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A Dynamic Problem of Thermoelasticity 

J. NEtAS and M. RtiKA 

A space - periodic problem of nonlinear thermoelasticity is considered. For an elastic, 
linear, isotropic, homogeneous, nonviscous body in small geometry, we obtain a nonlinear 
system of equations. For small coefficient of the heat extension a we find a time - global 
weak solution of the initial-value problem. The smallness of a is independent of the 
length of the time interval and of the datas. The space periodicity of the solution is 
related to the absence of reflected waves. A mixed problem for a bounded domain, even 
with a smooth boundary, seems to be an open problem. Our work is closely related to that 
by J. Necas L5J and by J. Necas, A. Novotn and V. Sverak L6J. 
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0. Introduction 

Let 0 = ( 0,1)3 C R3 be the body considered. We denote: 
u = (u 1 .u 21 u 3 ) - the displacement vector 
o = (o,,)	- the stress tensor, 
e = (e,,) - the small strain tensor, 
T - the temperature, 
S - the entropy, 
c = (c 1,c 21 c 3 ) - the heat flow, 
f	(f1 ,f2 .f2 ) - the body force, 
W - the internal energy, 
F - the free energy, 
k - the coefficient of heat conductivity, 
d - the coefficient of specific heat, 
a - the coefficient of heat extension, 
Ii, X - the Lame's coefficients, 
P - the density.

For the linear isotropic, homogeneous body, where we also take care of heat effects, we 
have the following equations: 

o ij = A8,, e kk + 2 lie - (3), + 2li)a 1 ( T - T0 )	(Hooke 's law),	(0.1) 

+ fi	 equation of motion),	(0.2) 
W =o ,. e u - c 1/ax 1	 (energy equation),	(0.3) 

where 7 is a constant and 8 ii denotes Kronecker's delta. For simplicity we suppose p = 1. 
We use the summation convention over repeated indices. Let us assume that the free 
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energy is only a function of the temperature and of the deformation, i.e. F( e, T) W( eS) 
- TS. From this, by some calculations, we get 

W	dT - (3). + 2 0aekk T.	 (0.4) 

If we use the equations (0.3) and (0.4) and the relation 

c(T,7T) -k(T,VT)aT/ax 1	 (0.5) 
we obtain 

	

-(k	
-) dT 

+(3X + 2)aé kk T.	 (0.6) 

Relation (0.5) is motivated by Fourier's law. The heat now is subject to the principle of 
material frame indifference and so k( T,VT ) has to be an isotropic function (see [91). 
Further we require that k is even with respect to ( T - T0 ). The most simple function sa-
tisfying these properties is 

k(T,VT) a0 + a 1 (T- T)2 + I VT1 2 , with a 0 , a 1 = const. (0.7) 

For simplicity we set a0 = a 1 = 1. If we substitute the definition of the small strain tensor 
into (0.1) and the result into (0.2) we obtain 

à2u. a2U 

	

ax1a	+ (axj + aa ) -	+ 2)a aT +	=	 (0.8) 

The system (0.6), (0.8) is a thermoelastic description of a linear, isotropic, homogeneous 
and thermoex tens ible body without viscosity. So we seek for the displacement vector u 
and the temperature T, both defined on Q, = 0 x 1, with 1 (0, to ) and satisfying (0.6),(0.8). 

By (LP(0), llt) and (1 ,m() , IJ ' II mpü) we denote the Lebesgue and Sobolev 
spaces of space-periodic functions with period 1. We put 

L(0 R3 )L"(Q)xLP(fl)xLP(c)) Wrn(t,R3)wm(0)xW,f1(c))xwm(c)) 

with norms defined by the same symbols 11- 11 0 and 1 1. llm,p,o' Let V be a Banach space. 
Then by LP (I, V) we denote the space of Bochner- measurablefunctions with values in V, 
for whichf1 llu(s)ll'ds is finite. With the norm lu 'p,V = (.

11 llu(s)ll) 1 * , L(1, V) is a 
Banach space. For details see [1]. Further we denote ó = au/at, Vu (au/ax1,au/ax2 
àu/àx 3 ), V 2u (a 2u/ax,a2u/ax 1 ax 2 .....a 2u/ax), weak convergence of a sequence 
(xn}toxbyxn_'x,(u,v) =fn u(x)v(x)dx,<g,h>=fg(t)h(t)dfQ=0x(0te! 
At last, we will also denote by c constants in various estimations. 

1. Existence of a solution 

From the above, we have to find functions U: Q1 -+ R3 and T: Q1 — R solving the problem 
ae kk	aT (A +	+	- a5 —	f,	u,,	 (1.1)C  xi 

3T+aekk T-	-(k . ) =0,	 (1.2)
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where 3 > 0. a € (0,a 0 ), a 0 const and, according to (0.7), 

k I -( T - T0 ) 2 + VT 1 2 ,	 ( 1.3) 

with initial conditions 

u(x,0) u0 (x) and u(x,0) u 1(x) x tO,	 (1.4) 

T(x,0)	T0	const. > 0 , x € 0.	 (1.5) 

Further we will assume that 

u. € W22(0, R') , UO € w21 (0, R 3 ) 1€ L 2 (1, w2 (0,R)).	 (1.6) 

Definition 1: A solution of the given problem (1.1) -(1.6) is a pair of functions U: 
R3 and T: Q - R satisfying the following conditions 

(i) u € L 2(1, l .V21 (0,R3 )), ü € L(I,L2(0,R3)), u € L2(i,(W21(0,R3))), 

T€ L4 (1, w 1 (o)) n L 2(1, IV22 (o)), T € L'(1, w1(0)) 

àe kk	 I  
(ii) (X +i)-..—..(x,t) - ittu 3 (x,t) - a----(x,t) f,(x,e) = u(x,t) a.e. in Q1. 

(iii) f0(±(x,t)v(x) akk(x,t)T(x,t)v(x) 

k -' • (x,f )--Y_(x))dx	0 V v € W41 (0), a.e. t € I. 
cx 1	ax, 

First, let us consider the following problem: 

(P1) Let T € L 4 (I, W(0)). We seek for a weak solution u of the problem (1.1), (1.4) for 
fixed T E 7, i.e. we look for such function U: Q, --> R' that

(i) u € L(J, W21(c),R3)), U* E L(I,L2(Q,R3)), ii € L2(1,(W(0,R3))); 

(ii) + '	.L(,t)Xi_(x)+ i(x,t)v(x))dx 

Jiyx,	x t)v 1 (	 j(x))dx V v€ W,(0,P3),a.e. t€J. 0( =	 ) - ax, 

Lemma 1: There exists a unique weak solution u of Problem (P1), for which the follo-
wing estimate holds: 

f(I( x , t)12 + Vu ( x , t )12 + I u(x,t )12)dx	
(1.7) 

(11 U. 11,2.0 +   
11U,

110.2.0	I f II.	+	II T Ii.Q,) 

Proof: The classical Galerkin method gives the existence of the weak solution of this 
linear problem (se, e.g., (81) I 

Theorem 1: Let T1 € L 2(1, W22 (0)) n L 4 (1, W41 (Q)). Then for the weak solution u of 

the Problem (Pt) we obtain
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u € Lco(I, W2 2 ( 0 , R 3 )), ii € L(J, w21 (o,R 3 )), ii € L 2 (J, L2(c),R3)) 
and

fUvu(x,t)1 2 + lvzu(x,t)12)dx 

Sc(II u0 
12  2,2.0 + flu1 11120 + lv! 11 22,01 + a V2T u:01 ) for a. e. t € 1. 

Proof: We again use the Galerkin method. Let { g K} = {(g1K,g,g)} be abase of 
the space W22	3) satisfying ttgK =XK gK for all K € N.We define 

uN(x,f)=>. K= , 

are defined by

(1.8) 
f0 ( j ( x, r)gjK(x)	ai 

+ a(X,t)tg .K(X))dx V t€1, 
C) X. 

CNK (0) = (u0,gK), CNK(0) = (uj,g'). 

Multiplying the K-equation of (1.8) by C,.( t), summing up over K and integrating over 
(O,t), we obtain 

f(jvu N(x t )1 2 + IVZuN(xt)12)dx 
0

c(ll uO (0) i120 + ll u l(0) 0,2.o + liv! ii:,	+ a 1lv27 112 01).	 (1.9) 

From equations (1.7) and (1.9)we get that the sequence fu N.) is bounded in W2(c),R3)and 
that the sequence {ó N) is bounded in W 1 (0,10). Now, by a well-known technique we 
obtain our assertion U 

Let us for fixed lj € L'(1, W,(0)) and every t€ Idefine the operatorA(t): W(o)-. 
(W4'(Q))' by 

(A( t)v,w) 4((1 +(7- T. )2(X,t )+Ivv(x)I2)L(x)(x))dx Vv,we W41(0). 

Lemma 2: A( t) is a monotonous, continuous and bounded operator (i.e. A( t) maps 
bounded sets into bounded sets), which satisfies 

(A(t)v - A(t)wv- w)a cj'(Jv(v- w )( x )1 2 + V( v - w xx)l')dx V v,we W41(Q). 

Proof: Put k(t,x,y) = 3_1( 1 +( 1 - 1)2(x,t)+ 1y 1 2)y1 . It is obvious that k, satisfies 
the Carathodory condition and that the estimate lk(t,x,y)l _- c(g(x,t) + 
holds for some function g(',t)€ L"(0). Now it is obvious (see [1: Lemma 1.6)) that A(t) 
is a continuous and bounded operator. Further we have
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<A(s)v - A(s)w,v- w>

av	I2)_\ a ( v - w) a	+	 dX 

	

- (i * 1,7,v
j	()Xi 

f
0 J(i + 3IVw tV(v- w)1 2 )( 7 ( v - w),V(v- w))dtdx 

\J 
(1'

Oj 
Pa 

ci I	V(v- w)I 2 I Vw*t V ( v - w)I 2dtdx +f0IV(v- w)12dx) 
o 

^ C$(V- w )1 2 + IV(v- w))dxU 

Put X = L 4 (1, W41 (0)). Then X	L43(1,(W41(0))'). Let us define the operator A: X 
-+ X' by 

(Av)(t) A(t)v(t) V v€ X 

and the element b e A" by 

(b(t),v) = V v€W41(Q), 

where u is the corresponding solution of problem (P1) to T, E X. If we use this notation we 
can for (1.2), (1.3), (1.5) formulate the following problem: 

(P2) Find 7 E X satisfying 

(T2 ( t ),v) + (A( t)T2 ( t ),v) (b( t ),v) V v e W41(c)), a.e. t E 1,	
(1.10) 

T2 (x,0) = T0. 

Definition 2: The function T, E X is called a weak solution of the Problem (P2) if T2 
satisfies (1.10) and if i € X'. 

Theorem 2: Let T2 e Xand u be the corresponding weak solution of the Problem (P1). 
Then there exists a weak solution T2 of the Problem (P2). 

Proof: Let us again use the Galerkin method. Let {gj} ', 1 be a base of W41 (fl). We 

define 

r2N(x,r) 
= Ka CNK 	V (x,t)E Q1, 

where CNK are determined by 

( T N(090+(A(t)T2N(t),g) (b(t),g) Vtt 1,	
(1.11) 

CNK ( 0 ) = (1,g). 

From this we obtain

=J0(b(t),T2N(t))dt Vs€I.	(1.12) 

24	 Rd. 14), Hcfa 3 (1991) 
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For the right-hand side we have in view of (1.7) 

uj(x,r)..3_(x,t)T2N(x,t)dxdf IJ'oJC)	 I 
f tO( 

0

U,01 

 
s c(c	a Il V TII201) IvT1 II 4,01 

	 1T2"(x ) I 4dx)1/dt)'	(1.13) 

f.	+ IIVT1 II 2,01 ) I 17r1 II 4,Q1 (ii vi2 12.Qj	2 

	

N11	+ 1ITNII2,01), 

where we have used in the last line the imbedding of W(Q) into L'(0). In the same way 
we get

' 

11sf	TN 
,,	'(x, t) — .--(x,t)7(x,t)dxdf1 
0	

(1.14) 
c (c	aVT2o1) IIVTII o (iiv i 1 2 .01 + II T1 112.01) 

From (1.12) we obtain, in view of (1.13), (1.14) and the monotonicity of A(t), 

J'o lT(x,$)I 2 dx +fo (IVTf(x,t)1 2 + V/T2"(x,t)J4)dxdt 

^ c ( lj r2N x, o  111, + (i + 1 VT1 Ij 01 )(11VT1 11 4	+ IITI II 0I 

But

I 
0 

fto( 1*

C)

	

T 2(x, t) dx) +f IVT(xt )14dxdt)1/4	 (1.15) 

is an equivalent norm on the space X. And so there exist a weak convergent subsequence 
{ T2") C X and elements w € X', Z £ L2(0) such that 

TN - T2 in X, A N — 

Tj"(t0 ) - Z in L2(c]), T2"(0) - i in w41(0), 

where we used the boundedness of A and the imbedding of the set {T: T€ X, T  X'} into 
C(I,L2(c))). By some calculation we obtain from (1.11) 

But

<AT2	 2 - IJTN(t	2 , T2N> =	tim_2(llT2"(0)j120	I 2	0 ) 112.0) + N-- 	 N-. 

2 '(11 T2 (0 )110 - JJT2( t0)110) <b,T2 >	<w, T2>. 

This, (1.15), the weak convergence of Tj" to T2 in X and the monotonicity of A imply 
AT2 w. i.e. T2 is a weak solution of the Problem (P2) U
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Theorem 3: Let TE Xr L 2(l,W22 (0)). Then the weak solution T2 of the Problem 
(P2) belongs to the space L 2(l, W22 (0)) and satisfies the estimate 

llv 2 T2 lI ,Q,	c2(c3 + cs(c + a ll v2i	 + ll	lvill,01)	(1.16) 

Proof: (0 First we prove that T2 E L 2(I, W22 (Q)). For v € X and almost every t e I we 

have

f(2(x,t)v(x,t) *(1 +(	+	)2(x,t)+IVT2(x,t)I2)(x,	av	
t))dx t)---(x,	

(1.17) 

= J.-T(' x,t)' (x,t)v(x,t)dx. 

We denote x te 1 , I tI < h, h > 0 fixed, where e 1 (I = 1,2,3) is a unit vector and 

W, e 2 e°} is a base of R3 . Further we denote A, w(x, t) t - 1 (w(x + A t x, t) - w(x, 0). 
From (1.17) we obtain 

f[( 7 2( x +	x, t) - T2(x,t))v(x,f)

c)T 

	

+	+( 7 - T. 	+	x,t) +1vT2(x +	x,t)i2)( x + (x, t) 

T—v i	)] -5Ti	4 
- 

- - 	A 'X ' 	+	x,t) -	(xt)Tt(xt)]v(xt)dx. J a[c)u 
°13 c)x 1	 ax1 

In particular for v( x,t) r 6, 7( x,t) we get 

fo	
- ( A C T )2(x,O))dx 4W lt1 (

	
ai 

a	x,t	(x, t) xi 

__	aT2 
t)	(x, t) +((i - T) 2(v 4	x,t) (T - T)2(Xt)) a,, (x'	ox1 

- T))2(xt)t2	
(aT2	 aT2 

	

Ox1 (x,t)----(x +	x,t) + 

+ ( l V ( x	x,t)1 2 + lv;(x,t) 2\t2	 _ 

I ) ax, (x,t) Ox, (x,t) 

	

C) T2	 a7
2.	

+lV7(x,t )l 2((x + Ax,t) +	—(x, t) Ox1 (xt)}dxdt 

JO, 
-' 

L(x,f)T(x,t))T(x,t)dxdt Ox 1	 / 

^ C ((1 + 11
V27 112. Of ) 11 T1114.01	T2

2, Of)	
11 

!E-	 + E Il M /ax1 IlQ,), llv2T 

24*
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where we used 

for A, u ( x , t )T(x,t)dxdt = -f
(T€ W:(c)). 

Ii_	T4- s III	T/ax u1140 

From this we get 

i

C ThT 
(x 

__ 

0{ ax1	,t) 

+ ((i; - T) 2(x +	x, t) -(1; - 1)2(x,t 

a7 iai;
- 1)(x,t) ax1	---(x +tx, 

7-7)(x+x,t)+(7-i)(x,t))

Ill
t 	t) Il l 2 (1, t) ax 1	'	ax1 

aT2 

ax1 +	(x,t)	

(1.18) 

	

 ai	\2 a7  
+ — (x,t)J	(x,t) + R—(x +	x,t) ax 1	/	ax 1	ax1 (x.t)}dxdt 

(i + 1v 2 1 ii:,	ll	1142.0!). 

The third term on the left-hand side we carry to the right-hand side, where we use the 
estimate 

Jx, ('; 7;)(	
a7; 

(x	
ai 

-	t)I—	+ tx,t) + 
or

IA i 
ax 	,t)(( T -)(x+x,t)+(7 - To)(x,t))dxdt 

j' 
- Il 7 iI42.o,	11v7 

11 2 , Q1 
+	

a i 
E	 C a

i 

jo, 

a 
x1 (x,t) ax1 

(X, t) 

x (( T1 - T,) (x +	x, t) + (7 - To)(x,t))dxdt 

for an t such that c E < 1. So from (1.18) we can obtain 

f
^A'_I T2 (X,t) ')A^T2 

C)Xj • ax, (x,t) C(i + 1I v2T111,o, iiiiI42.,)
(1.19) 

c(1 + 11172T 1	, , i l; 1142.0, + Ii VT1 1142.0, 
11 ,7T ; iI42.,). 

We will use the following fact: 

Let u € L(0), I <p < o, Jet t.s,u £ L(O h ) for all h> 0, It s h, and Jet 
lLA u 11 O h 

5 c, < . Then, in sence of distributions, 1 11 u/axe u lip. Oh :5 Cl. 

Then we get from (1.19) that 7 € L 2 (1, W'2(0)). 
(ii) Now we want to prove the estimate (1.16). We multiply (1.2) by 1 2", where i;' is 

some second spatial derivative, and integrate over Q1 . Using partial integration we get
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$(12'( X, to )) 2 dX f(T2(xO))2dx

... t)—(x,t)dxdt +J (i +	-	)2(x,t) + VT2(x,t)I2)(/, ax1 
QI 

_(I 
+ 

( T' - 7	

a7
-—(x,t))dxdt

Ox i ) 2 (x,r) + IT2 (x t)1 2 )' —(x,t) 

r I	au	 a T2 
= J	(cTi()a	(, )7(x,t)- 2( 7 -

 
T. )(x,t)1(x, t )-----(x,t )—(x,t )

C)Xi

a7	a7(	 a	
)dxdt. A t)-(x,t) 

The last term on the right - hand side we carry to the left - hand side and so we get 

J(Iv(xt ) 1 2 4 (T1 -	) 2(x,t )IVT;(x, t)1 2 + IVT2 (x, t )I VT(x, t)1 2)dx dt 

(x t)—(x,t)dxdt sj'1VT2(x,O)I2dx + alf 7(x, t)7	
, 

IjQj	 axi 

(T1 -T0)(x,	
2 

c 4 (c S +	i; 7 II2,Qf IVu 1 2 ,01 II(' - T0)TI 2 , 01 p 7;'	II,Q,) 

^ c 6 (c 5 +	11 T,	 112.01 +	 +	V2TjII2Q1) 

2 + II( T1 - T0 ) V7I, Qj + E 91j VT21I2.01) 

for all E > 0. From this we obtain for some S 

fQ1

IVTz (x,t)I 2 dxdt ^ c8(cS + a(c +aIIV 2TIIo ) +	7; I1.oj ll	i:.) I 

Lemma 3: Put, for some R 1 > 0, 

K 1 ={T. T E X,J0 IVT(x,t)I 4 dXdt2^R.J0 T 4(xt)dxdt sR}. 

Let T1 , 7 denote the same functions as in Theorem 2. Then B: 7; + -	'2 is for R 1 large

enough a mapping from K 1 into K1. 

Proof: Using the proof of Theorem 2, especially (1.13) - (1.15) we have, where all the 

norms are L4-norms,
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L' ( 7;. ( X ' t) + 117T2(x,t)14)dxdt 

I cf :o{(f 
T.(xt)dx)2 +fIvT2(xf)l4dxdt 

c (co	a (c +	ID( II	till	Il	II	lilt Vi; JI + II 17T,1111 VT, 11)) 

(	
, (	H 7; Il 2 + E l i; H + II 7; 11 2 +	HT 112) 

+ a2(E I II ViUl 3 + E lvi; 112 + 1I
177

U1 2 +
	'7T. 11 4 + 11 T2 	lli;ll)) 

for all r > 0. For some s we carry all the terms containing 7; or Vi; on the left-hand side 
and so for 7; € K1 we have 

fq,(T2.(x' t ) + VT2(x,t)14)dxdt 

c 12 (C 10 + 117	'112 + ll7ll 2 + 11 17 7;11 3 + lI7;li)	c 12 (c10 + 2R 2  + 2R3 

and the last term is smaller than R 1' for R1 large enough U 

Lemma 4: Put, for some R2 > 0, 

K2 - {T, T€ K1, 11 V2T ' I	^ R21 Te X}. lI2, Q 

Let 7;, 7; denote the same functions as in Theorem 3. Then B: 7; - 7;, for R2 large enough anda small enough but a independent of R, and R 21 is a mapping from K2 into K2. 

Proof: For 7; e K2 we have (see (1.16)) 

11 7T2 112,01 c2 (c3 + a(c + 
all v2T1

 
11 2, 01) + lI V7;114, Q, ll7; ll,o,) 

c 2 (c3 + ac 5 + a2 11
v2T1 ii:, Qj + R 14 ) c 2 ( c 13 + a2R) 

Now we take an a such that c 2 a 2 < 1, and so for R2 large enough, 7; is an element of K21 

Theorem 4: Put 

K t T, T€ K2111 T llX,R3}. 

Then the mapping B: 7; - 7; has in K a fixed point T, i.e. Tand the corresponding u are 
a solution of (1.1) - (1.6). 

Proof: We take an R3 such that H	^ R3 for all 7; € K 2 . K is a convex, closed and 
bounded subset of X. So we have to show that B is a weakly continuous operator, i.e. 
- x in X implies Bx - Bx in .V. Let {7"} C K weakly converge to 7; . We denote T21' 
= B( 7;"). From Lemma 4 we get that (T2") C K. So there exists a 7; E K such that T21 -
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T3 in X, T," — T3 in L6(Q,) . From( 2 Theorem 5.1] we get the strong convergence T2 ' - 7 

and T1" -+ T in L4 ( Q)• Further we have 

I2

T)2(xt)+IV7n(x,t)I2)!_(X,t) Ox  

-(i +(fl T0)2(x,t) + IV(x,t)l2)(x, 
1 a; - T3 

	

c)X,	
t)j----(x.t)dxdt 

-	l-(x,t)Tj"(x,t)(T(x,t) - 7(x,t))dxdt 

J'i(x,t)(T(x,t) - T3(x,t))dxdt

- T 2	3 1fr (1+1n(X,t)+IvT3(x,t)2)-(x,t)]	(x,t)dxdt. 
3	 ! 

The first term on the right-hand side we can estimate by 

C II Vu I2,Qj lIrnlI	II T2 - T3I4o, II'i 114.07 

which converges to zero in view of the boundedness of {T"} and (Vu n}. The second term 

on the right-hand side also converges to zero, because T3 is an element of X. Also the 

third term on the right-hand side converges to zero, because aT'/ax, c7T3 /àx 1 in L4(Q,) 

and (i +( 1" - i ) 2(x, t) + VT(x, r)1 2 )aT3 16xa(x, t) converges strongly in L"(Q,). The 

left-hand side we can estimate from below by 

$kn(x , to )T,(x , t o )) 2dx f,,(T2_(X'O)T3(x.0))2dx 

+ II V( 72- 7)11 ,Q1 + lI(' -
 
	)II,o 

We carry the second term on the other side, but also this term converges to zero. Thus we 

get that OTT - T311.,(. - 0. In view of the strong convergence of T2 in Xwe can tend with 

n -	in the equation 

fol 7 2n (x, t)q)(x, t)	di 

	

+1 (1+nx.t2. V7(x,t)I2)__	
aq' 

, (x,t)---(x,t)dxdt 

-fL(xt)1 4(xt)(x.t)dxdt VqtX. 

So we get B( T) = T3 . Altogether we have the weak convergence of T2" to B( 1;) in K, i.e. 

weak continuity of B. By [7: Corollary 9.3] we get our assertion U
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