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An Explicit Representation of the Remainder of some Newton-Cotes Formulas
in Terms of Higher Order Differences

B. BUTTGENBACH, G. LUTTGENS and R.J. NESSEL

Depending upon the exactness of the rule, the remainders of some Newton-Cotes formulas are explicitly
represented in terms of higher order differences. Consequently, those error bounds for the associated
compound quadrature processes, given via corresponding moduli of continuity, may now be'established
in a completely elementary way, in fact with good constants. As an application of previous quantitative
extensions of the uniform boundedness principle it is finally shown that the error estimates considered
are always sharp. )
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Let C[a,b] be the Banach space of functions f, continuous on the compact interval [a,d] of
the real axis R, endowed with -the usual norm ||f|lc = max{|f(u)| : u € [a,b]}. Given
J € C[0,1], consider the (elementary) midpoint rule QMif = [(1/2) for the approximate
calculation of the integral If = [y f(u)du. For the remainder RMi = QMi _ I there
obviously holds true the representation

RM:'I

1072) = [ stu)da (1)

/01/2 [_f(%-u)+2f(%)-f(%+“)]d"=/ol/2 [—A?J(%—h)]dh,

where A} f(z) = A(A; f(2)), AnSf(z) = f(z+h)- f(z), 7 € N (= set of natural numbers)
denotes the r-th difference with increment A € R. Note that (1) precisely corresponds to the
familiar fact that Q™' is exact for polynomials of degree 1. Representations of a similar
nature for the trapezoidal rule QT"f = [f(0) + f(1)]/2 were already employed by several
authors (cf. [5; 6; 7, pp. 43, 54)), too. The following version turns out to be particularly
suitable for extensions to formulas of higher order:

BT = U@+ - [ s da @

/
L7 () = 2000 + 1@ + U() - 270 =)+ 101 - 20)])

1

/01/2 [a2(0) + A2, /(1) ah.

Indeed, in view of the identities (1), (2) one may now expect that for formulas which are exact
on P,_; (= set of algebraic polynomials of degree (r — 1)) there hold trie corresponding’
representations for the remainders in terms of appropriate r-th differences. The following
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confirms this for the Simpson, 3/8-, and Milne rule, i.e., for

% = ¢ [1O+ag)+s0), (3)
@r = glro+sng+acy+ ), )
iy = g [+ srG)+ 12+ 22 + 100 (5)

Theorem 1: For f € C[0,1) and the corresponding remainders R°f = Q°f — fJ f(u)du
one has the representations

RS1 = 2 [ [a4700)+ 2887 - 20 + A%, 50)] e,

whoy = 3 [ (a1 + 30tr) + 388,12y + a4, 500) ab,

232

Ry = [ (2 (a2 s0) + a%000) + Z2[assh) + atur =)

675 [Agf( —h) + AE,,/(%M)] —2h) + A‘i;,f(%+2h)]) dh

225 [A

Proof: Once a candidate is available, the proof may proceed by verification. Thus for
the Simpson rule

L - 45+ 6108 - a5cam) + s

437G ~28) = 475 = )+ 67(3) ~ 415+ b) 4 15 + 20)
+[/(1) = 4£(1 - h) + 6/(1 ~ 2k) - 4f(1 - 3h) + f(1 - 4h)]) dh

- al.f(o)+ (—4/1/4 +3/2/4-4— 03/4+41/1) J(u) du
o (L e
+%j(l)+ ( //4 ./2/4 1/4 4/ ) flw)du

= HO+1)+ 110~ [ wan = 2rsiy
T4 2’7 4 2 Jo T2
To indicate how to develop an actual candidate, let us try a representation of R3/8f via
/ [b12845(0) + 028313) + 8584,/ B) + b4t (1)) i,

thus one considers a fourth difference A%, (the rule being exact on P3) at each knot, the
interval of integration being again a half of the distance of the knots. Comparing coeflicients
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at f(j/3) delivers b, = by = 3/4, b, = b3 = 9/4, and in fact the remaining integrals then fit
together to — fol f(u)du. Unfortunately, this reasoning for R%® does not suggest a general
procedure. Indeed, the candidate for RM¥ has to be chosen even more complicated (8 diffe-
rences instead of 5). The correctness of the representation for RM# follows by verification. m

Of course it would be interesting to have a general procedure to establish representations
like those of Theorem 1 for a wide class of (elementary) quadrature formulas

RIS = Q-1 = Laifed) - [ Sw)ds, (6)

where 0 < z; < ... < z; £ 1 and the formula is assumed to be exact on 'P,._ But so far we
have to leave thls as an open problem.

Nevertheless, the rules (1-5), though particular, generate those compound quadrature
processes, most commonly used in the applications. In this connection the next result shows
how a representation for the remainder (6) of an elementary quadrature rule Q¢ transfers to
the rule

J b
R = QEdf_If = (b-a)Y aif(a+ (b a)z:) - / f(u)du, @
i=1 e
obtained by an affine transformation of [0, 1] to the interval {a, b], or to the compound quadra-
ture process
b—a g

Zza.j(a+(k—1+z,)

k=1i=}

Royf = QS -1If =

3
) - [ rwds, @
generated by the elementary rule (6).

Theorem 2: Suppose that for the remainder (6) of an elementary rule there holds true
the representation

RS = Z/o’ b ALS(w + cih) dh (9)
i=1

for somem,re N0 <s<1l,¢€R,andy € {z; : 1 <i< j7}. Then one has for
f€Cla,b)

m s(b~a)
RE Z / b OLSf(a + (b~ a)y + eh) dh,

ZZ/s(" a)/n

k=11I=1

Rinyf

b ALS a+(L—l+yI)—-+qh)

Proof: Setting g(z) = f(a+ (b- a)z) one has

Rty (b-a) [ZJ: aig(zi) - /01 9(u) du] = (b-a)Rg
=1

m s
b-a)% /0 biALg(y + cih) dh
=1

G-y [ -1 (k) f(@+ (b - a)ly + cth + by dh,
=170 k=0
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which establishes the representation for R[""’]j. This in turn implies

n .
R(n)f — E R[a+(k-l)(b—a)/u,a-}-k(b—a)/n]f
k=1
n

m rsb-a)/n e b-
ZZ/O’ b ahf(at (k- 1) a+bTay1+c1h)dh. .

k=11=1 n

Observing that any backward difference A_j, may also be rewritten as a forward one Ay
it is obvious that those representations previously established are all of the form (9) (note
that y, =y, for l; # I, is possible).

Once representations like those of Theorem 1 are available, estimates of the remainders
in terms of the r-th modulus of continuity of f

we(8, f,[a,8]) = sup{|ALf(z)| : z,z + rh € [a,b], [A] < &}

are immediate. In fact, it turns out that the constants resulting are rather good. For example,
for the elementary rules (1)~(5) one has

Corollary: For f € C[0,1] there holds true

IBMf1< gen(5000),  1RTA < w3 00),
RS Gea(pA0), IR < (3000010,
[RMif| < %ws(é,f, [0,1]) .

From a good estimate for the elementary rule (6) one immediately obtains a corresponding
one for the afline transformation (7) and the compound process (8). Indeed,

Theorem 3: Given the elementary rule (6), suppose that there holds true the estimate
[R9] < cw,(8,9,0,1]) (g € C[0,1)).
Then one has for f € Cla,b)
| R )
[ R(n) f]

IA

C(b - (l) Ur(6(b - a), fv [a’b])'
C(b - (l)wr(6b — avj’[avb])'

n

IA

Proof: With the substitution g(z) = f(a + z(b — a)) it again follows that
IRIAS] = (b= @)l R¥g] < (b~ a)wr(8,,[0,1)) < e(b~ a)wr(8(b = a), /, [a, ).

This in turn implies

i 2 b-a b-a
Rn < R[u-{»—(k—l)(b—a)/n,a-{-k(b—n)/n][ < ¢ Wy 6—,f, (l,b .=
1< 3| €3 e (P27 et



An Explicit Representation 139

For example, for the compound midpoint, trapezoidal, and Simpson rule one has that for
every f € Cla,b] (cf. Corollary)

R < 2 ten (B0 e ), (10)
BRI < (b= a)en(52 1 lanb), (a1
g < oD (228 p ), (12)

respectively. Estimates of this type, but with unspecified constants, are well known. Usually
(cf. [1]) one proceeds via an interpolation argument, thus employs the exactness of the rule
and Peano’s theorem to derive an estimate for smooth functions which together with the
boundedness of the process delivers an estimate versus a corresponding K-functional. The
rather intricate equivalence (with unspecified constants) between this K-functional and w,
establishes the estimate for general processes. In contrast, our approach is completely ele-
mentary, but so far only works for the particular rules (1)-(5), at the same time, however,
delivering good constants. In this connection it may be worthwhile mentioning that in (7,
pp. 41; 43, 54] an elementary approach (like the one stressed here) is employed to establish
(10), (11), but for the Simpson rule an interpolation argument as described above is used.
Indeed, since the problem of best constants is raised in (7] at several places (cf. [7, pp. 52,
60, 64]), this may also be considered as a motivation to work out an elementary approach for
the Simpson rule, too.

Let us conclude with the observation that it may generally be shown that estimates of type
(10)-(12) are always sharp (with regard to the order) for compound quadrature processes. If
the modulus of continuity w,(6, f) of the function f behaves like §", this follows from familiar
asymptotic expansions of the remainder or by testing the counterexample z". In all the other
cases one may proceed via the following quantitative extension of the uniform boundedness
principle: For a Banach space X (with norm-|j - {|) let X" be the set of sublinear, bounded
functionals T on X, i.e., T maps X into R such that for all f,ge X, a € R

IT(f+ I <ITfI + |Tgl,  |T(af)l = lalITf},
ITlix+ = sup{|Tf] : I/} 1} < oo.

Let w be an abstract modulus of continuity, thus a function, continuous on [0, 00) with

0 = w(0) < w(s) L w(s+1) € w(s) + w(t) (s,t > 0), (13)
additionally satisfying
m 20 _ o (14)
t—04+ I

(e.g., w(t) =t for 0 < a < 1). Let o(t) be a function, (strictly) positive on (0,00), and
{¥n} C R be a sequence, (strictly) decreasing with limp—co ¢n = 0. In these terms one has

Theorem 4: Suppose thal for the remainder {T, : n € N} C X" of some epprozimation
process and for a measure of smoothness {U; : t > 0} C X* there are lest elements g, € X
with (t —» 0+, n — )

llgnll = O(1), - (13)
Tngn # O(l), (16)
[Uignl £ Cmin{l, o(t)/en} (t>0,n€eN). (17)
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Then for each modulus w satisfying (13), (14) there ezists a counterezample f,, ‘e X with

Uful = O(w(o(t))),
Tufo # o(w(w,,)).

For a proof as well as for a number of applications, explicitly worked out, see (2-4] (and
the literature cited there). Here we would like to apply Theorem 4 to compound quadrature
processes.

Theorem 5: Given the compound quadrature process (8), suppose that there holds true
the estimate

R/l < Con(filab))  (f € Clab). (18)

Then this estimate is sharp in the sense that for each modulus w satisfying (13), (14) there
ezists a counterezample f,, € Cla,b} with '

w'(tv fw»[aab]) = O(w(t')) (t —_ 0+),
thus |R(ny fu} = O(w(n~")), but on the other hand
Rmyfu # 0(w(n™))  (n— oo0).

Proof: To apply Theorem 4, set X = Cla,b], o = n~", 0(t) = t", T,, = Ry, Uf =
wr(t, f,[a,8]) € (Cla,b])", and (cf. (6), (8))

J
_ .o _amn ™
gn(z) = ,~I=I, sin ( hoa - Tt - a:z:) € Cla,b].

Obviously, |lgallc < 1, thus (15). Since the testelement g, is chosen such that it vanishes at
the knots of the rule Q(n), one has Q(n)9n = 0, and therefore

4 b—a [ 2
[Rnygnl = /a gn{u)du = o L Esm (-7z; + u)du
b—alZl fle+1)m J 2 b—a 172
= sin(—wz; + u)du = / sin?(-rz; dv,
mn kz=;./k1r 'I;Il ( ) T 0 'I;Il ! ( +v) v

thus (16). Concerning (17), on the one hand w,(t,gn) < 2[lgullc < 27, on the other hand,
since

anmn m

AT n M
gn(z) = 2 ’E [1-—cos(—2b 27rz,-+2b az)] = Ao+kZ=:IAkcos(dk+eknz)

-a -

for some constants Ay, e, M, independent of n, it also follows that

M
wr(t,gn,[a,8])) < z |Ak|wy(t, cos(di + exnz),[a,b])
k=1
M d\" M
< Z |Ag|t™ || (H) cos(dy + exnz)flc < Z Ak}t |ex]” n".
k=1

k=1
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Now the assertions are an immediate consequence of Theorem 4. =

For the quadrature rules (1)-(5), mainly considered in this note, the direct result (18) is
established by Theorem 3 (and the Corollary). On the other hand, it is well known that (18)
holds true for arbitrary compound quadrature processes if the generating elementary rule is
exact on P,_;. Indeed, using Peano’s theorem one immediately deduces an estimate versus
the corresponding K —functional, and its equivalence to wy completes the argument.
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