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A Dynamic Problem of Thermoelasticity

J. NECAS and M. RUZICKA

A space-periodic problem of nonlinear thermoelasticity is considered. For an elastic,
linear, isotropic, homogeneous, nonviscous body in small geometry, we obtain a nonlinear
system of equations. For small coefficient of the heat extension a we find a time - giobal
weak solution of the initial-value problem. The smallness of a is independent of the
length of the time interval and of the datas. The space periodicity of the solution is
related to the absence of reflected waves. A mixed problem for a bounded domain, even
with a srvooth boundary, seems to be an open problem. Our work is closely related to that
by J. Necas |LS] and by J. Necas, A. Novotny and V. Sverak [6].
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0. Introduction

Let O = (0,1)3 C R3 be the body considered. We denote :

u=(u,,u,,u, ) - the displacement vector,

o= (o,-j - the stress tensor,

e=(e;) - the small strain tensor,

- the temperature,

) the entropy,

11C2:€5 ) - the heat flow,

Ly f,) the body force,

the internal energy,

the free energy,

the coefficient of heat conductivity,
the coefficient of specific heat,
the coefficient of heat extension,
the Lame’s coefficients,

- the density.
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For the linear isotropic, homogeneous body, where we also take care of heat effects, we

have the following equations:

Ojj = A8 €px *2ue;; ~(3X +20)ad ;(T-T,)  (Hooke's law), (0.1)
pu; =90, /ox; + f; ( equation of motion), (0.2)
W = 0;i€ij ~9¢;/dx; ( energy equation), (0.3)

where T, is a constant and §;; denotes Kronecker’s delta. For simplicity we suppose p = 1.
We use the summation convention over repeated indices. Let us assume that the free
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energy is only afunction of the temperature and of the deformation, i.e. F(e,T) = W(e,S)
- TS. From this, by some calculations, we get

W =06, +dT - (3N +2u)aég, T (0.4)
If we use the equations (0.3) and (0.4) and the relation

c(T,VT) = -k(T,9T ) T/ox; (0.5)
we obtain

a‘i (k ﬁ) =dT + (3% +2u)ae, T (0.6)

Relation (0.5) is motivated by Fourier's law. The heat flow is subject to the principle of
material frame indifference and so k(7,VT ) has to be an isotropic function (see [9]).
Further we require that k is even with respect to (T - T,). The most simple function sa-
tisfying these properties is

k(T,VT)=a, +a,(T-T,)%+|VTI?, with a,,a, = const. (0.7)

For simplicity we set a, = a, = 1. If we substitute the definition of the small strain tensor
into (0.1} and the result into (0.2) we obtain
92u; 92u; 92u;
A OX; 90X u(()xjc)xj ox; ax

)- (3x+2w)a gl + £ = ii;. (0.8)
The system (0.6), (0.8) is a thermoelastic description of a linear, isotropic, homogeneous
and thermoextensible body without viscosity. So we seek for the displacement vector u
and the temperature T, both defined on Q; = Q x I, with I =(0,¢, ) and satisfying (0.6).(0.8).

By (LP(Q), Il o) and (Wm(Q), I, p.a) we denote the Lebesgue and Sobolev
spaces of space-periodic functions with period 1. We put

LP(0),R3) = LP(Q) x LP(Q) x LP(Q)), me(Q,R°)=WP'”(Q)pr”(Q)xWP”’(Q)

with norms defined by the same symbols N, o and Il-llm'P'n. Let V be a Banach space.
Then by LP(],V ) we denote the space of Bochner-measurable functions with values in v,
for which {; llu(s)ll,ds is finite. With the norm Ilullp v = (J} Hu(s)N P)I/P LP(1,V)isa
Banach space. For details see [1]. Further we denote u = du/dt, Vu = =(0u/dx,,0u/dx,
Qu/dx,), V2u = (9%u/dx [}, 3%u/dx,0x,, ....0%u/dx ?), weak convergence of a sequence
{x,}tox byx, = x,(u,v) = = fq u(x)v(x)dx,<{g,n> = fg(t)h(t)dt,Q, = x(0,t),t¢ L
At last, we will also denote by ¢ constants in various estimations.

1. Existence of a solution

From the above, we have to find functions u: Q; > R and T: Q; = R solving the problem

€y .
(Oh )R8 +pAui-a& o f, =0, (1.1)

BT + @y T - 3> (k §1) 0, 01.2)



A Dynamic Problem of Thermoeclasticity 359

where B> 0, a € (0,a,), @, = const and, according to (0.7),

k=1+(T-Tg)2+|VTI?, (1:3)
with initial conditions

u(x,0) = uy(x) and u(x,0)=udx), xeQ, (1.4)

T(x,0)=T, =const. >0, xe0. (1.5)

Further we will assume that

Uy € WRAHO,R?), u, e WHO,R?), fe L’(I,Wz'(Q,R:’)). (1.6)
Definition 1: A solution of the given problem (1.1) - (1.6} is a pair of functions u: Oy —
R? and T: Q; = R satisfying the following conditions
() we L2(1, W, (0,R?)), u e L=(1,L,(Q,R?)), u e L*(1,(W,'(N,R))),
Te L4(1L,WAQ)) o L2(1,W,2(Q)), T e L*/3(1, W,X()).

(;)YT(A-,:) + f{x,e) = ilx,t)ae. in Q.

(n)()\*u) kk(x t)+plduixt) -«

l

(ii1) fQ(B 'f'(x,t)v(x) vae lx,t)T(x,t)vix)

*k— ) (A))d\' 0 Vve W), ae. tel

First, let us consider the following problem:

(P1) Let T, ¢ L*(1,W2(Q)). We seek for a weak solution u of the problem (1.1), (1.4) for
fixed T=T,, i.e. we look for such function u: Q; = R?that

(i) u € L=(1, WHO,R®)), i ¢ L(1,L,(Q,R?)), i e L2(1,(WA(Q,R2));

(aa)fn( ng;_f(ijkj x4 (X)*U(xr)V(x))dx
=f0(i t)vilx 3:" v j)dx Vve WHQ,R?), ae. tel.

Lemma 1: There exists a unique weak solution u of Problem (P1), for which the follo-
wing estimate holds :

f(ld(,\', O+ {Vulx, )2+ Julx, e )|z)dx 1.7

sc(luol?za* luliza*Iflo, *«lVTE o)

Proof : The classical Galerkin method gives the existence of the weak solution of this
linear problem (se, e.g., (8]) 1

Theorem 1: Let T, ¢ L2(1,W,2(Q2)) n L*(1, W XQ)). Then for the weak solution u of
the Problem (P1) we obtain
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ue L2(1, W, (Q,R%), de L2(1,W,(0,R)), e L2(1,L2(0,R?))
and
JO9a(x. 02+ |9 2u(x, £ )]2) ax

sc(luoliea* luilen 1912 0, +alV2T|Z0,) forae. tel.

Proof: We again use the Galerkin method. Let {eX)={(eK ek g %)} be a base of
the space W,?((,R*) satisfying Ag K = -2, g K for all K ¢ N.We define

uMx,t)= Z,’:,, Cri(t)aK(x), where Capc(t) = (C,’\,K(t ), Cl(t), CRyg(t ))

are defined by

2, N
ff)(()‘ +u)c%lgt(x"’)AgiK(X) subuMx,0)agK(x) - U.-N(x,t)Ag;K(x))dx
o (1.8)
= fn("}(~\’- f)Ag,-K(X) +a ::; (x,r)Ag,-K(x))dx Vitel,

Cri(0) = (Uo:gx) . Crk(0)= (UuSK)~

Multiplying the K-equation of (1.8) by CNK(t ), summing up over K and integrating over
(0,t), we obtain

JO96 Nex, 012 + [920 Mx, 0)]2) dx
o]
s c(14a0lZ 2.0 NufOZa0 + IV 12, o, + « [V 2. o, ) (1.9)

From equations (1.7) and (1.9) we get that the sequence {UN} is bounded in W,%((},R3) and
that the sequence {u N} is bounded in W,}(01,R3). Now, by a well-known technique we
obtain our assertion

‘Let us for fixed Ty ¢ L4(1, W(1)) and every t ¢ ] define the operator A(t): W) —»
(W)Y by

(A( t)v,w)=fn(ﬁl(l +(T,-T, )2(x,t)+|Vv(x~)l2)(;—‘_'i(x)§:—i(x))dx Yv,we W2HQ).

Lemma 2: A(t) is a monotonous,continuous and bounded operator (i.e. A(t) maps
bounded sets into bounded sets), which satisfies

(A(t)v - Alt)w,v - w)z cf(]V(v- wi(x)2+|V(v- wX,\')l‘)dx Y v,we WD),
Q

Proof: Put k;(t.x,y) = B"(l +(T, - T,)*(x,t)+1yl?)y;. It is obvious that k; satisfies
the Caratheodory condition and that the estimate |k;(¢,x,y)| < c(g(x,t) + 3 |y,-|°)
holds for some function g(-,t) e L*72(Q2). Now it is obvious (see [1: Lemma 1.6 1) that A(¢)

is a continuous and bounded operator. Further we have
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CA(s)v - A(sdw,v- w)

1 ndv (g za_v*;) Av -w)
: Bjn((l *1ovl )dx,' (119wl )c)Xj oX; o

é—fnfo’(l +31Vw + t V(v - wl2)(V(v- w), V(v - w))dt dx

v

c(fnjoﬂv(v - w)?|Vw + t V(v - w)|*dt dx ,fn|v(v_ w2 d,\')

vV

cfn(|V(v— w2 + |V(v- w)*)dx®

Put X' = L*(1,W(Q)). Then X~ = LY73(1(W,H(N)Y). Let us define the operator A: X
- X' by

(Av)(t) = A(t)v(t) VveX
and the element b ¢ X" by

(b(t),v) = %J‘ndi(x,t)(%\%(x,l)v(x) + Tl(x,t)g;vi—(x))dx vV ve WHQ),

where u is the corresponding solution of problem (P1) to 7, ¢ X.If we use this notation we
can for (1.2), (1.3), (1.5) formulate the following problem:

(P2) Find T, ¢ X satisfying
(To(t)v) + (A T,(£)v) = (b(2),v) VveWHA), ae. tel,

(1.10)
T,(~,0) = T,. ‘

Definition 2: The function 7, ¢ X is called a weak solution of the Problem (P2) if T,
satisfies (1.10) and if T, € X".

Theorem 2: Let T, ¢ X and u be the corresponding weak solution of the Problem (P1).
Then there exists a weak solution T, of the Problem (P2).

Proof: Let us again use the Galerkin method. Let {gx}x-, be a base of W}(Q2). We
define

TMNx, 1) =S 2, Cni(t)gx(x) V¥ (x,1)e Qp,
where Cpyy are determined by

(TNCe), gxe) + (A TN ), gx) = (b(1),8x) Vieed,

Cni(0) = (Ts. &K)-

(1.11)

From this we obtain

s

J; ((TzN( 0. TN + (A TN, TN )))dl = fo(b(t). TNt )de vsel.  (112)

24 Analvsis. Bd. 10, Heft 3 (1991)



362 . NECAS and M. ROZIEKA

For the right -hand side we have in view of (1.7)

s . oT,
fo fn u,»(,\',r)g\_,i.(,\',t) TN(x,t)dx drl

fo
sf (fnlt}i(.\',t)lzdx)‘/z (fr)IVT,(.\‘,l)l‘d,\‘)‘ﬂ (fanzN(x, t )l‘d.\')’/‘dt
fo 3/4
s C(c] * a”vrxuz.ol) "VTxua,Ol (L (fnler(-\': t )I‘d'\')l/ad') / (1-13)

s co(er + @l VT, 0, IVT o, (197N 0, + | T2, 0, ).

where we have used in the last line the imbedding of W,(02) into L*(Q1). In the same way

we get

f:fn Gx.t)

s co(ey* allVT,, o ) IVTNI, o, (19T, . 0, * IT: Iz, 0, )-

aTN
2 (x,r)n(x,r)dxml
ox

i

(1.14)

From (1.12) we obtain, in view of (1.13), (1.14) and the monotonicity of A(t),
fQIEN(X,s)Izd.\' +J‘ol(|VT2N(x.t)|2 + IVT.‘,N(x.t)I‘) dx dt

s c(ITMx0E 0 + (14 IV T2 0 )V T2, o, + 1T, o, ))-
But

(f:o(fnrz(.\—,r)d.\-)2 »fo|vr(x,r)|‘dxdr)‘/‘ (1.15)

is an equivalent norm on the space X. And so there exist a weak convergent subsequencle
{T.V} € X and elements w € X, z € L*(Q) such that

TN=T,inX, ATN = w in X",
TMt) = z in LAQ), TNO) = T, in WiAQ),

" where we used the boundedness of A and the imbedding of the set {T: Te¢ X, Te X'} into
C(1,L*0)). By some calculation we obtain from (1.11)

LeX, T,vw=b, T0)=T,, T,(t,) = z.
But

lim CATNTN> = Bm 27(ITM0)2 o - ITNG2 Q) « <6, TN
N>

N>

s 27T 002 6 - 1Tl t)Z ) * <bT,> = <w, T,>.

This, (1.15), the weak convergence of T/Y to T, in X and the monotonicity of A imply
AT, = w. ie. T, is a weak solution of the Problem (P2) B
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Theorem 3: Let T,' € X n L2(1,W,2(Q)). Then the weak solution T, of the Problem
(P2) belongs to the space L*(I1, W,2(Q1)) and satisfies the estimate

192713, s calcs * ales + | V2T 17.0,) + VT 0, 197.1%.0,) (1.16)

Proof: (i) First we prove that T, ¢ L%(J,W,2(Q2)). For v € X and almost every t ¢ ] we
have

I(T(x Ovix,t) +7 (1+(T*T)2(\r) IVT(x!)I)a ) (v r))

f a
0B

We denote A, x = tel It] < h, h > 0 fixed, where e’ (/=1,2,3) is a unit vector and
{e,e2, e} is a base of R®. Further we denote A wi{x,t) =t (w(x + A x,t)- wix,t)).

From (1.17) we obtain

(1.17)

fn{('fz(x s A xt) - Tylx, t)vix,t)

T2
ax,-("' + 8. .x,1)

+ %&1 (T, - T,)%x + Box,t) +19T,(x + Box,2)2)

<)T2 dv
ox, (-\,f):IE(X,f)}d.\

foﬁ[ Pix+ Ax, )T {x+ A x,t)- a.':(x,t)T,(x,t)]v(x,r)dx.

~(1+(T, - T, 1) +19T(x,1)12)

In particular for v(x,t) = A T,(x,t) we get

o4,
2f (A T, )% x~, t)-(A T)z(x0)dx+Bf { ox; Z(x,t) ox, (X.

04T, oA T,
(T - T+ 8 gxat) - (T, - T)(x,t) a;_*(x,n L2 (x,1)

AT, oT,
(A(T T, )2(\ !) c) (A )( (x Axt)¢ (X t))
1 34.T, 8. T,
*f(lVTAx*Atx,r)l’~|vrz(x,z)|2) e (x, 1) 2 (1)
o4

1 o7, T Y
oi-Ar|VT2(.\-'t)|( (,\, )) ox, (x,t)}dxdt

ou;
a i .
< .[OI BA‘( o, (x, )T (x,¢ ))Ath(,\,r)dx dt
sc(( 19 T .0 ) 1Tl 0 18:8: Tulle o))
sc((l V2T o) S ITl2 0, 08 Ty fox ad, O,)

24+
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where we used

fO A u(x,t)A, T(x,t)dxdt = —fo ulx,t)A_ 8, T(x,t)dxdt
‘ ‘ (Te wia)).

"A-t 4, T"4,Q s "()A‘ T/‘)'\'efllc.ol

From this we get

94T, 04,7,
fo,{ ox, (x,t) ¥, (x,t)

08,7, 04.T,
(T - Tx ¢ 8ex,0) - (T, - T)xo0) 52 (x 1) 52 (x,1)
94T, (0T,
+A (T, - T))x,t)—— (ax-( +A_x, r)* (,\ t))
! (1.18)
(T, - T (x + 8ex,0) + (T, - T,)(x,1)
o7, 98,7, 04T,
(o\ (x )) 3x, (x,t) 3x, (x,!)}dxdt

s c(1+ 922 o, ur,uf_o,)-

The third term on the left-hand side we carry to the right-hand side, where we use 'the

estimate

AT, - T,)x, t) (x*Axt)'f (v t)
Qr

04,7,

S (x, r)(( ST (x+ Ax,t)+ (T, - T,)(x,t))dxdt

x
i

1 94T, 04, T,
CE_”Asz"f.o, |IV7;'|42,Q,+CEIO, ();i (X,!) ‘);i (I\'vf)

(T, - T)(x + Bx.t) + (T, - T,)(x,))dvdr

for an ¢ such that c¢ < 1. So from (1.18) we can obtain

04,7, o4, 2
Jo 52 52 (o0 s 1+ 9T o, T2 o)

(1.19)
sc(1+ V2T 12 0, 1Tl 0, * 19T 10, IVTL 12 o, ).

We will use the following fact:
Let u e LP(Q)),1<p<o, let A ue LP(Q,) forall h>0, || s h, and let
la u ”P-Qh s ¢, < @ Then, in sence ofdistribulions,||<)u/<)xel|ip'0h sc,.
Then we get from (1.19) that T, ¢ L2(/, W,2(Q))).

(ii) Now we want to prove the estimate (1.16). We multiply (1.2) by T,”, where T,” is
some second spatial derivative, and integrate over Q,. Using partial integration we get
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Jodmnyax - [ 3t onar

oJ\ 2 T ()Tz' . .
o,(“(r‘ T,)20x,0) + 19T, (x, 017) 5 (v, ) g (v ) dv e

(x0T (1)

forin
—‘O’a,,\,t ox,

-(1+(T,—7;)2(.\',r)+|VT2(x.t)|2) (x z) (\' r))d\dr

oT,
:.[o(aT('\ t)—- (\1)T(\ t)-2(T, )(xt)T(\t)a (\t)ax(\ t)

oT, oT,
26,\ (x, 1)0,\ (A r)r) (x, t)‘) (,\ t))dxdt

The last term on the right - hand side we carry to the left-hand side and so we get

fOI(IVTZ'(x.t W2+ (T, - T,)20x, OV T (x, )12 + |9 T,(x, IV T (x, t)I"')dx dt

. ou;
IO,T,(X,t)T2 (x,t) Fra (x,t)dx dt‘

SIQIVTz(x,O)I’dx +a

T ) S o, )T, 1) S (v, i |

sci(es * @I lnop 1Ville0p * KT = T)9T a0 M7 Vlaoo;)
s cufes @l T oy + as7(es » @l 9Tl o))
vel(Ty - TV gy * ¢ 1T VEE o)
for all ¢ > 0. From this we obtain for some ¢

[ 19Tt e arar s e, ale, *al T 0, ) 1T oy IVTai o))

Lemma 3: Put, for some R, > 0,
= {T, Te X,f [VT(x,t)N¢dxdt s Rl‘,f T4 x,t)dxdt s R“}.
Qy Qr

Let T,,T, denote the same functions as in Theorem 2. Then B: T, = T, is for R, large

enough a mapping from K, into K.

" Proof : Using the proof of Theorem 2, especially (1.13) - (1.15) we have, where all the

norms are L*-norms,
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fO](Tz‘('\"t) + 19T, (x,0)14) dv dt

'O 2
s cf {(f Tzz(.\',t)dx) *f IVTz(x,l)l‘ded!
o 2 (9]

e (cro ale, + IVTAVEIIVR | + o) (IZARY AT
< enfcrn el (VR ¢ cfuR e+ ey e ceH T )

(NI NI T T e e - )

for all £ > 0. For some ¢ we carry all the terms containing T, or VT, on the left-hand side
and so for 7, ¢ K, we have

Jo (T 5.0 4197, 0)
s cualew IVRE TP+ IVTIP + 1) < e4(c0 + 272 + 2R),

and the last term is smaller than R} for R, large enough B

Lemma 4: Put, for some R, >0,
K,={T, Tek,, 92T, 0, $ Rar Te X"},

Let T,,T, denote the same functions as in Theorem 3. Then B: T, > T,, for R, large
enough and a small enough but « independent of R, and R,, is a mapping from K 2 into K,.

Proof: For T, ¢ K, we have (see (1.16))
197 bk.0; 5 eales + ales = al V5T, o) + 19Tl o [9T 10,)
< c2(03 +tacg + a?|| V2T, ”: ot R,‘) s cz(c” + azR.f).

Now we take an « such that cpa® <1, and so for R, large enough, T, is an element of K,B

Theorem 4: Pu:
K= {T. Tek, |Tlx s R,}.

Then the mapping B: T, > T, has in K a fixed point T, i.e. T and the corresponding u are
a solution of (1.1) - (1.6).

Proof: We take an R, such that || T |- < R, forall T, ¢ K,. K is a convex, closed and
bounded subset of X. So we have to show that B is a weakly continuous operator, i.e. X,
= X in Xamplies Bx, = Bx in X". Let {T,"} ¢ K weakly converge to T,. We denote T,”
= B(T,”). From Lemma 4 we get that {T,"} C K. So there exists a T, ¢ K such that "~
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T,in X, T~ T, in L*(Qy).From[2: Theorem 5.1] we get the strong convergence 7,7 > T,
and T;" = T, in L*(Q,). Further we have

1

J‘Q,(T'z"(.\',t) - fa(x,t))( T (x,t) - Ta(x,r))dx dt

o H (- TAx 0+ 19 Tx )lz)aTz(»r)
Q,E 1 ) o) (x,t 2 (X, t ox,; X,

(1 (T - Tk, 0) < 19 Tyx,012)

=-zf
B Jo,

_.[O 'i-a(x-')(Tz"(X,?) - T,(x,!)) dx dt
/i

oT, oT," - T,
c.)xi(x,t):l ox; (x,t)dx dt

-]
o

(:‘i.r,(x,r)'fl"(x,t)(TZ"(x,r) - TJ(.\',t)) dx dt

L (1T n) 19T )|=)£(- N 2E B nava
8Jo, 1+ T, (x,¢t Slx,t ox, x,t x; x,t)dx t.

The first term on the right - hand side we can estimate by

Vi "llz, 0, 1T, o) 1" - Talle. o

which converges to zero in view of the boundedness of {7."} and {Vu"}. The second term
on the right-hand side also converges to zero, because 7", is an element of X". Also the
third term on the right-hand side converges to zero, because oT,7/0x; = 9T, /ox; in LY Qy)
and (1 +(T,"- T,)3(x,t) + IVT(x, r)Iz)c)TJ/a.\‘,-(x,t) converges strongly in L*/3(Q;). The
left - hand side we can estimate from below by

J;)( TP (x,t,) - Thl{x, tg ))zdx - fn( T,7(x,0) - T,(x,O))zdx

VTR - TIZ 0, *+ I9(T - Tl o)

We carry the second term on the other side, but also this term converges to zero. Thus we
get that |T,” - T,|lx = 0. In view of the strong convergence of T, in X we can tend with
n = o in the equation

f T, (x,)e(x,t)dx dt
<
T’ o9

9
] n(y + n( e
’EIO[(1+7; (-\.t)2 'vrz(.\,f)lz) ()X" (X,I)axi(x'()dxd{

--5[ ad"n('r)T‘( t)e(x.t)dxdt ¥ X
= B Jo, ox, X, Llx, ) elN, X @€ X.

So we get B(T,) = T,. Altogether we have the weak convergence of T,7to B(T,)in K, i.e.
weak continuity of B. By [7: Corollary 9.3] we get our assertion
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