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The Green's Fun_ction Method for the Supported Plate Boundary Value Problem

S.H. ScHoT

The deflection u of a thin elastic plate is governed by the biharmonic.;t.q\;l.a'tioﬁ A%y = 0, where
A is the two-dimensional Laplace operator. The problem of solving this equation in the do-
main D occupied by the plate when u and Au are assigned on the boundary 3D is often called
the supported plate boundary value problem. Strictly speaking this terminoclogy is not correct
since Au should be replaced by the more complicated expression for the plate’s moment M(u)
on oD; however, when oD consists only of rectilinear segments (or when the Poisson ratio is
unity) M(u) reduces to Au. Here, the supported plate problem is solved by a Green’s function
method, closed form solutions are obtained for the disk and the half-plane, and the supported
plate Green’s functions for these domains are computed explicitly. As a check, the solutions
of these boundary value problems are also derived using a modification of the Goursat-
Almansi method.

Key words: Biharmonic equation, supported elastic plate, boundary value problems, Green’s
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1. Introduction

The bending of a thin elastic plate, initially occupying a bounded domain D in the (x, y)-plane,
by a force perpendicular to the plate is governed by the equation

A%u = F(x,y) ' 1)

in D, where A2 = (0%2/0x2 +92/9y 2)? is the biharmonic operator, u is the normal deflection of
the plate, and F (x, y) is the normal force per unit area divided by the flexural rigidity of the
plate. One of the following three types of boundary conditions is usually imposed at the edge
oD of the plate.

(a) clamped plate u=0, du/dn =0
(b) supported plate u=0, Au=0
(c) free plate Au =0, dAun=0.

Here nrepresents the exterior normal to the boundary D of D. Strictly speaking, the nomen-
clature used for (b) and (c) is not correct, for these boundary conditions should be formulated
in the more general form

(®) u=0, M(u)=Aau-(1-xNuyg - Ku,) =0

(c) M(u)=0, N(u)=(8u), + (1 -xNug, - Kug)y =0, _
where K and o are the curvature of oD and the arclength along oD, respectively, and x is the
Poisson ratio [15]. However, the terminology stated above seems to have become accepted in
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the mathematical literature [7]. When the boundary 3D consists of rectilinear segments (as is
the case for the half-plane in Section 5 below) it follows that K =0 and u,, = 0-along’ these
segments and hence the boundary condition u = Au =0 on 3D is correct for all x.

Closely related to the above problem is the boundary value problem in which a plate free
from normal load is subjected to displacements and slopes along its edge. In this case the de-
flection of the plate is governed by the biharmonic equation

A%u =0 i 2)

in D, subject to one of the following three types of boundary conditions on oD:

(@) u=f, duson = f
) u=g, LAu =g
() Au=h,, dAufdn=h,

where f,,f,, ..., h, are continuous functions assigned on dD. By analogy with problems (1)/(a),
(1)/(v) and (1)/(c) above, the three problems (2)/(a’), (2)/(b’) and (2)/(c’) are often called the
clamped plate, supported plate, and free plate homogeneous boundary value problems, respec-
tively. These problems have also been termed the first, second, and third boundary value prob-
lem for the biharmonic equation [2,6].

Of these three boundary value problems, only (2)/(a’) has received much attention in the
literature. The classical Green’s function method of potential theory has been extended to this
problem, and closed form expressions for clamped plate Green's functions have been obtained
for the disk, half -plane, limacon, and other regions {3,9,11]. Moreover, a direct method for
solving problem (2)/(a”) was developed by Almansi [1] and others [10,14]. This method obvi-
ates the calculation of Green's functions and uses forms of Goursat’s formula (8] to reduce
(2)/(a") to two Dirichlet problems for the given domain. When the domain is a disk, Goursat’s
formula asserts that any biharmonic function u defined in a disk x| <R (i.e. ue C* and A%u =
0in |x| < R) can be represented by

u=lx|?0+Y, 3

where @ and ¥ are uniquely determined harmonic functions in |x} < R. Conversely, the formula
(3) in which ® and ¥ are harmonic in |x| < R represents a biharmonic function u in |x| < R.

The supported plate boundary value problem (2)/(b’} seems to have been largely ignored,
and it is surprising that the supported plate Green’s functions for such common domains as the
disk and the half-plane have not even been computed explicitly. However, Reissner [13] ob-
tained the Green’s function for a disk in the closely related case of an elastically clamped
plate.

In this paper, a Green's function method is developed for problem (2)/(b") which yields the
solution of this problem in terms of the supported plate Green's function and the stretched
membrane (harmonic) Green's function for the given domain. The supported plate Green’s
functions are computed explicitly for the disk and the half-plane by a complex variable
method first suggested for the clamped plate by Garabedian [5,6). Using these Green’s func-
tions, explicit integral formulas for the solutions of the homogeneous supported plate boundary
value problems are then obtained for these domains. The solutions are also derived without
the use of Green’s functions by extending Almansi's direct method to these supported plate
problems.
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2. The Gteen’s function method

The Green’s function method for the supported plate utilizes the Green’s identities which have
been used to solve the clamped plate boundary value problem. Hence they will first be review-
ed here briefly [4,6].

Let D be a simply-connected plane domain bounded by a simple smooth curve oD. Let u
and v _possess continuous partial derivatives up to and including order four on the closed do-
main D = D + 3D. Then Green’s second identity for the biharmonic operator is

P S 4
\

ff(uA"’v -vA2u)dA = f(Au 3 Avgg +u <)_0An_v - v‘)‘)Anu)dd, ) (4)

where n is the exterior normal to the boundary oD, do is the eleme_ht of arcléngth along oD,
and dA is the area element of D. Now introduce the fundamental solution S(r) = r2logr of the
biharmonic equation (2), where r is the distance between the points Pe¢ D and Q ¢ D.If Pis
surrounded by a disk D ,(P) C D of radius ¢, the identity (4) with v = S(r) is applied to D -
D(P), and the limit as € - 0 is taken, then there results Green's third identity for the bihar-
monic operator, namely

- oS du , ,9AS dAu
“m';gAUM7_Asan W3 _ s M)do+£SA%d4 (5)

If this identity is to be used to solve (1)/(b), the terms in the boundary integral of (5)
which contain normal derivatives of u and Au must now be eliminated. This may be accom-
plished by introducing the supported plate Green’s function[7]

I(Q,P) = S(r) +¥(Q, P), ‘ (6)

where y ¢ C*in 5, satisfies A%y = 0 in D, and takes on the boundary values vy = -S and Ay =
-AS on dD. This definition implies that A% = 0 for Q# P, Q¢ D; asymptotically ' ~ Sfor Q =
P;and I' = 0 = AT for Q e oD. Letting v = v(Q, P) in (4), adding the result to (5), and applying
the boundary conditions of I' on oD, there results

u(P) = [(auSE +u88D)do + [[TA%u da. )
oD D

This identity may be simplified further by noting an important property of the supported
plate Green's function which does not hold for the clamped plate Green’s function [7]: Let the
harmonic Green's function be denoted by G(Q, P), i.e. the function which has the properties
AG=0for Q% P, Qe D; asymptotically G~ T(r) = (1/2n)log(1/r) for Q= P; and G=0 for Q ¢
oD. Then it follows from the definitions of ' and G and from the relation AS = - T that

ANQ,P) = -G(Q,P), Q+P. (3

* When (8) is substituted into (7) the latter expression becomes

uP) = f(aull -y 284 +ffrA2udA
oD
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This identity may now be applied to problem (1)/(b’) to yield the solution of this nonhomogene-
ous boundary value problem in the form

«p) = (gzw)—‘g%ﬂ - 8(Q)2G4PY 45 . [[F(Q)Q,P)dA. (9
D

Thus for any domain D for which the Green’s functions I' and G and their normal derivatives
exist and are regular,,the fur}ctlons g, and g, are continuous on 9D, and F is continuous on D,
the solution of boundary value problem (1)/(b’) can be represented by (9).

The fact that the so‘utnon of problem (1)/(b’) is unique can be demonstrated directly and
without the use Qf Gréen's identities, For assume there exist two solutions u, and u, of prob-
lem (1)/(v") andjlet u = u; - u,. Then u satisfies the homogeneous boundary value problem
A*u=0inD;u=0= Au on oD. Now lét v = Au. Then this function satisfies the Dirichlet
problem Av = 0 in D v=0 on oD, which is known to have the unique solution v = 0 in D.
Hence the original problem also reduces to the Dirichlet problem Au =0 in D; u = 0 on oD.
Since this problem has the unique solution u = 0 in D, it follows that u, = u, throughout D.

3. Properties of the supported plate Green’s function

The supported plate Green’s function has a physical interpretation similar to that of the cor-
responding clamped plate Green’s function. For let a single point force of the 8-function type
be applied normal to the plate at P, then the deflection of the plate at Q is given by A%u = §(Q
- P)in D; u=0 = Auon oD. The solution of this problem by (9) is

u(P) = [[8(Q - P)XQ,P)dA = XQ,P).
D

Hence I{Q, P) represents the deflection at Q resulting from a unit normal force applied at P to
a plane thin elastic plate which occupies the domain D and is supported along its edge oD.

A number of other properties of I{Q, P) follow immediately from the easily demonstrated
composition formula [7]}

NQ.P) = [[G(Q.R)G(R,P)dA, (10)
D -

where R e D and dA here represents the area element in the variables used to denote the point
R. Since the harmonic Green’s function G(Q,P) is known to be symmetric and to have the
same sign throughout D, it follows from (10) that these properties also hold for I{Q,P)in D.
The latter property is noteworthy, since it is known that there exist domains for which the
clamped plate Green’s function changes sign {6]. Interpreted physically, the symmetry of
T'(Q,P) asserts a version of Maxwell's reciprocity principle, namely that the deflection at a
point Q due to a unit force applied at the point P equals the deflection at P due to the same
force applied at Q.

The composition formula (10) may also be used to derive an upper bound for I{Q,P)on a
bounded domain D. For, using the maximum principle for harmonic functions, it is easily
shown [12] that the harmonic Green’s function is bounded by 0 < G(Q,P) s (1/2x)log(h/r) on
D, where h is the diameter of D. Now, letting the closed domain D lie entirely in the interior
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of a disk with radius h and center at an arbitrary point of D, it follows that

21th

2
0 < ffcx0.P)da s 15 b[bflogz#mrrds =L (1)
A A

Applying the Cauchy - Schwarz inequality to (10) and using (11) then yields

INQ.PI = | [f(0.RIG(R,P)aa
D

*< [[oxoRa- [foxriprani (L),
° P ! ar

or 0 < |INQ,P)| < h%8xr throughout D.

4. The supported plate boundary value problem for the disk

The supported plate Green’s function for the disk can be computed by a complex variable me-
thod first suggested for the clamped plate by Garabedian [S,6). Let the disk in the complex
z-plane be D = {z| | z| < R}, let the points Q and P in the Green's function \Q, P) be denoted
by z=se'® ¢ Dand [ = pel® ¢ D; respectively, and let r = |z - {|. In accordance with (6) let
the desired Green'’s function be written in the form

[(2,0) = 5|2 - Ul2loglz - Tl +Re{(27 - R2)0(2) + ¥(2)},

where the first term on the right is the fundamental solution S(r) and the second term is an
arbitrary biharmonic function represented by the appropriate form of Goursat's formula (3) in
terms of two harmonic functions. The harmonic functions Re®(z) and Re¥(z) are now deter-
mined from the two boundary conditions of the supported plate Green’s function, i.e. I' = 0 and
AT = 0 on oD. The application of these boundary conditions is facilitated by introducing the
inverse point { with respect to the circle |z| = R, namely R2/T. The relation Rlz - {| = |R? -
Tzl then holds on 3D, and applying the first boundary condition, I' = 0 on 9D, yields

2 7
Re¥(z) = - 8—1"-|z —ClzlogE-R—gij
on oD, and hence

R(z-01)

.1
Nz,0) = g lz - U logl oo &

+(2Z - R?)Re 0(z2)

for all z e D. The Laplacian of this function is most easily computed by applying:this operator
in its complex form, and is

1 R2 - g2 2z (2
*ERe{Rz—_%ZL}*‘tRe{T(—) +(27-R2)A®}.

R(z-1)

o*r 1
Al =4-922_ -1
o8 R%*-(z

9z9z  2:m

Applying the second boundary condi:tion, AT = 0 on 3D, then yields

2z0(z), 1 RZ-Jg?] _
Re{ Zazz +—8?R2_Ez}-0

-
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on oD, or by analytic continuation,

R2-T.
log B2

o) = g7 BE

for all z ¢ D. Thus, the supported plate Green’s function for the disk in complex form is

Bz=01_ L(rs - 1z1R? - pre{ D)

=Lz-
NZ»C) - 875 IZ §|21°8 :,'Rz _fz CZ

On introducing the distances r = |z - {/ and ¥ = |z - R%/T| and making use of

T ssin(9 -
Tz = ps(cos(9- ¢)+isin(9 - ¢)) and log—gﬁc— = long—2 +itan” ‘psiosl(g(_ q’)?i)Rz

this Green’s function may be written in the real form

ossin(9 - @)
oscos(9-9)- RZJ

x [cos(8 - (p)log% +sin(9 - @)tan™?

where Q(s,9) and P(p, ) are these points in polar coordinates, ris the distance between them,
and T is the distance from Q to the inverse point of P in the circle s = R. On using the identity
0272 - R2r2 = (R2 - p2)(R2 - s2) the quantity ¥ can be eliminated and (12) becomes

167: (Rz_ p?ng- 2 ){cos(9 ®) IOg( 2, (R? '92(21?2' sz)) (13)

. _ -1__pssin(® - ¢)
+2sin(9 - ¢)tan o5 cos(-9)- RE[*

The symmetry of this Green’s function is now evident.

By letting the variable point Q approach the "load point” P, sothat s= 9,8 = ¢, and r = 0,
it is easily seen from (13) that the deflection of the supported circular plate under a unit load
at Pis

- 1 R2 -n2 R2 - O

rp,p) = - LU pp)zlg R

Figure 1a exhibits a graph of the supported plate Green’s function (13) with the unit force
applied upwards to the horizontally held disk at a point 3/10 of the distance along its diameter.
The figure thus shows the bending of a thin elastic circular plate which is simply supported
along its edge and subjected to this point force. (For illustrative purposes the scale of the de-
flection has been magnified.) For comparison, a graph of the clamped plate Green’s function
for the disk subject to an identically located unit point force is shown in Figure 1b. The clamp-
ed plate Green’s function A(Q,P) = S(r) + N(Q,P) is defined in the same way as that of the
supported plate; however, the second boundary condition in the definition is replaced by 0A/dn
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Displocement . Unit Lood

8.27 -J
0.18

0.09

Fig. 1a: Supported plate unit disk

Displocement Unit Load

B.11 A1

0.08 -

8.04

Fig. 1b: Clamped plate unit disk

= -93S/3n on oD. For the disk it may be shown to be [6,11]

.1 2 (R? - 0*)(R? - s?) 1 (R?-02)(R%-5?)
A(Q,P) = 16’ 108[1 + R2r2 * 1o R? )
.where the same notation as in (13) has been used. The graphs in Figurve 1, as well as those in
Figure 2 in the next section, were computed and plotted using an SAS/GRAPH computer

graphics package by Mr. James M. Thompson as part of his master’s thesis project at The
American University. i



366 S.H.SCHOT

It may be observed that the graphs of these Green’s functions are very similar. However,
it is evident from the graph of the clamped plate that the normal derivative of the deflection
vanishes at its edge, whereas for the supported plate it does not. In both graphs the maximum
deflection does not take place at the (asymmetrically placed) load point, but rather at a near-
by point. This is due to the fact that a plate, unlike a membrane, resists bending.

To obtain the solution of the supported plate boundary value problem for the disk, the
normal derivatives of I'(Q, P) and G(Q,P) on D must now be computed and substituted into
(9). Making use of the relations

r2=s5s2+p2-20s-cos(9 - ¢) and F2 =52+ R%p2? - (2R2s/p)-cos(8 - @)

and of s = Rand oF = Rr on dD, the normal derivative of [{Q,P) on dD may be obtained from
(12) to be

or\ . 1 (R%-p?) orionl +2ai ~__psin(3 - @)
(an)aD " 3% Rp [p +2Rcos(9 - ) logR +2sin(9 - @)-tan ‘p_c;g;(m)gi_ﬁ - (14)

The harmonic Green’s function for the disk is G(Q,P) = (1/2x)log(p7/Rr), and its normal deri-
vative on 9D is the negative of the well-known Poisson kernel

oG = _LR_L_&z (15)
on op 2r Rr2 -

Substituting (14) and (15) into (9) with F(Q) = O then yields the solution of the homogeneous
supported plate boundary value problem (2)/(b’) for the disk,

27 C 27c
_ R2-p? s R2-p2 R
u(p, ) ——Q2n !g,(%)r dg + —anp ng(s p +2Rcos(9 - ¢) logR

. - i 9 _
+2Rsin(9 - ¢)-tan ‘pco:lg(' ® ‘)R:Ids.

(16)

5. The supported plate boundary value problem for the half-plane

The supported plate Green’'s function for the half-plane may be obtained by a similar method
to that used for the disk in the last section. For definiteness consider the right half-plane D =
{z| Rez > 0} and let the points Pand Q be denoted by z = x +iy ¢ Dand{ =E +ineD, respec-
tively. The appropriate form of the Green’s function for D is

N(z0) = g=1z - Cl2loglz - Tl +Re{(z + 2)e(2) + W 2), (7
where the harmonic functions Re ¢(z) and Re ¢(z) are again determined from the two boundary

conditions of I(z,{) on dD. Let the image point -  of { in oD be introduced so that |z - Tl =
|z + Tl on dD. Applying the first boundary condition, I' = 0 on 9D, to (17) immediately yields

Re y(z) = -8%:12 -Cl2loglz + Tl

. on oD, and hence
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z-%

Z +

Nzy) = g=lz - Tl log

+(z +Z)Re o(2) (18)

for all z ¢ D. Applying the second boundary condition, AT = 0 on 3D, to (18) leads to

Re{tp'(z) + -LQ—Q} =0

81tz+c

on doD. Thus, the supported plate Green’s function for the right half-plane becomes

Nz,Q) = sl—nlz - gl log P

%‘ - 81—,t(z +ZXT +Q)loglz + Cl.

On using the identity (z +ZX{+{) = [z +T{|2 - |z - {|? this reduces to the remarkably simple form

Nz0) = glz - Cl*loglz - Tl - gh1z + T%1oglz + T,

’

If the distances r =|z - {| and 7 = |z + T| are introduced this rhay be written in the real form
I(Q,P) = g=(r2logr - #2log 7). (19)

The distances r and 7 may in fact be interpreted in more general terms as the distance from
Q to P and the distance from Q to the image point P of Pin any straight line boundary oD, re-
spectively. Interpreted in this way, relation (19) represents the supported plate Green’s func-
tion for any half-plane. According to the remark made in Section 3, physically this Green's
function represents the deflection of the plate at any point Q due to two individual point
loads, each acting perpendicularly to the plate but in opposite directions at P and P. On taking
the negative Laplacian of (19), this expression reduces, in agreement with (8), to the harmonic
Green’s function for the half-plane, namely G(Q,P) = (1/2x)log(7/r).

A graph of the supported plate Green’s function (19) is shown in Figure 2a. For compari-
son, the clamped plate Green's function for the half-plane A(Q,P) = (1/167)[r2log(r%72) - (r 2
- ?‘2):] under the same point load is plotted in Figure 2b. Again, these graphs representing the
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Fig. 2a: Supported plate right half-plane
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Fig. 2b: Clamped plate right half -plane

deflection of the two plates are quite similar, except that the normal derivative of the deflec-
tion vanishes at the straight edge of the clamped plate but not at that of the supported plate.
Moreover, as for the disk, the maximum deflection for the half-plane does not occur at the
load point. . S

When the normal derivatives of [{Q,P) and G{Q, P) for the right half-plane are computed
on its boundary oD and substituted into (9) with F(Q) & 0, the solution of the homogeneous
supported plate boundary value problem (2)/(b’) for the right half - plane is obtained, namely

-0 +00

u(gn) = % fg‘(y)m dy + % fgz(y)log[iz +(y-n)*]dy. (20)

6. Direct method for the supported plate boundary value préblem

The direct method developed by Almansi [1] for the clamped plate may be extended to solve
the supported plate boundary value problems for the disk and the half-plane. This will serve
as a check on the solutions obtained by the Green’s function method in the last two sections.

To solve the homogeneous supported plate boundary value problem (2)/(b) for the disk in
polar coordinates D = {(p,p)| 0 s p < R, 0 s ¢ s 27} let a Goursat solution (3) be chosen in the
form

u(p,@) = (0 - R?)®(p,p) + ¥lo.), (21)

where ® and ¥ are harmonic functions in p < R. The first boundary condition, u = g,on dD =
{(0.9)l 0 = R, 0 < 9 s 2x}, when applied to (21) yields u(R,9) = ¥(R,9) = g,(9) on oD, so that
¥ satisfies the Dirichlet problem
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AY =0in D, ¥=g(8) ondD.
The solution of this Dirichlet problem is given by Poisson’s integral

27 '
2 _ A2
¥o.9) = 7 [a@ 72 as, (22)

(]

where r2 = R2 + p2 - 2pRcos(® - ¢). The second boundary condition, Au = g, on oD, when
applied to (21) yields

(Au)|sp = 4[3(00)/30]|o-r = 849)
on 9D, so that the harmonic function d(p®)/dp satisfies the Dirichlet problem
A[o(p®)/9p] =0 in D, [a(pd))/ap:]lp:R =471g,(9)on oD.

The solution of this Dirichlet probiem is o(p®)/dp = ‘/a,tf:ﬂ:gz(«t))((}?2 - p2)/r?)d89, so that

27 e

. 2 _ A2
O(o,p) = al—n gz(s)f———P—Rr, dp d9. (23)
o o

Substituting (22) and (23) in (21) the solution of the homogeneous supported plate boundary
value problem for the disk takes the compact form

27 27 e

_.1_ Rz_gz _Rz_pz Rz_ 2
wo?) = 3 (s B g0 - B fgz(a) f B2-0 tods. (24)
o] o

T
o

The inner integral in (24) can be evaluated by elementary integration, and becomes

2 _ 2 . - H 9 -
fﬁ-rz—R do = p+2Rcos(9 - tp)~logﬁ - 2Rsin(9 - @)-tan 'R —:lzgs 5 -)(p .

When this integral is substituted back into (24) the resulting solution reduces to (16).
Problem (2)/(b’) for the right half-plane D = {(E,n)l E> 0} may be solved in a similar
manner by the direct method. This time the appropriate form of the Goursat solution (3) is

u(E,m) = Ep(E,m) + (E,7), (25)

where ¢ and ¢ are harmonic functions on D. The boundary conditions u=g, and Au= g, on oD
={(¢,n)| € = 0} in problem (2)/(b’) for the right half-plane lead to the boundary values

o.M = g, (Aul|ap = 2580, = gi(n)

for these functions. The corresponding Dirichlet problems for the harmonic functions ¢ and
de/ JF are solved by the applicable Poisson integrals for the half-plane, namely

+Cco +Cco

$E,) = %fgx(}')mdy and g%(i.n) = %fgz(y)mdy, (26)
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respectively. Substituting @(,n) and ¢(E,n) from (26) back into (25) yields

R ad . + 0

u(E,m) = Ig,(y)m dy + 25,, fgz(y)fgz—,,(i,v dgdy,

which agrees with (20).
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