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On the Ranges of Realizations in Distribution Spaces

J. TERVO

The paper deals with the closedness of ranges and the surjectivity of realizations related
to linear partial differential operators L(x,D). A characterization (with the help of a cer-
tain coercivity condition) of the surjectivity of the maximal realization L';k G in

k(C) ={ueD(G)lu= fy| G for some £, € BP i }is established. Here BP xk(pe(0,1),
K c K )is the Hormander space. Furthermore, the closedness of the range R(A KGN
corresponding to the minimal realization Ap k(G) in local Hormander spaces Bl°°(G) =
{ueD'(G)l Yue BP i forany ¥ ¢ Co (G )} is considered.
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1. Introduction

Let L(x,D) be a linear partial differential operator with C ®(R")-coefficients. Further
more, let G be an open set in R™ Choose p € (1,) and k ¢ K, where K is the Hormander
class of weight functions k: R” —> R. We shall deal with the closedness of the range
R(A_ (G)) of the minimal realization A, (G) in the local Hormander space B:’i (G).
The closedness of R(/\;_k(G)) is closely related to the theory, of L(x,D)-convex sets
(cf. [3, pp. 41 - 597, [8, pp. 57 - 120], (S, pp. 358 - 371] and (6]). This can be seen, when
we consider, for example, the operators L({ D) with constant coefficients. In this case the
closedness of R(A, ,(G))implies that R(A; ,(G)) = B}l,?,f(G) and so also for the maxi-
mal realization in B:,f’z(G). say A, k(G), one has the equality R(A), x(G)) = l°° x(G)
(cf. [6] and note that N(A[. 1,,v(G))n E'(G) = {0}, that is, the distributional equatlon
L(D)u=0,ue E(G)n B;f"f/kv(G)holds if and only if u = 0). The surjectivity of
A'p"k(G) implies that G is L(GA)-convex (cf. [3, Theorem 10.6.6]) and on the contrary
(cf.[3,Theorem 10.6.7]). Especially, one finds that, if R(A, ;(G)) is closed in Bl°°(G)w1th
a fixed pair (p, k) € (1,) x K, then R(Aq_k«(G)) is closed for any pair (g, k") € (1,®) x K.

The surjectivity of the maximal realization L'y x g in B, x(G) = {ue D'(G)l u =

fy) for some f, ¢ Bp,k} can be characterized by means of the validity of the inequality
IL(x,D)ellp 1 uv 2 cllellp iy @€ C°(G)

(cf. Theorem 2.2). Also the closedness of R( Ly, 4 ) can be characterized in an easy way.
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The surjectivity of the operator A, ,(G) (which in many cases is equal to A'p‘:k(G )
and the closedness of R(A, ,(G))is much more difficult to check. In Theorem 3.1 we
show a necessary criterion that the range R(A, ,(G)) is not closed. Furthermore, in The-
orem 3.4 we establish a sufficient condition that R(A ((G)) is not closed (under suitable
circumstances). Theorem 3.6 shows that in some cases our theory will give a characteri-
zation for the closedness of R(A, ((G)). The basic idea is to study the existence of the
distributional solutions v for the equation L'(x,D)v = g, vn;here veE(G) ge¢E(G)and
suppv n0G # O, where 9G is the boundary of G, and © denotes the empty set.

2. Definitions and preliminaries

2.1. For the (unexplained) notations and definitions concerning the distribution theory and
its related topics, we refer to the monographs [2, 3].Let G be an open set in R™ and let
pe (1, ®) and k € K: We recall that B,, ; is a Banach space and B:,?z(G)is a Frechet
space. For p < ©, the space Cg" is dense in B,, , and C5°(G) is dense in B:,?E(G). The
notation B’ (G) means the intersection B, , n E (G). The completion of C4°(G) in
By, i is denoted by B, (G ). Then one sees that B, ,(G) C B, y n E'(G). Here E(A)
(where A C R™) is the set of distributions v ¢ E "(R”) such that suppu C A. The set {u ¢
By, x| suppu C A} is denoted by By x(A). Finally, we denote by IB,, (G ) the set of dis-
. tributions u € D'(G) such that u = f,,|  for some distribution f,, ¢ B

P
tes the restriction of f, to G. One sees that IBP',\.(G) is isomorphic with the factor space

 k»Where £, deno-

B, /B3 (R™\ G) and we transfer the topology of this factor space to B, ,(G)in the
p.k P. p.k
.k Since R™\ G is closed in R?).

Furthermore, one sees that for p € (1,®) the spaces BP',I/kv(G) and B, (G )are in du-

canonical way (note that BJ ,(R"”\ G)is closed in B

ality with respect to the extension of the bilinear form

A C(HG) x CP(G), Meud) = Jrnelx)d(x)dx .
Here C(5)(G) denotes the subspace of functions ¢ in C*(G) such that there exists fy, «
Co° with ¢ = fy,; i - Note that C(,)(G) is dense in B, x(G), p< @ We also write IB¥(G)
= ﬁp_k{u ¢ D'(G)| u = f, ;G with some f, ¢ B}:E(R")}.

2.2.Let L(x,D) = Z5,<, a5(x ) D be a linear partial differential operator with IB<(G )-
coefficients. The formal transpose |51, (-D)®(ag(x)(-)) is denoted by L"(x,D). Let
Ly ke (pe(1,®); ke K )be a linear operator B, ;(G) = B, (G) such that

D(Lp,k,G) = C;’(G) , Lp.k.o P =L('\'vD)CP.

Then L, x G is closable in B, ,(G): Let {,} C Cs°(G)be a 'sequence and let g ¢
B, «(G)be an element such that llg,l, x> 0and iL, x c ¢, -&ll, x = 0 as n > .
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Then one has for any ® ¢ Cg°
g(0) =lim (L, 4 g @)®)=lim, e, (L(x,D)®) =0, (2.1)
where we utilized the fact that for @ € Cg°(G) and u € 1B, ; ,v(G) the inequality

lu(e) s Mully e Nolp (2.2)
holds. Here [l -Ill 5.1 /v denotes the IB ;1 /v (G )-norm. In the last step of (2.1) we obser-
ved that L'(x,D)0|g € B¥(G) for any ® ¢ C5°, since a, ¢ IB¥(G). Due to (2.1) one gets
g=0,andso L ; & is closable in Bp,k(G). The smallest closed extension of L x ¢ is
denoted by LPN'L.,G .

Furthermore, we define a linear operator IL';,,\._G by

there exists feIB, ,(G)such that }

DL ¢ o) - {uelsp_k(c)l L Do = Ny e C(G)
|L":k'ou=f. .

Due to (2.2) one sees that IL';‘,\,‘G is a closed operator. In the case when G = R”, one sees
that B, ,(G) = By, x = By, «(G), and we write L, x gn = L i and so on.
As we mentioned above the spaces B, ((G) and B,y y,,v(G) are in duality with re-

spect to A. Explicitly, this means that there exists an isometrical isomorphism
Jp.ki Bp k(G) > By 1v(G), (Jp UNe) =Ule) Vee C2(G),

and similarly there exists an isimetrical isomorphism
Jprasev i By asv(G) > BL ((G), (Jpam vY(elg)=vie) VeeCs.

Here * refers to the dual space. In (7] we have explicitly shown the existence of J, , and

Jp /Ky -
Let L. 1, kv, be the dual operator of the (densily defined) operator L,y kv, G-
Then one easily sees:

‘Lemma 2.1: Suppose that L(x,D) has IB™(G)-coefficients and that p ¢ (1,®), ke K.
Then the relation
= -1 .
Ly x.c = dpx (Lpiskvc) ook (2.3)
holds .

We verify the next existence result of solutions.

Theorem 2.2: Suppose that L(x,D) has IB¥(G)- coefficients and that p ¢ (1,), k e
K. Then the range R(L', ) ) is the whole space 1B, (G)if and only if there exists a
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constant ¢ > 0 such that

WL, D)ol g pcv 2 cll@lly v forall @ ¢ C2(G). (2.4)

Proof : Suppose first that (2.4) holds. Then the range R(L\y 1 kv,G )is closed in
B 1/kv(G) and the kernel N(+) is trivial, i.e. N(Ly' 1 kv, ) = {0}. Hence one has

R(Ly1sxv.c) = R(L'p’\".l./k",G) = By 1 kv (G).

Since, by (2.3), IL';, G Jp__,l( o(Ly1/kv,G)°Jp i » where J’;_k is a bijection, one gets
that R(IL'p 1. ) =By x(G).

Suppose that R(IL'y x ) = B, x(G). Then, by (2.3), R(L'y" 1 iev 6 ) = By 1/kv(G).
Hence the range R(Ly "1 /xv,6 ) = R(L;y 1,kv,G ) is closed and for the kernel we have the
equality N(L;% 1 /v, ) = N(Ly1/kv,6) = {0} (cf. [4, p. 168 and 234]). Hence (by the

Closed Graph Theorem) the inverse LPN ;/lk",G is continuéus, which implies the validity
of (2.4)0

Remark 2.3 : a) Theorem 2.2 says that, when (2.4) holds, then the distributional equa -
tion L(.\',D)u =f,uc IBp‘k(G) is solvable for any fc IBp,k( G).. As well known, thefe are
several kind of algebraic criteria under which (2.4) is valid. The criterions in’ question are
often independent of the underlying open set G. b) The operator lL’;_k.G is called maxi-
mal realization of I{x,D) in pr,k(G) and the operator L'p',l/k",G is called the minimal
realization of L'(x,D) in By 1/kv(G).

The closedness of R(IL',; , ) can be characterized by

Theorem 2.4: The range R(IL'; x ) is closed in IB,, k(G )if and only if the range
R(Ly 1 /xv,c ) is closed in By 1 /v (G). '

Proof: From Lemma 2.1 we. obtain that IL'; , & = Jp__L °(Lp1/kv,G)°Jp k- Thus
the range R(IL’;',('G) is closed if and only if R(L};’.l/k",c;) is closed in By 1,4v(G).
Furthermore, the range R(L" 1/xv,G ) is closed if and only if the range R((L)p"1/kv.5)")
is closed in (By 1,xv(G))® (cf. [4, p. 234]). Since By,1/kv(G) is a reflexive space for
pe(1, @), one sees that (L, 1 kv, )" = x© Ly kv, © !, where x: Bp"{/k'v('G) -
(Bp'1/kv(G))" is the canonical isomorphism (cf. (4, p. 168]). Hence R(Lp 1/kv,6)°) is
closed if and only if R(Ly" 1 xv, g ) is-closed B

With the same kind of conclusions as made in the proof of the previous theorem one
gets : The range R(IL i ) is closed in IB,, ,(G) if and only if the range R(L;’.l/kV,G)
is closed in By 1, xv(G),where IL ;& is the minimal realization of L(x,D)in B, ,(G)
and where L /v, o is the maximal realization of L'(x,D)in By 1/kv(G).
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Let Q be the factor space B 1, v(G)/N(Ly" 1 kv, ) (with the usual norm topolo-
gy). Denote the norm in Q by |- [|~. Then the range R(Lpy 1 kv, ) is closed if and only if,
with some ¢> 0,

ilL'(.\',D)(pllp"Vkv 2 cllel™ forall ¢ € C°(G). 2.7)

The estimate (2.4) implies that of (2.7).

2.3. Assume that L(x,D)has C (G )- coefficients. Then the
minimal realization Ay, k(G) in Bl°°(G)
and the

1
maximal realization A' «(G).n B o:(G)

of L(x,D) can be defined (cf.[6]; the definitions go analogously to Ly kg andIL %) ).
Furthermore, the maximal realization F';k(G)of L(x,D)in ch,k(G)is analogously de-

fined. The operator I, ,(G )is defined by

3 a sequence {¢,} C C°(G)anda g ¢ B,:k(G)}

DI'N.G),:{ BS (G
(Tp .l G = Ve By il G) such that ¢,, > vand L(x,D)¢, > gin By ,(G)

T (Glv=g

In the next chapter we shall consider the closedness of R(L, (G)) (in B 1°°(G))
which is much more complicated to check than the closedness of R(L, %.c) orR(IL; x )
(in IBP‘k(G)). In the study one must take into account the geometry of G and the cha-
racteristic curves with respect to L'(x,D) ( cf. Theorems 3.3, 3.4 and 3.6).

To preparate the investigations we present the following lemmas for pe(l,©)and k¢
K (cf. [6]).

Lemma 2.5: The range R(AN‘ «(G)) is closed in B 1°°(G) if and only if the range
R(T 5 1,kv(G)) is closed in B 1 kv (G).

Lemma 2.6: The relation R(A}, (G)) = loc( G) holds if and only if
() R(Tg"1/1v(G)) is closed in Bg. 1, (G) (i) N(T g 1,1v(G)) = {0}.

Remark 2.7: a) Similarly one has the following:

1° The range R(A',:_k( G )) is closed in B;?E( G) if and only if the range R(r;;'.’\-l/k"(c ))
is closed in By, 1/kv(G).

2° The relation R(Ap x(G )) lc)/S(G) holds if and only if

1) R(I,71,xv(G))is closed in Bg1kv(G). (v N( Ty 1/kv(G)) = {0}
The proofs of | and 2 goes analogously to the considerations expressed in (6] ( cf. also
(8. pp. 49 - 51)). :

b) We recall that the closedness of a subspace H in BP 1/kv(G) means that H
Bp 1/kv(K)is closed in By, 1/kv for any compact set K C G.Furthermore, the closedness
of Fi=H n Bp 1/kv(K) in (a normed space) B, /v means that F is sequentially closed.

Il Analysis. Bd. 10, Heft 2 (1991)
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3. On the closedness of R(A;k(G))

3.1. We assume everywhere in this chapter that the operator L(x,D) has C - coeffi-

cients. For the first instance we establish

Theorem 3.1: Suppose that G is bounded. Furthermore, assume that (with ¢ > 0) the
estimate (2.4) is true, ' v
T 1kv(G) =TT v (G), (3.1)

and that the range R (A, ;(G)) is not closed in B;?E(G). Then there exists elements v ¢

B, 1,xv(G) and g € By 1 ,xv(G) such that (recall that Ly sv = Ly g kv, r)

L;',l/k" v =g and suppv n oG * Q. (3.2)

Proof: Since we assume that R(A, (G))is not closed, we obtain from Lemma 2.5
that R(I’;ﬁ,]/kv( G))is not closed in By 1 /xv(G). Due to Remark 2.7/b) we see that the-
re exists a compact set K C G such that F = R(F;"l/kv(Gv)) N By 1/kv(K)is not clo-
sed in By 1 xv. Hence one finds an element g ¢ F \ F. Choose a sequence {gn} C Fsuch
that llg,, - gll,-1kv—>0as n—> . Since g, ¢ B:»'l/kv(K) and since B,f',1/kV(K) is clo-
sed in B, 1, xv, one sees that g € By 1 v (K ). Thus g does not belong to R(To1/kv(G)).

The assumptions (2.4), (3.1) imply that

T3 1 kv (GO || prasiey 2 €Il e g iev for all ve D(TS v (G)).
Choose v, € D(T. 1,kv(G)) such that T5. 4, v(G)v, = g,. Then {v,} is a Cauchy se-

quence in B,y xv. Choose v € B,y v With llvy, - vl 5o kv > 0. Then v e By 1 xv(G)
(since B,y ,.v(G)is closed in B, v ). Furthermore, one sees that, for all ® ¢ C, (G),
p1/k p.1/k o

&(®) = lim, (T 5 1/kv(G v, )(®) = lim, v, ,(L(x,D)®) = v(L(x,D)®)
and so L;.’,/kv v = g . In addition,

veB, 1,xv(G)CE(G)and g e By 1,v(K)C By v(G).
Suppose that suppv n 3G = ®. Then one has

suppv C G n (R™0G)=(GudG)n(R"\0G)=G.

Hence in this case v e D(T;- 1,4v(G))and Ty, v(G)v = g. This contradicts the fact
that g ¢ R([,’ ) kv(G)). Thus suppv n G # O, which finishes the proof

Romark 3.2: a) Suppose that L(D) = 5|, aoD° has constant coefficients and that
G is bounded. Then (2.4) and (3.1) are valid. b) Suppose that A;"l/kv(G) = A'p‘t’l/kv(G)
(this relation holds for any first -order operator L(x,D) = ZIOIS: ao'(x)Doin the case
when p = 2 and k =1 (cf. [1]). Then one easily sees that (2.4) is valid. c) The assumption
(2.4) can be replaced by the weakex; estimate IIL'(x.D)cpIIP'_l/kv z2cllell T forall g ¢ C:’( G)
(recall that llell™ = inf{llqa - u "p',l/k" | ue N(L’,;_kv‘c)}.



Realizations in Distribution Spaces 155

3.2. In the sequel our aim is to seek criteria under which the existence of elements v ¢
By 1/kv(G) and g e By y v ( G )satisfying (3.2) implies that R(Ap. x(G))is not closed in
B8 (G).

Assume that h is a real-valued function in CY{R?). Furthermore, assume that there

‘

exist points x| and x, with

h(xy) <0 and h(x5)>0 ) (3.3)
and

(Vh)(x) # 0 for any x ¢ h~Y0). _ (3.4)
We suppose that G= h™}(-®,0). Then R”"\ G = h~40,®) and 0G = h~}(0). In addition,
by (3.3) one has G + O and 9G = @. The boundary 0G = h ~}(0)is by (3.4) a regular hyper-
surface in R™. ‘

The next theorem yields information about the points, where oG can touch supp v (cf.
(3.2)). '

Theorem 3.3: Let G = h"’(—oo,O) as above and let L(x,D) be a partial differential
operator with (in R") real-analytic coefficients a,. Suppose that there exists elements v
€ B,y xv(G)and ge By v(G)such that (3.2) holds. Then one has

L (x(Vh)(x))=0 V xesuppvndG, where L (x,E) = 35, ag(x )E°.

Proof: a) Suppose that x ¢ suppv n 3G. Since supp g is a compact subset of G, there
exists a constant d > 0 such that dist (suppg,{x}) 2 d and then L. v v =0in B(x,d)
= {y € R?| Ix - y| < d}, where dist(A, B) is the distance between A and B.

b) Suppose that L (x,(Vh)(x))# 0. Then there exists a number ¢ ¢ (0,d) such that
L (x,(Vh)(x))#0 on that patch U, := B(x,e) n 0G. Then the patch U,, is a regular C1-
surface and U, is non-characteristic with respect'to L'(x,D) (note that L' (x,E)=(-1)""
x L (x,€)). In addition, since R\ G = h~1(0,), one sees that L 1 ,v v =0 in {y ¢ R”|
h(y) > 0}. Thus v = 0 in some neighbourhood of x (cf. [2, Theorem 8.6.5]), which is a

contradiction, because x e supp v il
A partial converse of Theorem 3.1 is obtained by

Theorem 3.4: Suppose that G = h™}(-,0), where h obeys (3.3) - (3.4), and that L(x,
D) has (in R") real-analytic coefficients. Furthermore, assume that

N(Lg 1/kvk,) n E'(R?) = {0} (3.9)
and that for any x € G there exists a constant ¢, > 0 such that

Ly (Vh(y)*0 on (B(x,ex)\{x})n oG, ' (3.6)

where we denote k (E) = (1 + |E|2)$/2). Then the existence of elements v ¢ B, | ;v (G)

1*
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and g € By 1 /i G ) satistying (3. 2) implies that the range R(Ap kx(C ) is not closed in

;°§L(G>

Proof : Due tc; Lemma 2.5 it suffices to verify that the range R(T -, 1/k"lg(G)) is not
closed in By v, (G), that is, R(Tp 1/kvk (G))n 017k vk, (K ) is not closed with some
compact K C G.

Suppose that v ¢ Bp'_l,,;v(G)and 8 € By 1 ,v(G)are such that Ly 1k v = g and
suppv n 0G *# @. Choose x € suppv n 0G. Due to the assumption there exists €,, > 0 such
that L .(y,(Vh)(y)) # 0 on (B(x,e,)\{x}) n 0G. Hence, similarly to the proof/part b} of
Theorem 3.3, one obtains that v = 0 in some neighbourhood U,, of (B(x,e,,)\{x}) n 0G.
Choose 9 ¢ Cg~(B(x,8)) such that (x) = 1 in B(x,8/2), where § := {¢,/2, dist(suppeg,
9G)} > 0. Define distributions w,, by w,(®) = (9v)(p(+) + 1/,(VA)(x)) (we translate $v in
the direction of the vector -v,(VA)(x); note that -(Vh)(x) is pointing to G and that

(Vh)(x ) is the normal of 3G at x). Then one sees that, for n large enough, the inclusions
€ B I/I\VA(G) and g, =g 1/ka(G)W € B 1,kv,\(G)

hold. Note that g, = (L. 1/kVi, W)n,where w = 9v and where (Lo /v w)n is similarly
defined (via translation) as w,,. Furthermore one finds that g, = g = LP \/kVk, (9v)in

B,f'.lkak,(G)~ Since N(L;’.l/k"k,) n E'(R") = {0} and since 9v ¢ By 1/ka(G) one

sees that R(Tp 1 vk (G)) is not closed in Bg 1/kvi(G)N

Remark 3.5: a) Suppose that L(D) has constant ‘coefficients. Then the relation (3.5)
is valid. ) The condition (3.6) is‘in many partjClxlar cases superflous, as we shall make
e>'(plicit below (Theorem 3.6). c) Also the 'I_'h;eorem 2.5 in [S,p. 367] can be applied (as
abox;e) to the study of the closedness of R(A;.kkr(c))fd) In the case of constant coeffi
_cients,the assertion in Theorem 3.4 can be .replaced by the }'ollowing:The range R(A;'k(G))
is not closed for any ( p,k) ¢ (1,) x K (cf. the Introduction). ®) Suppose that G and L(x,D)
are as in Theorem 3.3 and that L,(x (Vh)(x ))# O for all x ¢ 9G. Then there do not esxist
elements vc By 1,/v(G)and g ¢ By l/kV(G ) such that (3.2) is valid (c¢f. Theorem 3.3). f)
We also remark that (under the assumptions of Theorem 3.4) the points where suppv can

touch 9 G are isolated points of 9 G (cf. the proof of Theorem 3.4)

3.3. We consider some examples.
A Let L(x,D) = -i(xyDy +x3D5) and h(x4,x3) =1 - x£ - x}.Then one sees that G
= B(0,1), (Vh)(x) = (-2x4, -2x5) * 0 for any x ¢ h~}(0) and h(0,0) < 0, A(2,0) > 0. In

addition, one gets
L (x,(VA)Xx)) =L (x,(-2xq, -2x5)) = -2i(x{ +x3) = -2i
for x ¢ h~1(0) and

Re(L(x,D)p,@), = 1/2((-i(x,D, +x5D5)9,9), +i(®.Di(x19) +Dz(x2cp))o) = el
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for all ¢ € C, (here ((p,a))o = Jan @(x)${x) dx). In virtue of Theorem 3.1, Remark 3.2/b
and Remark 3.5/e one sees that the range R(A3(G))is closed in LY(G).

B. Suppose that L(x,D) is as in Example A and that G = R2\ B(0,1). Then due to Re-
mark 3.5/e one sees that there do not exist elements v € B, . v(G) and g €By 1,kv(G)
such that (3.3) is valid. It is remarkable to note that, when L(D) has constant coefficients,
when L(D) is non-elliptic and when G = R2\ B(0,1), there exist elements v ¢ Cs°(R™),
ge CS(R™)such that L'(D)v = g (in R?), suppv € G and supp v n 3G + ® (cf. [2: Theo-
rem 8.6.7] and Figure 1). Hence by Theorem 3.4 one gets that the range R(A, (G))is

N
N

Figure 1

not closed in Bl°°(G) Here one must note that any v ¢ Cq° with suppv C G .belongs to

P

. By 1,xv(G) (since in this case Bp',l/kv(G) = p',l/kV(G))- In addition, one sees that
(3.5) - (3.6) are valid. ‘

3.4. We finally consider the operator L( D)with constant coefficients. Suppose (as above)
that h ¢ C'(R™) is such that (3.3) - (3.4) hold and that G = h™'(-,0). Denote s(o 1) =
{x ¢ R" Ix| = 1}. We show the following -

Theotem 3.6: Let G= h™1(-,0) be a bounded set and let L(D) be an operator with
constant coefficients such that the set C = {N € S(0,1)] L.(N) = 0} is finite. Then the
range R(A, ,(G)) is closed if and only if there do not exist elements v ¢ By 1 v(G) and

g€Byy,v(G) such that Ly 1w v'=g and suppv n 3G * O (see (3. 2))

Proof : A. Suppose that R(A;_'k(G)) is not closed. Then, due to Theorem 3.1, the re-
quired elements v and g exist (cf. Remark 3.2/a). Hence it suffices to show that, if the
range R(A, ,(G))is closed, then the elements v and g satisfying (3.2) do not exist.

B. Suppose that the range R(A «(G)) is closed. Then R(A yj (G)) is also closed
and so R(r;’,l/kvkr( G))is closed in B “1/kvie (G) (cf. Introduction and Lemma 2.5). As-
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sume that v and g owning (3.2) exist. This leads to a contradiction as follows: Due to
Theorem 3.3

L (x,(Vh)x))=0 forall x esuppvndG. (3.7)
Choose X, € supp v n 9G and define F, = {x € 9G| (Vh)(x) = (Vh)(x,)}. Let Cy be the

connected component of F"o containing x,. Since C is finite there exists (by (3.8)) a con-
stant & > 0 such that v =0 in G, = {x € 9G\ Gy | dist(x,Cy ) < }. Define numbers d
and 8 by d = dist(suppf, 9G)> 0 and § = min{d,¢}. The set Us = {x ¢ R"| dist(x.Cxo)
<8} is openand fy = { x e R”| dist(x, C, )< 8/2} is a compact set of Ug.Choose a func-
tion 9 € Cy (Us) such that 9(x) = 1in Fy and define w,(¢) = (8v)($((-) + ¥, 'Ny)), where
Ng = (Vh)(x,). Then one sees that, for,n large enough, one has w,, ¢ E(G) and

Cp/kvic{GWn = Lo 1 jievie (8v) = %((-1)"!' «!)D*$L)(D)v

in By 1/kvi (G). Hence R'(I‘ 1KV E (G)) is not closed (reca]l N(Lp 1 ki )nE (R™)

= {0}) which is a contradiction il

Remark3.7 : &) The boundedness of G in theorem 3.6 is not essential (which fact we
shall not deal with in detail) b) One sees that the heat operator L(D) = -iD, 2, D2
and the wave operator D1 - D2 satisfy, for example, the'assumptions of Theorem 3 6
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