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Some Results on the Invertibility of Wiener-Hopf-Hankel Operators

A. B. LEBRE'"), E. MEISTER and F. S. TEIXEIRA'"

A study is presented on the invertibility properties of scalar operato;s defined as the sum of a
Wiener-Hopf and a Hankel operator on Lz(R*) with symbols in L (R). This study is based on
the properties of a vector Wiener -Hopf operator naturally associated with each of the opera-
tors mentioned above. The results obtained are applied to problems in Diffraction Theory.
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1. Introduction

Let L R) denote the subspaces of L [R) formed by all the functions supported in the
closure of B ={xeR: x>0}, such that lz(ﬂ)=L;(B)$L;(IR) holds. Further, let P* be the
complementary projection operators associated with this direct sum decomposition and denote
by ¥ the Fourier-Plancherel operator on L(R),

Eaad

Fo®) = [pe&dx , EeR. a.n

We will consider Wiener-Hopf-Hankel operators [12], i.e., operators of the form

W(a) + H(b) : L;(IR)—,»L;(IR) (1.2)

where #/(a) is a Wiener-Hopf operator, defined by
INa)=P*iXa) Iy Ry LARSLYR) W(a)=F'a F -LAR)—LAR) 1.3
and #{(b) is the Hankel operator

H(b)=P 1Nb)] /L;(R):L;(R)—m;{ﬂ?). (1.4)

Here ] stands for the reflection operator, given almost everywhere in R by

(*)Sponsored by the Deutsche Forschungsgemeinschaft under grant number KO 634/32-1
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Jox)=p(-x). (1.5)

The symbols a and b of the convolution operators 13(0) and lg(b) are supposed to be
elements of L.(R). For a we impose the additional condition of having a generalized factoriza-
tion relative to L,, so that the Wiener-Hopf operator #/(a) is Fredholm (cf.[13]).

The Fredholm theory for operators of the form (1.2) with the above assumptions is
consequently trivial in the case where b is a continuous function on the one point compactifica-
tion of R, i.e., beC( RR). Indeed, the last condition is well known to be a necessary and suffi-
cient condition for the compactness of #(b) (cf.[7]). Nevertheless, even in this rather simple
situation, in general the nullity and defect numbers cannot be determined, and in particular no
efficient criteria is available for the invertibility of the operator (1.2).

Moreover, if a,bePC( F'?) (the algebra of all piecewise continuous functions on ﬂ.?, sup-
posed continuous from the left), then the Fredholm theory for the correspondent Wiener-Hopf-
Hankel operators is also known. In this case, operators (1.2) are unitary equivalent to singular
integral operators on the unit circle I” with Carleman shift (the mapping z—z-1on I'), see
[14],[19], and the algebra generated by these operators has been studied by Gohberg and
Krupnik [4],[5],[6]. They have obtained necessary and sufficient conditions for the
Fredholmness of those operators in terms of a fourth order matrix-valued symbol, which yields
as well their total index (see also [3],[9],[21] and the references cited therein).

We further refer to the more recent and general approach of Roch and Silbermann
{15],{16], which developed a unified theory for the study of different algebras of convolution
type operators generated by several classes of piecewise continuous functions. *

All the works cited above, in the context of Banach algebras techniques, yield the im-
ages of the different algebras in the correspondent Calkin algebra and therefore give complete
descriptions of the Fredholm properties of the operators under consideration, up to the knowl-
edge of the partial indices. Hence, naturally, by these methods no information can be obtained
about the invertibility of the operators involved.

The aim of the present work is precisely to provide some possible invertibility criterions
for the Wiener-Hopf-Hankel operators (1.2), generalizing the results formerly obtained in [19]
for the particular case where a is a complex constant.

Following [19], to each operator (1.2) we associate in a rather natural way a vector
Wiener-Hopf operator #/(G), acting on [L;{R)lz, which can be diagonalized by two (at least
one-sided) invertible operators -4 and B, such that the operator AW/(G)B is the direct sum of
the identity operator on L;(ﬂ?) and a scalar operator §, closely related to the original Wiener-
Hopf-Hankel operator (see section 2).

In section 3 we relate the Fredholm properties and invertibility of #(G), known from
the general theory of Wiener-Hopf operators [2],[13], with those of &(a} + #(b), showing in
particular that if @ has a canonical generalized factorization,then the invertibility of (G} is
equivalent to the simultaneously invertibility of #/(a) + #(b) and kX(a) - H{(b).

The results obtained so far are applied, in section 4, 10 some problems arising in
Diffraction Theory [11],[12].
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2. The Wiener-Hopf operator associated with &/(a) + #(b).

In this section we associate with a given Wiener-Hopf-Hankel operator (1.2) a vector
Wiener-Hopf operator #/(G) acting on [L;{B)]z, with presymbol G¢[L . R)]®. The connec-
tion between the two operators will be established by reducing #/(G) to a diagonal form.

Let a,beL (R) and suppose that a admits a generalized factorization relative to Ly R)
(cf.[7]). Consider in L;{R) the equation

(W(a) + H(b))g*=f* 2.1

and suppose that ¢* is a solution to this equation, which can be written in the equivalent form
0 0 '

Wia)g*+ Wb)Jor =1 + v~ (2.2)

for W‘:P_f_l(a+b])FweL;0?). The use of the Fourier transformation and the relation ¥J =
JF yields

A A Ny A
apt+bJ ot=f +y (2.3)

A
with g’&*:f ¢*, f'=F"and y’)‘:f w~. Now, applying the reflection operator ] to both sides of
the last equation, we further obtain

aJfr B =77 +7 0 2.4)

Here and in the sequel we use the notation d=Ja and b=7Jb.
The equations (2.3) and (2.4) have the matrix form

[; -01 ][]%;]+[2 -oI ][’@H]f;]. 2.5)

By hypothesis the function a admits a generalized factorization relative to L ). This
implies, in particular, that the matrix-valued functions appearing in (2.5) are invertible in

[LJAR)JZZ (cf. [13)). Let
-1
c=[4 0 ][5 41 26

Multiplying by C both sides of (2.5), we get the equivalent system of equations

A A
. G¢+7¢=CF Q.7
where @*=F¢*, F=FF, with

o= []“’V;] cLyRP . F= B}] CILARP @Y

and G is the matrix-valued function
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a'b -a!
G-= . (2.9)
a+bd'b  -ba”’

If we now use the inverse Fourier transformation in equation (2.7), it holds

1(G) ¢+ ] ¢* = K(C) F (2.10)

) - 0 - .
where W(G)=F IG ¥ and W(C)=F IC ¥ are the convolution operators on [Lz(ﬁ?)]2 with
symbols G and C, respectively. Noting that Jy—=(#)(b) + #{(d))* due to JP =P*] (see
(2.3)), we have proved the following result.

PROPOSITION 2.1: Let a,beL.(R) and F be given by (2.8). Suppose that a admits a general-
ized factorization relative to Ly R). Then the equations (2.1) and (2.10) are equivalent in the
following sense:

(i) If @* is a solution of (2.1) then

¢=lorot]

with @, += (W(b) + #(d))¢*, is a solution of (2.10).
(ii) 1f¢*=[(p*,(p,+]r is a solution of (2.10) then @* is a solution of (2.1).
Moreover, equation (2.1) is uniquely solvable iff (2.10) is uniquely solvable.

We immediately recognize that any solution of equation (2.10) is also a solution to the
Wiener-Hopf equation

W(G) ¢t = PIXC)F

where W(G ).'[L;{R)IZH[L;(B)]Z is the Wiener-Hopf operator

, .
WG)=PTIG) |, + @.11)
i (®? |

(here and in the sequel we also denote by P the complementary projection operators on
LA R)}? onto [L‘;( R)J?, defined componentwise). The operator #(G) will be called the
Wiener-Hopf operator associated with &/(a) + H(b) (see [19)). In the remaining part of this
section we are going to establish relations between these two operators.

“To this end let us introduce some notation and recall basic results. We assumed that a
admits a generalized factorization relative to Ly R), which implies that it can be written as (cf.

(71.013D)

a=a.uva,

where, for r,=(E4i)~!, E€R, it holds f_l(r+afl) €L;(ﬂ?) and F‘I(r_afl) €L (R). Further uv=/(§-
i)l(E+i)]”, E€R, with veZ. The number v is called the index of the function a relative toLAR)
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and we write U= inda (if a€C( ﬂ'?) then v coincides with the winding number of a(§) with re-
spect to the origin). We will use the notation

ag=uva=a.a,

and we shall refer to this factorization of a, as a canonical one (cf. {7]). Note that k/(ag) is an
invertible operator, with inverse given by

Wriag=F"'a /F T F ol F) Ly 2.12)

Moreover k/(a) is left invertible or right invertible according to v20 or V<D, respectively, with
Fredholm index ind #/(a)=-v (see [7],[13)). The following conventions will also be used:

U,=W(uv) : LYR)-LYR)

and
U= w(diagluv-un) ALy (R = [L (R).

Recall that ind 4,=-v and ind U{?=-2v (cf. [7),[13]). Let , 17 be the identity operators on
LAR), L;{IR), respectively. A straightforward computation shows that

u,u,=1".

This relation will be often useful in what follows.
Let G, denote the matrix-valued function defined by (2.9) with @ and d replaced by a,
and d@;, respectively. Then it is easily seen that

) .
u(G)={ W((g") u,~ , ifv20 2.13)
u® WG, |, ifv<0

where W/(Gy) is the WiFner—Hopf operator defined by (2.11), with G replaced by G .
Now consider the representation of #/(G,p) as a 2x2 matrix of scalar operators (see
2.9)

wa,'s)  -wa)

(G )= L{R)OLYR)-L(R)BLYR).  (2.14)

-W(agt W(bd,'B) -W(d'B)

We are going to prove that #)(G ) can be diagonalized by means of invertible operators.
In the proof of the theorem we shall use the relations

W(ab) = Xa) W(b) + H{a) (b) (2.15)
#(ab) = IXa) }(b) + 3{a) W(b) (2.16)
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for all a,b€L.([R), which can be directly obtained from [1, 2.14 Proposition] using the canoni-
cal isometry between L4 T) (I"being the unit circle) and L R), see [1, Section 9.1].

THEOREM 2.2: Let apbel (R) and suppose that ag admits a canonical generalized factoriza-
tion relative to Ly R).- Further let Ao,ﬂoLzlﬂ?)QLjﬂ)—)Lz(lR)$L (R) be the invertible
operators given by

wiba W) 1+ 1+ 0
Ap= _ , Bo= 1 L e . @.17

w @) 0 w @ wna's) -1+

Then it holds
S 0 '
A W(Gy By= 0 2.18
oW(Go) By [0 1+ ] (2.18)
with

So=- (W(ag) + H(b)) W (ag) (Wlac) - (b)) 2.19)

where the order of the owter factors can be reversed.

Proof: First we note that the assumption made on ag implies that k/(ag) and W (a )
are invertible operators and so the operators 2, and B, are well defined. Further note that xhesc
operators are invertible, with inverses given by

-, o wa) . 1+ 0
AT wea)) | Do) w7 ey ¢ @20
After some direct computations, we get (2.18) with

So= - Wag) + W(bd,'B) - tiba (@ W 'B) . @.21)

Therefore it remains to prove (2.19). To this end let us deduce from (2.16) some useful
relations. Substituting in (2.16) a by d;l and b by do, we have

0=wa,") Hido) + H(a ') Way).

Since W(ap) and W(a ) are invertible operators, applying to both sides of this identity & (a )
ontheleftand & (a,,) on the right, we obtain

W06 ) 348" = - o) W (ag). 2.22)

Replacing in (2.16) a by ba';l and b by dg, we get
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$(b) = W(ba') Hiag) + Hba,') Wag) (2.23)
Consider now the third term in (2.21). Using the i;ientities (2.15),(2.22) and (2.23) we
obtain successively:
Wiba,' W™ wa, B) = by ) W (@) [1XG) W(B) + $a ) H1) ]
= W(ba)') W(B)+ W(ba,') W' (a)! 34 ) D)
= W(ba,') W) Wb, $H(do) W (ap) $4(D)
= W(ba,') W(B) + [ 363" W(ag)- $(b) | W (ap) $)
= W(ba,") W(b)+ H(ba,') $ib) - Hib) W' () H1b)
= W(b3'B) - $(b) W (ag) (D).

Inserting this result in (2.21) we have

So= - W(ag) + H(b) W (ag) H(b) @2.24)

which can also be written as (2.19)

So= - (W(ag) + H(b) W' (ao) (W(ag) - (b))
or
So= - (W(ag) - H(b)) W~ (ag) (W(ag) + b))

i.e., we can commute the outer factors. |

REMARK: We like to thank the referee for having suggested the way to prove the above theo-
rem by the use of identities (2.15) and (2.16), making it possible to extend the theorem in a
natural way to a larger class of linear operators. Indeed, let R denote an inverse closed algebra
with unit element e (not necessarily commutative) and let ~:R+—2R be an automorphism a~—a@
such that @=a . Further, suppose that we are given a linear space X and that with every element
a€R wwo linear operators W(a),H{(a)cL(X) are associated, such that #{(e)=0 and relations
(2.15), (2.16) are fullfilled for every a,b€R . Then Theorem 2.2 remains valid for all agbeR
such that W(ag) and &~ (d;I) are invertible operators.

There are also a number of different possible generalizations, for instance in Ring
Theory or for operators acting between different Banach spaces. Those generalizations can be
useful in the setting of General Wiener-Hopf Operator Theory.

We point out that if we take in Theorem 2.2 the invertible operators .io and B, defined
by
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wd @) 1 L 0
A= . Bo=| o e - 2.25)
o Ol W) wna)'s) @) (
+
1 0
instead of »4,and By, we have yet
= S O
Ay W(Gy By=| 20 ] 2.26)
o W(Go) By [ 0 1 (

This remark is convenient for the case V=0, where it seems to be not possible to diag-
onalize #/(G) by means of triangular (two-sided) invertible operators. In fact, in this case,
bearing in mind relation (2.13), the following results can be proved directly, by the use of
(2.19), (2.20): '

(I) For v20 and

A=u? 4, , s=u? g, u® (2.27)
we have
s 0
AWG)B= 2.28
(G) [ o 1+ ] (2.28)
where
s=Uu_,su,, (2.29)

with A4 By, and S, given by (2.17) and (2.19). Note that in this case 2 is only a right invert-
ible operator, with ind »2=2v, and that B is an invertible operator.

(II) For v<0 and

A=u? 3,u? , 8=5,u? (2.30)
we have
' s 0
AWG)B= 2.31
(G) [ e ] 2.31)
where
s=u,s,u,, (2.32)

with A4, B, and 8y given by (2.25) and (2.19). Note that now »4 is an invertible operator and
B is only a left invertible operator with ind B=2v.
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Furthermore, if v=0 then according to (2.29),(2.32) and using the identity U Ww(aa)u,,,
=l/(agp), we have
s=Uu, sy,

= U, (-W(ag) + H(b) W (ag) (b)) Uy,
= -W(ag) + U H(b) W' (ag) H(b) U, .

Suppose that v20 . Then using the relation $(b) 4, = U, #(b), we obtain
S = -Wag) + U H(b) W (ag) U, 3(b)

from which we may write
S = -(W(ag) + U_ (b)) W (ag) (Wiag) - U_ H(b))

= U (W(a) + H(b)) W (ag) U_y(W(a) - H(b)) (2.33)
or equivalently
S = -U_(Wa) - (b)) W (ag) U_,(W(a) + 3(b)). 2.34)

If v<0, the above procedure and the identity U, #(b) = H(b) U_, yields
S = -(W(a) + H(b) U, W " (ay) (W(a) - H(b) U, (2.35)

= -(W(a)- H(b) U, W (ap) (W(a) + H(b)) U.,. (2.36)

The relations (2.33),(2.34) and (2.35),(2.36) establish the connection between the
scalar operator § and the Wiener-Hopf-Hankel operator W(a)+#(b), the former obtained
through the diagonalization of the vector Wiener-Hopf operator #/(G).

We summarize the results obtained so far in the next theorem.

THEOREM 2.3: Let a,beL { R) and suppose that a admits a generalized factorization relative to
LA R) with inda=v. Consider the Wiener-Hopf-Hankel operator W(a) + #(b)on L; R) and let
}/(G) be the Wiener-Hopf operator acting on [L:( ﬂ?)]2 associated with it, defined by (2.11)
(see also (2.9)).

The operator W(G) is diagonalized by the operators A and B, i.e.,

. s 0 _.+ + + + s
AWG)B= [ 0 1 ] Lz(ﬁ)$L2{W)—9L2(W)@L2(W) (2.37)

where:

5 Analysis, Bd. 11, Heft 1 (1992)
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(i) If v20, A and B are given by (2.27) and

S = -U_(W(a) + H(b) W (ag) U, (W(a) - H(b)). 2.38)

(ii) If v<0, R and B are given by (2.30) and

S = -(W(a) + H(b) U_, W " (ag) (W(a) - H(b)) U.. (2.39)

Moreover, in these formulas the order of the factors W(a) + H(b) and W/(a) - #(b) can be re-
versed.

3. Fredholm properties and Invertibility of & (a) + #(b)

In this section we are going to exploit the relations between the Wiener-Hopf-Hankel
operator (1.2) and its associated Wiener-Hopf operator (2.11) in what the Fredholm properties
and invertibility are concerned. Our main interest, however, is focused on the invertibility,
since on one-hand it plays a fundamental role in applications (see section 4) and on the other-
hand, as mentioned before, the Fredholm property for the Wiener-Hopf-Hankel operators can
be determined alternatively through Banach algebras methods [5,[61,[15],[16],[21].

We start with the following auxiliary result.

PROPOSITION 3.1: Let a,beL,(R) and suppose that a admits a generalized factonzanon rela-
tive to Ly R) with inda=v. Further let W( G) be the Wiener-Hopf operator on [L (R))? defined
by (2.11) and 8 denote the operator on L (R) defined by (2.29) if v20, and by (2 .32) if v<0.
Then:

(i) W(G) is a Fredholm operator iff 8 is a Fredholm operator.

(ii) If W(G) is a Fredholm operator we have

ind W(G)=ind§ - 2v. B ERY)

Proof: (i) Let us recall that 8 is the operator resulting from the diagonalization of ¥/(G)
(see (2.28),(2.31)). The diagonalizing operators -4 and B, given by (2.27) if v20, and by
(2.30) if V<0, are Fredholm operators. Then the simultaneous Fredholm property for both op-
erators K(G) and § is a direct consequence of the following well known general results: (1) the
product of Fredholm operators is a Fredholm operator, (2) if the product of two operators is
Fredholm and one of the factors also, then the other has the same property, (3) the direct sum
of two operators is Fredholm iff both operators are Fredholm.

(ii) The property (3.1) follows from the relation ind A4 + ind B = 2v (see (2.27),(2.30))
and the general rule for the index of the product of Fredholm operators. .

As a consequence of the above proposition and Theorem 2.3, we have
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THEOREM 3.2: Let a,beL_(R) and suppose that a admits a generalized factorization relative to
LAR). Consider the Wiener-Hopf-Hankel operator W(a)+ #(b) on L;{ﬂ?) and let W(G) be the
Wiener-Hopf operator acting on [L;( R)J? associated with it (defined by (2.11)). Then:

(i) W(G) is a Fredholm operator iff W(a) + #(b) and W(a) - H(b) are Fredhokm opera-
tors.

(ii) If W(G) is a Fredholm operator we have

indW(G) = ind(W(a) + H(b)) + ind(W(a) - H(b)). (3.2)

Proof: (i) From Proposition 3.1 we know that #/(G) is a Fredholm operator iff S, ob-
tained from the diagonalization of #/(G), is a Fredholm operator. Therefore we prove the result
for 8 instead of #/(G). Theorem 2.3 establish the relation between the operator $ and the op-
erators W(a) £ #(b) (see (2.38),(2.39)). Using the general results from the Theory of
Fredholm Operators already mentioned in the proof of Proposition 3.1, we immediately con-
clude that § is Fredholm iff both operators &/(a) + #{(b) and #/(a) - {(b) are Fredholm.

(ii) By Proposition 3.1, § is a Fredholm operator if #/(G) is Fredholm. Then it follows
from (2.38),(2.39) that

ind 8§ = ind (W/a) + H(b)) + ind (W(a) - H(b)) + 2v
since ind U_, =v. Combining this result with (3.1) we obtain (3.2). |

REMARK: The general assumption in this work is that @ admits a generalized factorization rela-
tive to Ly R). In fact, only in this case it was possible to prove the diagonalization of the asso-
ciated Wiener-Hopf operator stated in Theorem 2.3. However, this condition is not necessary
for the Fredholmness of the Wiener-Hopf-Hankel operators #/(a) + #(b) and W(a) - {(b), as
we shall illustrate in the first example of section 4. Therefore this constitutes a limitation of the
present method.

As is known from the general theory of Wiener-Hopf operators, the Fredholm property
for the Wiener-Hopf operator #/(G) defined on [L;( ﬂi')]2 is equivalent to the existence of a
generalized factorization relative to L4 R) of the matrix-valued function G (cf. [2],[13]).

For arbitrary a,beL_(R) (and therefore G €L ( [R)) there are no criteria available for the
existence of a generalized factorization of G relative to L{[R). However, if we restrict ourselves
to the case where a,bePC( R), the following necessary and sufficient condition can be stated.

PROPOSITION 3.3: Let a,bePC( ﬂ'?). Then G admits a generalized factorization reIativé to
LAR) iff

gEw=0  for (Em)eRx0,1] . (33)

where

8(&u) = A(§) + [B(§) - C(E)] p + [D(E) - BE)] p? + (Eu)eRx(0,1), (3.9
5‘
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with
A(S)=-a(&)la(-E+) .B(E)=(B(E+) - BIENB(-E) - b-&+))(a(-E)a(-§+)) (3.5)
C(&) = [a(5)(a(-5+) - a(-E)) + a(-ENa(E+) - a(§))INa(-E)a(-§+)) (3.6)
D(§) = (a(&+) - a(§)Xa(-5) - a(-E+))(a(-E)a(-E+)). (3.7

Moreover if (3.3) holds then W(G) is a Fredholm operator, whose index is the sym-
metric of the winding number of g(&,u) with respect to the origin.

Proof: We associate with (the left-continuous matrix-valued function) G the matrix-val-
ued function G *: Bx[0,1] > L%, defined by

GEM = G(E) + u(G(E+) - G(&)) , (EpelRx(0,1] (3.8)

where we use the conventions G( w)=1img_,+,,G( &) and G( c°+)=lim¢_, _..G(&). Hence, G
admits a generalized factorization relative to L R) iff

gEp) =detG(Eu)=0  for  (Eu)elRx(0,1].

Furthermore, in this condition, the winding number of g(&,u) coincides with the symmetric of
the Fredholm index of #(G) (see [13]).

The rest of the proof is achieved by a straightforward computation of the function g
which we omit here. 1

Now we look for relations between the invertibility of the Wiener-Hopf-Hankel opera-
tor and of the associated Wiener-Hopf operator, the latter corresponding to the existence of a
canonical generalized factorization relative to L R) for the matrix-valued function G (cf.
(21,[13D).

Let us start with the simplest case where beC([R), i.e., where the Hankel operator #{(b)
is compact [7]. In this case we immediately conclude that the operator &/(a) + H(b) is Fredholm
if and only if &/(a) is Fredholm, which implies that a€L . [R) admits a generalized factorization
relative to Ly(R) (cf. [13]). Also in such case ind (W/(a) + H(b))=ind (W/(a)) and therefore
v=inda=0 is a necessary condition for the invertibility of the Wlencr-Hopf Hankel operator.
This fact motivates the following main result.

THEOREM 3.4: Let a,b €L.{[R) and suppose that a admits a canonical generalized factonzanon
relative to LA [R) (v=inda=0). Further let 3(G) be the Wiener-Hopf operator on [ Lt ( R)}? as-
sociated with W(a) + #H(b) (see (2.11)). Then:

(i) The operator W(G) is (left, right) invertible iff W(a) + 3(b) and W(a) - H(b) are
(left, right) invertible operators.

(ii) If W(G) is (left, right) invertible then the (one-sided) inverse of W(a) + H(b) is de-
fined by



Invertibility of Wiener-Hopf-Hankel Operators 69

(W(a)+ 34b) " =11 wG) Pt 1(c) [;] . feLYR) (3.9)

- 0 —
where W&/ l( G) is the (one-sided) inverse of W(G), W(C)=F IC ¥ is the convolution operator
on [L,(B)]z with symbol (2.6), and IT.'[L;(R)IZ — LA R) is the operator given by

(]
7 = 0. (3.10)
[%] o

Proof: (i) The assumption on a implies that inda=v=0 (so ap=a, G4=G, etc.). Recall
from section 2 that in this case the operator #/(G) is diagonalized by means of invertible opera-
tors o4 and By ,see Theorem 2.2. Let S be the operator obtained through this diagonalization,
i.e., 8pis given by (2.19). From (2.18) we conclude that #/(G) is (left, right) invertible iff S
is (left, right) invertible, since +; and By are invertible operators. Now, from Theorem 2.2, it
follows that Syis (left, right) invertible iff #/(a) + #{(b) and W/(a) - H(b) are (left, right) invert-
ible operators. In fact, since the order of the outer factors in (2.18) can be reversed, 8is injec-
tive (respectively surjective) iff k/(a) + #{(b) and #/(a) - #(b) are injective (surjective).

(ii) Suppose that K(G) is (left, right) invertible. Then, by (i), &/(a) + #(b) is also (left,
right) invertible. From Proposition 2.1 it tums out that, for any f* in the image of #/(a) + H(b),
a solution @* of equation (2.1) is such that the vector ¢*=/(p*,q),+]' with @, += (W(E) +
#{(a))p* is a solution of (2.10). Since W(G) is (left, right) invertible, this solution is given by

-1 + 0 r
¢*= W (G) P ta(C)[ ]
¥

and, consequently, if IT denotes the operator defined by (3.9), we have

¢* = (W(a) + HO) f =TT W'(G) P* 1rC) [ﬁ . feLYR)

which completes the proof of the theorem. |

The preceding theorem is restricted to the situation v=inda=0. The reason for that re-
striction lies in the fact that the diagonalization of #/(G) is made by means of invertible opera-
tors only when v=0. Hence, the general case with arbitrary v is not easy to handle, and it prob-
ably needs more sophisticated methods. _

However, it can be seen in some particular situations (a,b€PC([R)) that v=0 is a neces-
sary condition for the simultaneous invertibility of #/(a) + #{(b) and W(a) - #{(b), through a
detailed analysis of the symbol G (&,u) of the associated Wiener-Hopf operator W(G) (see
(3.8).

For instance, let us take

acC(R) , bePC(R) (3.11)
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with d( £)=0, {603?, which is a necessary and sufficient condition for a to admit a generalized
factorization relative to Ly [R). Suppose that b has n discontinuity points §; (j=1,...,n). From
(3.4) we have

(&) = -a(&)a(-§) + wI-wB(E) , (EweRx(0,1] (3.12)

with B given by (3.5).

The image of g(&,u) is formed by the union of the closed curve correspondent to the
image of the function §6ﬂ'? — a(&)=-a(&)la(-&) with n straight-line segments, with end points
aj(xj) and a éj) + B(éj)/4 traversed twice. If g(&,u)*0, this means that the winding numbers
of g(&,u) and a (&) with respect to the origin coincide. But as aeC( R) the winding number of
a (&) is easily seen to be 2v, where v denotes the winding number of a(&) with respect to the
origin. Thus ind #/(G)=-2v (cf. [13]), and from Theorem 3.2 we have

ind (WXa) + $(b)) + ind (W(a) - H(b))=-2v. (3.13)

Consequently &/(a) + #(b) and W/(a) - H(b) can be simultaneously invertible only if
v=0. By other words, in condition (3.11) v=0 is a necessary condition for the invertibility of
the Wiener-Hopf-Hankel operators #/(a) + #{(b).

The same conclusion holds in the following more general situation. Let a,b €PC( R) and
denote by £2and X the sets of discontinuity points of @ and b, respectively. Further assume that

@ RNZ=09
(b) 0,00 ¢ 2
() be R =-E¢ Q.

In this case, from Proposition 3.3 we have

-a(&)a(-&) . (&,1)€(R\QUENX0,1]
BEHI=\ a(E)a(-Er+ma(Eral&H)at-8) . (Emex(0.1] (3.14)
-a(§)la(-8)+u(1-p)B(E)  , (&§,u)€Zx([0,1]
where B is given by (3.5).
The image of g(&,u) is the union of the closed curve formed by the image of
a (& .p)=-a(&)a(-E)+wa(§)-a(&+))a(-E) , (Sp) €lRAx(0,1] (3.15)

with n straight-line segments whose extremes are a,(&;)=-a(&;)/a(-§;) and a (§;)+B(&;)/4,
where, as before, .fj (j=1,...,n) denote the elements of .

Also in this case the winding number of g(&,u) is given by 2v as a(€) and a(-£) do not
have common discontinuity points. Therefore we have again ind k/(G)=-2v and (3.13) still
holds. Then once more the Wiener-Hopf-Hankel operators #/(a) * #{(b) cannot be simultane-
ously invertible unless v=0. ’
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In these situations Theorem 3.4 gives a sufficient condition for the invertibility of k/(a)
+ H(b) and W(a) ~ H(b), generalizing Theorem 3.2 in [19] which was established for the case
where a is a constant.

4. Examples and applications to Diffraction Theory

We now apply the results obtained in the previous sections to some examples arising in
Diffraction Theory.

Before, however, we give a theoretical example, showing that the condition of a to
admit a generalized factorization relative to L4 [R) is not necessary for the Fredholmness or even
invertibility of the Wiener-Hopf-Hankel operator W/(a) + H{(b).

EXAMPLE 4.1: Consider the following integral operator on L{R"):

To(x) = A px) - — j o(y)dy- L j P()dy, x>0, AeC (4.1)

involving the singular integral operator on [R” and the Carleman operator. The isomorphism on
LAR’) onto L4 R) given by y(x)=e“2¢(e*) allows the rewriting of the above operator as a con-
volution operator on R, whose symbol O is easily seen to be

HE)=A - tanh(n§) + i cosech(nk). 4.2)

Consequently (4.1) defines an invertible operator for all AeC such that o(€)*0, éeﬂ'?
and Oy eo+)#(), and a non-Fredholm operator in the complementary set.
Let us now write (4.1) in the form (identfying LAR’) with L?ﬂ?))

f = W(a) + H(b) 4.3)
where #/(a) and #(b) are the Wiener-Hopf and Hankel operators with symbols
a(€)=A+signé , b(E)=sign. (4.4)

The associated Wiener-Hopf operator W(G)on [L;( ﬂ?)]z has the piecewise constant
presymbol (see (2.9))

‘ ] -sign§ -1
G(§)= ———— . 4.5)
A -signé A?  signé

After some computations, we conclude from Proposition 3.3 that the matrix-valued
function G has a generalized factorization relative to Ly R) if and only if

A2+ A(1Fi)n #i=0 for all nel-1,1]. (4.6)
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We point out that the set of values of A defined by the above conditions is strictly con-
tained in {A€C: OE)=0, E€R and O(o0+) =0} (see (4.2)).

Moreover, for all this values of A, the generalized factorization of G is a canonical one.
Indeed, following the method proposed in [8], such factorization can be worked out explicitly.
To this end, let

‘ 1 , €< 0
G(g)—‘»Gp. G;IG’ , é)o (4.7)

where G p . = G(§), £, are constant matrices and / denotes the 2x2 identity matrix. The ma-
rix G, 2 G, is diagonalized by the matrix § formed by its eigenvectors, yielding

G,G,= S diaglas,az 5~ (4.8)
with eigenvalues a; 2 given by
oy = At At (4.9)
A-1 AFi

Substituting (4.8) in (4.7) we get

G(§)=G,pSD(E) s (4.10)
where
D(¢) = diag{Bi(&).BAE) . BrAE) =L *ad | "”;" ) signg. @.11)

. Now, if conditions (4.6) are satisfied, B, ; admit a canonical generalized factorization
relative to L R) and consequently the same holds for D. As G p S are constant matrices, from
(4.10) it follows that G has, as claimed, a canonical generalized factorization. Hencc the asso-
ciated Wiener-Hopf operator #/(G) is invertible.

If additionally we impose that A¢/-1.1], which means that a has a canonical generalized
factorization relative to L [R) (see (4.4)), then Theorem 3.4 guarantees the invertibility of the
Wiener-Hopf-Hankel operator 7 . For A¢(-1.1), however, a has not a generalized factoriza-
tion, and Theorem 3.4 cannot be applied. Nevertheless, for such values of A, formula (4.2)
shows that Tis also an invertible operator.

EXAMPLE 4.2: In [12], the diffraction problem of a time-harmonic electromagnetic wave by a
rectangular wedge, one of whose faces is perfectly conducting and the other having a pre-
scribed impedance (finite or infinite), was considered. The problem, initially formulated as an
exterior boundary value problem for the two-dimensional Helmholtz equation in the Sobolev
space H (£2), with a Dirichlet condition on one face of the wedge and a third-kind boundary
condition on the other, was reduced to an equivalent pseudodifferential equation of Wiener-
Hopf-Hankel type in the trace spaces Hi ;( R) (see [12,Theorem 5.1)).
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By the standard lifting procedure, using Bessel potennal operators, that equation was
seen to be equivalent to a Wiener-Hopf-Hankel equation on Lz{ R), of the form (see eqs (5.29)-
(5.36) in [12])

(W(a) + Hb)g*=f (4.12)
with symbols
wg= 6 g 28 D @.13)
2(&)-12 ((&)-A 148)

where ¢, 1, are the squareroot functions given by

(E=(E-KE)% ,  E)=(Etk® . E€R (4.14)

for suitable branch cuts, such that r=¢_t, holds (see eqgs. (3.3),(4.8) in [12]). The wave number
ko and the impedance parameter A are complex constants with positive unagmary parts, which
implies that the symbols a and b are invertible in L. [R) . More precisely, a€C( R) with inda=0,
and bePC( 0?) has only a discontinuity at infinity with b(eo)=-b(oo+), due to the fact that
limg_, 2+ LE)1(8)= £1.

The associated Wiener-Hopf operator &/(G) on [L (R)]? has the presymbol

RNt 1

-4 -
- -2

4 4 3ted 20t

(4.15)

222 142 -2 L+

In [12, Lemma 5.2] it was proved that G has a generalized factorization relative to
L4 R) with total index zero. Therefore #(G)is a Fredholm operator with ind W(G)=0.

From Theorem 3.2 it follows that the Wiener-Hopf-Hankel operator #/(a) + #{(b) is
Fredholm. This yields the Fredholm property for the correspondent boundary value problem re-
ferred to above, through the equivalence Theorem 5.1 in [12].

Moreover, for proving the invertibility of #a) + #(b) (i.e., the existence and unique-
ness of solution to the boundary value problem) it is now sufficient to prove that kJ( G)is in-
vertible (see Theorem 3.4), or equivalently, that G admits a canonical generalized factorization.
This remains an open question, and new methods of factorization (and a-priori determination of
the partial indices) to deal with matrix-valued functions of the form (4.15) are being investi-
gated. Nevertheless, when 1=0, which corresponds to the mixed Dirichlet-Neumann boundary
value problem, a canonical generalized factorization for G has been explicitly obtained in
[10],[18),[20] (see also [12]). This allows to give an explicit representation for the (unique)
solution of the boundary value problem through the representation of the inverse of W(a) +
#(b) given by formula (3.9).
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EXAMPLE 4.3: In [11], some mixed boundary-transmission problems for the Helmholtz
equation in a half-space were studied, taking different complex wave numbers &, k, in each
quadrant. The problems with pure Dirichlet and Neumann boundary conditions were solved
explicitly. The mixed case, where both a Dirichlet and a Neumann type condition are imposed
on each half-axis of the boundary x;€R, x,=0, was proved to be equivalent (in the sense of
(11, Theorem 5.1]) to a special Riemann-Hilbert problem in the Sobolev trace spaces
H* (ﬂ?)xH (R) of the form (see (5.23)-(5.25) in [11])

@) @ f

FGrF -7 = (4.16)
Vi Vil |e , -
where
_lprtip 21
. 1 Py 12
G=__2 4.17)
1P +tdp; 2, 12lpa-ti/p
S 2P
P f2

with t,({) (§2 k’) , J=1,2, (see (4.14)), p,, p2 complex constants such that 7,/p;+14p,*0
holds on R and a given data vector [ f, g ITe H (R)XH (IR)

A similar lifting proccdure to that uscd in [ll] to reduce (4.16) to an equivalent
Riemann-Hilbert problem on [L ( B)lz can now be worked out to show that the lifted problem
has the form (2.10), thercfore corresponding to a Wiener-Hopf-Hankel operator (see
Proposition 2.1).

Indeed, if we use the one-to-one mapping from [L;( R)J?onto Hf/( R)xH T/Z( R) defined

. 2 -

by
o ; ¢
=F diag{ L, t,] F (4.18)
v g vl

for+ typ=( C k)%, E€R, we get, after some calculations, an equivalent system of equations in
L, (R)J* (see (2.10))

+ +

4 4

/] 0
W(G) + =W(IC)F 4.19)
v J v

where C and G are the matrix-valued functions given by (2.6) and (2.9), with

a(§)=_%(1 +p2tl(§) b(é)— ] 124‘(6) 1 &ﬂ) ) : (420)

22157, 3

prtAE) ’ 2 1,48 prtAé)
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Also F= [ f*,7f] T for a suitable known function f+ ¢ L;{IR) (related to the given data functions
fand g).
Therefore (4.19) corresponds to the Wiener-Hopf-Hankel equation

(W(a) + H(b))p* = f (4.21)

for the symbols a€C( 0'?), with inda=0, and bePC( lf?), with a discontinuity at infinity. The as-
sociated Wiener-Hopf operator &/(G) is a Fredholm operator with zero index (see [11,
Proposition 5.2}) if and only if

Prec\m. (4.22)
P2

From Theorem 3.2 we conclude that #/(a) + #{(b) is also a Fredholm operator if condi-
tion (4.22) is satisfied. This means that the correspondent mixed boundary-transmission prob-
lem has the Fredholm property whenever (4.22) holds, a result which could not be proved be-
fore, as the correspondence between the Riemann-Hilbert problem (4.16) and the Wiener-
Hopf-Hankel operator in (4.21) was not known.

Further, by Theorem 3.4, &(a) + #(b) is an invertible operator if W(G) is invertible,
i.e., if G has a canonical generalized factorization relative to L [R), in which case the mixed
boundary-transmission problem is uniquely solvable.

For all p;, p; satisfying (4.22), the existence of a canonical factorization for G was
shown in [11, Remark 5.3], for the particular case k;=kg, i.e., f;=12, and such factorization
was explicitly given in [10],[18],[20], yielding an analytical representation to the solution of the
boundary-transmission problem. However, for different wave numbers k; and k, the exis-
tence of a canonical factorization could not be established yet. This motivates further efforts in
the investigation of factorization methods for matrix-valued functions of the class considered
here.
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