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A Counterexample for L 1 -Estimates for Parabolic Differential Equations 

P. KRöGER 

We show that the Dm1 (1) continuity of the coefficients of a linear parabolic differential oper-
ator in non-divergence form is in some sense the weakest condition such that the solutions of 
the corresponding initial value problem satisfy an L i -estimate; here a function is called Dini 
(x) continuous fora positive number a if the modulus of continuity ca of the function satisfies 

ft ^a co. In particular, we- i m- prowe a counfewexaWiple of Win which shows that an 
L1 - estimate cannot hold in general if only Dini (a) continuity with a <1/4 is assumed. 
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We consider the initial value problem 

Lu = 0	in (0,1) xlRTh ,	u(0,.) = f 

where the coefficients a,j = a 1 of the differential operator 

Lu	- Ltu	
- 

are assumed to be continuous and bounded. Moreover, we restrict ourselves to the uni-
formly parabolic case (a 13 (t, x)) ,, > A . II for some positive constant A. 

Suppose temporarily that the coefficients of L are continuous on [0, oo) x R' and 
Holder continuous on [s, co) x R' for every s > 0. Then the initial value problem 

	

Lu = 0	for t>s, u(s,.) = f 

is uniquely solvable for every .s > 0. The solution u can be written by means of the 
transition probability measures PL(t, x; s,.) of the diffusion process with decreasing time 
parameter generated by the parabolic operator L1 + I as follows (cf. [5: Chapter 3]): a t 

u(t,x) 
= JR' 

f(y)Pt(t,x;s,dy). 
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We mention that the diffusion process generated by L + fi is uniquely defined if the 
coefficients of the uniformly parabolic operator L are merely supposed to be continuous 
(see [5: Chapter 7]). The transition maps pi2 : C(lR') - C(R') are defined by 

P] i2f (x)	JR' 1(v) PL(tI,x;t2,dy) 

for every f E C(R') and x E lR'. Let 3Yt) be the kernel of the n-dimensional Brownian 
motion at time t, i.e. # (n) (X) - —.exp(	). 

Lemma:	Let t 1 , t2 E [0,1] with t 1 > t 2 and a function f E C(R') be given 
.	. .	 (n) such that J3,(n) 3 * 1(x) is positive for every x E R . Suppose that 1(x) , f3 (x) for 

some positive number e and every x from the complement of an appropriate compact set 
K C R'. Then there exists a positive number 6 such that, for every differential generator 
L = -	 aij(t,x)a with matrix norm Il(a,(t,x)) - 111 <6 for every t and x,
p 2 f(x) is positive for every x E RTh. 

Proof: Let 60 be a positive number with 6oand 

(t 1 - t2 )(1 - 28o) + > (t 1 - t 2)(1 + 36o). (1) 

For every positive number r we denote the closed ball with radius r and center 0 in R 
by Br. Let 'B, be the characteristic function of Br. 

We claim that II(aii( t , x))- I <6o for every t, x implies that p1.t2f is positive outside 
Bro for some positive constant r0 . The proof of the claim is based on the lower and upper 
bounds for transition probabilities given in [4]. It follows from [4: Theorem 21 that for 
appropriate positive constants C1 , C2 , C3 the following holds: 

p1.t2fl(fl)	C1PL1t2(1Bl	(n) 

^ C2,6(n)	 , '6(n) 
( tl-t2) ( 1-25o * (1B,   

	

/2)	 (2) 
(n) ^ C3 t3(ti—t2)(1-2So)+ 

Choose r 1 in such a way that K C B71 . Then 

f^!/3-C4l8,.,	 (3)

for an appropriate positive constant C4 . By [4: Theorem 31, we have for positive constants 
C5, C6

pii 1	< '	(n)	 i	< ..- a() 
L	'B,1 - L5 (i1—t2)(1+28o) * 'B,, -
 C. 

(t1—t2)(1+26o) 

The proof of the claim can now be completed as follows. By (2)-(4),. 

(n)	 ,-.y	(n) 
)^ 

ptlt2f	
C3/3(,_2)(I_2	- C46/3(g1_t2)(l+3i) 

The existence of an r0 such that the above claim is correct follows from (1).
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(n) On account of the assumptions on f the number C7	ii< infiio{/3j,,2 * f(x)} is 

positive. By [4: Theorem 11,

ô2 (pit2f -

	

	t2 * MX ) = / p"t (
	

aij(i,x)ôô -
	

(/j
(n) 
—t3 * f)(x) dt.

  ) Ji2 i,j=1 

Since f € C(R'), we can choose a positive number Si such that II(ai,(t,x)) —1111 < Si for 
every t,x implies IIP i2f - (n) * IlL0 < C7 . Set S min{ So; S}. The assertion of the 
Lemma follows immediately I 

For every A with 0 < A < 1 we denote by fx the function from C(R') which is given 
by	

-	 for every  ERTh; 

here f stands for a function which satisfies the conditions of the Lemma. Using the scal-
ing transformation (t, x) (At, '/5 x) and taking into account that 1I(a1j(t , x)) - flfl <S 
for every t, x implies a similar condition for the transformed coefficients, we obtain the 
following corollary. 

Corollary: Under the assumptions of the Lemma there exists a positive number S 
such that, for every L with 11( a 3( t , x)) - I <S for every t and x, Pr" t2f,,(x) is positive 
for every x E R. 
We will restrict ourselves to the consideration of one-dimensional processes in the re-
mainder of this paper. Therefore we will write simply P t for the' one-dimensional heat 
kernel. 

Our main result is the following theorem. 

Theorem: Let w : [0, oo) —* R be an increasing continuous function with w(0) = 0. 
Suppose that A '—' is decreasing on (0, cc) and f0 , dA = +00. Let 5o be a positive 
number. 

Then there exists a continuous function a: R1 x [0,1] —* R with ha — 111 <So and 
a(ti, x 1 ) — a(t 2 , x2 )1	w(l( t i - t 2 , x 1 - X2) 1)	 (5)

for every t i , t 2 € [0, 11 and x 1 , x 2 E IR such that for the corresponding initial value problem 

ôu 1 
=	a(t,x)	U(0' X ) = f(x) 

for any given c> 0 there is a function f such that 

	

hl u ( 1 , )hI	> c hhf()lli. 

Proof: Let b be a function from C0(RI) with 0 < b <1, lb'I	2, and b(A) = 1 for
every A with J AI ^! 2, and b(A)= 0 for every A with JAI :5 1. We set 

a(t,x)	1 + C1 . b (_) w(t)	for every (t, x) € (0,1] x R
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and a(0, x) 1 for every x € R. The constant C1 will be chosen later in such a way that 
0 < C1 <niin{; Il ; my) . Obviously, we have ha - lfl <&. 

We check that Condition (5) is met. Let 11,12 E [0,1] and X 1, X 2 € R be given. In 
view of the continuity of a we may and will assume that t1,t2 are not equal to zero. 
Moreover we suppose that i2 < t. It is obvious from the definition of a that Ia(ti, x 1 ) - 
a(t2 ,x2 )I w(t 1 ). Since \ is decreasing, we have w(t j ) w(-). On account of 
the assumption that w is increasing, Condition (5) is established if (11-12, x1—X2)1 ^! t1. 
Now assume that (t i - 12, x 1 - xz)I <t 1 . In particular, we have ii < 12. Thus, 

-) 
I x'\ - 

b	(t2).	(6) a(ti ,x i ) - a(tz,xz)I ^ Ci lw(ti) -w (1 2)h + C1 lb T;	t2) 

Since Ib'I	2,
ô

b	2x2 
- and _b(j_) < 

Ft j2	ax 

Since (t, x) '-+ b(ç) is constant outside the set of all t,x with x 2 < 2t, we can conclude 
that

	

X2	10 

	

b(T)h	for every t with 0 <t 1. 

Hence,
'xr' 10 

b(—) —b(—) !S - (11-12, X1—X2)I. 

	

\t i j	\2/	12 

Taking into account that I(t j t 2 , x1 - x2)1 < t2 and that ) i-p	is decreasing, we
can estimate the second term on the right-hand side of (6) as follows: 

C1
 l

b (x!') - b (El)
 

w(t 2 ) < w(I(ii - t 2 , X1 - X2)I). 
tj t  

On the other hand,

1	2 0 _< w(t i ) - w(t 2) < w(ti) - __w(t 1 ) 
=

w (t 1 ) < w(i 1 - 12). 

This completes the proof of Condition (5). 
Let r E (0, ) be given. We aim to estimate P '° 137 from below. Explicit calculation 

yields (recall that 0 < a 2) 

1	02	1 —a(i,x)---3(x) ^ --/3(x)	for every t,x. 
2	ax	 r 

The maximum principle (or [4: Corollary 1]) yields immediately 

PL'°fl ^! exp(—l)137 .	 (7)

In order to apply a comparison result (see [4: Theorem 1]) we set 

Ltm — + 

	

(	
C1 - c2	for every t € [r, 

	

2	2
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the positive constant C2 will be chosen later. The corresponding transition maps will be 
denoted by PI (the transition maps P11,12 are well-defined although L t contains a zero 
order term, cf. for instance [4]). We have 

P' 13r = exp (.c1c2 f	1 d) f3	(8)

for every I E [r, ]. By [4: Theorem 1], 

P.T f3 - },r f3	
=	

P't (L - L) P'	di.	(9) 
1 

From (8) and the definition of a we obtain that 

((Li - L)P t '/3,) (x) = c(Ciw(t) b(_)	f3(x) - CiC2).J3(x)) 

= c11(b()(ç_1) - c2) flt(x) 

for a positive number ct which depends only on I and for every I E [r, 1 1. Since b(A2)(\2-1) 
is non-negative for every .\ and bounded below by a positive number outside a compact 
set, we can choose the positive constant C2 such that the following function is positive: 

flu * ((b(.2)( 1 .12 - 1) - C2)#1) 

In view of the Lemma and the Corollary which we have already proved we can choose the 
positive number S such that the function ptt ((b( .) ( E2 - 1) - C2) . 13(x)) is positive 
for every a with Ia - 1	<S. Thus, we can conclude that P t (L t - L )ptr 9, is positive
for every I E [r, ]. By (9), 

pi,T 
'6'. -	 =	

pt (L - L) P'fl di > 0.	(10) 
Jr 

Finally, we remark that a(t, •)a 
8t
	fig for every t. The maximum principle 

(or [4: Corollary 1]) yields immediately 

PP 1/2 ^ fl .	 (11) 

We can now conclude from (7), (8), (10), and (11) that 

PL" 0,8,	 exp(—l) p1 
fir 

^	exp(—l) p.r19 

= P.exp(ClC2f21d)t - 
2 	A	

) 
2 

^	exP(Ci C2 f_._. dA - 1) 131. 
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Since 1I0II1 = 1 for every r, we obtain in particular that 

i i1 ^ exp (c1c2 f	dA - 1) IIIi. 

In view of the assumptions on w the proof is now complete I 

Example: We define the function w by w(0) 0, w(A) — j for every A E (0, ], 
and 4(A) 1 for every A E (, oo). It is easy to check that the assumptions of the Theorem 
are met. Moreover, a is Dini (a) continuous for every a e (0, 1) (cf. the abstract of the 
present paper or [2] for the definition of Dini (a) continuity). In view of the results in [2] 
corresponding counterexamples for L P-estimates with 0 <p < 1 and differential operators 
with Dini () continuous coefficients cannot exist. 
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