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Distributional Controls in Processes with Hammerstein Type Integral Equations

A.ABULADZE and R. KLOTZLER

‘The paper deals with problems of optimal control in which the control in general appears non-
linear and in distributional sense, that means as limits of regular distributional sequences. For
this a generalization of necessary conditions of optimality is provided (which is also sufficient
in the linear case).
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1. Introduction

Problems of optimal control were often studied for controls being piecewise continuous [2, S],
bounded measurable [6] or measurable functions [1]. However, numerous applications of
optimal control in geometry, mathematical physics and engineering require an extension of
these investigations to controls u in the shape of distributional vector-valued functions in a
basic space D of r - vector-valued functions on [E!. Referring to the theory of distributions by
Gelfand and Schilow [3] and to the article (4], where a distributional version of optimal
processes subject to ordinary differential equations is considered, now in the paper lying
before us this conception is transmitted on Hammerstein type integral equations with bounded
kernel in infinite-dimensional spaces.

2. Some preliminary notes

In the following we shall denote by [E™ the real n-dimensional Euclidean space, [E? its positive
octant, and [a, b] an interval in E*, We denote by D([E’) the basic space of all infinitely diffe-
rentiable finite r - vector-valued functions on [E!. Each function ¢ ¢ D(E”) vanishes outside of
a bounded interval (depending on ¢). We denote by D(E") the whole set of linear continuous
functionals on D(EX) (i.e. distributions). A distribution y ¢ D'([E7)is called zero on a neighbour-
hood V of s, € [E! if for every ¢ ¢ D(E") with ¢(s) = 0 outside of V the condition (y,§) = 0
holds. A point s, is called an essential point of y if no neighbourhood of s, exists on which y is
zero.We denote by D;,(E7) the n-fold product D(E")x...xD'(E”) and each element y ¢ D,(E")
is said to be an n-dimensional distribution or simply n-distribution.If y = (y*,...,x?) belongs to
"D, (E"), then (x,$) means the n-dimensional vector (x',§),...,(x",¢)) where ¢ ¢ D(E"). Remark
that D(E") =D(E"). An n-dimensional distribution y e D,(E") is called zero on a neighbourhood
Vof s, ¢ E! if each distribution Y/, ..., x™ is zero on a neighbourhood Vof s, ¢ [E*. The definition
of essential points of y € D,(E”) is standard. The set of all essential points of x! is denoted by
the support of y/, briefly suppy . For ¥ ¢ D,(E")we define suppy by U;2,suppx’. For x ¢ D,(E")
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especially the inclusion suppy C [a,b] means supp ¥’ C [a,b] for all i =1,...,n.If x,: D(E") -
E” (k¢ N) is a sequence of n-distributions in D;(E7), then y, = y for k > ® means yj = ¥/
for k—>  in the space D([E”) for each i =1,...,n. Let f:IET - [E™ be a mapping such that for
each u e L'°°(IE%, E") C DY[E") the function s > f(u(s)) is local integrable. For each u ¢ D(E")
we denote by f(u) a distribution in D'(E™) which is defined in the following manner: if {u,} is
a sequence in Llf’c(lE LET) which converges to u in the space D{E"), then

@ (F@), §) = Jim(Flu), ) = lim | [FludDis)ds = [FlulsDe(s)ds ¥ &« D(E™)

under the assumption on fthat this limit does not depend on the special sequence {u}.
We shall denote by B™™ the space of all (n x m)-matrix functions (a;;(-). If f:IE* x ET
—> B™ ™ gatisfies the condition

for all u ¢ LI°(IE%,E”) the function s = f(s,u(s)) belongs to LI°S(IE}, B™ ™),

then for each u e D'([E”) the distribution f(u) of D,(E™) is defined as above in (i). We have
only in this case to replace the integrands of (i) by f(s,u(s)) and £(s,u(s)), respectively.

Let be x € D,(IE™)and K ¢ C_{IE% B™ ), then we understand by Ky the n-distribution in
D;(E?) which is defined by

@ (Kx.4) = [(Kx)(s)4s)ds = (¢, Ke) = [(() K(s)4ls)ds for all ¢ DIED),

Especially, if suppy <€ [0,1], then fol(Kx)(s)ds expresses the value of the linear continuous
operator (ii) for such x ¢ D(E?) which have the property ¢¥s) =1 on [0,1] fori = 1,..., L.

3. Statement of control problem

Letbe 7 =[0,1] C E!. The functions
fo: IxE">E*', f:E'xE"> E* and g,:IxE"—>[E", g,:Ex[E"—>B™"
are satisfying the following conditions:

a) For each s ¢ I the functions x = £,(s,x) and x = g,(s,x) are continuously differentiable,
i.e. they belong to the spaces CY[E” [E?) and CYE" [E"), respectively.

b) The mappings s —> f,(s,")and s > g,(s,-) belong to the spaces L,(I,CYE" [E") and
L,(I,C{E" E™), respectively.

¢) For each s ¢ ] the functions u— £(s,u) and u— g,(s,u) are continuous on E”.
Let K: Ix[E* - B™"™ be a measurable bounded function such that for each t ¢ I the function
K(t,-) belongs to C*(EE’, B™")and the mapping t >K (¢,-) is continuous on [ into L (I, B™"),
Finally, b is an element of C(/,[E?).

Under these arrangements we now formulate the following class of distributional problems:

F(x,u) = [(£(s,x(s)) + £(s,u(s))ds —= inf ()

subject to state functions x ¢ C(/,[E™) and distributional controls u ¢ D(E”) with supp f,{u) and
suppg,(u) as subsets of I, such that the following constraint, the state Hammerstein type in-
tegral equation



Distributional Controls 271

x(t) = [K(t,5)(gols, x(s)) + g(s,u(s))ds +b(t). (2

holds. Furthermore, we demand that for each sequence of admissible processes (x;, u;) of (1) -
(2) the following limit relations hold:

A £, x0D = £(-,x(-) in L(LE?Y) (i.e., weakly)
lim £, (s, xj(s Ny(s)ds = ffox(s, x(sNy(s)ds ¥V yeL(I,E™) when X; > xin L(I,E™).
J—> 0 ]

Moreover, we require that for each process (x,, u,) of (1) - (2) a sequence of admissible regular
processes (.Q'j,ﬁj) exists such that frj ¢ C(I,E™), ﬁj ¢ LI(E*, ET) and

(B) X; > x,in L(L,E™), uj > u in D(E".

Finally, we shall denote by Dj{f,, g,) or briefly D; the set {x ¢ DJE") supp £,(x),suppg,(x) C I}
and we suppose that for each u ¢ L_(I,[E7)there exists a distribution @ inD; such that, for
each ¢ ¢ D(E*) and ¢ ¢ DXE™), ‘

(©) (£(@),8) = [£(s,uls)d(s)ds and (g(@),®) = [g(s,u(s) p(s)ds

hold. Besides of problem (1) - (2) we study further the sequence of corresponding substitutio-
nal problems of the form

I-J'-(x,u) = F(x,u) + afx - x(,"i_2 —= inf for a = const > 0 (3)

where x ¢ C(I,E™), ue L (J,[E7) satisfy (2} and |u(s)| s M forallse I, M; > © as j > . Let
be W= IxE?x[E"x L{I,E")xE"and let the scalar function H: W —[E"' be the Hamiltonian
of (1) - (2) be of the form

H(s,x,u,0,%) = A(£,(s,x) + f(s,u)) + O(s)(&(s,x) +gs,u)). . (4)
Theorem 1: If the process (x,,u,) is optimal for (1) - (2) and each corresponding substitu-

tional problem (3) is solvable, then there exist a function ® € L(I,E™) and a vector X s 0, not
vanishing simultaneously, such that the following equations are fulfilled:

o(t) =fK s, 0 £,55, X (SNA + goou(5,X(s) O(s))ds forae. tel (5)
and
sup  [H(s,xo(5)v(5),®,))ds = [H(s,x,(s),ue(s),®,X)ds. (6)
chlozcn‘D‘; ° i °

Here and further * denotes the transposition of the corresponding matrices or vectors. .

Proof: Using the basic theorem, which has already been proved for more general situations
in Banach spaces [1], in our case we can find for each j ¢ N an optimal solution (x;,u;) of the
substitutional problem (3), corresponding not simultaneously vanishing elements @; e L,(/,E")
and numbers A; 2 0 such that

o;(t) = J"K'(s,r)(fo;(s,xj(s))xj +2(x(5) - Xo() "o\ + (s, x;(s)®,(s)) s o)
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holds as well as

sup l'lj(t,xj(t),v,G)j,)\j) = Hy(t,x;(1), uj(t),Qj,lj) for a.e. t e, (8)
vslva-

where H;: W— [E? is defined by
Hj(s,x,u,o,l) = H(s,x,u,®,)) + dallx - x ()2 (9
Now we introduce
¥; = ("q>j||§_2 + Iy;1%)12, ¥j>O0foralljeN,
and divide each equation by v;. Thus, using the abbreviations
o; = ®;/v; and _)‘\j =X/

we obtain from(7) a modification of this equation in which ®; and ; are replaced by Ej and X;,
respectively. We denote these modified equations by {7) and (8), respectively. By our con-

struction
— .2 —
1®; I, + 1%;1% =1 (10)

and hence, by using well-known compactness theorems in Hilbert spaces we can find a subse-
quence {j} of {j} such that (61-',@') converges to {®,)) in the following sense:

@_Oj' = @ in L(I,E") (i.e., weakly), and ijn - XinE!. (1)
In consequence of (B) and (C) and the optimality property of (xj-,uj-) with respect to (3), we
get :

Fxo,up) s F(xjru;0) + allxj -x, |12 s F(ﬁ'j',ﬁj«) + aII,Qj» - xo I3

A

Since ,Qj, = Xoin L,(I,E") and F(X;,4;-) = F(x,,u,) this leads to

Xj-=> Xo in L(LE"™) and F(xj-,u;-) = F(x,, u,). (12)

Further, we shall consider that xj'(t } = xo(t) holds almost everywhere in I.
| Hence from (A), (7) and (10) we get with B = sup, ., |K(t,s)|

| 1 1
M tim  [K*(s, 0035, x,4)%;-ds = [K*(s, )£, %5, xo(s)\ ds

j—> 0

() !K'(s, £)2(x;:(s) - xo(s))aX;- ds || s 2Blal]|x;- - Xo|lL, = 0 when j* =
1 1
() || [K s, £)gas,x;-(DB;As) ds - [K (s, t)ginls, xo(sDO(s) ds
s | [K (s, e auls x;-(5) - gals, xof )@, 45) ds | + UK'(s,t)g;x s, xo(s B4 5)- ®(s)) ds

1
Bl [l lgont- x;( ) - oy Xol N, * b{x'(s,t)g;x(s,xo(s»(aj(s)-w(s))ds =20
In fact g5, (s,x;-(s)) - gods,x,(s)) = O for a.e. s ¢ I and its absolute value is restricted to

21gs(s, Nl 1 and ||5J|| s 1for all j e {j’}. Hence (I) - (I1I), we conclude 5j—(t)—> O(t) forae.t
¢ I, and with
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A 1 1/2
191t < B(J]f;(s, Nerds +2lall|x;- - xolL, +(!}g°(s, D ds) ) sconst<oforae. tel
and for all j" ¢ {;’} we have &;- = @ in L,(/,E"). From (10) we get ||(D||7_2+ [xf2 =1

Finally, we shall prove the validity of (6). From (8) we obtain for each v e L_(I,E") with
the property v ¢ Dy (see (C)) and |v(t)l < M;- the inequality

fH(s xj(s),v(s),8;, %) ds sfH(s x;5),u;45), ;. X, ) ds (13)
or from (4) and (9) in more particular form
f(—):j(fo(s,xj«(s))*f,(s,v(s))) "Ej—(s)(go(s,xj'(s))*g,(S.V(S)))*'ij'(Xj'(S)-Xo(s))z) ds
o
s [(Kj(fuls,x - (sD +£(s,u s D) + BN gols,x;-(sD) + & 5,uj D) + Xj(x;4s) - %)) ds
o
From previous discussions we can conclude g+, x;«+)) = g(+,xo(-)) in L, such that
!@-(s)go(s,xj.(s))ds - ofd)(s)go(s,x(s)) ds
is obvious. After that it is easy to prove
Jim fH {5,%;(s),v(5),8;- ;) ds = fH(s, xXo(s)v(s),®,X) ds. (14)
We have also

wax (ol xj (N Al s,updsN)ds = tim 1 (3 F(xju;)
! (15)
= A F (g o) = fk(fo(s,xo(s)) + £(5,uq(s))ds
o
From (5), (7) and (2), after changing the order of integration we obtain

[®4s)e,(s, uds)ds
o

= [ Jx e [y R 2000 - oy ke, (e DBy e s, uids)ds

1

= ( jofox(t Xt ))J‘K( t,s)g,(s, uj:(s))ds>dt

+f(2a(:\ (t)- xo(r))fK(ts)g,(s u; (s))ds)

-

+

"ﬂ

( R OPRCPO I IBAE uj(s))ds)dr

=]

= of( A fo () (r))|: (£) - b(r) fl\(!s)&,(sv (s))ds:|)
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+"°f(2a(xj.(t )= xo(£)) x;-(¢) - b(t) -jl\’(r,s)go(s, xj.(s))ds]) dt

-

+

%

(1 Dgox(t, X, z))[ (£) - blt) fK(ts)go(s,x (s))ds])

o

-

-

—

(1 A(txo(z))[ (£) - he) fK(ts)go(s \o(s))ds])

o

+f(o(:)g°x(t, xo(t))[vo(t) - b{¢) —fK(t,s)&,(s,xo(s))ds:Ddt

-

- ()\fox(t,xo(t)) [K(t,5)8,(s, uo(s))ds)dt R j(o(r)gox(r, xot)[K(t5)g (s, uo(s))ds) dt
[+ o [ o

= ofl(oflK "(t,s)l:fo;(t,xo(r)))\ + g (t,x ()0t )]dt -g,(s, uo(s))) ds = j@(s)g,(s, uy(s))ds.
Taking this into account we get from (15)
fH {s,x(5), u;(5),0;, X)) ds —>fH(s Xo($)uy(s),®,X\)ds .
Hence (14) and from the last conclusion we have

fH(s, xo(s)v(s),®,\)ds SIH(s, Xo{8) uy(s),®,X)ds forall ve L nDj. (16)

On the other hand, according to (B) there exists a sequence of regular admissible distributional
controls i; such that &i; = u, in D'(IE7). Hence for each ¢ ¢ D(E’) and ¢ ¢ D(E™) we get

(£8).9) = [£(s,8(sN(s)ds = (Fluph) = [£(s,usls)d(s)ds

(8(8)).9) = [als. G(sNe(s)ds = (g(uoh®) = [&s uslsNe(s)ds

and therefore
1 1
lim [H(s, xo(s), G;(s),®,0) ds = [H(s, xo(s), u(s),®,X) ds. (17)
Pt o<

The conditions (15) and (17) together imply the proposition (6) B

4. Sufficient optimality conditions
We consider now the following control problem:

F(x,u) = f(fo(s)x(s) + f(s)u(s))ds — inf (1y

x(1) = [K(t,s)go(s)x(s) + g(s)u(s))ds + b{t), @y
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where
b,x e C(1,E™), ue D(ET) with suppu C I =[0,1]
£ € L(I,E™), g ¢ L,(I,E™) and f, ¢ C°(E',E"), g, ¢ C*X(E*, B"")

and the function K: / x E* - B ™7 satisfies the same conditions as in Section 3. We shall as-
sume again that condition (B) holds. However, the other conditions (a,b,c, A,C) from Section 3
are automatically fulfilled here. The corresponding substitutional problems according to Sec-
tion 3 we denote by (3)". The Hamiltonian in our case has now the form

H(s,x,u,®,X) = XM(£(s)x + f(s)u) + O(s)(g(s)x + g(s)u). (4y
Theorem 2 (Sufficient Optimality Condition): Let (x4(-), u,(+)) be an admissible process

satisfying the condition (2) and let each corresponding substitutional problem (3) be solvable.
Let there exist ® ¢ L,(I,E™) and X <0 in [E* such that '

o(t) = fK *(s,t X£,;(s) + g(s)O(s))ds fora.e. tel sy
and
sup fH(s, xo(s)v(s),®,X)ds =fH(s, xo(s)ug(s),®,N\)ds. (6)
vel nDy o o

Then (x( ), u(+)) is an optimal solution of the problem (1) - (2)'.

Proof: In this case the set D, has the trivial form Dy = {u ¢ D(E"): suppu CI}. Let us
assume the contrary. Then an admissible process (x,(-), u(+)) exists such that u, e D(E") with
suppu, C /and

J(a(s)x,(s) + £(ufs)ds < [(f(s)xols) + fi(s)ufs))ds
holds. From this we obtain
J&(s)xo(s) - x,(sV)ds + [£i(s)ue(s) - ufs))ds >0

and, because of (B), there exists an admissible process (%,,4,) satisfying the conditions (2,
loc .
u, e L3S ND; and

ojf[,(s)(xo(s) - R,(s))ds +j§(s)(u°(s) -G{s)ds > 0. (y
Condition (6)" implies |

j [H(s, xo{s) uo(s). %) - H(s, xo(s) (), ®,1)]ds 2 0. (8)
By a: ] —[E” we denote the function a(s) = £,(s)X + g5(s)®(s). From (4)’ and (5)" we have

os) = £, + [ K "(e,8)alt) dt O)
and

H(s,x,u,®,)) = X(£(s)x + f(s)u) +fcz(t YK(t,sXgols)x + g (s)u)dt. (10y
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From (10)" and the inequality (8) we receive
fkﬂ(s)(uo(s) - ls))ds +ffoz(t VK(t,5)g,(s)(u(s) - ifs))dtds = 0. (ny
o oo

Since (x,(+), ug(+)) and (X,(+),&,(-)) satisfy the condition (2)" we get

Xo(t) - £(¢) =°f1<(r,s)g°(s)(xo(s) - %,(s)ds +!K(r,s)gl(quo(s) - Gs))ds.

Now multiplying both sides of this equation by a(t), after integration we obtain

[ [at)K(t,)g(s)uos) - (s) drds

1

- Ja(t)(xo(r) - &(e))dr - [ [alt)K(t,9)g(sXxo(s) - R(s)dtds.
00
We substitute this expression in inequality (11)" and conclude
XAl Xuos) - ) ds + falt)(xo(t) - () dt - [fale)K(t,)golsXxo(s) - R(s)) drds 2 0. (12)

From (9)
Jalt)(xo(1) - 20 e = [RffsXxols) - Ri(s)ds + [ [a(t)K(t,$)g(s)xols) - £i(s)) drds
[¢] o o0

and because of (12)" we obtain

k{ffo(s)(.\'o(s) - X,(s))ds *ff,(s)(uo(s) - ) ds} 20.

Since X < 0 and (7)’ the last inequality is a contradiction, and therefore Theorem 2 is proved
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