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On a Mapping Property of Some Singular Integral Operators 
in Sobolev-Slobodecky Spaces 

A. SElF MSHIMBA 

The mapping properties TD : Wmp(D) —Wm.i p( D ) and liD : Wmp(D).Wm.p(D)( I p < 
.; m = 0,1,2,...) of the singular integral operators

'ffTDf(z) -	dd'1 and flDf(z) -	 ddi (z = x +iy, t 

are generalized to arbitrary positive real values of m. 
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The singular integral operators TD and '1D have been studied extensively in the spaces of 
Holder-continuous functions Cma(D) and in the spaces of p-summable functions Wm,p(D) 
(m = 0,1,2,... and I <p < +; see [4,512-14]). Under cetain assumptions on the domain D, TD 
and H map a function f € Cm,a(D) into the spaces Cm *ja(D) and Cm,(D), respectively 
(see [131). Recently the author has shown that Tg € Wm+i p(D) and fl0g € Wm , p(D) if g 
€ %4' , ( D) and D is a domain of finite area belonging to the class Cm (see [ 7 1) . In this paper 
we establish that this property is maintained when restricted to Sobolev-Slobodecky spaces. 

1. The Sobolev-Slobodecky spaces W,. p(D) 

The Sobolev-Slobodecky spaces, or more simply the Slobodecky spaces are a generalization 
of the more familar Sobolev spaces W 1 (D) where, while p is still a real number in (1, +co), 
the integer in is now allowed to take any non-negative real value. They are thus commonly 
denoted by %4(D) (1 :5 p :5 +; s = [s] + d, 0 d < I and [s] denoting, as usual, the largest in-
teger not greater than s). When d 0 the Sobolev-Slobodecky space %(D)coincides with 
the Sobolev space 1(D). These spaces therefore fill the gaps between the spaces L(D), 
W(D). 44 , (D). ... in essentially the same manner as the spaces of I-fOlder-continuous func-
tions Cm() fill the gaps between the spaces of uniformly continuous functions Cm(D). The 
Slobodecky spaces were introduced by L. N. Slobodecky, N. Aronsjan and E. Gagliardo in the 
1950's and they play an important role in describing traces on planes and hyperplanes in R" of 
functions belonging to Sobolev spaces (see [1,3,5,6, 10, ii]). 

A function fdefined in a domain DC R' is said to belong to a Slobodecky space 
0 s p < +• s > 0) if 

(01€ Wm , p( D ), m [sJ <+ o (a((x .... . ),1a1:5 m).
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Equipped with the functional 

S,P,D - iiiI rn,p,D +	(f f	Ix 
ID xf(x) - Daf(y)IP 

	

IaI^m 
D D	

dxd If II	 Y) 

the set 4 , (D) becomes a Banach space (see [1,3,10,111). 
Similarly a function f defined almost everywhere in a set D C RZI is said to belong to the 

set W s. (D) (s a 0) if

IDaf(x) - Daf(y)I 
(i)fe Wm,,,(D), m = [s] (ii)esssup Ix - yl S - m	

< .. 
Vx,ye D, x *y, l al S M. 

In this case the norm may be defined as 

11 1'II S , ca , D = "m, ca,D + max ess sup 
IDaf(x) - Daf(y)I 
Ix y1Sm 

There are of course other equivalent definitions and norms for the Slobodecky spaces (see 
[1,3,10,111). 

Ex&mplo: Every function ft C. , 13(D) belongs to the Slobodecky space	if [s J :r. m, 
s - [s] e 13, and p 1. This follows directly from the definitions of the two function spaces. 

2. Prelin1nrjeB 

For our investigations we shall need the following tools. 

Lemma 1 (Schmidt's estimate): If D is a planar domain of finite area mD, then 

fj+ic - zIddii	27t
2——--)	for0 :5 s <2 and anyz 

D 

A proof of the lemma involves the estimation of the given integral against the integral of 
the integrand over the disk of radius R, R 2 = mD/it, which is centred at the point z (see 
[5,9,12] for instance). 

Lemma 2: If D is a bounded domain in the plane, then for any two points z, zk E C and a,13 
[1,2) the following estimates hold: 

1 ML( a ,13 ,D)IzJ -zk i2-,x- ifcs>2 
J+fi - Zj II - Zkl ddi	M2(D) + M3I lnlzj - ZklJ	if a + = 2 
D	 M4(a,)(diam D)2	if a + 0 <2. 

Proof: See [5, 12, 13]U 

Lemma 3: Let h(x) = xlnx(x>0) and a=p(i-s)-r>o with r2tO,p?o and O<s<l. 
Then

a) h has a relative minimum at x 0 exp(-1/a) and its value is (-a e)-' 
b) h(x) --> -0 as x-+ 0. 

Proof: These results can be derived directly using basic calculus I
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3. The mapping property 

First we consider the weakly singular integral operator TD in the Slobodecky space W5(D) 
(0 < s < 1; 1 :5 p 5 +oD). Thereafter a generalization to the case of arbitrary s a 0 will follow. 

Let Dbe a bounded domain in the complex plane. For f€ L(D) we define 

	

TD (z) = - 
I	 (z = x +iy, C = + j) 

D 

Case 1: 1 E L I (D). It follows immediately from Fubini's theorem and the' Schmidt estimate 
(Lemma 1) that 

ffITD f(z)Idxdy :5 - -JjIf()Idd7lfJ'Ic- zL'dxdy I2JmD/ItIII Ili , D 

Moreover, a repeated application of Fubinis theorem, Lemma I and Lemma 2 reveals that, for 
T = t l + t2 

J
'J' J'j' I TD f( c) - Tf(z) dxdydt1dt2 

K - z1",
D D 

:5 kffIf(t)Idtidt2 It -	1dd,JIt - z)(ç - z)'1L1dxdy 
D.0	k,

:5 M(s,D)llf Il i , D fflt - 
Dc 

I M(s, D)-2-- mD'(1_s)/2 'If II 

	

I -	 aD 

Case 2: 1€ L,,(D). It follows from Schmidt's estimate that TDfE L,,(D) if f€ L,,(D)and D 
has a finite area. Indeed 

ITD !(z)I :^ --J'fIf(c)lIc - zI 1 ddi1 :^ ess sup lflfflc - z1 -1ddi , 2ImD/7t11fI1D

	

D	 D	D 

almost everywhere on D. Furthermore, by Lemma 2 and Lemma 3 

	

ITnf(z) - TDf(t)I	--iz - titsfj'
	 If d & d1l 

	

Iz - tV	 D K - zIIç - tI 

	

:5 (M2(D) +M3I lnIz - tII)IIfII	DIZ - tI 1	<	for all z,t eD. 

	

Before we move to show that TDIE VV , (D), I < p <	if fE L(D), we note that, under cer-
tain assumptions on the boundary 6 D of the domain D, 7'D maps W 3, (D) into W 1+1 (D), I < 

p<+oDand m0,1,2,... (see [5,7}). 

Case 3: 1€ L(D), I < p < 2. It follows from the Holder inequality and Lemma 2 that 

I TD f( z ) - TD1(t)I 

Iz-t if()II(ç - z)(ç - 01 1 'I(c - z)( - 

12	Analysts. 3d. II, Heft 2(1992)
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\ \ i/p I1,tI(JJIf(c)I P I( - z)( - t)L 1 ddii)	(ffI(c - z)( - t)Idd)
i /q 

\ i 
^ (M2(q) +M3(q)lnlz - tI I)( jfIf(c) P I( -	- t)Iddfl 

/p
)	Iz - ti.

Consequently we obtain 

ITDI(z)- TDf(t)I P :, lz tlP(i2(M2 + M3 11n1z -tl)fflf(c)I P l(- z)(ç- lztl2sP	 D 
and thus by Lemma 3 and Lemma 1 

If uJ' I Tr f(z) - 
TDf(t)IPlz - t2Pdt1dt2dxdy 

b b 

S [f fffj'jf(__t)'(M2 +M3 nlz-tl[) P/7 
Z - X 1 1 1 Z 	 d il  

D Et 

^ Cfif(C,)l Pddil kl^ - zl - 'ffl(c - T)	-2 - tl'2dt1dt2dxdy 

^ C1 M4(r)llf iij'fK - zl r_2 dxdy :5 C(p,s, D)lIf ii:	(r > 0). 
Dz 

Case 4: ft L(D), 2 < p < +. It follows from Hölders inequality that 

Tof(z) - TDF(t)I , L	fflf()il( -	- t)L'dd

i/q iz tiflf	D(i]i(c - z)(ç -	 dil  

^ M1 ( p,D)llffl D I Z - tl(p a)p 

(see [5,12,131). Consequently 

JISJI TD I(z) - TDf(t)IPlz-tL2Pdxdydtjdt2 
D D 

:9 (M(p, D)flfD D)"fJ fJ'lz - ti" ( ' - s)4 dy dydfdt < 

D D 
since the integral is weakly singular. 

The results from the four cases above may be put together in the form of the following 

Theorem 1: Suppose ft L(D), 1 :5 p !g +ix If D is a bounded domain in the plane, then the 
weakly, singular integral operator TD maps f into the Slobodecky space Vv ,p(D), 0 < s < 1, and 

H T f Hs, p, D S C(p, s, D) 1 1 f hl , D 

In view of the fact that TD, under certain assumptions on the domain D, maps a function 
ft ç7 (D) (m = 0,1,2......I < p < +co) into the Sobolev space Wm+ i p(D) (see [5 - 7]) we 
also have in our particular case T0 ft W, p(D). Since ft 4 , (D) C L,(D), it follows from the 
definition of the Slobodecky space that TD  € W.,. ' p(D), and consequently 11D 
(0 < s< 1; 1 <p <
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Theorem 2: Suppose 1€ %4(D) (0 < s < 1; 1 <p < +). If D is a bounded domain in the 
plane, then the weakly singular integral operator TD maps I into the Slobodecky space 

and IITDfIIS..l,F,D 15 C(s,p,D)IJfII5D. 

Theorem 3: The singular integral operator n D, 

1(z) = - i_Cf f(ç) 
itJ (ç - z)2 

D 

maps the space W. , P(D) (O<s <1; l<p < +oD) into itself and II 11 D f 11s, p D s As, P,D)I1I)SPD. 

We are now in position to generalize the theorems above for the case when s a 1. 

Case 5: 1 E W, (D) (s a 1; 2 <p < +co). The function TD I is then Holder-continuous on D; TD 
C[5], (D), 0 = (p - 2)/p (see [5,131). Moreover TD 1E w[5]+1 (D) (see [71). As such, esti-

mates similar to those under Case 4 hold, thus showing the validity of the generalization of 
Theorems I and 2; i.e. TD1E ''+1,(D). 

Case 6: fE % , (D) (s a 1; 1 < p s 2). Suppose [s] 1. It then follows from Theorems 2 and 3 
and the theorem from [7] cited above that 

TDIE v +1, (D), aTD f/a2 = 1, aT,f/az = Fl D1 E W(D). 

As such, estimates similar to those under Case 3 hold and we obtain TD!E 1A.1(D). 

By using mathematical induction we can conclude that TDIE W 1 (D) if f  W(D), for 
all s a 1, 1 < p < +. 

Since the integral operators TD and H, under certain assumptions on the domain D, map a 
function 1€ W,,, , p(D) (mE N0 , 1 < p < O ) into the Sobolev spaces %'71...1,0(D) and 
respectively (see [5 - 7 ]), we can expand this statement as well as the Theorems 2 and 3 
above to the 

Theorem 4: Suppose D E Cm is a bounded domain in the plane. If! E t4, (D) (s a 0, [s] 
m; I < p < +o ), then TD ft 'A +1 (D) and 11D I € t4 (D) as well as 

II TD f II S +IP D :5 C(s, p,D)IIfIISPD and 1 1 FI D f 'Is,p,D :^ A(s,p,D)IIfIISPD. 

Suppose ft %4.,,(D) (11p < s < +; I < p < +x). If the domain D belongs to the class C,, 
m = [ s], then it follows from the Ostrogradskii-Gauss theorem that

l

	

fl 0 1(z) = - --Jj'f(c)(c - z)-2 dd	lim 1 11 ----ddi1	rr of ddl 
JJD	ç - Z J D	 c-.o[JjD 

	

-{
JJ' 

f d di	j_C 
---dç	

I -	
: + 

	

-- DEOCZ	2itiJrt- z	- "JODZ	j 

of	
-i--S	

1(ç) 
= TD--)	2iri	ç - 

where D = Do {ç: Ic - Z  > s } and r = Ic: I - z  = t } . It thus follows from Theorem 4 that the 
Cauchy type integral	fED î(ç)(ç -	-zỲd belongs to the Slobodecky space	(D) (1/p < s 

12*
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< +c; I < p < +co). On the other hand, the traces of Ion the boundary aD belong to the Slobo-
decky space ¶A75_1,,(aD) (see [10, 111). We are thus led to the following 

Theorem 5: !fD€ C[5] and ft	1,p(cD) (11p <S < +m; 1 < p < +cx), then the Cauchy 
type integral 

D(z) 

belongs to the function space W ( D). 

Remark: Theorem 5 presents a generalization of analogous Theorems in Cm a D) and 
vvk P( D ) for me N o and keN (see [7,131). 
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