	1/792 
4	 •	 1/30240	1/15840 
5	 1/665280 

DopMyJ1y (2.1) nepenrimem C yxieTOM nojiyqeanix aHaqeHult HHrerpaJlon: 
(j,--i)b 18-1	28-1 

f dh(t)dl = h [Ea Ecj 1u((io + l)h) 
q=0	10 

S.	 + 1 + 1) h)]. 

7 Analysts Bd. 10. heft 1 (1991)
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Hocieee paenco flP0CYMMHPYM no Jo OT 0 Ao 2n - 1:	 S 

1	

1,.=0 q

2n-1 8=1 28-1 
d(t) & ql f	= h [

	
E 2' c qaC2t((jo + 1) h) 

0	 =0 1=0 

2n-1 8-1 28-1	 1 
+.' E	(1)Qcq4 

)	
u((Jo+l+ 1)h)I.	(2.3) -	.=0 q=0 1=0	 J 

B nepBot eymme BNJU1M qjieicj0 = 0, a BO BTOPO — 1J1CHN do = 2n — 1. BbL 
paee (2.3) npeo6paaye'rcfl TaR:  

•1-	

8-1"— '
2- -I	 . 

I	= h	E Z8[ 1 + (_1)]4)u((j0 + 1)4) 
0	 q=0 1=0 ,=1 

8 — i 28-1 
+ 	cqsc[u(1h) + (_1)u(1 + )]I	 (2.4) 

q=0 1=0	 3	 .. , 

PaCCMOTpHM TPOHY1O CyMMy 8Jecb. floiionuiMjo + 1 = k; rnieicc k MHB0TCR B npe-
eiiax OT 1 Ao 2n + 28 - 2. 3aMeTHM, 'rro npH 1 0 6yJeT k =, Jo 1! i4HRC k meHfieTeR 

OT 1 Ao 2n - 1. 3aMeTHM ene, 'rro ciiaraeoe u(k) BcTpe'iaeTcc! HecxoJibRo, cRaaceM 
2k paa. flepecraBMM CYMMHPOBaHHe no 1 0 k, Torga paccapnnaean cyMia upif-
HMMCT BHA

n+28-2	28-1

ql hxqa[1 + (- 1)]2 u(kll) E 
9=0	 k=1	1=0 

HaypaBueHHfl (1.7) npn r = 0 H9XOHM	 .	 S 

28-1 'i -o -	- , q - 
1	

(a)
=0	-	 l0,q>0,	....	- •	 .--

11 paccapunaean CMM& oHaaEJBaeTcfl AOCTaTORHO npocrot: ona panna 
•	 28-1	 S 

2hi08u(jh) = 4 E u(jh) .	 (2.5) 
j=i 

Ha ABORHOA cymi B (2.4) BMeJufM qjieHEi C q =- 0. flpu 9TOM 040, = 1/2-wc =-1; 
45) = 0 jig 1> 0;H8 CMMM nO 1 OCTHTCH inmi ieH C 1 0, PBH1 h[u(0) 
+ u(1)1/2. HpncoeuHHB ero R CMMC (2.5), noiy'inM npayio qacm 4rnpMyJmz Tpa-
neiui. OcTaeTcH BEapameHHe -	- 

28—i	2a-1 

E qa ' c,5[t(lh) + (_1) u(1 + 14)]. 
q=1	1=0 

ORoHqaTejiboo KHTepecyioi.qafl H&C xBapaTypHai( 4opMy8a IIPMH11MCT BHA 

•	

-	 1u0 + u11	2fl1 
I u(t) di	4 I '/	' / + ^' u(jh) 

J	 L	2 
OS.

8-1	28-1 
+ E L%q, Z C[u(lh) + (_1) u(1 + lii)].	 (2.6) 

q=i	1=0 

flpasafl iacm aToll 4OpMyJmx ecTec'rBeHHo paciiaAaeTCFI na gBe V&CTI4. OHa 128 001 
CTb npaan RaCTb ojiaccuqecooll 4OpMyJIU TpaneIdl; BTOPYIO IacTb MN, c.meyo 

C. ii. CoSo.neny [3: dip. 704], HaaoneM no2paIu1Thi c.zoe.0 dOpMyJth1 (2.6).
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§ 3• Bi,pnjcjiernie Ko94HIJuen'roB c 

TO6bz BOCIIOJIL8OBTbCH 4opMyJIo (2.6), Hao npeBapøre.1IbHO BMIICIBTh 
IRCHThI C. LJIH OTOrO JOCTaTO tfHO peMHTb CBCTMLI (1.7). B AaHHOM uaparpwfe imi 
BhIqHcJrnM OTH HOtHUHHThi JVIH sHa qeF iHtk 8 = 2, 3, 4. Ha MIX npnepax 
CT&HT flCeH CPBHMTJIhHO HpOCTO1 npieM, flO3BOJ1flIOIIU4t AOCTaTO qHo SNOTpO IlpO-

BeCTI xcxino'ienise HeH8BeCTHUx no meTogy I'aycca. I.nri yrzponenn BflHCli o6oa-
aqux y = 4, 1 = 0, 1, ..., 28 - 1; HH(HO HMCTb B BHy, 'FF0 y 8aBHdHT erne OT 8 H q. 
1. Ecjrn 8 = 2, TO q LIPMHHMT TWIbKO OHO 8H&VCHUO 1. HaunmeM eJHHCTBeH-

H1O B OTOM c.nyae CHCTCM (1.7): 

)'o+ )'i+ )'2+ Y301 
v + 2Y2 + 3y = 1,	

0 

Y1+ 4V2+ 9y3=01 
Yi + 8Y2 + 277 = 0. 

3ra clicTexa pemae'rcri ripoc'ro; ee pemene ecm Y,= c] = — 11/6, y = C(2) = 3, 
Y2 = = —3/2, =	= 1/3. 

2. Hycm Tenepb 8 = 3, 28 - 1 = 5, q HHHHM9T Ba 8H1CHHH 1 ii 2. CoorBe'r. 
CTBYIOLIH Be CMCTCMbI (1.7) aarnime Tax:

	

q=1q2	
:' 

YO+Vi+ V2+ Y3+	'4+	 0	0 

	

v + 2Y2 + 3Y3 + 4Y4 ±	5ys	1	0 

-	 Yi + 4Y2 + 9y +- l&y + 25y = 0	2	(3.1)
yi + 8y + 27Y3 + 64Y4 + 125y = 0 - 0 

	

- Yi+ 16Y2 + 81y + 256y4 + 626y = 0	0 
Yi + 32Y2 + 243V3 + 1 024Y4 .+ 3125y = 0 -	0 

IOCTaTOqHO paCOMOTPeTb duc'reMy '(3.1), 118 HOTOPOfk oT6pomeno rxepBoe ypaBHeHxe. 
HeHaBecTHyIo y HCRJIIO'H!M, BbIHTH icaxgoe npemecymnee ypariexe 118 
nocJieyiouero:  

-	 q=iq=2 

2V2 + 6Y3 + 12y + 20y = - 1	2 
4Y2 + 18y + .48y4 + 100)15 =	0	— 2	 (3.2) 

8)12 + 54)13 + l92y + 500)1 5 =	0	0	 - 
16)12 + 162)13 + 768)14 + 250Oy =	0	0 

BBeeM HOBEje HeuaBecTHbIe 62 = 2)12, 63 = 6y, 64 = 12y, 65 = 20y5. CHCTeMa (3.2) 
nepefkAeT B cIeJyiOuyio CHCTemy c MaTpHuefl BaHepMoHa 'cei 2, 3, 4, 5: 

-	 q=1q=2 

62 .+ 63 + 64 +	65 = —1	2 
262 + 363 + 4(54 + 56 =	0 —2 
4 2 + 963 + 1664 + 2565 =	0	0 
862 + 2763 + 64(5 + 1256 =	O	0 -	 0 

7*
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HeHBBeCTHyIO 62 UCHJIIOVHM, KK H BbI, BbNHTH ma Ka)Kgoro nocJieyionero ypaB-
HeHUg npegmgyigee, yMHoKeHHoe Ha 2: 

63 + 264'+ 365 = 2	—6 
3ö3 + 834 +15ô5	0	4 
963 + 3264 ± 7565	 0

 
JloJlO,fusB Tenep ,c = 63' x4 = 264, x5  65, noJIyqMM CHCTM 3-ro nopna C maT-
pHqeA BaHepMoHga qHcea 3, 4, 5: 

q =I q = 2 

-,	 x ±	= 2	—6 
'	a 3 + 4x4 + 5x5 = 0.	4	.	 :.•. 

•	
9x ± 16x ± 25x5 =0 •. 0	 S 

Tenep& HcKnot1aeM HesloBecTHyIo x 31 su'rnaa na KaHjoro nocieyionero ypaBUe-
HUH npebxJynee, puiomeHHoe Ha 3. Hoay'iaeM dlicTeMu 

	

q=1q=2	 .•	 q=lq=2 

,c4 + 2x= —6	22	c PfflHHHMH .	—30	122 
4x4± lOxs—	0 —12

X5	12	—50 

BILHOJIHUM Teneph o6pa'rHIift xo, no Fayccy. Bo8Bpamancb K cTapiM HeH8BecTHb1M, 
yojjyqllN,caeAY,IpuW9 8IaqeHHH x9alHIHeHTOB 4 = y: 

q	1-3' 0 1 2 3 4
•55 

+ ___ 

1 —25/12 3 —4 10/3 —5/4 1/5 

2. 51/12 —40/3 107/6 —13 61/12 —5/6 

3. llpiienøs TOT me npUeM, flOJiyHM cieyioayio Ta6JTHIy HO34HIU5eHTOB 

ql+	01	.2	I3	:4	5.1	6	7 
+	••	I.	. 	SI   

1	—13/140	7	—21/2	35/3	—35/4	21/5	—7/6	1/7 

1	14	41	 173 
2	237-	—501	15%-0-2	82	—67	33-.	41 

T	T5	 180	T5 — 

30 
1 

3	—7	4O.	-14 -h-	126-i-	—103	51-i-	-14-h-	1j 
271	1	7	1	1	4	7	181



IBaJpaTypHIze OMJThl	101 

§ 4. liorpemnocr16 oicpyrJiemul ajjarypHoI oopxyaLi (2.6) 

florpemaocTb 8J1[IPOHCHMWflf 4rnpMy1u (2.6) oeHeHa B § 1. florpemHocm nca-
ReHHh1 8Cb He BO8HHHaeT, rIOT0My WO HHHaBHX HCXa,HeHHI.IX ypaBHeHHtk 8Cb 
pemam He I1p11xOHTcH; HOa4H4IHeHTbI c%73 H C TO'lIIO 11 upe1cTa-
BJIOT co6ol paLHOHaJI16H1e q caa, MamHHHue 8HaleH11fl 1OTOPL1X MOry'r 6i.im May-

qeHbl cno6o CTUCHb1O TOHOCTB KK acTHe gyx remix qHceJl. HorpemHocm 
aJlropwrMa ia •KBapaTypHx opyi pana HYJJIO [2: § 1.51, H OCT&CTCH O1eHwrb 
TWIbRO norpemnoem OKpyrJIeHnH.	 . 

LonycTHM, WO Bee getiCTBHFI, npenncaie (DOpMyJIok (2.6), B 'lacTRocTil, BhI-
nciee opgnnar ti(tk), MOFTV 5i.im Bb1HOJIHHbI Ha aiieHTpOHHOR BLP1HCHTJIbHO 

Mamune (,,3BM") c nOB1.1meHHOl ToqHöcmIo. Tora, HaH flOHBHO B [2: 4opiyia 
(1.1.9)], nOI'pemHOCTb opyrjieiin t1OMYJ1b1 (2.6) c TO'mOCTbIo Ao Mamzx rn.icmero 

n0pHKa He npeBocxonT HO a6C0JIIOTHOMy 8H'leHH10 Be.mH qHHu e	(i) dt ; aec 

- napaMe'rp 3BM, onpee.uHeMu1l cJIeJY1OnwM o6paori: 1 + El eCTE, HaMMelibmee 

MBIUHHHOC 'mc.mo, Sorn.mee eU!HHrbI. RaM MU BHJD1 B § 1, paaoci. f u(t) dt 

ecm majiaff Be,JIuqHHa. Orcioa cJieyT, 'lTO norpemHocm oxpyrJleHlln 

topryiu (2.6) C TO'lHOCTLIO AO MaJILIX Blgcmnx flOHROB He flPBOCXOHT qmcjia 

el I u(t) dt < ME,;	M = max Iu(t)I.	 (4.1) 
0	 Ot1	 . 

0611aii norpemocm RBPTYPHO 0MJ1b1 (2.6) He UpeBOCXoHT, C TO'IBOCTLIO Jo 
Mam!x Bblcmero IIopHHa, CYMMLI !IBBbIX 'lacTe1 t10pMyJI (1.10) H (4.1). 

Fiaua II. nycropouuee upooiacemie uobnrrerpaJIbno11 oyEmmm 

§ 5. liepBoua'lamm.Iit BHA KB8p8TypHoI4 OMJJN H 00 IIOFCflIHOCTh aBlIpOECH-
Ma!irn 

Monuo HOCTPOHTL HBPBTYPHY10 4JOpMy.lIy, OCHOBHH1O Ha TOIl me CHCTeme xyco'mo 
nOJIHH0MHa.lIbHbIX HCX0HhIX 4IyHMIU!tt, 'iTO H B r.uaBe I, HO HCflOJIb8yRMICIt gBycTopou-

ee ripogoitmeHHe noh1HTerpa.u6HoIl cyHXIHH. HonpeHeMy 6yJeM paccMaTpHBaTb 

HHTerpaa f t(t) dl, v E 0()[0, 1] H BOCflOJTh8OBThCH MI -annpoxcnMaIeIl (1.3), 

norpemnocm KoropoIl nonpenney ouenaercn HBBHCTBOM	Ho BCHJIIO-



qemie HOHBBOHLIX no 40pMyJU.I (1.3) BOH8BCCM flO-HHOMy. 
.HaItjeM Ko944nLneHmI b(l) Tane, q'ro = 601 H Ol 

-	
MuC(t) = E'bu(l + 1k) ± O(h)	 (5.1) 

(mTpnx 0OHaqaeT nporrycH 'iJieHa c  = 0). P88J1OMHB, XBH B § 2, u(t + 1k) no CTOK0 
TeIliopa, ML! flO3I1fM 8 - 1 ,cHcTeM nopiuna 28 AJIFI onpeeienø HOa4)4)1H.WeHTOB 

•	 •.	 •'	 •	 •	 S 

= rh5,,	r = 0, 1, ..., 28 - 1;	 (5.2)
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q = 1, 2, ..., 8 - 1. OHH ilMeloT O5ELyIO MaTpI4Uy, HOTOpan HBJIHeTCR maTpHiteff BaB. 

	

epoja 'rnceji — 8, ..., —1, 1, ..., 8. OcTaToqHi.I	0(h28) B 4opi4ye (5.1)
HMeeT orerny 

(h'/(28) 1)11 &28) Ilc ." bj)l2 .	
0 

Ecni nocTaBMTb B (1.3) BMCTO hg (Q) rJiaBHyio vaCTbBhlpancenHa (5.1), To1IOJIyHM 
H0ByI0 annpoKcHM1fpy1ouyIo ya1uino (h = 1/2n) 

= f b. f u((j +..I) h) wqa(Ilh - j).	 (5.3) 
q=O 1-8	)0	 - 

RaK aTo BHHO 118 3TOI'O BwpaHeHHg H HepaBeHCTBa co(t)I < 1/q!, PBH0CTb ub(€) 

- i(t) HMOT oiexy 

•	 h 
- h(t)I	'2 '' lu Ic E E Ib12i 

-	8;	q=O 1-8 

Mduoilbayci eiie HepaBeHcTB,o (1.5), nojiy qaem o[e1ny uorpemHocTMannpoRoHMa1nH 
wrn 4yiiiurnt ilk:

	

18-1 8	 1 
lu(t) - ü'(t)l 5 	II&28)Ilc I I' E Ibl2i ( l/q!) + 2-' j .	 (5.4) 
- 

	

(28) 1 Lqo 1=-8	 J 

Ecrni Tenepb BBCTH B	 OMJ1 

	

fu(t)dt =f ilh(t)dt	 0	 -	
( 5.5) 

TO ee uorpeulHocrb anhIpoKcHMaIuiH oueHHBaeTcH npaBo qacTb10 opMyJTh1(5.4). 

§ 6. oKonqaTeJIbnNit BhfJ KeagpaTypuoli 41opMynI (5.5) 

•B ypaBHeHHFI (5.2) 3&MHHM O6o3HaqeHHe 1 na —i, 'iTO gaeT 

= (_l)rr!ôqr, r = 0,1,..., 28 — 1.	 (6.1) 

CHCTeM1.1 (5.2) ii(6.1) CJ!O)ICHM H Bu'rreM, a peayjibTaTEJ noAejiHM Ha 2, 'iTO gaeT 

g	(a) qi	 a	l _L	 I _I_	*i? 
-•*,	T	q.-I ,. -	 /. 

	

-	 r 

b —b1 , = 1 —	1) 
r!ÔQT.	

0	

(6.3) 

ilpif qe'rHOM q CHCTMM (5.2) H (6.2) COBnagalOT C TO'lHOCTbIO go O6O8Ba'IeHHt aeHa-
BecTHMX; TR xaa pemeae cHcTeMbI (5.2) eAHHCTBeHHO, TO = b. TOqHO TaR ae, 
npH R'iTHOM q Syge'r bL, = —b 1 . Hociegirne ga PBCHCTB MOHcHO oSl.egHRHTbql 
B TOKgeCTBO b	= (— 1)Qb.ql
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PaCCMOTpHM BbrreKaIoIrHe OTC}OJ& cjIecTBnH. flycTb 8	juo5oe HaTypamHoe
H qucjio q — Heqe'rfloe..PaccMoTpHM YPaBHeHHe (5.2) C qeTHUM HOMPOM r: 

'b1 + ZbL,(-1)' = 0. 

B jHHOM ciyae b )-, = —b, H nociieee ypaBfferne. IIPHHHMT BHA E b[1 ql 

+ (_1) 1] 0. TaRHM o6paaoM, YPBHHB (6.3) C CTHb1MH r 
TonecTBeHHo. Ecrn r — neqe'rHoe, TO (6.3) npeo6paayeTcfl B Y&BHHH 

E bi' = 2 1b,r!,	r=1, 3,..., 28 —1.	 (6.4)ql 

TaRnM o5paaoM, npR He'leTHOM q Hoa HIWWFbI briieAèSrniöTc g , ecni petheHa 
CHOTeMa 8-FO nopja (6.4). AHaaorH'mo, ecrø q — qeTHoe, TO Koa4xflIHeHmI b 
oripegejifllOTCFI Ha CHCTMhJ	 - 

8 

E bj1' = 2'ô,,,r1,	r = 0, 2, ..., 2[(8 — 1)12].
l=t 

05paTHMc IC 4opMysie (5.3). BOBbMeM geioe VBC.JIO jo' 0 s, lo 2n - 1, BOflOHCHM 
to = j0h Mt = t0 + rh, 0 r 1, H npOHHTerpHpyem PBHCTBO (53) B upegeaax 
oTj0hJo(10 + . 1)h:'	-;	.... 

(j.+1)h	 1	 .	. 

f h() dr = 4 f (t + rh) dr 
j,h	 0	 . 

	

8-1	 2n 

= '1' b	 o E u((j + 1) 4) f ,(i/2	(J	10)) dr. 
q o:=s  

IIyHKrHH wqs(r/h — (j — jo)) OTJIICCHa OT TOflCCCTBH}IOFO HJIH JIHmb flpM j = lo H 
= 10 — 1	3TOFO aaeqa g cieye'r, qTo 

(j.+1)h	 8-1 8 

f b (t) dt = 4 E E b[u((jo + l)h)cicq , + u((lo+ 1 ± 1)4) (1)Q cqs; 
. j1h	 . q=O 1=-8	 . .	.	 .	 . 

oripejeJrnec P&BHCTBOM (2.2). PaBeHCTBO (6.1) npoeymmmpyem.B npeeiax OT 
/o = 0 go lo = 2n — 1, 'ITO IIpHBeeT Hac H	 ,4)opMyJle 

f u(t) dt	I tP(t) di 

2n-1 8-1 8 

= h' Z E' bx,[u((j0 + 1) 4) + (— 1) u((/o + I + 1) h)]. 
).=0 9=0 1=-8 (6.5) 

Hax yice 6iiiio OTMe'leHO, HOFPCLUHOCTB BTOFO HpH6JIH1KeHHOrO paBeHCTBa onpeeJHl-
CTCH npaB011 qaCTbIO 4OpMyJIhI (5.4). 

B npaBofk VaCTIC cooTHoweHHH (6.5) BMeX1HM 'IJIeHM C q = 1 = 0. 3T0 B&J1HT 
cymiy (MM aecb flPHHHM&CM BO BHKMaHHe, 'lTO. 08 = 1/2) 

h 2s-1	 (0) + (1)	20-1 

	

•' [u(oh) +. u((jo + 1) h)J = h	2	± L' (jh)j . 
,. 0	 1 

3Ta BJIH'IMH& CCTb npaBaR VCTb 4OpMyJI& TpaneLHul.
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• •flpi q,= 0, £ + 0 6yeT b = 0, UO9TOM B - oCTaBmeCH inacm HC'Ie8Hy'F Bee 
q 0, H OCTBWRCH vacm flPHHHMT BHA 

2k—I a—i 

4 L' f c, E' b[u((jo + 1) h) + (-1) u(Uo + 1 + 1) h)J 
1.=O Q1	1-8 

= h':qa " b , u((o +1) h) 

+h 	(_1)b)' u((jo +1+ 1)/i).	 (6.6) 
q=i	I-

Bo Bropok cye (6.6) cnpaa 8aMen gM o608HaeHHe /o Ha jo - 1, uocie nero 
npaBylO llaCTb paBeHCTBa (6.6). MOiRHO , upeO6pa8oBaTb H. BHAY  

h[1 +	 : 

+ h q 2: ;E 1 +	 _', b	' u((j0 + 1) h) 

Iaaee, B TpOtHoit cywe 8gecib flOI1OiHHMj0 ± 1 =k. llpii 8TOM nneic k MHHTCH 
OT +1 - 8 go 2n + S - 1, a c.maraeMoe u(kh), Boo61e roBopfl, H0DT0HTC1I He-
CHOJILNO, nycm Ak, pao. flepecTaBHB B TPOAHOft eymme CMMHOBHHC no k n no £ H 
BodnojmaoBannn!cb YPBHHHM (5.2) flH q > 0, 1 = 0 naeM, qTo a'ra CMM& 
pana HyJIlO. OROHVaTeMbHO MOHHO aannCaTh	 opMy.my (6.5) B BH 

fu(t)dt h{°) u(1) 

+x[1 + (_1)Q] qs E'b[u(lh) +u(1 + lh)]} .	• (6.7) 

AHaJIo'ino'opMy.ue (2.6), npaBan qaCTL aTott l (DOPMyjim pacIaaeTcH Ha flBIO 
acm OMJIM Tpanegnik H Ha norpaHn'rnu1 ciót. flbrpemHocm opiyiu (6.7) 

OIHHBTCH flpaBom 'laCTb!O 4opMymi (5.4). • 
flpHBeeM 8HHI4H HKOTObIX ROecIHrHeHToB	(1 q 8	1, 1 S' £ 8): 

82 83 

q	14 
+ 

1 2 1 2	• 3 

1 2/3 —1/12 3/4 —3/20 1/60 

2	• -	11/24 —8/5 •. 3/4

aaee, UpHBeëM enë 'n4C.lIeHHbIe' 8HaVeHHH oIenoR norpemnocTil aunpoHduMan.irn 
}CBapaTypHO1 iOpMyJHI (6.7), BNTeXaIOue H8 HCPBCHCTB (5.4): 

.1'	-	•.	-	.•.•.. 
8 = 2: .R = 0,6h4 IIet(4)IIc; 8 = 3: R = 1,59h6 Iu(6)Ilc; 

8 = 4: 1? = 3,8h8 Iltt(8)Ic	 • 
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§ 7. lipojomaeuae nomrerpanno* $yuBuma 

RaR yKe 6bIJIO oTMeqeoo, HCIIOJIb8OBaHHe xBapaTypHOfl 4opMyJmI (6.7) Tpe6yeT 
npooJ1?fceaHR, C coxpaenueii Rnacca, flO1bfflT8&JIbHO yrnnoa no o6e CTOOHM 
npoMemy'rHa [0, 1]. Taioe npooiaeooe MOH{HO ocyIIecTBgm, flOCTOHB nOJI0110M, 
HOTOPUR B To'lRax 0 H 1 CoBflaaeT, BmeCTe Co CBommH UPOH8BO)WUMH AO nopaja 
28 BRJIIOqWFeJU,HO, C nowmTerpaJmHo 4)yHmmefk , H ee COoTBeTCTByIO1I1mtH npoøa-
noimu,to TaKoh IIOJHOM MOHHO HCKaTJ, B B0 

Zs'.	 .. 
Q(t) =	[a(1	g)Pgia-P ..b'(1,— £)4 1?); .	.	.. 

p.O 

HoolftIrnLweHma a,, n b. CIeJyeTonpeeJIHmH8 yCoBH	.............. 

= u(')(0) Q(')(l)	u(T)(1);	r = 0,1;...; 28...  

no 4opMyJle JIe6iuwa 

' (r)	.nI(43 - 
I- ,..),

rP=O ,=o1'(p")!(43p+1') 

X [a,,(l - t])P-Pi48_P_r+P + b p—'(l - t)-P+']. 

B noc.JIeHefl 4opMyJie HOJIOHUIM t = 0 o I = 1 o BaMeHOM Q(')(0) o Q(')(l)øx aoa-
qeniinM (7.1). flpo I = 0 HceaHyT Bee VJIeHM, coepaamse a,,, a no qJleHOB, CO-
epannx b9 , OCTH37TCR TOJIbKO Te, B KoTophix p = V J.JIfl Ho944nh1HeHToB b,, 

IIOJIYV9TCH CHCTema JIHHetHbIX aire6pawiecxnx ypaBueHn C TpeyroJ1bHoI MaTpn-

j. (r' (-1)' v!	
_-i')! 

b,=	)(0).	(r = 0, 1, ..., 28). 
, 0\ v /	(48 -	 S 

Auajiornqno	 . 

(r	(48—v)!
a, = u(')(1)	(r = 0, 1, ..., 28). 

(4s - r)! 

TaRHM o6pa8oM, RoofngHeHmI a,, n b,, onpee.1rn1oTcH 08 TpeyrojibHEiX CHCTM 
o6nel MaTpI1Le, HO c paam tmImiil cro.m6raMH cB060HMx qijenoB. flocie Toro, oax 
9TH CHCTeMU peIfleHhI, UOJIHROM Q M07*CHO HCflOJ1b8OBTh ABORHO. Ono cnoco6 COCTOIIT 
B TOM, wro Q MO7*(HO P8CCM&TPTb KR npooioenue 4yHHUHH 'U aa npoMe?HyroK 
[0, 1] H HCUOJ1b8OBTB KB8PTYPHYI0 4OpMyJxy (6.7). Ho gpyromy Cnoco6y noiiarae 
U = Q + V H, CJ1eoBareJ1bHO, 

I	II 
fu(t)dI=fQ(t)dt +fv(t)dI. 

flepBJl HHTerpaJl cnpaa 9J1MHTPHO B&VHCJIHTCH RaR cyMMa 6eTa-yHKLnl, 
yO7KeHHMX COOTBTCTBCHHO na a,, nin li,,. Bo BTOOM inerpaie ce.naeM 8&MCH 
I = 2r - 1/2, v(t) = w(r). flpu OTOM 

1	 3/4 
f u(I)dt = 2 f w(r)dT. 
0	 1/4



106	C. 

DyHyRLWa w onpeeieua Ha Bcerl BeIrecTBeHHOtt ocli II paBRa.HyHenpoMeayTKa 
[1/4, 3/4]; IIPH OTOM oa nprnapienwi H iiaccy C(?M. ficHo, WO 

3(4	 1 

f w(r) dr = j w(i) dr;	 (7.2) 
1/4	 0 

BLz6epeM n TaK, tno6h1 h < 1/48; OCJIH npnMeHHTb K HHTJIY B(7.2) dupaBa 4op7
MYJIY (6.7), TO HO1'paE11HMfl ciolt IICVeBHeT, H nerpai (7.2)	7rnculeTc1 no O? 

yize Tpanetntt, KOTOPH B 1&HHOM ciyae o6a)aeT BhICOHO1 TOqHOCThIO. 
Haic ii B § 4, Hal o6e1McB, WO, XPOMO HCCJIegoBaHHO1 B § 5 norpemnocn arinpoic-

cHMawlH , C KBapaTypHO11 4opiyiiolt (6.7) ccieana ene TOJthRO ,norpeinnocm OK-
pyrieHHg ; ecIn HOH8BOHTb Bal'iHCJIeHIIH C rmbimeHHOA TOtIHOCTaIO, TO B AaHHOM 
ciy'iae nol'penhkIocTb opyrnennw nO-npeiKneMy OLHHBTCH 110 HepaBeRcTBy (4.1). 
06na'i norpemnocm opiyiw (6.7) oieiinBaeTc, C T0'iHOCTLIO jO Ma2Ihlx cjiarae-
MUX BMCIIIHX nopHJHoB,.CyMMOfl npawx 'iace 4OpMyJl (4.1) w (5.4). 
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