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Determination of a Real Parameter
in the Coefficient of a Quasilinear Elliptic Differential Equation

S. HANDROCK - MEYER

We study the quasilinear elliptic differential equation div((b(u - uo)l + c)gradu) = 0 with
boundary value conditions of Dirichlet type in an n-dimensional cylinder.Provided we know the
numbers ug, / and c, the solution u on a plane which is parallel to the basic area of the cylinder,
an eigenvalue and an eigenfunction of acertain eigenvalue problem, we give an explicit formula
for the calculation of the real parameter b.
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1. Introduction

Let D be abounded region of the n-dimensional Euclidean space R"with piecewise smooth
boundary oD. Points of R?"* are denoted by x'=(x,,...,X,,_,), those of R” by x =(x",x,). We
consider the quasilinear elliptic boundary value problem

Lu(x)=div(a(u(x)gradu(x)) =0 in D (1.1)
u(x)=g(x) onoD, 1.2)

where a is a function of the real function u = u(x) which is strictly positive, continuously dif-
ferentiable and satisfies the condition

ueC(D)n C23D). (1.3)

We prove the validity of a weak maximum principle in the following sense.

Definition 1[3]:Let a(u)be strictly positive and continuously differentiable, u ¢ CY{D).Then,
in a generalized sense, u is said to satisfy the relation Lu=0(20, < 0) in D, in dependence on
whetherfD a(u(x)grad u{x)grade(x)dx =0(s 0, 2 0) for all non-negative functions ¢ ¢ C3(D).

Theorem 1: Let a(u) be strictly positive and continuously differentiable, u satisfy the con-
dition (1.3) and suppose

fD alu(x))grad u(x)gradp(x)dx =0 (1.4)
for all non-negative functions ¢ ¢ Co( D). Then
infu < infu (1.5)
oD D
and . . B
supu S supu. (1.6}

D oD
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Proof: We prove (1.6) supposing, contrary to the assertion, that suppu > supypu = u,.
Then, for some constant ¢ >0, there is a subdomain D" C Dinwhichv=u-u,-c>0andv=0
on dD’.The relation (1.4) remains true with u replaced by v,and with ¢ =von D’, ¢ = 0 else-
where. We have ¢ ¢« C4(D), but (1.4) can be seen to hold by approximating ¢ with functions in
CJ(D). It follows [~ a(gradv)?dx = 0 and hence, since a is a positive function, we infer gradv
=0 in D" On account of v =0 on 0D we have v = 0 in D', which contradicts the definition of
the function v. Analogously the inequality (1.5) can be proved §

We set u, = infyp U and suppose u, < u,.Then we obtain from (1.5) and (1.6) uy s u(x) < u,
for all x ¢ D.In the following the coefficient a(u) in the equation (1.1) may be given in the form

a(u) = b(u-uy) +c forall [u,,u,], .7

where [is a natural number and b, c are real constants, with ¢ > 0 and b >-c(u, - u,)"% This
implies a(u) > 0 for all ue[ug, u,]. Further we assume ¢ = a(u,)and ! to be known. Then a(v) is
available completely if the constant b is known.Finally, in addition to the assumptions stated,
suppose that for every function a(u)of the form (1.7) (i.e.forevery b > -c(u, - uy)"!) there
exists a unique solution u =u(x,b)of the boundaryvalue problem (1.1) -(1.2). For brevity we
write u(x) = u(x,b).

The inverse problem to the boundary value problem (1.1)-(1.2) consists in the determination
of the coefficient a(u)(i.e. of the real parameter b) under some additional information on u.
In the second section we describe (under some restrictions on the domain D) a procedure for
the calculation of the number b, which also implies its existence and uniqueness.

The third section contains three special cases and one example.

A quasilinear parabolic equation with a coefficient of the form (1.7) is investigated by
MEYER (4,5]. CANNON [2] has considered the equation (1.1) with the Neumann boudary con-
dition a(u)ou/dv = g on oD and the additional condition u = f on C, where C denotes a smooth
curve on a portion of 0D. Some results on inverse problems in quasilinear equations are given by
ANGER [1]. ’

2. A method for the determination of the number b

We use the following notations:

D, _, € R”™ is a bounded region with sufficiently smooth boundary oD
(d,,d,) is an interval on the x,-axis,

D=D, ., x(d,,d,), B = D,_, x[4d,,d,],

A, is the Laplacian in the k-dimensional space.

n-1?

The boundary value problem (1.1)-(1.2) is considered with a coefficient a{u) of the form
(1.7) and the special boundary conditions

u(x",d) = p,(x") forx'e D,,_,, x,, =d, (2.1
u(x’,d,) = p{x") for x'e D,,_,, x,, = d, (2.2)
u(x)=q(x) forxeB, (2.3)

where p,, p, and g are given functions satisfying the conditions

py.p2e C(D, ), g e C(B) (2.4)
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pi{x)=q(x,d;)forx’eD,_,andi=1,2. (2.5)

From (2.4) and Theorem 1 it follows

ug = min{ min_ p;(x°)(i=1,2), min q(.\')},
x‘e D, xeB

u, max{ max_ p{x7)(i=12), ma;q(x)}.
xc¢B

xeD,
Moreover, suppose that the following additional information on the solution u(x’,x,) of the
direct problem is available:

u(x,x3)=f(x") forxeD,, ., (2.6)
where x9 is a fixed point in the interval(d,, d,) and

fec(D,_,). 2.1
Further, we consider the eigenvalue problem

A, _,y(x)=-Ay(x),xeD,_, and y(x’)=0,x'¢ oD, _,. (2.8)

It is known [6] that for every n and for a bounded domain with piecewise smooth boundary the
set of eigenvalues of this problem is discrete and all eigenvalues are positive. We assume that
we know one of the eigenvalues A > 0 and the corresponding eigenfunction y = y(x’) of the
problem (2.8). Setting

ulx’,x,) ulx’xp)

vix)=vix'\x,)= f a(s)ds = f (b(s - u)+ c)ds (2.9)

Yo Yo

we obtain from (1.1) and (2.1)-(2.3) the linear boundary value problem

Bpv=h, vivy o =0, . (xeD) (2.10)
pyx")
v(ix',d,) = f (b(s - up)+c)ds = bg(x’) +cgy(x’) (x"€¢Dy,-,) (2.11)
llo
pAX")
vix',d,) = f (b(s - ug)+c)ds = bgy(x') +cg(x) (x"€Dy,_y) (2.12)
Yo
q(x", xp)
vix',x,) = f (b(s -ug)+ c)ds = bh(x',xp,) +c hlx'\x,) (xeB). (2.13)
Yo
From the additional information (2.6) and (2.9) we receive
£(x7)
vix,x%) = J (b(s -ug)'+c)ds = brix") +cryx") (x"€Dp._,). (2.14)
"0

We use the following notations (i =1,2; j=1,2,3,4):

Ailx,) = [(y(x)/ov) hix'x,)do (2.15)
oDp-,
B; = [! g(x)y(x)dx’ ' . B (2.16)

0n-1
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Xn Xn
Edxp) = -Yoysie ™0 ™A t)dr - e n[ e A (t)de (217)
4 4
F; = f rilxy(x)dx’, (2.18)
n-1

where y denotes the known eigenfunction of the problem (2.8) and 9/d0v the normal derivative
in the (n - 1)-dimensional space. Further, we set w = e” di~d2) _ o= VN(di-d2)

Theorem 2: Let p,, p,, q and f be given functions satisfying (2.4), (2.5) and (2.7), respec-
tively. Suppose

3 o
F, - I:(Ble—/idz - Be” . E,(dz)e"/)‘dl)eﬁx"
(2.19)
]
*(Baeﬁd, - Blev’fdz _ El(dz)eﬁd‘)e_ﬁx"]w_‘ - E(x2) %0,
where A denotes an eigenvalue of the problem (2.8). Then the inverse problem (1.1), (2.1)

-(2.3), (2.6) of the determination of the real parameter b has a unique solution, which can be
found explicitely.

Proof: Multiplication of the formula (2.10) by y(x)and integration with respect to x’
supplies

f(A,, vixixp)+ vxnxn(x',xn))y(x')dx' = 0. (2.20)
We put
z(x,) = f vix,x,)y(x")dx". (2.21)
Dn—l
Then we have
z"(x,) = Zy x(Xn) = f Vi, xp{ X X )y (x7)dx . (2.22)
Dﬂ‘l

Applying (2.8) and (2.13) we obtain by partial integration

[ 8pov(xix,)y(x)dx:

Dy, -, (2.23)

=t£ A, _,y(xIvix',x,)dx *£(c)v(x',x,,)/c)v)y(x') - (oy(x")/ov)v(x', x,)do

n-1 9 n-t
= —)\J vix',x,)y(x")dx" - g(z)y(x')/av)[b hi(x'\x,) +c hz(x',x,,):'do.
n-1 n-1

Using (2.21) -(2.23) we receive from (2.20) an inhomogeneous linear ordinary differential equa-
tion of second order with respect to z(x,,):

z7(x,) - xz(x,) = s(x,), (2.24)
with right-hand side

s(xp) = [ (@y(xV/av)[bhix'x,) + ¢ h(x'x,)]do = bA(x,) + cA,(x,),
o D,

n-1
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where A;(x,,) (i=1,2) given by (2.15) are known functions independent of b and c. Moreover,
we obtain from (2.11) and (2.12) the boundary conditions

2(d,) = [ v(x%d,)y(x")dx = bB, + cB, (2.25)
n-1

2(d,) = [, v(x'd,)y(x)dx = bB, + cB,, (2.26)
n-1

where B; (j=1,2,3,4) given by (2.16) are known constants independent of b and c. Because -\
< 0 we conclude that the boundary value problem (2.24)-(2.26) is always uniquely solvable
[7]. The general solution of the equation (2.24) can be written in the form

YAx -7/Ax

z(x,) = C,e"*¥n + C,e n+z (x,), (227

where C; (i =1,2) are arbitrary constants and

Xn Xn

zxp,) = - Y, 5 e_’,ix"f e s(t)ar - efxx"f e *s(t)dt).
d, 94

is a particular solution of the inhomogeneous equation (2.24). For brevity we write z.(x,,) =

bE(x,) + cE,(x,), where the functions E ;(x,)(i =1,2) given by (2.17) are independent of b

and c.From (2.17) it follows z,(d,) = 0. Inserting (2.27) into (2.25) and (2.26) we obtain a par-

ticular solution

2(x,) = b{(ale'ﬁ*dz Bye X% . E,(dz)e"’idx)e"*"n

+(33e 9 - B‘e"idz - E,(dz)eﬁd‘)e_ax"]w“ + Ei(xn)}

(2.28)
*C{[( Beﬁd‘+E(d)e ﬁd) /ixn .
*( ‘e',_di B, ™% _ g A{d )eﬁd) '/ix":'w" +E2(x,,)}
with w = e7 917 9d2) _ ¢~ ¥X(di-d2 By neans of (2.14) we calculate z (x3) as
2(x9) =[5 v(x\x3)y(x)dx" = bF, + cF,, (2.29)
m-1

where the constants F; (i =1,2) given by (2.18) are known and independent of b and c. Replacing
z(x,) by z(x$)in the solution (2.28) and using (2.29) we arrive at an algebraic equation for
the determination of the real parameter b:

b= c{[(Bze'ﬁdz -B,e * Ez(dz)e-ﬁd‘)eﬁ"g
(B e’ % - g e"*% - E,(d,)e"i"x)e"ixﬂ]w-x + E,(x3) - 1-;}
" {ﬁ . I:(B‘e—ﬂd 8, TN E‘(dz)e—fid‘)eﬁxg

. (Baeﬁd‘ _ B‘e”dz- E‘(dz)eﬁd,)e-ﬁxg]w-x _ E,(X?,)}_l

From (2.19) the uniqueness of the parameter b follows B
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3. Special cases

Throughout what follows the compatibility conditions are assumed to be fulfilled.

3.1 We consider the boundary value problem

div((b(u - u,) + c)gradu(x)) = 0 for x e D
u(x,d,) = p(x") forxeD,_,,x,=4d,
u(x’d,) = p(x) forx’eD,_,,x,=d, (3.1)
u(x) =0 for x ¢ B
ulx',x8) = £(x7) forx'e D,_,, xJe(d,,d,),

where fe C(D,,_,) satisfies the condition
. _[(Ble —/Rdy _ Bse/idl)eﬁx}’, +(Ba e’% g, e/idz)e. ﬁxg]w-. £0. (3.2)

The inverse problem (3.1) of the determination of b can be written as an inverse problem for the
homogeneous ordinary differential equation of the variable x,:

z"(x,) - rz(x,) =0, (3.3
with the inhomogeneous boundary condition

z(d,) = bB, +¢B,

(3.4)
z(d,) = bB, +cB,
and the additional assumption
z(x5) = bF, + cF,, (3.5)

where the constants B; (j=1,2,3,4)and F; (i=1,2)are independent of b and c and are given by
(2.16) and (2.18). The solution of the direct problem (3.3)-(3.4) has the form

z(x,) = b[i(B,e_ﬁdz - B,e ﬁd‘)eﬁx" i»(BJe’/idl - B, e"idz)e_’lxx":]w"

(3.6)
+c[(Bze—-/)\d2 _B, ¢ /idl)ev’ixn . (B‘e /a4 _ g e/idz)e- /ix,,:lw_l.
Because of (3.2) the inverse problem (3.3)-(3.5) is uniquely solvable:
b - C{ [(Bze—/Xdz -8, e—/id,)eﬁxg . (B‘e/ml _B, ew/Xdz)e—fix,o,]w—x } Fz}
5 {_[(B‘e—/id2 N Bse—ﬁd,)eﬁxg . (Baeﬁd, 3 B‘e/idz)e—ﬁx,o,]w—x . F‘}
From this we deduce the uniqueness of the parameter b in the problem (3.1).
3.2 We consider the boundary value problem
div((b(u - uy)' + c)gradu(x)) = 0 for x ¢ D
u(x'd,) = 0 forx'eD,.,,x,=d,
u(x\d,) =0 for x’eD,_,,x,=d, 3.7)

ulx) = q(x) for x ¢ B

u(x,x8) = f(x7) forx'eD,_,,x2¢e(d,,d,),
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where fe C(D,,_, ) satisfies the condition

F - El(dz)l:e'lx(x'?—d‘) - e"’“"r‘r’“’!’]w—* - E(x2)%0. - (3.8)

The inverse problem (3.7) of the determination of b can be written as an inverse problem for
the inhomogeneous ordinary differential equation of the variable x,:

z"(x,) - Az(x,) = BA(x,)* cA(xy), a (3.9)
with the homogeneous boundary conditions

2(d;))=0 (i=12) (3.10)
and the additional assumption

z(x3) = bF, + ch, (3.11)

where the functions A;(x,) and the constants F; (i = 1,2) are independent of b and c and are
given by (2.15) and (2.18). The solution of the direct problem (3.9}-(3.10) has the form

z(x,) = b[El(dz)(e'lx(x" ) e_'lx(x"_d‘))w" +Ez(,\',,):| +C[Ez(d2)(..‘)w" +Ez(.\'”):|.
Because of (3.8) the inverse problem (3.9)-(3.11) is uniquely solvable:

b= c[ezwz)(e“’“ XRT ) e-mxﬁ'dﬂ)w-x +E,(x2) - Fz][-E‘(dz)(...)w" -E(x2) F]
From this we deduce the uniqueness of the parameter b in the problem (3.7).

3. Let n = 1. Then we have the boundary value problem

(b(u -ug)+c)u’)y =0 for x ¢(d,,d,)

( o ) . 1092 (3.12)
u(d;) = g; fori=1,2
u(xy) = h for a fixed x4 € (d,, d,). (3.13)

Let g, * g,. It is easily seen that the solution u is a strictly monotone increasing function if g, <g,
and a strictly monotone decreasing function if g, > g,. Without loss of generality we suppose g,
< g,.Then we have u, = min|g,,&,| = &, and u, = max {g,,gz} = g,.Using the transformation

ulx) ulx)
vix) = r a(s)ds = f(b(u - ug)t+ c)ds
& &
we obtain from (3.12)
vi(x) =0and v(d,)=0, v(d,) = f:z(b(s -g ) +c)ds
b3
with the solutionv(x) ={(x - d,)(d, - d,)"'v(d,). We replace v by u to obtain

u(x)

J(b(s -g)t+e)ds = (x-d)Nd,- d,)"f:z(b(s -g ) +clds
3, !

and then receive the algebraic equation
b =c(+ D[ (x-d,)d,-d))Mgs- ) - (u(x) - g,)]
- X [_(X -d)d,-d) g, - gx)lﬂ .*(u(x> - gx),lﬂ]

for the determination of the parameter b. Because of (3.13), b is uniquely determined.
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4. Now an example for n =2 and /=1 follows. Let D = {(x,x,)] 0 < x,,x, < 1}. We consider
the boundary value problem

div((b(u - uy) +c)gradu(x)) = 0 for (x,,x,)eD
u(x,,0) = u(x,,1) = x,(1-x,) for 0<x, <1
u(0,x,) = u(l,x,)= 0 for 0 <x,<1
ulx,,x2) = f(x,) for 0 < x, <1,x2¢(0,1),
where fe C[0,1] satisfies the condition
F, - R(x2)B, %0 (3.14)

with R(x9) = (e"("oz ) eG4 g mND L e"‘("g"))(t?'" - e”‘)_land B, and F| givenby
(2.16),(2.18). The solutions of the eigenvalue problem y“(x,) + Ay(x,) =0, y(0) = y(1) = 0 are
known: X = k2n? y,(x,) =sin(kntx,), k e N.For the {ollowing calculations we choose X, = 12,
yx,) = sin(xx,). By virtue of Subsection 3.1, we have

z7(x,) - n22(x,) =0

2(0)=2z(1) = bfo‘(x,’ - x#)sin(nx,) dx,
. (3.15)
+cj°'(xl - x2)sin(nx,)dx, = bB, +cB,

z(x2) = v, bfol(l"(x‘))zsin(7v.\“)dxl (3.16)
+cf°lf(xt)sin(1t.\',)d,\" = bF, + cF,.

Setting in (3.6) B, = B, and B, = B, we get the solution of the direct problem (3.15) in the form
z(x,) =(bB, + ¢B,)R(x,). Putting x, = x2 and using (3.14),(3.16) it finally results that b =
2¢(R(x2)B, - F,)(F, - R(x2)B,) ! is uniquely determined.
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