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Asymptotics of the Solution of a Boundary Integral Equation 
Under a Small Perturbation of a Corner 
V.G. MAZ'YA and R. MAHNKE 

The boundary integral equation of the Dirichlet problem is considered in a plane domain with a smooth 
boundary which is a small perturbation of a contour with an angular point. The asymptotics of the 
solution are given with respect to a perturbation parameter c. The problem studied in this article serves 
as an example of the use of a general method which is also applicable to the three-dimensional case, to 
the Neumann problem and to problems of hydrostatics and elasticity. 
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1. Introduction 

In the present article we consider the boundary integral equation of the Dirichlet problem in 
a plane domain if the boundary is smoothed near an angular point. The main terms of the 
asymptotics of the solution are given with respect to a perturbation parameter c 

Let Q C R2 be a bounded domain with an angular point on its contour Oh. A domain hl 
with smooth boundary is obtained by a small perturbation of Oh near the vertex of the angle. 
Let 10 be a smooth function in R2 . It is the classical approach to solve the Dirichlet problem 

Lu = 0 in h1, u = t&I 8 on Ohc	 (1) 

by expressing the function u in the form of a double-layer potential 

U, (X)  _J c(y)_. log Iz_ Y Id3v ,	 (2) 
27r	V 

where ii denotes the outward unit normal vector to Oh. . This leads to the well-known boundary 
integral equation

(3) 

The operator T is the direct value of the double-layer potential (2). The density function ju, is 
expressed in terms of solutions of auxiliary boundary value problems, using a method which is 
described in [3]. The following representations are the main results of this article: 

x 
10(X) - v(x) -	 (_' i /(2 o)W+ i	if 0 < 0 < ir 

+(+I+

an'

(x) 

{

 
(10(X) — V(X) — 4E^/Otl)_())	 if r <a< 2, 

where a denotes the size of the angle. The functions v, w and w_ are solutions of certain 
exterior Neumann problems. The remainder function can be estimated uniformly in the norm 
of C(OcZ) by 0((Y) with > I, which is proved in Section 3.
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The considered problem serves as an example for the use of a general method which is also 
applicable to the three-dimensional case, to the Neumann problem and to problems of hydrody-
namics and elasticity. Moreover, the method can be used to obtain complete asymptotic series 
for solutions of boundary integral equations. 

2. Formal asymptotics 

We suppose that the origin 0 belongs to the boundary Ô1 of the domain Q and that OI \{0} 
is smooth. In a neighbourhood of the origin Q coincides with the wedge 

K={x=(r,)Ir>O, V €(O,ü)} (0<a<2ir). 

Let w be a domain with smooth boundary, which coincides with K \ B 1 (0) outside the unit circle 
B1 (0). For the sake of simplicity it is assumed Q C K, w C K (see Remark 1 below). 

Now, domains w, and Q, are introduced, which depend on a small positive parameter : 

c=cln. 

Later, several subsets of these domains and their boundaries &.r and Of1 will be considered. 
For that purpose the following notation is used: 

=	 = 
= K\iZ,	= 
= K \ ci,	2 = ad. \ &'. 

Clearly, D C B((0).

Figure 1: Example with c = 0.6 and a = 350
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Complementary domains with respect to R 2 are denoted by the superscript c. A Neumann 
problem which is related to the Dirichlet problem (1) is considered: 

.9v,  
= 0 in Slcl	

-	on O1l.	 (4)
av 

We look for the solution of this and all following Neumann problems in the class of functions 
with behaviour 0(1) at infinity. A solution exists, if a solvability condition is satisfied. For 
problem (4) the condition

I	d  = 0 
j Ozi 

an, 
is fulfilled because of the harmonicity of u, in f1 C and Green's formula. 

We follow the approach of [61, which goes back to one of the authors. The representation 
formulae for harmonic functions, 

	

u(x) = _ f (uc y_ log Iz -- I 
t9U,	

- I/I) —(y)log 
27r	49v,	 09v, 

an, 

for x E fl, and

V, (X) 
= -_ J (vc (Y)_ log Ix -	

Ov, - —(y)logx - 14) ds
Lblvy 2r	Ov,

an, 

for x E ci, yield on the boundary ÔQ 

1	1	(ôu, 
=T—--1 --logx—yds 

2	2r 	09V 

and	 (5) 
1	 1 toy, = —Tv, + -j .—log Ix - 14 ds, 
2	 2r	19V 

taking into account the jump conditions of the double-layer potential. Equation (5) and the 
boundary condition of (4) lead to

on Oil,, 

which shows that (, - v,)I r, is a solution of the boundary integral equation (3). Since (3) is 
uniquely solvable, we can represent its solution by 

j, = (b—v,) r,.	 (6) 

In order to find asymptotics of, the following method (see [3]) is applied to the problems (1) 
and (4): 

An approximation for the solution of a boundary value problem in ci, is obtained by solving 
an analogous problem in the limit domain fl. This leads to an error concentrated near the origin. 
The asymptotics of the error function are determined and by the transformation = the scale 
is changed. Then, a second auxiliary boundary value problem is solved in the unbounded 
domain w. The solution equalizes the main term in the asymptotics of the error function, if it 
is multiplied by C to a certain power. 

Using this method a representation for the solution v of problem (4) is obtained: 

I' v,(x) = v(z) + ( 1 wl
x 
- 1 + R(x).	 (7) \(1
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The Dirichlet solution of (1) appears in (4) on the right-hand side. Therefore, we have to look 
for its asymptotics according to the same scheme: 

= V(x) +	+ R, (x).	 (8)

We start with the treatment of the Dirichlet problem (1). The Taylor expansion is valid for ': 

(x) = '(0) + zV'(0) + 0 (r). 

A first approximation for the solution u of (1) is obtained by solving the following Dirichiet 
problem in fl:

AV = 0 in fl, V = i/'	on O1.	 (9)

For the study of the asymptotic behaviour of V near 0, it is suitable to consider 3 cases: 

Case 1: 0<cs<7r 

The asymptotics of V contain terms with integer exponents of r (r = l x i) caused by the function 
t' and solutions of the homogeneous Dirichlet problem for a wedge: 

rasinjAça with A = 7r/a (j = 1,2,...), 

where a3 are certain constants. We have 

V(x) = (0) + xV(0) + fi(r,ç) (10) 

with f = 0 (rmn{2}) near 0. The remainder function R0 =u, - V is harmonic in f1C and has 
the boundary values

R01 ( 0 —V)l	ony	
(11) 

1.	0	onOZ\7. 

Hence, the main term in the asymptotics of the right-hand side has the order This 
term has to be compensated by the solution W of a Dirichlet problem in W. As it will turn out 
later, this function W does not influence the first terms in the asymptotics of v in this case, 
since /3 > 1. 

In order to solve the exterior Neumann problem (4), we consider the solution of the following 
problem:

Av = 0 in !,	=	on OSI.	 (12) Oti	Ov 
The solvability condition f	ds = 0 is satisfied, since V is harmonic in ft The asymptotics 

80 
of v near 0 contain terms caused by the right-hand side	and solutions of the homogeneous 
exterior Neumann problem for a wedge 

r'b,cosja(o— cs) with a = ir/(2r - s) (j = 1,2,.. .), 

where b, are certain constants. It reads as follows: 

v(x) = v(0) + rb 1 cos a (w - cs) + xVb(0) + o (rm1n1{2) 

The function v is not defined everywhere in	and has to be extended within il by v'. The
extension is chosen in this manner: 

The conditions
49v'	49Vv'=v and	 (13) Ov	19V
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are satisfied on OK and v' has the prescribed asymptotics near 0: 

v' (x) v(0) - rb1 cos A+ zV'(0) + f2(r,s') (14) 

with f2 = 0 (rmin{2}), so that (13) is fulfilled by the main terms of the asymptotics. The 
remainder function R2 =V, — v solves the problem 

f(C 2 — A2 )b i r 2 cos	— Af2	 in D( 
AR2	

0	 in1Z\D,
(15) 

OR2	bi-(r cos AV) +-(fi—fz)+	Ofl7c
49 RO 

oil	 0	 onOl\7. 

The main term of the error concentrated near 0 has to be compensated by a function w. By 
the transformation = the scale is changed and the problem takes the form 

-	 (a2 - A2 )bjII 2 cos)co	in D 1 {  
-	 0	 int\DI,

(16) 
Ow	0 

= b1 —(	cos AV)	 on Ow. 

The solvability condition is satisfied and equation (7) is valid with r = a. The function w+ 
shows the following asymptotic behaviour at infinity: 

= II c i cos a( — o) + 0 (II_2a) 

with a certain constant c 1 . Since it is not defined for z e D2 , we extend w by a function w 
according to (13). It has the prescribed asymptotics: 

WiVO = I4I Ci cos ) + 0 (IeI-2') 

at infinity. From (15) and (16) we derive the problem for the remainder function R in equa-
tion (7):

—Af2	 in D 
AR = 1 —'Aw	 in D2 

1.	0	 in I\ {DU D2}, 

0	 OR0
on7c 

OR — I	(CAW +—on 72 Oji 
OR0 on OZ \ IN U 72}. • 49V

 Section 3 it will be useful to have this problem in variational formulation. Throughout this 
paper test functions and their restrictions on the boundary are denoted by 4. 

	

Since (fi — 12) = 0 on OD \ and	= 0 on 0D2 \ 72, Green's formula implies 

JVRV'dx=JV(fi_ f2)V4dx_€'fVw+Vdz_J I2$ds,	(17) 

with Ii and 12 defined in (10) and (14), respectively. The solvability condition is satisfied, since 
R0 is harmonic in Q.
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Case 2: r<o<2ir 

Since 1/2 < A < 1, the aSymptotics of V read as follows: 

	

V(x) = 0(0) + r A e i sin A + xV'(0) + f, (r, )	 (18)

with f, = 0(r2A). 
The second limit problem is set to compensate the term r"a, sin AW on 7: 

	

LW(.) = 0	 in 

	

W(O- f	'a i sin A	on (19)

	

- 1	0	on&J\.7i 

and equation (8) is valid with 3 = A. The function W shows the asymptotic behaviour 0 (I.I) 
at infinity. The solution v of (12) has the asymptotics 

v(x) = v(0) + rAa, cos Air sin A( - ir) + xV'(0) + 0 (r m{2)) 

near 0 and is extended according to (13) with the prescribed asymptotics 

v'(x) = v(0) + r A a i ( tan Air + sin A) + xV'(0) + f2 (r,(p)	 (20) 

with f2 = 0	 Compared with Case 1, the function w_ has to compensate the
additional term aw on 8w. The problem takes the form 

- J —A 2a 1 tan Air ICI 
2	in D1 

-	 0	 inwc\DI, 

09w-	 a A 8W = —a 1 tan Air—( I ) + - on 

	

ôv	Ozi 
The solvability condition is satisfied, since W is harmonic in	Equation (7) is valid with r = A.
The function w_ shows the asymptotic behaviour 0 (Il") at infinity, because it satisfies the 
condition	=	on 8w and we have A < a. Hence, the extension w has the same behaviour
at infinity. 

We derive the problem for the remainder function R: 

	

VR V dx =J V(f1 - f2 )V4 dx -	V(w_ - W)V dx	 ds	(22) J  
with f1 and 12 defined in (18) and (20), respectively. 

Case 3: a=ir 

In this special case the asymptotics of V read as follows: 

	

V(x) = 1(0) + r(fr, (0) cos w + a 1 sin ) + fi (r, ,)	 (23) 

with f = 0 (r2 ). The index x 1 denotes the partial derivative in x 1 —direction. The problem for 
W is set:

LW() = 0	 in w, 

	

-	I II('(°) - a,)sin	on 7i	
(24) 

	

W() -	
0	 onäw\yi.
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Equation (8) is valid with 3 = 1. The function W shows the asymptotic behaviour 0 (II - ') at 
infinity. The solution v of (12) has the asymptotics 

v(z) = v(0) + r(b i cos 'p + a 1 sin W) + f2(r,'p) (25) 

with 12 = 0(r2). The same asymptotics are prescribed for the extension v'. The function w_ 
solves the problem

fw_ = 0	 1flJC

(26)
aw 

= (t/' - b1)—(IeI cos'p) +	on 

Equation (7) is valid with r = 1. The function w_ as well as its extension w show the 
asymptotic behaviour 0 (II — ') at infinity. The remainder function solves problem (22) with Ii 
and 12 defined in (23) and (25), respectively. 

Remark 1: Since the perturbation was inside the wedge, we had to construct an extension 
of v inside S1,. If the perturbation lies outside the wedge, an extension has to be constructed 
for the function V outside f. In the case that the boundary is perturbed partly inside and 
partly outside the wedge, the Dirichlet solution and the Neumann solution has to be extended 
within 9, \ Q and fl \ ci, respectively. 

We summarize the results of Section 2, taking into consideration equations (6) and (7): 

Lemma 1: The solution ji of the boundary integral equation (3) for the Dirichlet prob-
lem (1) has the following asymptotics: 

(x) - v(x) - 1(21_0')+() - R(z))	if 0 < s < ir 
=

(iz - v(x) -	 - R(x))	if 

where v is the solution of (12), w and w_ are the solutions of (16), (21) and (26), respectively. 

Remark 2: The expression (z)—v(x) on the right-hand side in the asymptotics of Lemma 1 
can be understood as an extension of the solution it of the boundary integral equation for the 
Dirichlet problem (9) in Il (cp. equation (6)). 

3. Estimates for the remainder function 

In order to demonstrate the quality of the asymptotics of Lemma 1, we want to estimate the 
remainder function R. For that purpose a new origin is chosen, which lies inside f1. The 
distance to this origin is denoted by p. The weighted Sobolev space H1, (Q) is defined as the 
space of functions with the finite norm

1 
' 

(LR^11R111,6 ;i  + 1VR12) p26dX)2 (o< t5 < 

where the derivatives are understood in the generalized sense. A problem of the form 

J
VRVdx=J7Vdz+Jh4ds	 (27) 

with f jjj 2p26dx < oo and h E H(Of ( ) has a unique solution in H 1 ,5 (c?), if the solvability 
Oc
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condition f hds = 0 is satisfied. The estimate below is valid for the solution R: 
an.

	

11R111,8	C 	+ II hII) .	 (28) 

Here and in all following estimates the letter C stands for a positive constant which does not 
depend on c This constant may be different in different inequalities. In a sequence of estimates 
indices will be used. 

The unique solvability of (27) can be proved in the spirit of the papers by Kondratjev [11 
and Maz'ya and Plamenevsky [4]. 

Lemma 2: The remainder function RI	of Lemma I can be estimated in the norm of the 
trace space H(.9c). R satisfies the inequalities 

	

{	.irr 	2,r} 
C(	 if0<s<ir 

"R	
<	c mJn tf 2,	if It <cs<27r 

. 	lr 
-

Cc 	 ifa=7r. 

Proof: The cases are distinguished according to Section 2: 
1) Problem (17) has the form (27). The three terms on the right-hand side are estimated in 

the following corresponding norms. 

(i) (f IV(fi - f2 )I 2P26dx) 1 < c1 (J(rmi2_1)2dx) 

r=ct C, 
(I(

E t )2 rr6n ( A , 2a) -2 .2dxt	
< C2n{A} 

1	 1 

(ii) e (f Ivw+1 2p25dz) < CI E 2	 < C22a, 
 U 

D2 

since t5 < o.

= sup	f	$ds = sup J VR0Vdx < CIII VRoIIL (fl,	(29) 

because of the duality between H(Ocl1 ) and H i (00 , ) and the existence of  continuous exten-
sion operator from I!(ôfl) onto H'(11 1 ). Since R0 is the solution of the Dirichlet problem (11), 
its gradient can be estimated by the gradient of an extension of the right-hand side of the bound-
ary condition. We choose as extension the function (r - V)i, where 77 E CO(R2) is a cut-off 
function with ,	1 in Br(0) and i	0 in R2 \ B2(0): 

1	 1 
II VRoIILZ( n ) ^ c2( J r2n{2}_2dz)	=	2( f (ft)2mifl{\2)_2(2dX) 

2	

(30) B2 (0)	 B2(0) 

< 

The estimates of (i),(ii) and (iii) and inequality (28) imply II R I11, < C' 2 and the propo-
sition of the lemma follows from the trace lemma.
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2) and 3) Problem (22) has the form (27). The first two terms on the right-hand side can 
be treated as in Case 1, taking into consideration the different behaviour of Ii, fz, w_ and W. 
The function R 1 in the third term solves the Dirichlet problem 

LR 1 = 0 in Q, R, (x) = 1(x) - V(x) - 'w( .) on oc. 

If we write R 1 as a sum of two harmonic functions R 1 = R 1 , 1 + R 1 , 2 with supp R1,iI	C
and supp R1,21 8 C z, the function R1,1 can be estimated according to (30) and the estimate 
for R1,2 reads as follows: 

II VR I,21l1'2( n, ) !^ C2 1E (J 
IV (W(l - ))I2 dx) <C3e2A, 

where i is a cut-off function with support in a circle which does not contain a point of 72• 

Analogously to (29) we obtain IOR 1 1OvII	:5 Cc 2A and the proposition of the lemma follows I 

It is desirable to get stronger estimates for the remainder function RI,. Let Qi and Q2 be 
domains obtained by intersection of ill and circles containing Q and let Qi C Q2. Following 
the paper of Meyers [5], the gradient of R can be estimated in an L,-norm with 2 < p < 2 + 
where r. > 0 does not depend on c 

II VR llL Ql) !^ c(Ill L(Q2) + Il h ll -L	+ llRllL2(Q2)). 
WP P() 

Sobolev's imbedding theorem implies 

II R fl c0	:5 C1 R W(Qj) 

< G2 (l1 (q) + II h D	+ lIRllL2(Q2))	
(31) 

W, P() 
PC 

with 6 <
2+c 

Lemma 3: The remainder function RI	can be estimated in the norm of the space C(OZ): 

0((min{}_5)	ifO<a<ir 

IIRIIC(on,) =({}_6)	if ir < a < 2,r 

O( (2_5 )	ifci=ir 

with arbitrary small 6 > 0. 

Proof: We estimate the terms of the right-hand side in (31). For the last summand the 
results of Lemma 2 can be applied. The estimates of the terms lllL (Q2) and ll h lI	are p	 (8o) 
carried out as in the proof of Lemma 2. In Case 1 we obtain 

I	 I 

(i)	(J V(f1 - f2)rdz) " :S c1 (J(Et)Pm . A27 }_ Pf2 dr)	c2 c"''2-5 

D 

with 6 <



182 V.G. MAZYA and R. MAHNKE 

(ii) ec( J IVw+ I Pdx) '	C1c2. 
DnQ2 

jj' ^j	= sup 
	 J _R04,1 =	JVRoV4 dx 01'
_1 th'  1111 .

	
j 

w P wo	-P(81)) 

^ CjVR0 
and

II VRoIIL P( n )	c2( J (et)P{ A2 )_PE2dx) :5 c32-5. 
B2(0) 

The other cases can be treated in the same way. The proposition of the lemma follows from (31), 
since the domain 11, is bounded I 
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