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On an Application of a Modification of the Zincenko Method
to the Approximation of Implicit Functions

foAaNNIs K. ARGYROS

We use the Zincenko iteration to approximate implicit functions in a Banach space by
solving a linear algebraic system of finite order. The non-linear ‘equations involved contain
a non-differentiable term. Our hypotheses are more general than Zabrejko and Nguen’s
L10]), in this case.
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1. Introduction

Let E, A be Banach spaces and denote by U(x,,R) the closed ball with center x, ¢ E and
of radius R in E. We will use the same symbol for the norm || - [l in both spaces. Let Pbe a
linear projection operator (P2 = P) which projects E on its subspace Ep and set Q =/ - P.
Suppose that the non-linear operators F(x,X) and G(x, A) with values in E are defined for
x ¢ D, where D is some convex subset of E containing U(x,, R) and X € U(},, S). For each
fixed A e U(Xg, S) the operator PF(z,X) will be assumed to be Frechet differentiable for
all z e D. Then PF(x, ) will denote the Frechet derivative of the operator PF(z,X) with
respect to the argument z at z = x. Moreover, we assume that (PF'(XO,XO))" exists and

l(PF (x6 %)) *(PF(x,0) - PF(y, W) 5 ky(r)lx-- p I, ()
[(PF (xo 2D *(PF (X6, %) - PF (X0, Xo))|| s ka($)IX = X1, (2)
[P (xanrd[(OF (x,2) + G(x, 1) - (QF (3, 2) + Gy V]| s klnodlix -y )

for all x,y € U(x,,r) € Ulxy,R) and X ¢ U(xg,s) C U(X,,S). Here k,, k, and k, are non-
decreasing functions on the intervals [0,R] x [0,S1,[0,R)and [0,R] x [0,5], respectively.
We use a modification of the Zincenko iteration [11]

(0) = X, () - (PE(x,(A),A)) H(Fx,,(X).2) + G(x,(X),Q)) (n20) (4)

'\'"’1
to approximate a solution x "= x *(X) of the equation
F(x,\) +G(x,X)=0. (5)

By x, we mean x,(X). That is x, depends on the X used in (4).
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It can easily be shown by induction on n that under the above hypotheses F(x (X))
*+ G(x,(X), 1) belongs to the domain of PF(x,(X),X)"* for all n 2 0. Therefore, if the in-
verses exist (at it will be shown later in Theorem 1), then the iterates X, can be compu-
ted for all n2 0.

Our assumptions (1) - (3) generalize the ones made by Zabrejko and Nguen [10], Ya-
mamoto [9] and (for G = 0) Potra and Ptak [6]. The iterates generated by the above au-
thors cannot be easily computed in infinite dimensional spaces since the inverses of the
linear operators involved (P = I, then) may be to difficult or impossible to find. It is easy
to see, however, that the solution of equations (4) reduces to solving certain operator
equations in the space Ep. If, moreover, Ep is a finite-dimensional space of dimension N,
we obtain a system of linear algebraic equations of at most order N. Furthermore, several
authors have treated the case when G =0, P [ provided that k, and k, are constants (or
not) [1,2,4 - 6].

We provide sufficient conditions for the convergence of iteration (4) to a locally uni-
que solution x *(X) of equation (5) as well as several error bounds on the distances Ix , i(X)
= x (Ml and lix,(3) - x *()I.

We need to define the functions

a, = k(s)[[(PF (x6, X)) ™ (F(xg, %) + Glxg, V)| (s = 0if % = %),

wlr) = [ k(t.9)ds , k(s) = [Thte)dt, k(s)=(1- k(s)?
provided that

k(S) <1, @y(r) = a, + k() w,(t)dt - r,

bo(r) = k() ky(t,5)dt, % (r) = @.(r)+ d(r)

and the iteration (y, = x,, n 2 0)

Yoet(N) = 74(0) = (PF(x0, ) TH(F(3,(X). 1) + G(y,(2), \)). (6)

2. Convergence results

We can now formulate the following result.

Theorem 1: Suppose that the function x¢ = x(r) has a unique zero p° = os in [o,R]
and Y (R) s 0. Then the following statements are true.

(a) Equation (5) has a unique solution x™= x*(\) ¢ Ulxg,R) with x*(X) € U(xg,0").

(b) The estimates

a3 = 7400 5 42 - v, o
and

Ly, (X)) - x*(M)ll s p* - v, (8)
are true where the scalar sequence {v,},., is monotonically increasing and convergent
to p*with i

Vner = dg(v,) (n20,v, =0) and dr) =r +yr) 9)
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Proof: It is a simple calculus to show that the sequence {v,} is monotonically increa-
sing and convergent to p” (see also, [10: p. 675]). Using induction to n we will show that
the estimate (7) is true, from which (8) will follow immediately. From (6) for n = 0, we get

1y (X)) = yoOO s JI(PF (N AN M(Flxg,A) + Glxg, A 3 a5 = d(0) = v, - v,

That is, the estimate (7) is true for n = 0. Let us assume that (7) is true for n < k. Then by
(6), (1), (3), [10: p. 674] and the induction hypothesis we get

1y o (X)) = )

$ X - yie- () = (PF (X 6 ) H(PF (3R, X) - PF(yp- (1), 2))]
H(PF (N X ) {(QF (AN + Gy M) = (OF (3 ALX) + Gl . OO
s [ IPF (xou ko ) H{PF (1 - )yic - (N) *£3:0) = PF (50 X}l yiX) = yie (Ml

+HI(PF (x0. X6 N H(OF (y(W) ) + Gy (A 1) - (QF (g (A X) + Gy (M), AN}
s L=ty +tv (v - vy Dar +fv:k_‘k3(t,s)dt
< k<s)[[vz‘_lus(: R Nl ‘k,(r,s)dt] = (V) - Vi) = Views - Ve

That is, the estimate (7) is true for n = k. Hence, {y,(X)} is a cauchy sequence in a Banach
space and as such converges to some x *(X) ¢ U(x,,p") C U(x,, R). By letting n = o in (6)
we deduce that x *(X) is a solution of equation (5).

We will now show that x*() is the unique solution of equation (S) in U(x,,R), by
considering the sequences given by (n 2 0; z, € U(x,,R) and w, = R)

ZpafX) = 2 (X) - (PF(x00 Ao N (F(z (A)X) + G(2,(X) 1)), (10)
and

W, ., = do(w,). (11)
It is enough to show that

Iy (X)) - z,(Ml's w,-v,,n20. 12)

It is a simple calculus to show that the scalar sequence given by (11) is monotonically
convergent to p°. Hence, if for z, we choose the.second solution y*(X) ¢ U(x,,r) of equa-
tion (5), then, by (12), llx*(X) - y ")l s w, - v,. Thatis, x (1) = y (X).

For n = 0, (12) becomes [y, - xoll s R - 0 = R. Hence, (12) is true for n = 0. Let us assume
that (12) holds for n < k. Then by (6), (10) as before we get

[y aslX) = 25 o, OO

s (2 = v X)) = (PF(x0. X N H(PF( 2, (X)) - PF(y (X))
*(PF (5o XD HOF(z2,(X).X) -G 2 A) - (OF (X)) + Gly DA

s 2IPF(xo X0 ) {PF((1- )i 0) +£2,4(X)) = PF (g x| lze(R) -yl Ml de

20 Analdysis. Bd. 10, Flert 3 (1991)
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of‘:;kk;( t,s)dt
s f;m,((l ~ vy rtw)(wy - vi)dt oﬁ:“'ka(z,s)dr

Wy
s k(s)[f:‘:km(s)dl *kakka( l,s)dt:l = d(wy) - dlv) = wiy - Vi
That completes the proof of the theorem B
We can now formulate the main result.

Theorem 2: Suppose that the hyporheseé of Theorem 1 are satisfied. Then the follow-
ing statements are true.
(a) The sequence (p,,) given by

Pne1 = 0n* Ulen) (po = 0) with ulr) = -x(rl/e r)

is monotonically increasing and converges to p".
(b) The iterates generated by (8) are well defined for all n2 0 and remain in U(x,,0*).
(¢) Moreover, the estimates

Ixpay(X) - x, (M s 00y -0 (n21) (13)
and

lixneX) = x*(Wl s 0° - @, (n20) (14)
are true.

Proof: Part (a) can be shown exactly as’in Proposition 3 in [10: p. 677]. We will only
show (13) since (14) will foliow then from it immediately. For n = 0 we get [Ix,(X) - x,(A)ll
S ag=p, - po- That is, (13) is true for n = 0. Let us assume that (13) is true for n < k. By
the induction hypothe§is

I3 - xoll s jinx,.m =i 0= Sloy - 0,0 = o
The Banach lemma on invertible operators, (2) and the estimate
MPF(x0 X NHPF (5 (XL X) - PF (x4, X))} ¢ k(s)wslps) s k(s)wglp®) =@ (0%) +1 51,
it follows that PF’(x,)) is invertible for all (x,A) € U(x,, R) x U(X,,S) and
J(PF(x A X)) PF (x g, 20|
s {1 +(PF(xo AN PF(x,X) = PF(xg. XN} HHKPF (x0  ANTPF (x5, 20)|| (15)
s - k(s)eleg).
Then by (4), (1) - (3), (15) and the induction Hypothesis we get
X g o X)) = 2 QOB

= [(PF(x g ON)) H (Fx OO0 + Gl (AN

s J(PF AN OO Fx X)) = Flxg- (X))
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=PF(x . OON(XR) - xp (X)) + G (AAX) = Glxye . OO
P ||(PF'(xk(x1x))'*PF'(xo,xo)n[j: [(PE(xg. 200"

(PE(1-Dx ;00 + £30) - PE (e O} g0 = 3 (Wl

+ PF (%6, N HOF (x AL ) + GIx, X)) - (OF (xx-,(A0N) *G<xk-,m1))}ll}
s ';J—‘)—f(:k)f;{ws((l-t)ok-l +104) - Ws(o- ek = 0k-,) dt - qz(lp—k)(%(ok) - 4glok-4))

< ‘Ps(pk)' P(pg-4)- (P;(pk—x)(pk - ok—x) M q’s(pk) - qu(pk-;)
?.;-(DL-)

= Pk+s ~ Pk

Hence, (13) is true for n = kB

We will now derive some a posteriori error bounds for iteration (4). Let
o = I = Ixp(0) - Xoll, qp o(r) = q4r) = k(rp +1,5),
£, (r) =£(r) = ky(r, +r,s) forre(0,R - r,]
and set
a5 = an = 1xp 0 - OOl by g = by = K(s)(1 - k(s)awg(r) ™.
Without loss of generality we assume that a,, > 0. Then exactly as in Theorem 2 in {9:p.

989] we can show

Theorem 3: Suppose that the hypotheses of Theorem 1 are satisfied. Then the follow-
ing statements are true.
(a) The equation

r=a,+b,[ ((r- )g,(1) + £(t)dt

has a unique positive zero o3 ; = o, in the interval[0,R -r,], n 20 and o5 = ¢°.

(b) The estimates

(p - enla, /o, fornz0
flx,(X) = x*(M s o s {(p° - p,)a,-,/Bo,-, fornzi (16)
0" -0, fornz0

are true, where 8o, = p,,., - Pn,- That is, our bound (16) is sharper than Miel-type bounds
[3,7] and more general than the corresponding one in[9: p. 989] (for P = I).
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