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A gauge field theory is proposed for symmetric spinor fields of valence (n+1,0) on a flat 
spacetime which generalizes the Maxwell theory of electromagnetism. Further we study first-
order equations for symmetric spinor fields of valence (1,n) which are consistent in arbitrarily 
curved spacetimes, conformally and gauge invariant and whose solutions satisfy the equations for 
the potentials of massless fields in flat spacetimes. 
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1. Introduction 

It is well known [3,8] that the (massless or massive) field 

equations proposed by P.A.M. DIRAC [5] and M. FIERZ [7) become 

inconsistent if the spin is greater than one and an electromag-

netic or gravitational field is present. The zero rest-mass 

equations

VPAA	 An =	 ( 1) 

are consistent for n=O (Weyl's equation) and n=1 (homogeneous 

Maxwell's equation), but for n>1 they are inconsistent unless 

the spacetime is conformally flat [3,13,15]. In complexified 

spacetimes the equations.(l) are consistent for n>l only if the 

spacetime is conformally self-dual [13,14]. In Riemann-Cartan 

spacetimes there are also consistency conditions which restrict 

the "background geometry" [1]. 

There are several attempts to overcome these difficulties 

(see, e.g., [2)). The theory of M. FIERZ and W. PAtJLI [8] which 

is based on an action principle yields consistent field equa-

tions for arbitrary spin, but it is necessary to introduce cer-

tain auxiliary fields in order to have enough field components
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(see also [6,9]). Simple supergravity is a consistent field 

theory to describe the interaction of a massless spin 3/2-field 

with a gravitational field, but supergravity seems to be un-

suitable to describe fields of arbitrary spin [11]. All of these 

theories are not suitable to describe massless fields with ar-

bitrary spin on a generally curved spacetime. 

In the first part of this paper we consider massless fields in 

flat spacetimes and generalize the well known relations between 

an electromagnetic field and its potential to fields of higher 

spins. It is shown that for every symnietricspinor field 0 the 

equation

PAA1. .A = a( 
x1 
A 1	aAA)X	 (2) 

has a solution E which is symmetric in the dotted indices. The 

potential of the field p is not uniquely determined by (2) but 

there is a gauge freedom as in electromagnetic theory. If p 

satisfies the field equation (1), then each potential	belong-




ing to p according to (2) satisfies the field equation 

a^Xii ..: a a	 = 0.	 (3) 

It seems to be impossible to generalize this theory to curved 

spacetimes. But the equations

= 0	 (4) 

which are obviously stronger than (3) can be solved in arbitra-

rily curved spacetimes for arbitrary n. They have some remark-

able properties (Cf. Theorem 1): 

i) The equations (4) are consistent in arbitrarily curved 

spacetimes. The Cauchy problem is properly posed for these 

equations. 

ii) The equations (4) are conformally invariant. 

iii) If m is a symmetric spinor field.with n-i dotted indices, 

then there-exists a solution E of (4) such that 

vc c.	- - (a) 

These results show that (4) is a suitable candidate to describe
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(possibly a special class of) massless spinor fields with arbit-

rary spin.	- 

In the following, we assume that the (four-dimensional) space-

time and all given spinor fields are of class C. We denote by 

Sn,k (n,k=O,l,2 .... ) the set of all symmetric spinor fields with 

n undotted and k dotted indices: 

	

E 911, k	1A1. . .A 1 .	= 11 (A 1 .. .Ar,) 

Further we use the notation of (13). Especially, 7E.40denotes 

the Weyl spinor and 2E 22 the spinor equivalent of the trace-

free part of the Ricci tensor. 

2. Spinor fields on flat spacetimes 

The first lemma is used to prove the existence of a potential 

for a given symmetric spinor field. 

Lemma 1: Let qES fl+, (kk1) be some given spinor field which is 
divergence-free:

A1..	= 0	(5) 

Then the equation 

<)A A,. .A 1 .	=	. .A 1 .. .Xk	 (6) 

has a solution OES fl,k+, which is divergence-free, too. 
Proof: We prove Lemma 1 only for n=O, k=1, because we may 

append any number of free indices simultaneously on q and 0 in 

flat spacetimes (see, e.g., [4]). If any solution 0 of (6) does 

exist, then the vanishing of its divergence follows immediately 

from (6). 

For n=O, k=l the tensor equivalent of the spinorfield q is a 

complex vector field. If we denote its real and imaginary part 

by v resp. w, then the condition (5) yields 

äa Va = aa w = 0.	 (7)
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By the Lemma of Poincaré there exists an alternating 2-tensor E 
with

Wa	 (8) 

where the asterisk denotes the dual of E (13]. 

With the tensor fields E and v let us form the equation 

	

aa [ cuaJ a. ( acau8_aca8u) = Va	ca	 (9) 

for the vector field u. If we take u as an electromagnetic 

potential, then (9) is just an inhomogeneous Maxwells equation. 

The first part of (7) guarantees that the right-hand side of (9) 

satisfies the continuity equation. If the Lorentz gauge condi-

tion holds, then (9) reduces to an equation of normal hyperbolic 

type and can be solved in the usual way. 

Let us now define the antisymmetric tensor field F by 

Fab = _ Eab + 23 [a Ubl .	( 10) 

Using (8) and (9) we obtain 

aa*Fab	&a*Eab = 2 W 

&Fab = 2aaa [a ub] + 2aaE = 

or together

Fab1Fab) =	 ( 11) 

The spinor equivalent of the tensor ½(F ab_i *Fab) has the fotm OXYEAB 

with a symmetric spinor 0 [13], hence the equation.(11) is equi-

valent to (6) with n=O, k=l and the Lemma is provedU 

Proposition 1: Let	be 

i) There exists a symmetric, 

such that 

PAA 1 . .. A =

some given spinor field. 

divergence-free spinor field 

;Xn (fl) 
.,. "A n	.
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ii) If	is some spinor field which satisfies the equation 

A 1 . . .A =	.	 .	 ( 12) 

and	then the spinor field 

Ak1 . . .	= Ak. . . ) + 3A ( ii 0 	 (13) 

satisfies equation (12), too. 

Proof: i) Let us consider the following recursive system of 

differential equations for a sequence of spinor fields 

.fES1,n:

(	- 
A1

1) 
A2 .. .AJ1A	- 'f'AA1 . . 

2 (i-1)	 (i=2 .... . n)	(14) 
'1A 1	A11. . .AAk1 .	-	"A1.. .AAk1 . . 

The first equation of (14) possesses (even on a generally -curved 

spacetime [10]) a solution which is divergence-free. Then 

the second equation of (14) has a divergence-free solution 
(2)
eES, 2 by Lemma 1. By repeated use of Lemma 1 one obtains a 

sequence of divergence-free spinor fields d1)eE.1+11 which satis-

fies the system (14) and the statement i) follows by insertion 

step by step. 

ii) It suffices to show that 

'1 
a(A1 . .	 ( 15) 

vanishes for arbitrary	Because one can interchange the 

derivatives in flat spacetimes the expression 

a... a'	.	. 

(irrelevant indices are suppressed) is antisymmetric with refer-

ence to the indices BC. Therefore the symmetric part of the 

derivatives (15) must vanishU
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Definition: Let çE. 10 be some given spinOr field. Then each 

spinor field	satisfying (12) is called a potential of the 

field p. The potential	admits a gauge transformation with 


according to (13). 

Proposition 2: Let qES, 0 and WES01 given spinor fields. Then 

there exists a potential of the field p which satisfies the 

equations (12) and 

o
- 

cx1g2.	
=	2	

(16) 

Proof: Let wGk n-1 be a solution of the inhomogeneous wave 

equation

2naaaa G) =(17) 

and	the spinor field which exists according to Proposi-




tion ii). Let us put 

	

=	
+ 3A(	.	(18) 

Because	is divergence-free, we obtain by use of (17) 

.	= 

	

n+1- -	 - 
=	 =	 . 

Remark 1: Proposition 1 generalizes some well known relations 

from the theory of electromagnetic fields. If Fbc and Ac are the 

field tensor and the vector potential, respectively, then FbC = 

- dCAb is equivalent to (12) with n=1. The gauge freedom is 

given by (13) according to Ac A •= + dcw or by (16) according 

to OcAc = af (especially Lorentz gauge dCA = 0). Note that 

Proposition 1 is proved without any supposition like the equa-

tion daFbc] = 0 for F or, generally, like the equation (20) for 
9 (see also [10]).
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Lemma 2: For every eES, we have 

aa(A1. . .a	A)J1...)i	a.. .a; a (g	(19) 

Proof: Since the derivatives commute the expression 

a' -	0 

is symmetric with reference to the indices A, ... A. By use of 

this fact, one obtains formula (19) by means of repeated inter-* 

change of the derivativesU 

Proposition 3: For a massless field ç and its potential 

there holds: 

i) If	is some spinor field which satisfies the equation 

= 0,	-	(20) 

then every	which is related to ç by (12) satisfies	the€

equation

a. .•: a&	= 0.	(21) 

ii)If	is some spinor field which satisfies the equation 

(21), then the spinor field	defined by (12) satisfies 
equation (20). 

Proof: The statements of Proposition 3 follow immediately from 

Lemma 20 

Proposition 3 shows an equivalence between the equation (20) 

for a massless field p and the equation (21) for its potential 

. But equation (20) is inconsistent for n>l in curved space-

times which are not conformally flat. 

3. Curved spacetimes 

We now try to modify the results of the preceding section for
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curved spacetimes. First we consider the cases of "lower spin 

0=0 and n1). 

If n=0, then the Propositions 1 and 3 are void. In this case 

(20) is the Weyl equation, it is consistent in arbitrarily 

curved spacetimes (see [15]). For Weyl fields there does not 

exist a potential. 

For n=l, Proposition 1 is also true in curved spacetimes 

([10], the second part is trivial because the gauge field w is 

a scalar field). Lemma 2 is for n=l universally valid, too: 

Lemma 3: For every	we have 

VA	 A V ( A)z = V V(A z) .	 ( 22) 
Proof: The validity of (22) follows from the Ricci identities 

for spinor fields (see [13])• 

From Lemma 3 we can deduce the following 

Proposition 4: For a massless spin-1 field q' and its potential 

e there holds: 

i) If gES20 is some spinor field which satisfies the equation 

(23) 

then every eES 1 , such that 

TAB =	 ( 24) 

satisfies the differential equation 

VV&:A) = 0.	 (25) 

ii) If eCS1,1 is some spinor field which satisfies the equation 

(25), then the spinor field çES20 defined by (24) satisfies the 

equation (23). 

Remark 2: The field equations (23) are equivalent to the 

homogeneous Maxwell's equations; they are consistent in arbi'tra-
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rily curved spacetimes (see, e.g., [13,15]). The gauge field w 

can be choosen in such a way that the potential becomes diver-

gence-free (VAx=0, Lorentz gauge, cf. Proposition 2 and Remark 

1). In this case equation (25) is equivalent to 

Vd Vd Bk - 2dBc2 CZ + 6A E B,7e = 0	 (26) 

which we obtain by use of the Ricci identities. The tensor form 

of this equation is just 

7d7	- D	- 
d"a	£tadI 

which is the well-known equation for the electromagnetic poten-

tial. Therefore we can take Proposition 4 as a generalization of 

Maxwells equations for complex vector potentials. 

For n>l the field equations (20) are inconsistent unless the 

spacetime is conformally flat [3,15]. The equations (6) are 

inconsistent for n>0, k>l unless the spacetime has constant 

curvature [10,15]. In general, the derivative 

A1A2L1x2 

for some spinor field	is not symmetric with reference to 

the indices A,A2 . Furthermore we obtain after a long calculation 

by use of the Ricci identities 

- v(1v2)v(i 
A:X2X2) 

7 z1 22 Z3=q'	V12.Z + 
A 1 A 2 C1 C2 z	x 

C1 Z i Z2V3 - —	X Z A1A2C1C2 +	(A1	A2)'xz2z3 

+ - - (c1A1A2	Vc2	12 -	122C(AXVA2)Ji) 

+ iCj2V  
(A1i cI A2)C122 + 2(A,VA)A. 

This difference shows that one can generalize Lemma 2 for n = 2 at 

3 Analysis. Bd. II, I-left 1(1992)
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most to spaces of constant' curvature. Summarizing, it seems to 

be impossible to generalize the results of Section 2 for n>l to 

a curved spacetime unless the latter one is of constant curvatu-

re. 

One possibility to overcome this situation is to consider the 

field equations

V A : 1 ) = 0,	 (27) 

which are obviously stronger than (21). Equation (27) is a 

suitable candidate to describe (possibly a special class of) 

massless fields with arbitrary spin in arbitrarily curved space-

times, as the following theorem shows. 

Theorem 1: The equations (27) have the following properties: 

i) The equations (27) are consistent on a generally curved 

spacetime for all naO. For these equations the Cauchy 

problem is properly posed. 

ii) In flat spacetimes the solutions of (27) satisfy the equa-

tion (21) for the potential C of the field q. 

iii) The equations (27) are conformally invariant. 

iv) rf wE. 01 is some given spinor field, then there exists a 

solution e of (27) such that 

AX1X2	=	2•	 (28) 

Proof: The Cauchy problem for the system (27), (28) was stu-

died in [10,15]. Existence and uniqueness of its solution are 

proved in these papers. The conformal invariance of (27) is	- 

shown in [13]. The statement ii) is obviously correctU 

Remark 3: Suggested by Theorem 1 one can ask whether one can 

generalize equations (27) to Ek,fl for kl since it is known 

that the arising equations are conformally invariant, too [13]. 

But the arising equations are inconsistent with the exeption of 

the following cases (3,10,15): 

k=2, n=O	k)2, n=O and Y'=O 

k=2, n>O and =O	k>2, n>O and ==O.
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Remark 4: The second order equations 

= 0,	ES1	 (29) 

are conformally invariant only in the case of n=l, i.e. for 

Maxwell fields (see Proposition 4 and Remark 2). 
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