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On the Optimal Convergence

M. SToiAaNOVIC

Two classes of second order optimally convergent 3-point difference schemes for singularly
perturbed seif-adjoint problem are presented. They achieve O(min(h2,e)) point-wise error esti-
mates and O(h?) global ones.
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0. Introduction

Hemker gives in [3] a brief survey and the main directions and references of the main problems
that are encountered when singular perturbation problems are solved by numerical means in
one dimension, and opens some areas of current research in more dimensions. He lists the
known standard techniques to obtain numerical approximation which describe the solution
sufficiently accurate. Much efforts can be spent on the construction and analysis of g-uniform
difference schemes, where ¢ is a small parameter, 0 < € < 1, and some results have been
obtained by many authors [1, 3, 4]. Uniform convergence was a strong criterion of con-
vergence for difference schemes. '
We recall the definition of this criterion.

Denote by u; . , the computed solution of a singularly perturbed problem and by u/(x;) the
exact one at points x;, i = 0(1)n, where h is the step size of discretization which computes the
approximate solution and ¢ is a small parameter, 0 < € s 1. Suppose that the mesh A of discre-
tization is uniform: 0 = Xy < X, < ... < X, = 1, h = 1I/N, N being an integer, x; = x;_, + h, i =
1(1) n. Then we can give the following

Definition 1 (see [1]): The error bound of the form
luj c.n = vy s MhT
holds uniformly in € of order q if the constant M does not depend on both hand z.

The concept of optimality was introduced in [1] to impose a stricter criterion.
Definition 2 (see [2]): The error bound of the form

lu; e - udxy)] s Mmin( (?;?sxi(h P, s))

holds optimaly in s of order p if the constant M does not depend on both /1 and .
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In [2] Farrel examined sufficient conditions for uniform and optimal convergence for a
class of difference schemes for stiff initial value problems. He showed that there exists a
subclass of schemes which is optimal in the sense that

|4 c.n = ue(x)| s Mmin(h, ¢), Mindependent on both  and «.

Also, he showed that higher order optimal schemes exist. In [5] an optimal difference
scheme of order one is given for a self-adjoint equation, by splines in tension.

Here we develop the theory of optimality for difference schemes for a singularly perturbed
self-adjoint problem. In the text to follow, M will denote different constants independent of
both parameters h and ¢, and t; will denote the truncation error of discretization. Indices h and
€ in u will be omitted.

The paper is organized as follows. In the first part we give the construction of the two
classes of difference schemes which have optimal second order error estimates for the problem

Lu:=-gu” +p(x)u = f(x)
u(0)= A, u(l)=B,0<e s,

03]

where p and f are continuously differentiable at least of two. We treat it numerically by
solving a system of equations. In the second part we provide an error bound in maximum norm
and present an outline of the proofs for the optimal convergence at nodes, and for the global
one in the third part. In the fourth part we test both classes of schemes on numerical exam-
ples to illustrate the formulae developed.

1. Construction of the schemes

This part of the paper is concerned with the following two subjects:
1. The construction of second order optimally convergent schemes using the solution of
the problem

“eSA, *PiSa, = f;, Sa(xi) = uj, Sp (N ) =y, ' (2)

on each subinterval 4; = [x; ,,x;], i = 1(1)n, of the interval [0, 1], where p;, F; are piecewise
constants.
2. Generation of schemes using the solution of the problem
. (x-x;.,)  (xj-x)
“€Sp; PiSa; o f g fiens Sa () = ug, Sa(xi-) =y, (3)

1

where p; is piecewise constant and f; = f(x;), u;, u;_, are the approximate solution for (1)
which will be determined from the corresponding difference schemes.

In both cases our assumptions on SA:‘ will be the following ones:

a) The first derivative of the splines Sa; 1s continuous at mid points, i.e., Sp (x; + h/2) =
Sa (X h72).

b) The spline has nodes at mesh points.

i) The first class of schemes. Solving (2) we obtain
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exp(YPi/e(x - X))
2shp;

Sa,(x) = £i/p; + {EXPO.'(U:' -£i/B;) - (ujey - fi/f’;)}

(4)

. exp(~ Vpi/e(x - xj-y))

Zshe; {eXPpi(ui-x -£/p;) - (y; 'fi/pi)}'

From the smoothness of the first derivative at the point x = x; + h/2 we obtain the class of

difference schemes
Ru; = Qf;,u(0)= A, u(1) = B : (5)

referred to the approximation to the functions f and p, which can be set. In (S) we have

_ . c ) + Fo_ = - ~ +p
Ru; = rjujoy +rfu; +riluje,, QF =G, f; +3; fin,

rlp) = p(shp)™?
= r(p;)ch(p,;/2), r = -rlp;)ch(30;/2) - r(pja)ch(p;4y/2), 1" = rlp;sy)chlp;.,/2)

T

g, = -1/p;20;sh(p;/2), §;"=0, o; =71pi/e h, p; = p(x;).
For p (analogously for f) we use a piecewise constant approximation of the form

xforx>0
0forx<0Q°

(1=

p =l

Di(x; - x)., where (- ), is the cutoff symbol: x, = {

1

Consider two different approximations for p and f which imply two different schemes:
1. The approximation 2(=); = (- );_,» *{+ )i+, for p and f, respectively, gives the scheme

Ru; = Of; (5),
where Qf; = q; fi_yyp * Qi Fivryas 4 =1/237, g7 =1/2§; and Ru; is given in (5).

2. The approximation 6(%); = (- );_,, + 4(-); + (+);.,,, for p and f, respectively, gives
the scheme

Ru; = Of;. (5),

ii) The second class of schemes. The solution of (3) is a well-known tension spline [5]. Ap-
plied to (2) it yields

Saft) =y {t+%L:<—S}1(pi') - r)}

e;°\ shp;
+u,-_l{(1-r)+%—h—§(w-(l-r))} 6)
0; sho;

_Fi p2(she;f) , shle,(1-1))
¢ 0%\ sho; shp;

- 1) , i=1(1)n.

The continuity condition of the first derivative at the mid points gives the class of difference

schemes

Rui = Of,v (7)
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~
n

i =1+ (r(e)ch(p;/2) - 1), ri"=1+(r(pja,) chlp;n,/2) - 1)
€ = -2 (rlp)eh(30;/2) - 1) - (rlpjey)chlp;y,/2) - 1)
G = 1/pi-y(r(e;)ch(p;/2) - rlp;)ch(3p;/2))
8% = 1/Biu(r(01e0) ch(p;ay 72) - rlp;)chip;/2))

pi = ¥YPi/e h, r(p) = o(shp)™*.

o]
[}

Here, the schemes referred also to the approximation to the functions f and p.
The schemes which uses the approximation

L2050 = C)inisa # (e and 20 6(7); = ()i, + 400 ) + (- isrra-
for driving terms in (1) are listed below, respectively:
Qfi =qiZy/2ficvre * qi:1/2 fierre * Qitare fivam

9 e = 1725 rlp)ch(p;/2) - r(p;)ch(3p,/2))

(7,
Qivare = V2P )(rlejuy)chlp,.,72) - rp;)eh(p;/2)
Gitisz = diciz * Qidan
Qi 1z = 16 p)(r(p;)ch(p;/2) - rlp;)ch(3p;/2))
5 =497, 1,

9ilya = 1/06p,.)(r(pie)ch(p0,/2) - rlp)ch(0;/2) *+ ;oyye
+ _ + + _ +
Gier = 4Qisins Qitare = Givrra-

The left-hand side of equality Ru; = Qf; is the same as in (5).

2. Optimal nodal error estimate

Following the concept of optimality given in Definition 2, we obtain that for the schemes (5),
(7) a stronger criterion of convergence holds. This is shown in the next three theorems.

Theorem 1: Let p, fe C2?[0,1] and {u,}?:_: be the solution of the discretization (5). Then
the estimate

u; - ulxy)] s Mmin(h2e), i =0(1)n
!

holds. Namely, the schemes (5) are optimal and of order 2.
However, to prove Theorem 1 we must define the argument in the following

Lemma 1 (see [1]): Let p. fe C2(0,1] and p'(0) = p(1) = 0. Then the solution of (1) can be
decomposed in three parts:

ulx) = gouglx) *+ qug{x) + g(x),
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where | qol.19,| are constants:
190l 19,1 s M, u(x) = exp{-x¥p(0)7% }, we(x) = exp{-(1 - x)¥p(1)7e }, x €(0,1),
|gx)| s M+ e27¥2) = 0(1)4.
To accomplish the error estimate we consider u,, w, and g separately.
Lemma 2 (see [6]): Let ue C3[0,1] be the exact sulution of (1). Then the truncation error

of discretization (5), (t;(u) = Ru; - Q(Lu;)), for each of the functions from Lemma 1 separa-
tely, is the following:

1. 1;(g) = T;(°)g + 7;(1)g, +7}(2)g" *7;(3)5,,,, +...+R

where
T = e - piaT - Pindl
T = h((r" - 1) * 57297 - pin/247)
T2 = h3(572 4 17/2 - p;/8q; - Pian/8477) + (a7 + q;7)
T = h3(5;76 - 1,76 + p;/48q; - p;.,/48q7) + eh/2(q] - g7 ).
2. 1;(u,) = “oi(ri_ exp(po) *+ 1 + r;"exp(-0,)
-(po - Pi—x/z)exp(po_/z)‘lim - (po - pi*x/z)eXP('po/z)qi‘):

where
u,; = exp(-/p(0)/¢ x;), o = ¥p(0)/< h,
and 1% S g . i=1(1)n -1 are the coefficients from (5),.

3. Similarly as in assertion 2 we obtain t;(w,).

Lemma 3: Let ue C3[0,1] be the exact sulution of (1) and let p,fe C2[0,1], p~(0) = p*(1) =
0. Then we have the following consistency error of the discretization (5),:

h*/¢ if h%e s 1

cp;expo; if h¥e 21" i= W1 - 1.

max {le (e o) (o) } < M

Proof: Estimate for|t;(g)]. In Lemma 2/1 we have T;(®)= 1;(t) = 0, and | T;®%"| and re-
mainders are less or equal to MAh%/t when h%¢ s 1. In the opposite case, h¥¢ 2 1, the largest
term is gp;sh(p;/2).

Estimate for |t;(u,)|. Since |p(x) - p(0)] s Mx2 under the condition of Lemma 1 and |g}*| <
Mop;shp;/2 we obtain |t;{u,)| s Mep;expp; when h¥e 2 1. We obtain the estimate for h%/ s |
after Taylor developments.

Estimate for |t;(w,)]. It is the same as the estimate for 1;(u,) @

Theorem 2: Denote by {u;} L}  the approximate solution to the one u ¢ C3[0,1] of(l) ob-
tained by the discretization (5),. lfp (0) = p(1) holds and p,fe C2[0,1], then

|u; - ulx;)| s Mmin(h®.¢), i=o0(l)n

i.e., the scheme (S), has the second order of optimal convergence.

9  Analysis, Bd. 11, Heft 1 (1992)
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Proof: Denote by 4 ¢ R7"%7"! the matrix of the system of equations (S). Then

e p2
o — £/h? if h% s 1
NAlY s (7 + S+ 77)70 s M{l/(pish(pi/Z)) if h&¥%e21" )
The nodal errors are
max |u; - u(x;) s A7 max|t;(u)|. (9)
] 1

From Lemma 1 and Lemma 3 we obtain the estimate of the truncation error t;(u) =1;(u,)
+1,(w,) *+ 1;(g). Hence, (8) and (9) give the assertion of the theorem §

Also, we obtain in the same way that the assertion of Theorem 1 holds in the case (S),,
which completes the proof of Theorem 1. Similarly we have

Theorem 3: Let p,fe¢ C2[0,1] and {u;}iL,  be the approximate solution of (1) obtained by
(7). 1f p(0) = p(1) = 0, then

|u; = u(x;)| s Mmin(h?e), i= o()n.

On the other hand, the schemes (7) are optimal and of order two in the sense of Definition 2.

3. Uniform global error estimate

Firstly, we give the following

Theorem 4: Let {S, (x)} be the spline solution (4) of (1) on each subinterval [X;_,,x;].
i = 1(1)n, where the coefficients {u;} {1, we obtain from the linear system (5). Let p,fe C"’[O 1]
and p*(0) = p*(1) = 0. Then the estimate C

Ju(x) - Sp (x)| s Mh?, i = (Dn

holds. It means that the schemes (S) have order two of uniform global error estimate.

Proof: Denote by ESA the exponential part of the spline {(4) and by LSA, the linear one.
When p = const then ES4, is in a kernel of a differential operator. Then L(ESp (x)) =0 and
the global error depends on the approximation to the function f. Since If - £l s Mh? then
|[L(u - SA,,(.\))| s Mh2. When p * 0 we have

ESp (x)=1/Q2 shpi){u,[exp(v;)i/s(h +x - x;)) - exp(-vYp;/e(x - ,_,))]
_l[- exp(Vp;7e (x - x;)) + exp(Vp/e (h - (x —.\',-_x)))]}A

Thus, .
LSA,,(.\‘) = !_”,»/pi{l +1/(2sh ;)1 - expp;)|exp(Ypi/e (x - x3)) + exp(-Vp;/e(x - .\"i_,))]}
and

|L(ESA,(x))] s Mb? |L(LSp ()] s MB2 - F/p;. | (10)

This yields I[_(u(.\‘) - SAI,(.\'))I s f/p - F,/p; + O(h?). Since |(Ip - B;l,|f - F;1)] s Mh? we obtain
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|L(u(x) - S5, (x)| s MA2. (1)

The barrier function 2(x) = C(x - x; - h) - Chexp(-yx/¢) £ (u(x) - Sp (x)) from [4] gives

Lz(x) = Ch(y¥s - p)exp(-yx/e) + Cp(x - x; - h) ¢ L{u(x) - SAi(x)),
where p 2 p > 0, C and v are constants. Since Theorem 2 then z(x;_,) s 0, z(x;) s 0 holds. We
can choose C, vy so that Lz(x) > 0 because of (10). Then z(x) <0 on [x;.,, x;] from the maxi-
mum principle and

|u(x) - S5, ()] s Mh2 on [, x.], i < N72. (1)
For i > N/2 we use the second barrier function

2(x) = C(x; - x -2h) - Chexp(-v(1 - x)/e) t (u(x) - Sa (X)),

and we obtain also the estimate (11) B

Remark: The spline solution S of (1) is then
S(x)= Z,:xSAi(x)H(x,- - x), 12)

where H is the Heaviside function, H(x) = 0 for x < 0 and H(x)=1 for x =z O.
Similarly we have the following

Theorem S: Let S be the spline solution of (1) obtained by (12), where the coefficients Sa;
in (6) we get from the linear system (7). Let p,fe C2[0,1]. Then the estimate

[u(x) - S(x)| s Mh2on [0,1]

holds, where u is the exact solution of (1). It means that the schemes (7) have order two of
uniform global convergence.

4. Numerical results

In this section we present some numerical examples in order to demonstrate the performance
of the schemes (5), (7) for various choices of ¢. The calculations were carried out using com-
puter programs written in FORTRAN IV plus in double precision mode, and implemented on
(PDP11/34) computer. The numerical rate of the uniform convergence is the following accord-
ing to Doolan et al [1]:

rate = |1n Zi e, hk - In zi.s.h,kﬁl/ln2 )
where
Zie K = miax|ui_e_h/2k - Ui's.h/zk*tl , k=0(1)6. (13)

Here u; , -k is the approximate value at the point x;, length h/2¥. The meshes were obtai-
ned by halving previous ones successively starting with 16 points and ending with 1024. We
tested the simple example

—eu{x) +u(x) = cos?nx +2em2cos2nx, u(0)=u(l)=0
with the exact solution

9‘
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u(x) = (exp(-(l -xWE) + exp(-x/-/'s—))/(l +exp(-1//€)) - cos?nx

on the schemes (5), (7). The resulting values and nodal errors are displayed in the following
tables (in which N stands for N). The maximum difference between two consecutive meshes
is listed in the E_, norm (= z; . 5 1). The declination of the approximate solution from the

exact one is listed in the maximum norm and denoted by v, ¢ 5, = max;|u; ¢ p - uc(x;).

Table 1: Rates of convergence for (7), and max differences

N 16 32 64 128 256 512
£\K 1 2 3 4 5
E rate E rate E rate E rate E rate E
o0 o« [ o« @ 00
1 |.116-02 . 29E-03 .71E-04 . 18E-04 . 44E-05
: 2.02 2.01 2.00 2.00 2.00
271 . 19€-02 .27E-03 . 68E-04 .17E-04 . 42E-0S
2.02 2.01 2.00 2.00 2.00
272|.99E-03 . 25E-03 .62E-04 . 16E-04 .39E-05
2.02 2.01 2.00 2.00 2.00
273|.88£-03 . 22E-03 . SSE-04 14E-04 .34E-05
2.02 2.01 2.00 2.00 2.00
27%|. 77€-03 . 19E-03 _48E-04 . 12E-04 .30E-05
2.03 2.01 2.00 2.00 2.00
2°%|.68E-03 17£-03 .42E-04 C11E-04 . 26E-05
2.04 2.01 2.00 2.00 2.00
27%|.63£-03 . 16E-03 . 39E-04 .98E-05 . 24E-0S
2.05 2.01 2.00 2.00 2.00
2771 62€-03 . 15E-03 .38E-04 . 95E-05 .24E-05
2.08 2.02 2.01 2.00 2.00
27%| . 62£-03 . 15E-03 .38E-04 . 94E-05 . 24£-05
2.14 2.04 2.01 2.00 2.00
27 2|.64E-03 . 15£-03 . 38E-04 94E-05 .24E-05
2.23 2.07 2.02 2.00 2.00
271%| s8E-03 . 18£-03 .38E-04 .94E-05 .24E-0S
2.36 2.12 2.04 2.01 2.00
2"l 74£-03 . 16E~03 .38E-04 .95E-05 .24E-05 .
2.51 2.22 2.07 2.02 2.00
1074 |. 11£-02 . 19£-03 . 41E-04 .96E-05 .24E-05
2.53 2.54 .225 2.08 2.02
107%|. 186-02 .37E-03 .60E-04 .11E-04 . 25E-05
2.02 2.28 2.60 2.44 2.17




Table 2: Rates and max differences for (1),
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N 16 32 64 128 256 512
E\K 1 2 3 a 5
E rate E rate E rate E rate E rate E
© [+ ] <] «© (-] o
1 . 11E£-02 .28E-03 .71E-04 . 18E-04 .44E-05
2.01 2.00 2.00 2.00 2.00
].0-2 .B60E-03 . 15E-03 . 38E-04 . 9SE-0S . 24E-04
1.95 1.99 2.00 2.00 2.00
10-5 .S7E-03 .64E-04 . 15E-04 .T7E-05 . 22E-05
2.08 3.15 2.10 2.49 . 178
Table 3: Errors v; . p for (7),
£ \N 16 32 64 128 256 512
2_9 .85E-03 .20E-03 .S0E-04 .13E-04 .31E-05 .78E-06
Table 4: Rates and errors in E_, norm for (S),
N 16 32 64 128 256
E\K 1 2 3 a 5
1 . 11E-02 . 28E-04 .71E-04 . 18E-04 .44E-05
2.02 2.01 2.00 2.00 2.00
10-2 .62E-03 . 1SE-03 . 38E-04 .95E-05 . 24E-0S
2.07 2.02 2.01 2.00 2.00
107! |. 11£-02 . 19E-03 .41E-04 .9B6E-05 . 24E-05
2.53 2.54 2.25 2.08 2.02
10-5 . 18E-02 . 37E-03 .60E-04 .11E-04 . 25E-0S
2.02 2.28 2.60 2.44 2.17
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Table S: Rates and errors in E_, norm for (5),

N 16 32 64 128 256
e \K 1 2 3 a 5
1 |.11E-02 . 28E-03 .T1E-04 . 18E-04 .44E-05

2.01 2.00 2.00 2.00 2.00
10" |.53£-03 . 15E-03 .37E-04 . 94E-05 .24E-05

1.04 1.87 ©o1.97 1.98 2.00
10"° |.57E£-03 .64E£-04 . 15E-04 . 18E-05 . 22E-05

2.08 3.15 2.10 .95 1.79

Table 6: Frrors v; . 4, for (5),

N 16 32 64 128 256 512
€\
107° . 22£-03 .41E-03 . 75E-04 . 14E-04 .33E-0S . T7SE-06
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