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1. Introduction 

We denote by R" the n-dimensional real vector space with the norm Its II = max1515lsl 
(s = s) € R') and by M(m,k) the space of real m x k matrices. Furthermore by 
C(X,Y) we denote the usual space of continuous functions from Xto Yand by L1(I,R+) 
the usual space of Lebesgue integrable functions, I C R being an interval and R+ = [0, +co). 
Let Jbe the set of all functions (P = (p .... . pm) E C([-h, 0] x R T Rm ), h "?: 0, such that, 

- for some A, r € R, and W € L 1 ([-h, 01, R+), 

U p (x,y)II:^ F, 

IIcp(x,y) - p (x,Y)II m --s Ally - Yli r ,	V(x,y), (x, Y), (-,) € [-h, 01 

Ilp(x,y) - p(y )ll!^ f(t )dr 

Let B = {(x,y) €1-h, 01 x R": fly II,. :^ b), where 0 !; b :5 +0'S If z€ C(B, Rm ), then we 
write liz "B = sup{ 11Z (S , f )llm : (s, t) € B). We will mean by K(P, Q) (P, 0€ R...) the set 
of all functions tv € C(B, Rm) satisfying the following conditions: 

(1) Ilw(s, t)il, :5 P, ilw(s, t)- w(s,T)II, :S Out - TlIr	V (s, t), (s, T) € B. 

(ii) Ilw(s,i) - w(,t )Il, ^ f t ( a ) da l (t € L 1 ([-h, 01, R+ )) V (s, t), (, t ) E B. 

Let () = [0, ao] x Rtx K(P, Q) O o = [0, a 0] x Rtx m where a 0 > 0, and let 

A[Ai]:Oo+M(m,m),p[ej]:C) ->M(m,r),f=[uj.....fm1M(m,1), 

where T is the transpose symbol. 
For any a € [0, ao] let Da = [0, a] x R, 5 = [-h, a] x R'. If 2€ C( 8 , Rm), then 

for a fixed (X, Y) € Da by z: B - R we denote the function defined by z (s, t) = 

z(x +s,y + t), (s, t) € B. 
For a €(0, a0], p € Jand some F, Q€ R, €L 1 ([-h, a0 ], R + ) let Kap(P,,Q)denote 
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the set of all functions z € C(Da, R-) such that 

(1) IIz(x,y)	P 

IIz(x,y) - z(x,j)ll,0 S Qily - y lI ,	V(x,y), (X, 37), (,y) € Da. 

Hz(x,y) - z(,y )llm	jx( t )dt 

(Ii) z(x,y) = tp(x,y)	 V(x,y) 

Remark 1: If z  Ka,p(P,X,Q) and P z r, Q A, then for any ( x, y ) c D. wehave 
Zxy € K(P, Q). If x(a) s c(a) for a.a. (almost all) a E [-h, a 0], then the condition (ii) 
from the definition of K(P,Q) is now satisfied with t defined for or £ [- h, 01 by t(a) 

-r a). In Section 3 we will introduce some additional conditions for P, x Q. 

We consider the quasi linear hyperbolic system of differential-functional equations in 
the Schauder canonic form 

A1(x,y,z(x,y)) 

	

[D z(x,y) + 	Pik (,Y, zx) Dyk zj( x Y)] (1=1.... . m)	 (1) 

= uj(x,y,z) 

with initial condition 

z(x,y)=p(x,y),(x,y)€.b0. (2) 

Any function z € K(P,x,Q) satisfies (2). This function is a solution of (1), (2) if it sa-
tisfies the system (1) a.e. (almost everywhere) in Da. 

If h 0 and b = 0, then (1) reduces to a differential system in the Schauder canonic 
form, which has been studied in a large number of papers by various authors. We mention 
here those of L. Cesari [7, 8], P. Bassanni L2-5J, M. Cinquini-Cibrario [9] and P. Pucci 
[12]. As a particular case of (1) we obtain a system of differential equations with a retar-
ded argument (cf. [10]) or a few kinds of differential - integral systems (cf. for instance 
[ 6 1). Differential -functional systems studied by J. Turo [13, 14] are also concerned in (1). 
More detailed description for these cases is given in Section S. 

The aim of this paper is to prove a theorem of existence, uniqueness and continuous 
dependence upon Cauchy data for (1), (2). We use the method based on the Banach fixed 
point theorem which is close to that used in [14] (see also [8, 10]). 

2. Bicharacteristics 

Let IIUII,T , , k = Max {	j jujj I i !; i , rn} be the norm of U  M(m,k), U = [Uj].1f

U € M( m,l), then we write 1 1U U rn instead of 11 U Urn i' 

Assumption (H 1): Suppose the following: 

p : 0 - M(m,r) is such that p( ,y,tv): [0, a 0 ] - M(m,r) is measurable for all 
(y,w)€ Rrx K(P, Q), and p(x, ): Rrx K(P,Q) - M(m,r) is continuous for a.a.x€[0,a0].
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2° There are functions n, I £ L j ([O,ao], R.) such that for a.a .x € [0, a 1 ] and for all 
(y,w),(j,W)e Rr xK(p Q)we have 

ll p ( X,Y, W)Umr s n(x), 

Ilp(x, y,ev) - p(x, j,W) urn,,. g l(x )[Ily -y li,. + lw -	II]. 

3 0 p, k e(O, 1), and a e(0, a 0 ] is sufficiently small so that La( l + p)(l +	p, L 0 (l 4 Q) 
:s k, where La = fi(t)dt 

If g = [g,,,] € C(Aa, M(m, r)), where Aa = [0, a] x [0, a] x Rt , then we write g 1 = 

(g11.... . gd,.), i = I.... . m. By K0 we denote the set of all functions g e C(i, M(m, r)) such 
that for all (x,x,y), (,x,y),(x,y),(,x,y)e A. and i I.....mwe have the follo-
wing:

(1) g.(x,x,y)y. 

(ii) Jg 1(,x,y) - gj(,x,y)r , J' n(t )dt. 

(iii) g 1(,x,y)- g(,x,j) - ( y YO SpIIy-jll,.. 

Let K 0 be the set of all functions he C( a ,M(m,r))defined by h(,x,y)=g(,x,y) 
- y, I = I_., m, where g  K0 . For he ko we have the following conditions: 

(I) h,(x,x,y)= 0. 

(ii) h1(,x,y)- hi(,X,Y)D"ffl(t)dt. 

(iii) 11 h	, x, y) - h i(&, X ,Y)Dr '!' P 11 Y- y II, 
where (x,x,y),(,x,y), (,x,y),(,x,y)e Eta and i=1.... . m. Note that the functions 
he K0 are bounded. Indeed, for (,x,y) € Et, and I I. ... . in we have 

II hi,X,y)Vr = 11 h j(,x,y) - h(X,X,y)D,. .1 Na, where Na = fa( )dt. 

It is easy to check that K is a closed subset of the Banach space consisting of all func-
tions h: Et 8 — M(m,r) which are continuous and bounded with the norm 

IlhlI	= sUp { IIh(,X,ylImr : (,x,y) E A. 

For any fixed z e Kap ( F', x 0) we consider the transformation G = T g defined for g 
eK0by 

G 1 (,x,y)=y + fp j (t ,g(t,x,y),z g.(txy)) dt ((,x,y) € Et;i- 1.... . m). 

Lemma 1: If Assumption (H 1 ) is satisfied, then for any z € Ka ( P, x 0) the transfor-
mation T maps K 0 into itself and it has a unique fixed point. 

The proof of this lemma is similar to that of Lemma 1 [10] and we omit the details U 

Remark 2: If g c K0 is a, fixed point of the transformation T , then for fixed i = I .....
and (x,y)c Da the function g( • ,x,y) is a solution ( in the "ac." sense ) of the characte-
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ristic system of ordinary differential equations 

D	( r )	çj( t, ii( r ), z t(t)),	(x ) = y.	 (3) 

The functions g i are called bicharacteristics. 

Remark 3: If g c K 0 is a fixed point of the transformation T, then for all i	I.... . in!

and (F,-,y), (t,5,y) c A. we have 

where A a exp [L 8 (I Q)]. Indeed, if	x we have 

- 8i(,2,y)IIr 

t x,y), Ztg.(	dt -f(t ,j( t, 'y).	,	))dt 

J ' n(t)dt +j'i(t)(i. O )II g ( t ,x,y	gj(t,,y)IIrdt. 

Now, by Gronwall's inequality we obtain (4). If	x, then by introducing a new variable 13, 
2x -- 1, we derive the same estimate. 

The fixed point of T depends on a function z E Kap(P,, Q) so we will denote it by 
g[z]. 

Lemma 2: If Assumption (H 1) is satisfied, z, z'€ K 8 (P,x,Q) and if g,g'€ K0 are 
Fixed points of T, Ti . , respectively, then 

IIg - g)!I 8 --^LAIIz - z)IIj58 .	 (5) 

Theproof of this lemma is similar to the method used in Remark 3 and it is based on 
Gronwall's inequality I 

3. The transformation U. 

Remember that Q = [O,a0 ] x R"x K(P,Q) and O = [O, a0 ] x R'X Rm 

Assumption ( H2 ) : Suppose the following: 

10 A € C(c)0,M(m, in )), and there is a constant v > 0 such that for any (x,y,p) € D o we 
have del A(x,y,p)^: v. 

20 There are constants H, C € R, and a function V € L 1 ([0, a 0 ], R.) such that for all 
(x,y,p), (x,j, p),(.,y,p) € Q. we have 

IIA(x,y,p)D	:^ H 

IIA(x,y,p) - A ( x ,Y,)II mm C[Ily- YII r IIP - POrn] 

IIA(x,y,p) - A(.,y,p)Il,,1 ,, s f(t)dt I. 
Remark 4: The above assumption implies that for any (x ,y,p)	there exists an 

inverse matrix A 1 c C(0 0 , M( in, rn)). There are also constants H', C'c R and a function.
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L([ O , a 0 J,R + ) such that for all (x,y,p), (x,., ),(,y,p) c 0 0 we have 

1IA 1 (X,Y,P)IIrnm I. H, 

11 A '( x , y , p ) - A1 ( x ,,)tI,nm S c'[IIy	IlrIIP - POrn]' 

hA 1 (x,y,p) - A t(,y,p)Ihrn,rn Ii- V(t )dt 

Assumption (H3): Suppose the following: 

10 1: Q ->  M(m,1) is such that f(-,y, w):[O, a0 ] — M(m,l)is measurablefor all (y, w)
R'x K(P, Q) and f(x,): Rrx K(P, Q) - M(m,1)is continuous for a.a. XE [0,a01- 

20 There are functions n 1 , 11 € L 1 ([0, a 0 ], R.,.) such that for a.a .x € [0, ao] and for all 
(y,w),(y,w)€ R r x K(P,Q)we have 

Ilf(x,y, t ')IIm	ni(x) 

IIf(x,y, w) - f(x,y, W)$I m S 1(x)[1ly - Y hr +11w - w hh]. 

Suppose that (t, X,y) € A, Z € Ka(P, X , Q) and g = g[z] € K0 is the fixed point of 
T. Then we write 

A( t, x,y) = [A 1 (t ,g1( t,x,y),z(t, gj(t,x,y)))]j1 in 

p ( t, x ,y) [p(0, g( t, X, Y))]	i..... 

( t,x,y) = [zj(t,gj(t,x,y))]11 in 

f'( t, x,y) [fj (t,g1 ( t,x,y), Z t( . X,Y)) .... . fni(t,gm( t,x,y), Zt,gm(t, 

For any matrices U = [U1 ,], V = [v] e M( m, m) we define 

U X V[c 1 .....c m1 T , where c i :: Uiji	(i1 .... . m). 

Now, for a E (0,a 0 ], p E Jlet the transformation Z=U,,zbedefined for  

Z(x,y) A1(xYz(x,Y)){A(O,x,y) p(O,x,y) 

+fx[DA.(t,x,y).z.(t,x,y)+f.(t,x,y)]dt} ((x,y)€Da),	(6) 

Z(x,y) = p(x,y) ((x,y) € [-h, 0) x 

.Remark 5: Because the function A is absolutely continuous in x and Lipschitzian in y 
and p, the function z is absolutely continuous in x and Lipschitzian in y, and the function 
a is absolutely continuous in t, so the composite function A • is absolutely continuous in t. 
Then the derivative DA in (6) exists ac. in Aa and it is integrable in t. 

Note that 

A1(x,y,z(x,y))[A.(x,x,y) .cp'(x,x,y)] 

= A1(x,y,z(x,y))A(X,y,z(x,y))9(0,y) = p(0,y).
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By adding and subtracting p(O,y)in (6) we obtain 

Z(x,y) 9(0,y) +A1(x,y,z(x,y)){A(O,x,y)*p(O,x,y) 

- A(x,x,y) .cp(x,x,y) 

Then by using 

A(x,x,y)- A(0,x,y)jDA(t,x,y)dt 

we derive for (x,y) € D the relation 

Z(x,y)	p(0,y) + A(x,y,z(x,y))(i(x,y) + 2 (x,y) + 3 (x,y))	(7) 

with

i(x,y)=fXf(t,x,y)dt, 

2 (x,y) = A(0,x,y)[p(0,x,y)- p(x,x,y)], 

E 3( x , y ) = j'D A(t,x,y) . [z(t,x,y) - p(x,x,y)]dt. 

Theoremi: Suppose that Assumptions (H 1 ) - ( H 3 ) are satisfied. Then there exist 
P Q e R, x c L1([0,ao],(+) and a E (0,ao] such that for any (p E J the transformation 
Uq, maps Kap( P,x,Q) into itself. 

Proof: Let us choose constants P, Q E R + such that P > F and 

Q > A(l + HH'(2 +p))	 (8) 

Furthermore, let us choose constants R0 , R 1 , R 2 , R 3 E R such that 

R0 >0, R 1 > 0 , R2 > H', R3 > HH'A(I - k)'.	 (9) 

Now we define a function Xi for x € [0,ao] by 

X I ( x = Rog(x) + R1 x'(x)+ R2 n 1 (x)+ R3 n(x).	 (10) 

Let x E L 1 ([0, a 0 ], R + ) be any function such that x(x) 2: x i ( x) for a.a .x E [0, a 0 ], x(x) 
a (x) for a.a .x € [-h, 01. Because 1 (0,y) = 2( 0 , y )	3 (0,y)	0 for y € Rt, 

Z(0, y) 9(0, y) for y€ R". Then from the definition (8) we have 

Z(x,y)p(x,y), (x, y )€ 50 .	 ( 11) 

Thus we derive 

Z E C(D, iR')	 (12) 

For any a€(0,a0]wewrite 

N1 = f08 n 1 (t )dt, L 18 = f0a11(t )dt ,	= j tlq,(t)dt , X8 = f0x(t)dt. 

For any (x, y) € Da we have the following estimates



On a Cauchy Problem	175 

Iji1(x,y)II, sJ0 IIf(t,x,y)II 1 dt s jn 1(t)dt sNia. 
m 

IIt2(x,Y)IIrn ^ max	i A j (O,x,y)AIg(O,x,y) - g.(x,x,y)I,. 
1i:r.m j =1 

"I	 (X 
:5 max	IAj(O,x,y)IAJon(t)dt ^ HANS. 
1im 3 

X	m 
I[3( x , y )II17, ^	max	D A j (t,X,y)(Xa + QNa)dt 

fo 1si^ m j1 

(M + r01 + mQ)Na + mCXa )(Xa + QNa ) = Sa. 

From the above estimates we derive 

IIZ(X,Y)il m sr+H'(N1 +HAN8 +S0 ), (x,y)ED0. 
If we assume a sufficiently small so that 

r + H'(N 1 + HANa + Sa) :^ P,	 (13) 

then for (x,y)€ Da we have 11Z(x,y)II :s P. Furthermore, since 

IIZ(x,y)II,,,	II(V, y )lI m :5 F< P	(x,y) 

we have 

lIZ(x,y)II, :5 P, (X, Y) 'a	 (14) 

For all (X, Y), (X, J7) E D we have 

Z(x,y) - Z(x,j) = 81 + 8 2 + 8 3 + 8 4 + 85, 

where 

8 1 = cp(O,y) - 

82 
= [A1(x,y,z(x,y)) A1(x,y,z(x,))](j(x,y)+ 2(x,y)+3(x,y)), 

= A1(x,j,z(x,V))(2(x,y) -	12(x,j))1i3,4,5. 

By using (1-1 1 ) - (1-1 3 ) we can estimate the above terms as follows 

II8II,., = II p (O, y ) - p(0,37)II S Ally	 VIIr 

II 2 1 1 , :^ C(l + Q )[II i (x,y)II, + II	y)II In + II A 3 (X,y)II,,1IIy -37 hr 

:5 C(1 + Q)(N18 + HANa '+ Sa )IhY 37 11, 

118 3 hI m :5 H'J	If (	.) - I ( t, x,j)II, dt 

(.x 

-s HJ 11 (t)(1 + Q)(1 +p)IIy-yIIdt 

H(l + Q)(1 +p)LiIIy-YhI 

II 8 4 II,, :5 H{D[A(O,x,y) - A(O,x,y)] . [p(O,x,y) - cp(x,x,y)]1 

+ A(O,x,y) [p(O,x,y) - p(O,x,y)-(p(x,x,y)-	(x,x,j))]V,}
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H[C(1 + Q)(1 +p)AN + HA(2 p)]IIy- Y II 

118 5 u rn s H'{D[A(xxY)_ A(x ,x,y)1 '[z(x,x,y) - p(x,x,y)] 

- [A(O,x,y) - A(O,x,yfl * [z(O,x,y) - cp(x,x,yJ] 

- JX [A(txy) - A(t,x,y)] * D z(t,x,y)dt( 

+ IJ"DtA(t,X,y) *[(z(t,x,y) - 

- (p(x,x,y) -	(x,x,y))]dt H} 
H[C(l + Q)Xa + C(1 + Q)(1 +p)QN + C(1 + Q)(1 + p)(Xa + rQNa) 

+ (Ma +rC(1 + IQ)Na + mCXa )(Q(p + 1) + A)]lly- Y II. 

In estimating 85 we have used integrating by parts. From the above estimates we derive 

IIZ(x,y)- Z(X,Y)II m S [A(1 + HH(2 P P)) + a]1IYYllr, 
where Z a E IR, is some constant such that Iimao+ Za = 0. By force of (8) we can choose 
a sufficiently small so that 

A(l+HH'(2+p))+:a :5 Q,	 (15) 

and then we have IIZ(x,y)- Z(x,y )Il m :^ OIlY - YIlr for(x,y),(x,j) € D8 . Further-
more, since Q > A and Z(x,y) r p(x,y) for (x,y)c Do, we obtain 

IIZ(x,y) - Z(X,j)II m s Oily - jlI, (x,y),(x,j7) E 5..	 (16) 

For all(x,y),(,,y) E Da we have 

Z(x,y) - Z(.,y) = 0 1 + 0 2 + 0 3 + 04, 

where 

Oi 
=A-1(x,y,z(x,y)) A1(x,y,z(.,y))(1(x,y)+ 2(x,y)+3(x,y)), 

O j = A1(.,y,z(.,y))(j1(x,y) -	- (.y )) i2,3,4. 

By force of (1-1 1 ) - (H 3 ) and (4) we can estimate 0 1 -- 04 as follows: 

l10 1 II m (Nia + HANa + S.)(1fXL(t)dt 
+ C IJ:'x( t ) dt ) 

1102 IIy :^ H'(L i a(1 + Q )) fn( t ) dt +	n1( t ) dt 

110 3 11 17j ^ (Hc(1 4. 0 ) j j' +HjfAA )[fX
n( t )  dt 

110 4 urn :5 IH'C(l + Q) Xa( 2Xa + (r + flQNa) 

+ HQX a (M + rC(1 + m Q)Na + mcxa )}IJ'n(t)dt I 
+ H'(Xa + QNa)Ij t( t ) + rC(l +mQ)n(t)+ mCx(t))dtl.



On a Cauchy Problem	177 

Thus we have 

IIZ(x,y)-

where ha E R + are constants such that lima.....o+hja 0. By force of (9) we can choose 
a sufficiently small so that 

Yb ^" (1 - 14a)1?O ' 12a ^5 (1 -	
(17) 

H	(1-	 5 (1-	- H'HAX. 

Then from (10) for (x,y), (.V,y)E Dawe have 

IIZ(x,y)- Z(,y)IIm 

- 1 4a )R0Lfx lx(t)dtl (1 - Y4a)R iJ x t(t)dt I 

+ (1 - 14a)R21Jx. n i(t)dt + 0 - 14a)R31Jx n(t)dt + Y4aIfx (t)dt 

= (1- Y4a)IJx. X 1(t )dt + 14a lix x( t )dt 1 :1 IJ x(t )dtl. 

Since X(t) ^ t(t )a.e. on [-h, 0] and Z(x,y) = 9(x, y) for (X, Y) E 50 , it follows that 

IIZ(x,y)- Z(,y)II m S jx( t ) dt l,	(x,y),(,y)e58.	 (18) 

Therefore if we assume a sufficiently small so that the inequalities (13), (15), (17) hold, 
then by force of (11), (12), (14), (16), (18) the transformation UIP maps Kap( P,, Q) into 
itself U 

For a e (0, ao] we define constants 

G = 1 + 2 H + H(Ma + rC(1 + mQ)Na + niCXa) 

)ia = c(N1 + HANa + Sa), 

H'L 1 (1 + (1 + Q)),al_n) 

H'tt[HXaLa + CNa (1 + (1 + 

= H'[CXa + C ( Xa + QNa(1 + r))(1 + (1 .+ Q)),aLa) 

+ ( Ma + rC(1 + mQ)Na + mCXa )(1 + QXaLa)1 

Lemma 3: If Assumptions (H j ) - (H 3 ) are satisfied, then for all  E (0, 80], '' 

and z€Kaj,(P,x,Q),z'EKarj,.(P,,Q)wehave 

	

Ucp z -	 s G. Ily - cp II 4 + GIJz - z'IJb, G =	I G. (19) 

Proof: Let cp, (P ' E J, z E K q,(P, X, Q), z € Ka.,,( P, x,Q) and let g,g'€ K0 be the fi-
xed points of T, T, - , respectively. Then for any (X, Y) € D,, we have 

(Uz)(x,y) - (U.z)(x,y) = S o + El + E2 + € 3 + €4,
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where s = p(O,y) - p(O,y) and 

El 
= [A-1(x,y,z(x,y)) - A1(x,y,z'(x,y))](1(x,y) + 2 (x,y) +3(x,y) 

€1	
A-1(x,y,z'(x,y))(1(x,y) - ' 11 (x,y)) 1 1 2,3,4, 

and formulas for 'j-1 arise from (7) with functions p, z, g replaced by p', z', g', respec-
tively. Using the same methods as in the proof of Theorem 1 we can estimate the above 
terms as follows 

liC O li m :5 11 (P - cpii,	IlE i li m :5 G' 8 llz - Z'11, D. 

11 5 2 11,n s HJ 1 1 (t)(0	Q)ii g - g 'ii	+ liz - Z'llD )dt s Gllz - Z'llDa 

liE 3 11,, s H' { VIA O,x,y) - A*(O,x,y)] . [p'(O,x,y) - 

+A"(O,x,y).[(cp(O,x,y) - p'(O,x,y))-(cp(x,x,y) - 9, *(X,X,Y))]11",) 
:^ 2H'H li y - cp'Il	

+ 
G 3 a11Z - z'Ilb a 

115 4 urn :5 H { V[A(x,x,y) - A'(x,x,yJ . [z(x,x,y) - p(x,x,y)] 

- [A(O ,y)- A'(O .x , y )] . [z'(O.x.y)- p(x,x,y)] 

A'(t,x,y)] • D z(t;x,y)dt Vm 
+ f"Dr A' ( t , x , y ) . [(z(t,x,y) -2 ' (t,x,y)) - (p(x,x,y) - (P'(x,x,y))]dt m 

s H(M + rC(l + mQ)Na + mCXa)il p - p 'Ii 0 + G'aliZ - Z'liba• 

From the above estimates we obtain 

IU,z)(x, y ) - (Up Z' ) (X ,Y)lIm :^ 0a 119 - p '11 0 + G'llz - Z' iiba (x,y) € Da. 

Because G0 a 1, G. 0, so the same inequality holds for (x,y) € 50 U 

4. The main theorem 

We are now in a position to show a theorem on the exitence, uniqueness and continuous 
dependence upon the Cauchy data for the problem (1), (2). 

Theorem 2: Suppose that the Assumptions (H 1 ) - (1-13 ) are satisfied. Then for any p 
€ J and for a € (0, ao] sufficiently small there exists a function z € Kap(P,,Q) being a 
unique solution of the problem (1), (2) in the class Kaq,(P,x,Q).Furthermore, if z, z' are 
solutions of (1), (2) with initial functions p, p' € J, respectively, then 

11  - z' 11 ,% _,^ Ga( I - k ) 1 11 p - p' iib•	 (20) 

Proof: Suppose that a € (0, a 0 ] is sufficiently small so that there are satisfied the 
inequalities (13), (15), (17) and 

s k.	 (21) 
Then for any p € J the transformation Uq. maps Ka,p(P,X,Q)into itself and by force of
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(19), (21) we have 

iiU, z - U p z '11 b. s k 11 - z '11b . for z,z ' E Kaq,(P,X,Q). 

Thus the transformation U P has a fixed point z = z[ p ] E Ka,(P,X,Q). We see at once 
that z satisfies (2). Let us prove that z satisfies (1) a.e. in Da. For any (x, y) e Da we have 

z(x,y) = A1(x,y,z(x,y))(A*(O,x,y)* p(O,x,y) 

+f>[DtA(r,x,y) * z(t,x,y) + f(t,x,y)]dt}. 

From this, by integration by parts we obtain 

A(x,y, z(x,y))z(x,y) = A(O,x,y) 'p(O,x,y) 

• [A'(x,x.y) * z(x,x, y ) - A(O,x, y ) * z(O,x,y)] 

, D z (t,x,y) + f(t,x,y)]dt, 

which yields 

f:[-A(t,x,y) * D z(t,x,y) + f(t,x,y)]dt = 0, (X, Y) E D.	 (22) 

For I :5 i :^ m the function g, = g3 [z ]is a unique solution of the Cauchy problem (3) and 
therefore using the groupal property we obtain (cf. [81) 

y = g1 (x,0,i) if and only if 1 g1 (0,x,y).	 (23) 

For a fixed x e [0, a] the above relation represents a one-to-one transformation of the 
space RT into itself. Furthermore, it is easy to prove that this transformation together 
with its inverse is Lipschitz continuous. If I :s I :s m, then writing (22) by co-ordinates, 
using the transformation y = g1 (x,O,) and differentiating the resulting relation with re-
spect to x we derive 

t A1(.v,g1(x,0,1), z(x,gj(x,O,i)))[Dx z(x,gI(x,O,1)) 

+ 

= f(x,gj(x,0,1),z 8( o 1)) for a.a. ( .y ,1) E Da. 

By using the transformation ii gj(O,x,y), which preserves the sets of measure zero, we 
obtain that (1) is satisfied a.e. in D. 

In order to prove that the solution z is unique, suppose that a certain 2' E	P,, Q) 
satisfies (1) a.e. in D8 . It is easy to see that A(t,x,y)	D 2'(t,x,y)= f (t,x,y)for
a.a.(t,x,y)E A a . Integrating this relation by parts we obtain 

" z(x,y) = A
-1 (x,y,z(x,y))IA * (0,x,y) p (0,x,y) 

+ r[D A(t,x,y) , 1(t,x,y) + f(t,x,y)]dt}, (x,y)€ Da. 

Thus the function i satisfies a fixed point equation for the transformation U. A solution 
of this equation is unique so i z. 

By force of (19), (21) we have for z = Z [ p it	Q), z z[ p'] € Ka,-( P,, Q)the
inequality liz - z' iI, Ga li p - p' ii + k liz - z' 'b' from which we obtain (20)1
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5. Examples 

As a particular case of (1), (2) we obtain the initial problem for the quasilinear hyperbolic 
system of partial differential equations with a retarded argument 

AJ(xYz(xY))[DzJ(xY) 

+	pik(x,y, z(x,y), z(A(x),(xY)))Dkzj(xY)] 

= f1 (x,y, z(x,y), z(X(x), (x,y))) , i = I 

z(x,y) p(.v,y), (x,y) € 

where 4(x, y) (4 1 (x,y). ... . 

Assumption (H 4 ): Suppose the following: 
10 T:[O,ao]xRT x !Rm xRm_+M(m,l)and p:[O,aoJxR1xRmxRm+M(m,r) are 
functions such that i(,y,p, q) and	q) are measurable for all (y,p, q)€ iRT x Rm 
x R m , and ix,), (x, ) are continuous for a.a	[O,ao]. 
2° There are functions ii, 1, 7, 71 € L 1 ([O,a0 ] x R + ) such that for a.a	E [0,a0 ] and for
all (y,p,q),(j,,)€ R T x R m x Rm we have 

II(x,y,p, q )II rnr '5 ii(x) , III(x,y,p, q)II	!^ if1(x). 

II ix , y , p, q) - (x, y., )Dm,r , T(x)[IIy 7 YlI r + lip - lI m + 11  - ii,,,], 

i(x,y,p,q) - i(x,j,,)Il m :5 2j(x)[i}y Yiir + lip Pii m + 11  qilm]. 

Lemma 5: Suppose that 
1 0 Assumptions (H 2 ), (H 4 ) are satisfied, 
2 0 X:[O,a0 ]- Rr ismeasurableand -h s X(x) S x for a.a. X  [0,a0], 

30 4)(- , y): [O,a0] - R is measurable for everyy E Rr and there is a E € R such that 
I4 ( -Y , y )- 4i(x,Y)lir ^ E iiy Yii r , ii4( x , y ) - y ii,. :5 b for ally,j € 1R 1 and a.a.x E[0,a0]. 

Then the functions p:c) -M(m,r),f:O-+M(m,1)definedby 

p(x,y,w) = (x,y,w(O,O),w(),(x) - x, (x,y) -Y)), 

f(x,y,w) = 7(x,y,w(O,O), w(X(x) - x, (x,y) -Y)), 

satisfyAssumptions(H 1 ),(H 3 ) with n =	n 1 = ff1 , I = T(QE + Q + 2), l = 1(QE + Q + 2).

We Omit the simple proof of this lemmal 

Remark 5: In the assumptions of Lemma 5 we may drop the condition 114,(x, y) - Ylir 
s. b for ally c R r and for a.a. >. E [O,a0 J, if b = 

As another example we consider the Cauchy problem for the system of partial diffe-
rential- integral equations 

:t A ii (X, Y, z (X, y))[D_ zi (X, Y) 

+ 	Pik (X,Y,
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=	(x, y, z(x,y),f'z(s, t)K(s,t,x,y)dsdt) ,	= ..... . m, 

z(x, y ) p(x,y), (x,y) E 

where x = (x 0	(4'o.... . 4r)' K =	 rn 

Assumption (H5) : Suppose the following: 

1 0

 

X(-,y), 4(,y): [0,a0 1 -	are measurable for every Y E R, 

-h !^ X0(x,y)!; x , - h :^ 4 0(x,y)!^ x 
-	 ,(x,y)€D, 

IIX(x, y ) - .YIIr s b ,	II4( x , y ) - Yli r " b 

where). =( X1,... . Ar),n4)=(4)1....4,.). 
20 There are constants d, , g E R. such that for all (x, y), (x j) E Dwe have 

II X(x,y) - A(X,y)II i	d Dy Y hr	14( X , Y) - (x,j)111+,.	hhy YhI,., 

H I(x,y) - X(x, y )I g	.I( x , y ) - A1 (x,y)I g , k = 0.... . r. 
j=o

30 K(-, y): [0, ao] x R) x [0,a 0 ] - M(m, m) is measurable for every y€ R'. 
40 There are constants h 0 ,h 1 € Rsuchthatforall (s,t,x,y),(s,t,x,j)€ [0,a 0 ]x R 
x[0,a 0 ] >< R' we have 

hIK(s,t,x,y)Ih,,,, :5 h0	hIK(s,t,x,y) - .K(S,t,X,Y)hln i m :5 h 1 hIy -ill,.. 

Lenima6: Suppose that the Assumptuions (1-1 2 ), (H 4 ), (H 5 ) are satisfied. Then the 
functions p:fl -M(m,r),f:Q-4M(m,1) defined by 

/	 4(x,y) 
p(x;y,tv) =	x,y,w(O,O),f(XY)w(s -x,t -y)K(s,t,x,y)dsdt 

-.1 f(x,y,w) = fx,y,w(O,0),J x(XY)w(s -x,t -y)K(s,t,x,y)dsdt 

satisfy Assumptions (H 1 ), (H 3 ) with n = 1i, n1 = i, and 

I = T[l + g(h0 + h 0 Q + h 1 P) + (d + )h0 P(2g + (r - l)g2)], 

11 = 7[1 + g(h0 + h 0 Q + h 1 P) + (d + )h0 P(2g + (r - l)g2)]. 

We omit the proof of this lemma and we can make an analogous remark like in Lem-
ma 5 for the case b = +co	 - 

Finally, we consider the system which has been studied by J.Turo [14] (cf. also [131) 
tin

Ai(xYz(xY))[Dxzi(xY) 

	

+ JPk(x ,Y, z ( x Y)( vz )( x Y)) Dyk zj ( x Y)]	 (24) 

= 1(x, y, z(x,y),(Vz)(x,y)) , i = i..... 

z(x,y)=p(x,y), (x,y)€ 0	 (25) 

where V: K(P, 0) - K, and K is the set of all functions z:	R such that z( ,y):
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[0, ao] — R` is measurable for ally E R" and z(x,'): RT_* jf(m is continuous for a. a. x € 
[O,ao]. Suppose that Vis a continuous operator of the Volterra type. If cp C J, then the 

and (x,y) cp(-h,y) for (x,y)e [-h, -h) x R'. We introduce the operator 

C([- ' ,O] x R, 	-+ C((x-,xJ x R, 

where (x,y)e D,which is defined by 	w(s -x,t -y),(s,t)e [x -,xJ x R". 
Finally, suppose that 

p(x,y,w) 

f(x,y,w) 1(x,y,w(0,0),(v(!(Xy)w))(x,y)). 

Now we have the problem (24), (25) obtained as a particular case of (1),(2), with h and p 
replaced by h and , respectively, and with b 
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