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An existence and uniqueness theorem for the generalized solution (in the "almost every-
where’” sense) of the Cauchy problem for a quasilinear functional partial differential sy-
stem of the first order is proved.
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1. Introduction

We denote by R” the n-dimensional real vector space with the norm |is ||, = max, . ;¢ ,Is;|
(s={(sq,....s,) € R?) and by M(m, k) the space of real m x k matrices. Furthermore by
C(X,Y) we denote the usual space of continuous functions from X'to Y and by L(I,R.,)
the usual space of Lebesgue integrable functions, / C R being an interval and R4 = [0, +).
Let Jbe the set of all functions ¢ = (®y,..., 9,,,) € C([-h, 0] x R", R™), h 2 0, such that,
for some A, T ¢ R, and w e L,([-h, 0], R,),

le(x, y),sT
le(x,y) - e(x, 7l ,sAlly -7, , Y(x,y), (x,7),(%,y)e[-h, 0] x R",
ho(x,y) = (K3 Mms| [T ol )t |

Let B={(x,y) e[-h,0}x R™: |ly ll, s b}, where 0 sbs +o ., If z e C(B,-R™), then we
write lzllg = sup{llz(s, ¢)ll,,: (s, t) € B}. We will mean by K(P,Q) (P, Qe R ) the set
of all functions w ¢ C(B, R™)satisfying the following condmons

G lw(s, ), <P, lw(s,t)- wis,t)lmsolle -7l \,f(s,vt),'(s,t_) €B.
) Iw(s0) = w(E, )y s |[Tel@da| (veLy(l-h,0], R) ¥ (s,0), (5,0)¢B. .
Let Q=[0,a0) x R"x K(P, Q), Q¢ = [0, ag) x R"x R™, where ag > 6, and let
A=[Aij]:no—>M(m,:}z).p =[e;j):Q>M(mr), f =[f1,..frn] Q> M(m, 1),

where T is the transpose symbol.

For any a ¢ [0, ag) let D, = [0, a]x R7, D, =[-h, al xR".If z¢ C(D,. R™), then
for a fixed (x,y) € D, by 2z,,,: B - R™ we denote ‘the function defined by z,, (s, t) =
z(x +s,y+t), (s, t)eB.

For a€(0, ag], ¢ € J and some P, Oe R,,xeL,([-h, 2,1, R,) let K (P,x,O)den_ote
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the set of all functions z ¢ C(ﬁa, [R”’)Such that

() lz(x, pMlps P, _
lz(x,y) - 2(x, 7, Qlly -7l . V(x,y),(x.7),(%,5) €D,

Nz y) - 2By W s | [ xCe ) |
(i) z(x,y)=olx,y) v V(x,y)eDo.

Remark 1: If z ¢ K (P X O) and P2 T, Q = A, then for any (x,y) ¢ Dgwe have
Zxy € K(P,Q). If x(cx) z (o(a) for a.a. (almost all) « € [-h, ag], then the condition (ii)
from the definition of K(P,Q) is now satisfied with t defined for o ¢ [- A, O] by () =
x(x + a). In Section 3 we will introduce some additional conditions for P, x, Q.

We consider the quasilinear hyperbolic system of differential - functional equations in
the Schauder canonic form

% Ajilx,y,z(x,y))
x I:szj(.\',y) + kinpik(""y’zxi’)DYk z;(x, y)] (i=1,...,m) : (1
= fi(x,y,25)
with initial condition

z{x,y)=o9lx,y), (.\’,y)iﬁo-‘ @

Any function z ¢ K., (P, x, Q) satisfies (2). This function is a solution of (1), (2) if it sa-
tisfies the system (1) a.e. (almost everywhere) in D,

If h=0 and b = O, then (1) reduces to a differential system in the Schauder canonic
form, which has been studied in a large number of papers by various authors. We mention
here those of I:. Cesari [7, 8], P. Bassanni L2-5)], M. Cinquini-Cibrario {9] and P. Pucci
[12]). As a particular case of (1) we obtain a system of differential equations with a retar-
ded argument (cf. [10]) or a few kinds of differential -integral §ystems (cf. for instance
L61). Differential - functional systems studied by J. Turo [13, 14] are also concerned in (1).
More detailed description for these cases is given in Section S.

The aim of this paper is to prove a theorem of existence, uniqueness and continuous
dependence upon Cauchy data for (1), (2). We use the method based on the Banach fixed
point theorem which is close to that used in [14] (see also [8, 10]).

2. Bicharacteristics
Let (U, s = max { _‘|U,J| 1sis m} be the norm of U ¢ M(m, k), U = [U;;].If
U ¢ M(m,1), then we write U |, instead of NUll,, -

Assumption (H,) : Suppose the following :

1° 0: Q0 > M{(m,r) is such that o( -, y,w): [0,a0] = M(m,r) is measurable for all
(y,w)eR"x K(P,Q),and p(x,-):R"x K(P,Q) = M(m,r)is continuous for a.a.x ¢[0,a,].
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29 There are functions n,/ ¢ L,([0,a20), R,) such that for a.a. x € [0, ag] and for all
(y,w),(7.%) e R x K(P,Q)we have

lo(x, y,wlly s n(x),

lo(x,y,w) - olx, 7,W )y, s Hx)[lly-Fly + llw-wlg].

3° p,ke(0,1), and a €(0, ag] is sufficiently small so that L (1+p)(1+ Q)sp, L,(1+ Q)
s k,where L, = [J1(t)dr.

If g = Eg,-j:]_e C{(L ,,M(m,r)), where &, = [0,a] x [0, 2] x R”, thenwe write g; =
(gi1,--1&ir)s 1 = 1,..., m. By Kg we denote the set of all functions g ¢ C(A,, M(m,r)) such
that for all (x,x,y), (E,x,y),(E x,y),(E,x,¥) ¢ A, and i = 1,..., m we have the follo-
wing :

() gilx,x,y)=y
(ii) “g,(&,x,y)— gi(gvxvy)"r s

fEEn(t)dtl.
Gi) g€, x,¥) - (&, x,7) - (v - 7). splly -7 1,

Let Ko be the set of all functions h ¢ C(Aa, M(m,r)) defined by h;(E,x,y)= g,(E,A ¥)
-y, i=1,..,m, where ge¢ Ko. For he Ko we have the following conditions :

(i) h;(x,x,y)=0.

fEE n(t)dt‘.
i) | hi (8, x,0) - bi(E,x, 7)), s plly -7,

(ii) "h,(gxx)y)- h,(—E_,.\,y)",.S

where (x,x,y),(E,x,¥), (E,x,¥),(E,x,¥) ¢ A, and i = 1,...,m. Note that the functions
he Ko are bounded. Indeed, for (£,x,y) €A, and j=1,..., m we have

||hi(E,x,y)||,= ||h,-(§,x,_y)— hi(x,.\‘,y)”,s Ng, where N, =f°8n(t)dt.

[t is easy to check that K:) is a closed subset of the Banach space consisting of all func-
tions h: A, - M(m,r) which are continuous and bounded with the norm

Nhlls, = sup {IlACE, X, 9l 2 (E.x,5) €4,).

For any fixed z ¢ K,,,(P, x, Q) we consider the transformation G = T, g defined for g
e Ko by ‘

3 ,
GiE.x,y)=y+ fo,-(r,gi(r.x,y),z,,gi(,,x,y)) dt ((E,.\',y) €Bgii=1,.,m)
X

Lemma1: /f Assumption (H,) is satisfied, then for anyb ze Ko, (P, x,Q) the transfor-
mation T, maps Kq into itself and it has a unique fixed point.

The proof of this lemma is similar to that of Lemma 1 [10] and we omit the details @

Remark 2 : If & ¢ K, is a-fixed point of the transformation T, then for fixed i = 1,....m
and (x,y)e D, the function g;(-,x,y) is a solution ( in the "a.e.” sense ) of the characte-
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ristic system of ordinary differential equations
Den(t) = oi(e,n(e),ze n(r))s n(x)=y. . 3)

The functions g; are called bicharacteristics.

Remark 3: If g ¢ K, is a fixed point of the transformation T,, then for all i = 1,...,m
and (§,x,¥), (E,x,y) e A, we have

leig. x. )~ git&. 2.9, s xa|f3 nCer ], : ‘A (4)
‘where )‘a = exp [L4(1+ Q)]. Indeed, if £ 2 x we have

lgie.x.»)- gite. 2. )|,

E 3 ‘
Jeilt.aite. x50z g (e 5,y)) dt ~Joilt 8t %) 2 gice, 2,5))9t |,
X x

2
fn(l’)d!

AR

£
< + [~ o)lgilex,y) - gitt, =, )|, dr.
X

Now, by Gronwall’s inequality we obtain (4). If £ < x, then by introducing a new variable 8,
E = 2x - B, we derive the same estimate. .

The fixed point of T, depends on a function z ¢ K,,,(P,x, Q) so we will denote it by
glz]. :

Lemma 2: If Assumption (H,) is satisfied, z, z'¢ K, @(P,x,Q) and if g,g’e Ko are
fixed points of T,, T,-, respectively, then

lg-glly sLorallz-2lI5. . ' ' (5)
a a

The.proof of this lemma is similar to the method used in Remark 3 and it is based on
Gronwall’s inequality B '

3. The transformation U,

Remember that Q = [0,a,] x R x K(P,Q) and Q, = [0,2,] x R x R™.

Assumption (H3) : Suppose the following :

1° Ae C(Q,,M(m, m)), and there is a constant v > 0 such that for any (x,y, p) € 0, we
have det A(x,¥,p) 2 v.

2° There are constants H,C ¢ R, and a function p ¢ L,([0, a5), R,) such that for all
(x,y,p), (x,7,5),(F,y,p) €, we have

lA(x, ¥, p i m< H
IA(x,y,p) = AX,7, P m s CLIy -5l +lp-5l,p]

NACx,y.p) = AT, . Pl s | [ w() dr |

Remark 4 : The above assumption implies that for any (x,y,p) € QQ, there exists an
inverse matrix A_1 € C(Qd.M(m. m)). There are also constants H',C’¢ R, and a function.
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u ¢ L1({0, a5 },R,) such that for all (x,y,p), (x,¥,p).(X,y,p) € Qy we have
A" x5, Py m s H”,
A Y (x,y.p) - A" x5, By m s € [y -7l +llp - U],

A" Y (x.y.p) - A_l(i',_y,p)llm_m s l_j; w(t)de |

Assumption (ﬁ3) : Suppose the follov./ing :

1° f: Q> M(m,1) is such that £(-,y,w):[0, ag] = M(m,1) is measurable for all (y, w)
eR " x K(P,Q)and f(x,): R"x K(P,Q) = M(m,1) is continuous for a.a. x € [0, ag].

2° There are functions ny,J; € L,([0, a5]. R,)such that for a.a. x € [0, agland for all
(y,w),(7,w)e R"x K(P,Q)we have

(x5, will ;s nyx)

I£Cx, yyw) = £, 7, @ s L(x)[lly - T, +llw - % llg).

Suppose that (t,x,y) el , z¢ KBQP(P,)(,O) and g = g[z] € Kp is the fixed point of
T,. Then we write

A'(t,x,y)= [Aij(1,g,-(t,x,y),Z(t,g,'(l,x,}’_)))]i,j=1,...,mv

(p‘(t,x,y)=[‘Pi(o,gj(f,x,y)):lj,j=1,...,m;

z*(t,x,y)= I:zi(t,gj(!,,v,y)):li;j=l,m,m ,

Fr(t,x,y)= I:f,(t,g,(r,x,y);z,'gi(,_X'y)),...,fn,(t;gm( t,x,y),z,'gm(,'x'y)):l‘.
For any matrices U = [U;;], V.= [V;;] ¢ M(m, m) we define

UxV=[cy,....c, |7, where c; = ,Zm, Ujj Vi © (i=1,...,m).
Now, for a € (0,aq], ¢ € J let the transformation Z = U,p z be defined for z EKM,( P,x,Q)by

Z(x,y) :A"(x,y,z(x,_y)){Ab"v(O,x,}./) »9*(0,x,y)

ff:[D‘ A% t,.\';y) ez(t,x,y)+ f‘(t,.\‘,y)]dt} ((x,y)e D,,). (6)

Z(x,y)=9lx,y) (x,y)el-h 0)xR").

-Remark S: Because the function A is abscolutely continuous in x and Lipschitzian in y
and p, the function z is absolutely continuous in x and Lipschitzian in y, and the function
8 is absolutely continuous in t, so the composite function A" is absolutely continuous in t.
Then the derivative DrA. in (6) exists a.e. in A 4 and it is integrable in t.

Note that .
AN x,y, 2 (x, ) [A%x,x,y) s (xox,y)]

= A Y x,y,z(x,yNA(x,y,2(x,y)e(0,y) = (0, y).
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By adding and subtracting ¢(0, y )in (6) we obtain
Z(x,p) = 9(0,5) +A N x,y, 2(x YN A0, x,7) 1 9°(0,x,y)
- Ax,x,y) eet(x,x,y)
X Ld . - . -,
+.[o [D,A (t,x,y)rz*(t,x,y)+f (r,.\,y)]dt} .
Then by using
X
A*(x,x,y) - AN0,x,y) = [, Dy A*(t,x, ) dt
we derive for (x, y )€ D, the relation
Z(x,3) = 9(0,5) + A Hx, 5, 2(x, p)(By(x,3) + Ba(x,3) +A3(x,¥)) M
with
Ax,y)= foxf *(t,x,y)dr,
Ay(x,y) = A’(O,x,y)-[cp‘(O,x,y)- ep’(x,x,y)],

A3(x,p)= [ Dy A%t,x,y) e [27(8,x,y) - @°(x,x,y)]dt.

Theorem1: Suppose that Assumptions (H;) - (H,) are satisfied. Then there exist
P.QeR,, xeL([0,25],R.) and a € (0,a4] such that for any ¢ ¢ J the transformation
Uy, maps K,o(P,x,Q) into itself.

Proof : Let us choose constants P, Q¢ R, such that P > " and

Q> A1+ HH(2 + p)). (8)
Furthermore, let us choose constants Ry, R,; R5, Ry ¢ R, such that

Ro>0,Ry>0,Ry>H , Ry >HHA(l- k)t 9)
Now we define a function y; for x € [0,a4] by

xl(.\'):Ro‘u(.\')‘rRlu'(.\')*Rz n,(.\')**R_-,n_(.\"). ' (10)

Let x e L4([0,a0],R.) be any function such that x(x) 2 x;(x) for a.a. x ¢ [0,a0], x(x)
2 w(x) for a.a. x € [-h, 0). Because 4,(0,y) = A5(0,y)= A3(0,y) = 0 for' y € R”, so
.Z(0,y)=¢(0,y) for y e R". Then from the definition (8) we have

Z(x,y)=09(x,y), (x,y)eDg. (11)
Thus we derive o

ZeC(D,, R™). . : ‘ | , (12)

For any a € (0,a4] we write |

Nig = f:nl(r)dr, Ly, = J‘:I,('r ydt , M, = f:uq,(t)dt , Xa = J‘:x‘p(t)dt.

For any (x, y) € D, we have the following estimates :
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N181(x8 3 s [ NECe,x 9y dt s [o my(e)dt s Ny

m

d
82059 m s max 2. | a5 (0.5 )| Allg;i(0,x.5) - g (x.x ¥,
, i =l .

113 = X
< max %IAU(O,,\',y)IAfon(r)dt s HAN,.
it ' »

1=iz m

- m - !
18305 f max 32 |D, Ajj(t,x,»)|(Xa + ONa) e

o 1sis m j=
S (Mg + rC(1+ mQIN, + mCX,)(Xa + ON,) = Sa.
From the above estimates we derive
NZ(x, ¥ M,y sT+H(Ny, + HAN, +S,), (x,¥)eD,.
If we assume a sufficiently small so that
[+H(Ny,+*HAN, +S,)< P,
then for (x,y)e D, we have | Z(x,y ), s P. Furthermore, since
NZ(x,y)l,,=le(x, ¥, sT<P, (x,y)eD,,
we have
1Z(x, 3, sP, (x,y)eD,.
Forall (x,y), (x,¥) ¢ D, we have
Z(x,y)-2Z(x,¥y)=8;+8,+83+8,4 + 385,
where

8] =<P(0y.}’) “9(0,7),

55 =[x,y 2060)) - A7, 2 (x 7)) (B10x,3) + By(x,5) + B3(x,¥)),

8; = A'l(.\',y,z(.\',?))(A;_2(.\',y) - A,--z(.\’,7)> ,i=3,4,5.
By using (H;) - (H3) we can estimate the above terms as follows :

I8,1,, = le(0,¥) -0, P <Ally-7I,,

wn

1851,

C(1+ Q) Ny, * HANS+ SHIly- 71, ,

wn

A

183l s H[TNF (e x,p) = £2(0 x P, dt
sH X1+ Q) +p)lly - 7, dt
sHO+Q) 1 +p)Lilly-7,,

U84l s H{0A %0, x,5) - A%0,x,71] * [#"(0,x,5) - ©*(x,x, 51| m

+ ”A'(O,.\-,:v‘) »[0°(0,x, ) - @™0,x,7) - (0™(x,x,¥) - @ (x,x,7))]

0+ QI8 (x, )y + N850x, 2 + 853, ) Iy - 71,

175
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s HIC(+ Q)1 +p)AN, + HA2+p)]ly -7 I, ,
85, s H'{"E‘"(X,x,y) =AY X T )] e [27(0xG0x0,y) - 90, x,p )]
-[A%0,x,y) - A%0,x, )] * [27(0,x,5) - @*(x,x,¥]]
- [TTAT(ex.y) - A% %, 7)) '.D,z'(t,x.y)dt -
NIDe A x,7) [(2 %t x,5) - 2%(x, 7))
(@ xx ) - 9 x|}
s H[C(1+Q)X, + C(1+ Q)1+ p)ON, + C(1+ Q)1 +p)(X,, + rON,)
+ (M, +rC(1+ mQIN, + mCX,)(Qlp + 1)+ M)y -571,.
In estimating 85 we have used integrating by parts. From the above estimates we derive
1Z(x,9) - Z(x, 7 m s [AL+ HH Q4 p) + 2 ]Iy - 71,

where £, € R, is some constant such that lim,_,,+ =, = 0. By force of (8) we can choose
a sufficiently small so that

A1+ HH'(2+p))+ %, <0, - (15)

and then we have | Z(x,y) - Z(x,y M, s Qlly - ¥ ll, for(x,y),(x,¥) ¢ D,. Further-
more, since Q > A and Z(x,y) = @(x,y) for (x,y)e ﬁo, we obtain

1Z(x,9)- Z(x, 7 Mms Qlly-7l,, (x,y).(x,7) e D,. (16)
For all(x, y),(¥,y) € D, we have
Z{x,y)- Z(X,y) =0y +05 + 03 + 0y,
where
0y = [A_](.\',y,z(.\',y)) - A‘1(,\"’,y,z(.\",y))](A,(x,y) +85(x,y) +A3(A',y)),
o0;= ANT,y, 2(S, )8, 4(x,y) - 8, 4(%,y)), i=2,3,4.
By force of (H;) - (H3) and (4) we can estimate oy,...,0, as follows :
lotllm s (Nya* HAN, + S)(|[Twterde | + ]S x(e)ar ]),
loallm s H(Lya(l+ @a|[5 nCe)ar | + [T ny(t)ar ]),
losll, s (HCO+ Q)X AN, +HHAN,)| [ n(t)dt |,
logl,, < {H'C(l + QN,(2X, + (r +1ON,)
+ HQX (M, +rC(1 +mQ)N,, + mCXa)}U:n(t)dt |

e H( X+ ON|[2 ((6)+ rC(1 v m@)n(£) + mCx(t))dr|.
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Thus we have
1ZCx,y) = ZCGE P 5 11 fo e de |+ vaalfow(erde |« H|[] my(e)at |
F(HHA  + va |5 n(e)de |+ vaa|fT o),

where v;, € R, are constants such that lim,_,,+Y;, = 0. By force of (9) we can choose
a sufficiently small so that ’

Y1a s - vY4.)R0 » Y22 5{1-7v4,)Ry, a7)
H <(1-Ya4.)Ra , Y3as(1-v4,)Rs - HHAX .
Then from (10) for (x, y), (X, ¥y) e D, we have
lZ(x,y)- Z(Z, M 1y
= ~
s(1-vaa)Rol [ u(e)dt| +(1-v4 IR [ w(e) at |
s (- yamR|[] me)de | + (1 -y g DRs|[] n(t)ar | + 40| [ x(t)ar |
= (- va)|[ a0 ar [+ vaal [T ar | < | fox(e)ar .

Since y(t)2 w(t)a.e. on[-h,0] and Z(x,y) = ¢(x,y) for (x,y) ¢ 50, it follows that

12(x,0) - Z(Z PN s [V de|, e, p), (% y)e Dy, 18)

Therefore if we assume a sufficiently small so that the inequalities (13), (15), (17) hold,
then by force of (11}, (12), (14}, (16}, (18) the transformation U, maps KB‘P(P,)(,O) into
itself B

For ae (0, 'ao] we define constants

Go=1+2HH+H(M,+rC(1+mQ)N,+mCX,),

Gla = C'(Nyp+ HAN, + S,),

Gan = HL1a(1+(1+ Q02 ,L,),

Gaa= HA[HX L, ¢ CNy(1+ (1+ Q)X,N,)],

Gan=H[CX,+ C(Xa+ ONL(1+r))(1+ (1+ Q)X ,L,)

(Mg +rC1+ mQIN, + mCX,)(1+0,L,)]

Lemma 3 : /f Assumptions (H,) - {H3) are satisfied, then for all a ¢ (0, ag], @, € J,
and z € K, (P, x,Q), 2" ¢ Kgo-(P, x,0) we have

1Upz - Upz'llps, s Galle-9'llg, * Gallz- 2'llp,. Gla= ,:Z, Gia: (19)

Proof:Let @, ¢ ¢ J, z¢ K, (P, x,0), 2" ¢ K,,-(P,x,Q) and let g,g’¢ K be the fi-
xed points of T,, T,-, respectively. Then for any (x,y) € D, we have

(Up2)(x,¥) - (Ug-z')x,y) =g + &1 + €3 + 3 + €4,
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where ¢ = ¢(0,y) - (0, y) and
£, = [A"(x,y,z(,\',y)) - A"(,\',y,z’(x,y))](A,(x,y) + Ax(x,y) +A3(x,y)),
€; = A'1(.\',y,z'(x,y))(A,<_,(X,y) - A',~_1(x,y)), i=2,3,4,

and formulas for A’;_; arise from (7) with functions ¢, z, g replaced by @', z°, g’, respec-
tively. Using the same methods as in the proof of Theorem 1 we can estimate the above
terms as follows :

leoh s lle -@lpy,  legly, s Grallz - 27lgs,

ezl s B2 1(e)((1+ Qg - g'lla, + lz- z°llp, )dt s Gallz- 2"lp,,

m

el s H{[A 10.x.0) - 40,5, y)] » [¢7(0,x,5) - ®"(x,x,¥]]
+[|a0.x,9) ¢ [(07(0,x,5) - *(0,x,5)) - (€%(x,x,5) - ¢ (%%, 7)) m}
s 2HHll¢e - ¢l o Gaallz - z'llps 2
leall,s H{[A"(x,x,0) - A (x,x,y]) » [2°(x,x,0) - @°(x,x,5)]
- [A'(Q.x,y) -A0.x, ¥ [2000,x,p) - @t (x,x,p]]
- Lx[A'(t,,\’,y) - A(t,x,y)] * D, z%(t,x,y)dt "m
NI A, y) o [(2 23 p) - 2 (6, x,00) - (@705, 3, 0) - 97 (3%, )]0t | m
SH(Ma+rCO+mQ)N, + mCX,)lle -o'llp, + Gaallz- z'llpy,.
From the above estimates we obtain
(U 2)(xi5) - (Ug- 2 )%, ¥ im s Galle - ¢'lip, + Glallz- z'lps, , (x,y) e Dy

Because G, 2 1, G', 2 0, so the same inequality holds for (x,y)e 50 [ |

4. The main theorem

We are now in a position to show a theorem on the exitence, uniqueness and continuous
dependence upon the Cauchy data for the problem (1), (2).

Theorem 2 : Suppose that the Assumptions (H,) - (H3) are satisfied. Then for any ¢
¢ Jand forace (0, ao] sufficiently small there exists a function z € KB,P(P,x,O) being a
unique solution of the problem (1), (2) in the class K,,(P,x,Q).Furthermore, if z, z* are
solutions of (1), (2) with initial functions @, ¢° ¢ J, respectively, then

Iz - z'lip, s Gall - k) Mo - ¢lip, - (20)

Proof : Suppose that a € (0, ag] is su’fficientl.y small so that there are satisfied the
inequalities (13), (15), (17) and

G, sk. : (21
Then for any ¢ ¢ J the transfo'rmat_ion qu maps Kaq,(P,x,O)into itself and by force of
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(19), (21) we have .
IUgz - Upz lips,s kllz -z "ligy for z,z "¢ K.o(P,x, Q).

Thus the transformation U, has a fixed point z = z[pl € K ,(P,x,Q). We see at once
that z satisfies (2). Let us prove that z satisfies (1) a.e. in D,,. For any (x, y)e D, we have

z(x,y)= A"(,\',y,z(.\',y)){A *O0,x,y)* 7(0,x,y)
+ f:[D,A‘(r,x,y) rz(t,x,y)+f ‘(r,.\',y)] dt}.
From this, by integration by parts we obtain
Alx,y, z(x,yNz(x,y) = AY0,x,y) 1 97(0,x,¥)
+ I:A'(.\',.\'.y) xz(x,x,y) -AY0,x,y) vz '(0,-\‘,)')]

+J"°x|:-A'(t,.\',y)" D,z (t,x,y)+f '(t,.\',y)]dt,
which yields '
fox[:—A'(t,x,y) + D, z*(t,x,y) +'f.'(r,.\’,y):| dt =0 ,(x,y)eD,. (22)

‘For 15 is m the function g; = g;[2]is a unique solution of the Cauchy problem (3) and
therefore using the groupal property we obtain (cf. [8])

y = g;{x,0,m) if and only if n = g;(0,x, y). (23)

For a fixed x ¢ [0, a] the above relation represents a one-to-one transformation of the
space R into itself. Furthermore, it is easy to prove that this transformation together
with its inverse is Lipschitz continuous. If 1 < i s m, then writing (22) by co-ordinates,
using the transformation y = g,(x,0,n) and differentiating the resulting relation with re-
spect to x we derive

ﬁ A,‘j(-\'ag,’(-\'yoyn)yz(x’gf(x’o’n)))l:ox zj(‘\.Ygi('\'vO)n))
Jm1
' r
+ kZ=:‘o;k(.\',g,'(x,O.n),zx,Bi(,\.‘o',,))Dykzj(x,g,'(x,o,n))]
= f,»(x, g,'(,\',O,n),zx‘gi(x,o,n)) for a.a. (x,n) e D,.

By using the transformation 3 = g;(0, x,¥), which preserves the sets of measure zero, we
* obtain that (1) is satisfied a.e. in D,,.

In order to prove that the solution z is unique, suppose that a certain 2 ¢ K,,(P,x,Q)
satisfies (1) a.e. in D,. It is easy to see that A*(t,x,y) « D, Z*(t,x,y)=f*(t,x,y) for
a.a. (t,x,y)e A, Integrating this relation by parts we obtain

2(x,y) = A Hx,y, 2(x, yD{A%(0,x,5) » 9°(0,x,y)
+ ‘[‘:[D,A;(t,,\',y) 2t y) ¢ f‘(r,,\',y)]dr}, (x,y)eD,.

Thus the function Z’ satisfies a fixed point equation for the transformation U, - A solution
of this equation is unique so Z = z.

By force of (19),(21) we have for z = z[le K,,(P,x,Q) z"= z[¢') € K ar( P,Y, Q) the ’
inequality || z - z'Ilﬁas' Gulle - (p'"b'o* kllz- z'Ilﬁa, from which we obtain (20) 8
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S. Examples

As a particular case of (1), (2) we obtain the initial problem for the quasilinear hyperbolic
system of partial differential equations with a retarded argument

.m Aij(;,;,y,:':(,\:‘,y))[Dx z;(x,y)
j=1
o E by 200 2000, W0y ) Dy 23]

= f;(x,y, z(x,y), z(A(x), np(.\',y))) , i=1,...,m,
z(x,y)=¢(x,y), (x,y)eDp,
where $(x,y) =(dy(x,p), ..., g, (x,¥)).
Assumption (H4) : Suppose the following :
1° £:[0,30) x RTx R™ x RM > M(m,1)and & :[0,a5] x R" x R™ x R™ —> M(m,r) are
functions such that £(-,y,p, q) and (-, y,p, q) are measurable for all ( ¥, p, )¢ R" x R™
x R™  and f(x,-), ¢(x, -) are continuous for a.a. x ¢ [0,a0].

2° There are functions &, iy, 1,1; ¢ L,([0,a0] x R,) such that for a.a. x € [0,a0] and for
all(y,p,¢),(¥,p,G)e R"x R™ x R™ we have

”5(‘\',}’,9: q)"n).r < IT(,\') ’ ”f’:(-\’,}',P, Q)“m < ﬁ‘l(‘-\’ )~

1652 @)= 8% 3B Dl s Ty =7l lp = Bl * g Gl
1F(xy.p. @) - F( 7B Dl s By =7, + lp =Bl + g - gliny)
Lemma S : Suppose that

1° Assumptions (H5), (Hy) are satisfied,

2° X:[0,a9] > R* is measurable and -h < X(x) s x for a.a. x ¢ [0,a,],
3°¢(-,¥):[0,a,] > R" is measurable for every y € R" and there is a E ¢ R, such that

gx, ¥)-(x, ¥ M, < Elly -7, 1$(x,y) -yl s b for all y, ¥ ¢ RF and a.a. x €[0,a0].
Then the functions p: Q0 = M(m,r}, f: Q—> M(m,1) defined by

olx,y,w) = 6‘( x, y,w(0,0), w(X(x) - x, d(x,y) - y)),
f(x,y,w)= f(x,y,w(O,Q), w()\.(.\') - x, b(x, y) -y)),

satisfy Assumptions (Hy),(H3) with n = #,ny = /1, 1= [(QE +Q +2),1; = [;(QE +Q +2).
We omit the simple proof of this lemmall

Remark S : In the assumptions of Lemma 5 we may drop the condition [[¢(x, y)-yl,
s bforallye RT and for a.a. x ¢ [0,80], if b= +c0 |

As another example we consider the Cauchy problem for the system of partial diffe-
rential - integral equations

2 ayx 2 Dyziix,p)
j=1

L. .. ( ) W(x,y) ’ )
+ kzﬂo,.k ,\,y.z(x,y),f,\(x,y)z(s,r)K(s,r,x,y)dsdr Dykzj(x,y):l
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Y(x,y) .
= fi(.\’,.y,z(,\',y),f)‘(x y)z(s,r)K(s,r,x,_y)dsdt) ,i=1,...,m,

z(x,y)=e(x,y), (x,y)e Dy,
where X = (Xg,..., %), & = ($g,....¢,), K = [K,-j:]i_jﬂ'm,m.

Assumption (Hs) : Suppose the following :
1° A,y ) $(-, ¥):[0,20] > R!"7 are measurable for every y ¢ R, and
-hsxolx,y)sx , ~hsdolx,y)sx

IXNx,¥)-yl,sb, ldx,y)-yl,sb

where X = (Aq, ..., ), & = ($, e ).
2° There are constants d,d, g ¢ R, such that for all (x,y), (x,7) ¢ DBowe have

s (X, y) € Dy,

IMx,y)- Mx, P)he,sdlily -7, » Wy, y)-dlx, 7)o, s dly -7 l,,
,ﬁo|¢j('\',y)- ri(x,y)sg, Aﬁkl%(.\',y)- A(x,y)|sg, k=0,..,r.
i= j=k

3% K(:,y):[0,a0] x R"x[0,a9] = M(m, m) is measurable for every y ¢ R".
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4° There are constants hg, hy € R, such that for all (s,t,x,y),(s,t,x,¥) € [0,a0] x R”

x[0,a0] x R” we have

I1K(s, 8,5, 9 M m S ho o IK(s,t,x,5) - K(s,t, %, Mpym s iy -7l

Lemma 6: Suppose that the Assumptuions (H5), (H,), (Hg) are satisfied. Then the

functions 0: Q = M(m,r), f: Q> M(m,1) defined by

d(x,y)
elx,y,w)=¢ X,.V,W(O,O),_f,\(x HWls -x,t-y)K(s,t,x,¥)dsdt |,

~ “(x,y) :
f(x,y,w)=f x,y,w(0,0),J A%, ) w(s -x,t-y)K(s,t,x,y)dsdt |,

satisfy Assumptions (H,), (H3) with n= @, ny = iy, and
1 =T[1+glhg+hoQ+hP)+(d+d)hoP(2g+ (r-1)g?)],

L=T[1+glhg + hoQ + ByP)+ (d + d)hoP(2g + (r - 1)g2)].

We omit the proof of this lemma and we can make an analogous remark like in Lem-

ma S for the case b=+ B

Finally, we consider the system which has been studied by J.Turo [14](cf. also [13])

.'i Aij(.\',y.z(x,y))[DxzJ-(.\',y)
Jj=1

+ g' 5‘ik(,v,y, z(x,y),(Vz)(x,y))Dykzj(x,y):l

~

= f,-(,\',y,z(x,y),(Vz)(.\'.y)) ,i=l..,m,

z(x,y)=e(x,y), (x,y)eDy ,

(24)

(25)

where V: K(P,Q)—> K, and K is the set of all functions z: D, — R™ such that z(-,y)
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[0,a5]—= R™ is measurable for all y ¢ R” and z(x,-): R"= R™ is continuous for a.a. x €
[0,a0]. Suppose that Vis a continuous operator of the Voiterra type. If ¢ ¢ J, then the
function § ¢ C([-E,O]x R™, R™), h=h +ag, is given by §(x,y) = ¢(x, y) for(x,y)e Dy
and $(x,y) = @(-h,y)for (x,y)e [-h, -h) x RT. We introduce the operator

Ix.y: C([-H,0]x R, R™) > C([x -k, x}x R, R™),

where (x, y)e Dao,which is defined by (l(x'y)w)(s,t)= w(s-x,t-y),(s,t)elx-h,x]x R"
Finally, suppose that .

o(x,yw) = B(x, 5w (0,0),(V(I(x W), ¥)),
F(,\', _y,w(0,0),(V(I(x_y)w))(.\',y)>.

Now we have the problem (24), (25) obtained as a particular case of (1),(2), with h and ¢
replacedl by A and @, respectively, and with b = +o.

f(x,y,w)
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