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On a Mapping Property of Some Singular Integral Operators
in Sobolev-Slobodecky Spaces

A. SEIF MSHIMBA

The mapping properties Tp: W, p(D)—> e, p(D)and HD’Wm,p(D)""Wm,p(D)( 1<p <
+®; m = 0,1,2,...) of the singular integral operators

£(T)

(C ) dEdn (z=x+iy,{=E+in)

Tpf(z)=- .,—‘ f f(C) dEdn and MIpf(z)=- %
are generalized to arbltrary positive real values of m.
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The singular integral operators Tp and Il have been studied extensively in the spaces of
Holder-continuous functions Cm_u(l_)) and in the spaces of p-summable functions W, (D)
(m=0,1,2,...and 1 < p < +; see [4,512 - 14]). Under cetain assumptions on the domain D, T
and I15 map a function f e Cp, (D) into the spaces Cmﬂ «(D)and C,, (D), respectively
(see [13]). Recently the author has shown that Tpg € W, ., p(D) and lpg ¢ m’p(D) if g
€W}, p(D)and D is a domain of finite area belonging to the class Cp, (see [7]). In this paper
we establish that this property is maintained when restricted to Sobolev-Slobodecky spaces.

1. The Sobolev-Slobodecky spaces W, (D)

The Sobolev-Slobodecky spaces, or more simply the Slobodecky spaces are a generalization
of the more familar Sobolev spaces Wm p(D) where, while p is still a real number in (1, +o),
the integer m is now allowed to take any non-negative real value. They are thus commonly
denoted by W, P(D) (1sps+o;s=[s]+d,0<d<1and[s]denoting, as usual, the largest in-
teger not greater than s). When d = 0 the Sobolev-Slobodecky space W, ,(D)coincides with
the Sobolev space W, (D). These spaces therefore fill the gaps between the spaces Ly(D),
W (D) (D) . in essentially the same manner as the spaces of Holder-continuous func-
tlons Coa (D) fill the gaps between the spaces of uniformly continuous functions C,,(D). The
Slobodecky spaces were introduced by L.N. Slobodecky, N. Aronsjan and E. Gagliardo in the
1950's and they play an important role in describing traces on planes and hyperplanes in R” of
functions belonging to Sobolev spaces (see [1,3,5,6,10,11]).

A function fdefined in a domain D C R" is said to belong to a Slobodecky space W, (D)
(1s p<+o0;5>0)if

@ Few,, ,(0)m=Ts] )] 'D“f“l)nfs“f,f,{j dxdy < +oo (a={ay...,an) lal s m).
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Equipped with the functional

D (x) - DAF(NIP | \17p
Wl pp = Wl poo + Z( J'D fD e P

lalsm

the set W, (D) becomes a Banach space (see [1,3,10,11]).
Similarly a function fdefined almost everywhere in a set D C R” is said to belong to the
set W, (D) (s20)if

IDf(x) - D°f(y)l
Ix - y|s—m

G) fe W, (D), m=[s] (i) esssup <+ VYx,yeD x*y, lal s m.

In this case the norm may be defined as

|D%f(x) - Df(y)l
Iflls, o, = Iflly, eo, p + max esssup x -y 2

There are of course other equivalent definitions and norms for the Slobodecky spaces (see
[1,3,10,11]).

Example: Every function f e Cm_B(E) belongs to the Slobodecky space %, P(D) if(s]=<m,
s -[s] < B, and p = 1. This follows directly from the definitions of the two function spaces.

2. Preliminaries

For our investigations we shall need the following tools.

Lemma 1 (Schmidt’s estimate): If D is a planar domain of finite area mD, then

fﬁc - z|75dUdp s 22_"5 (mTD)“S/z for0<s<2andanyzeD.
D
A proof of the lemma involves the estimation of the given integral against the integral of

the integrand over the disk of radius R, R*= mD/r, which is centred at the point z (see
[5,9,12] for instance).

Lemma 2: If D is a bounded domain in the plane, then for any two points zj,z; ¢ C and a,B
€ [1,2) the following estimates hold:
M(a,B,D)lz; - 2,12 =B if a+B>2
JIit- z17 =1t - 2, 1"Bdtdn s | MAD) + My|inlz; - 2zl if a+B =2
b M(a,B)(diam D)2"%" B jf o+ B <2.

Proof: See {5,12,13] 8

Lemma 3: Let h(x) = x®Inx(x>0) anda = p(/-5)-r>0 withrz0,p20 and0 < s < 1
Then

a) h has a relative minimum at x, =-exp(~1/a) and its value is (- e)™*.

b) A(x) > -0as x—> 0.

Proof: These results can be derived directly using basic calculus B
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3. The mapping property

First we consider the weakly singular integral operator Tp in the Slobodecky space \'Vs.p(D)
(0 <s<1;1s ps +x), Thereafter a generalization to the case of arbitrary s 2 0 will follow.
Let Dbe a bounded domain in the complex plane. For fe LP(D) we define

Tp f(z) = -%J‘fc—fggz—didn (z=x+iy, {T=E+in).
D

Case 1: f ¢ L,(D). It follows immediately from Fubini's theorem and the’ Schmidt estimate
(Lemma 1) that

[iTp (2N dxdy s Lffir@idedn [fit - 21" dxdy s 2/mD/xlifl, p -
D D D

Moreover, a repeated application of Fubini’s theorem, Lemma 1 and Lemma 2 reveals that, for
TE i,

fff Tpf(@) - Tpf(z)] dx dydt, dt,
Dt DZ

Ig - z|2*s

s %fﬁf(t)ldt,dt2 I‘){lt - ([‘ldgdn)g]t - 2)(C - 2)5 ) tdxdy
D, .
s Mis,D)IIfl,, p [fit- Tl "5dEdn
DC

s M(s, D) 25 (BR)Ga-a2yp)

Case 2: fe L (D). It follows from Schmidt's estimate that Tpfe L_ (D) if fe L_(D)and D
has a finite area. Indeed

ITp F(2) < %‘U‘If(?;)llﬁ - z|"'dEdny < esstuprILfIE - z|"'dEdn < 2imD/7t||f||°°'D
D D

almost everywhere on D. Furthermore, by Lemma 2 and Lemma 3

|Tpf(z) - Tp F(1)] [£(0)
|z - s < ffK'Z”C dedn

s (My(D) + My|inlz - ¢l|)Ifll,, plz - tI'"% <@ forall z,1 € D.

Before we move to show that T fe VVS'P(D), 1<p<+0,if fe L (D) we note that, under cer-
tain assumptions on the boundary oD of the domain D, Tp maps W),, ,(D)into W,,,,, (D), 1 <
p<+oand m=0,1,2,... (see [(5,7]).

m, p
Case 3: fe L,(D), 1< p<2. It follows from the Holder inequality and Lemma 2 that
ITDf(Z) - TDf(‘[)'
Lz—,;—d.gmou(c - 2)(C - OITPIE - 2)(C - <)l dE dn

12 Analysis. Bd. 11, Heft 2 (1992)
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< e [firieie - 2@ - o1 tdgan] ?( [fic - 2xc - 1t agan)
D D

s (Mula) + My @)finlz - ol [fir@IPIE - 2 - r)l-‘dadn)"”lz 1
D

Consequently we obtain

1Tp £(2) - Tp F(0)|P

s |z -1lPU=9-2 (M, + M |Inlz - )Y [IF(QIPIE - 2)(C - DI *dE dn,
|z -¢|275P D

and thus by Lemma 3 and Lemma 1

gf gf“bf(z) - Ip F(2)|Plz - |27 %Pdt, dt, dx dy
sgff”ﬁ FOIPIC- 2XC- 07 (M, +Ms|Inlz - tl]) Pz - ¢|®|z - t|7~2dEdndt,dt, dxdy
thDC
< C,glf(c)lpdidn gﬁc -z f[ig - DItz - 17 2dt, de, dx dy
Zz Dt
s CMUOIFIE 15 - 217 2dxdy s C(p,s,DIIFIE  (r>0).
DZ

Case 4: f¢ Lp( D), 2 < p < +o. It follows from Hélder's inequality that

1T £(2) - Tpf()] = lz—;HLﬁf(c)n(c - 2T - Ol dEdn

s lz;ntl"f”p_o(ﬂ'l(C - z)T - t)l_qdidn>l/q
D

sM(p,D)Ifll, plz- P 2P

(see [5,12,13]). Consequently

fffﬂ Tpf(2) - Ipf(1)|Plz - 1| 2 *Pdxdydt,dt,
Dt DZ
s (Mp, DI, p)PJf [f1z - t1PC--4dx dy dr, dt, < +eo,
DI DZ
since the integral is weakly singular.
The results from the four cases above may be put together in the form of the following

Theorem 1: Suppose f¢ L (D), 1< p s +o. If D is a bounded domain in the plane, then the
weakly singular integral operator Tp maps f into the Slobodecky space W, p(D), 0<s<1, and

Wb flly p.p s Clp,s, DIFI, o

In view of the fact that Tp, under certain assumptions on the domain D, maps a function
feW, o(D)(m=0,1,2,...; 1< p< +0) into the Sobolev space W,,., (D) (see [5 - 7]) we
also have in our particular case Tp fe¢ W] (D). Since fe W, (D) C L (D), it follows from the
definition of the Slobodecky space that Tp f ¢ W, (D), and consequently T, f ¢ VVs,p(D)

s+1,p
(0<5<1;1<p<+co),
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Theorem 2: Suppose f ¢ V\/s’p(D) (0<s<1;1<p<+w). If Dis a bounded domain in the
plane, then the weakly singular integral operator Tp maps f into the Slobodecky space
Weuy, (D) and ITp fllssy p,p s Cls,p, DIIF g o, p -

Theorem 3: The singular integral operator Ilp,
NMpflz)=- —_UL(Q— dE dn,

maps the space W, (D) (0<s <1;1<p < +®) into itself and INpfllg, , ps Als,p, DI f i o b

We are now in position to generalize the theorems above for the case when s 2 1.

Case S: fe VVs’p(D) (s 21; 2 < p < +). The function Tp f is then Holder-continuous on D; Tp, f
€ Crs1.8(D), B = (p- 2)/p (see [5,13]). Moreover Tp, f ¢ W 53u1, p(D) (see [7]). As such, esti-
mates similar to those under Case 4 hold, thus showing the validity of the generalization -of
Theorems 1and 2; i.e. Tp fe W,,, (D).

Case 6: fe W, (D) (s21;1 < p s 2). Suppose [s] = 1. It then follows from Theorems 2 and 3
and the theorem from (7] cited above that

Ipfe Wy (D), 0Tp £z = f, 3Tpf/oz =Nipfe W, (D).

As such, estimates similar to those under Case 3 hold and we obtain Tp fe W, (D).

s+1,p

By using mathematical induction we can conclude that T, fe W, (D) if fe \/V;_p(D), for

S+1, p
alls21,1<p<+oo,

Since the integral operators T, and Il 5, under certain assumptions on the domain D, map a
function fe W), - (D) (m e Ny, 1 < p < +®) into the Sobolev spaces W, (D) and W, (D),

m, p m+1, 0 m, p
respectively (see [S - 7]), we can expand this statement as well as the Theorems 2 and 3

above to the

Theorem 4: Suppose D ¢ C,, is a bounded domain in the plane. If f¢ w, p(D) (s20,[s]=

m; 1< p<+), then Ip fe W,,, (D) and Np f e W, (D) as well as

1T llgus,p, o 5 Cs.p. DIIFlly, p p and Wipfll, p p s Als,p, DIF I p -

m

Suppose fe W, (D) (1/p < s < +00; 1 < p < +). If the domain D belongs to the class C
m = [s], then it follows from the Ostrogradskii-Gauss theorem that

e gn [, & e[ % 52)

. of didn : Q) 4
_llm {-_ffD -z 2n1frc— z dg - 21:| bl -2z }

:TD( ) 2’“LDCL'(§2_

where D, = Dn{{: [0 - z] > ¢} and T = {C: [T - z| = €}. It thus follows from Theorem 4 that the
Cauchy type integral - fe)D F(T)C - 2)™*dT belongs to the Slobodecky space W, (D) (1p<s

12*

HDf(Z)

271
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< +00; 1 < p < +®). On the other hand, the traces of f on the boundary oD belong to the Slobo-

decky space W,_, ,, ,(oD) (see [10,11]). We are thus led to the following

Theorem S: If De C4yand fe W,
type integral

O(z) = =i —I-(;‘)—dc

27 ()Dc-z

-1/p, p(aD) (1/p < s < +@; 1 < p < +o), then the Cauchy

belongs to the function space W, P(D).

Remark: Theorem S presents a generalization of analogous Theorems in Cm’d(l_)) and
Wi P(D) for me Ny and ke N (see {7,13)]).
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