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Some New Classes in Topological Sequence Spaces Related to L -Spaces
and anInclusion Theorem for K(X)-Spaces

J. BOOS and T. LEIGER

The aim of the present paper is to get inclusion theorems for K(X)-spaces, that is, séquen'ce spaces
over any Fréchet space X endowed with a K-topology (e.g. domains of operator valued matrices). Since
Kalton’s closed graph theorem is an essential tool to get inclusion theorems in the case that Xequals the
set of all complex numbers and since domains of operator valued matrices are not necessarily separable
FK(X)-spaces we can no longer make use of FK-space theory. Therefore, it is necessary to develop new
ideas to get inclusion theorems. For this we introduce two new classes of K(X)-spaces and prove a closed
graph theorem for inclusion maps. One of them is closely related to the class of L, -spaces introduced by
Jinghui Qiu and to the closed graph theorem of J. Qiu, the other is connected with a well-known result
of K. Zeller in summability theory. As an immediate corollary of the inclusion theorem proved in this
paper we get a generalization of a theorem of Mazur-Orlicz type due to the authors.
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valued) matriz maps, inclusion theorems, consistency of (operator valued) matriz maps, closed
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1. Notations and preliminaries

For a given dual pair (E,F) we denote by o(E, F) and 7(E, F) the weak topology and the
Mackey topology of the duality (E, F), respectively. If (X, 7x) is a given locally convex space,
then X* and X’ denotes the algebraic dual of X and the topological dual of (X, 7x), respec-
tively. Furthermore, if § is a linear subspace of X*, then we use the following notations:

={geXx'| 3(gm)in S : g — 9 (o(X", X))},
= ﬂ{v <X*

in particular, S is the sma.llest linear subspace of X* containing S and being sequentially closed
in (X*,0(X", X)). Note, S C X' if § ¢ X' and if (X,7x) is barrelled on account of the
Banach-Steinhaus Theorem. A locally convex space X is said to be weakly compactly generated

WL ©n]

- :
ScVs= V} (where ‘ <’ stands for ‘is a linear subspace of’);

(denoted WCG-space) if there exists an absolutely convex weakly compact total subset of X and
it is called subWCG-space if it is topologically isomorphic to a linear subspace of a WCG-space
(see (8]).

If X is any vector space, then w(X) denotes the set of all sequences = (z) in X. A
subspace of w(X) is called sequence space (over X ). Throughout the whole paper we assume
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that (X,7x) and (Y,7y) are (locally convex) Fréchet spaces (F-spaces) and, as usual, B(X,Y)
denotes the set of all continucus linear maps from X to Y. In the sequel we use the notations
m(X), ¢(X) and ¢(X) for the set of all sequences being bounded in X, convergent in X
and finite, respectively. In the classical case, that is X := IK (IK := IR or IK := () we write
w, m, ¢, ¢ instead of w(X),...,¢(X). Furthermore we use the notation bv for the set of
all sequences in IK having bounded total variation. On ¢(X) we consider the mapping lim :
o(X)— X, (z4) — li’x‘nzk where the limit is taken in (X,7x).

Now we remember the notion of FK(X)-spaces (see [11], [1) and [5] ). To that we consider
on w(X) the product topology 7, which is the topology of coordinatewise convergence. A locally
convex space (E,7) is called K(X)-spaceif E is a sequence space over X and the inclusion map
i:(E,7)— (w(X),7,) is continuous. If in addition (E, ) is an F-space, then it is called FK(X)-
space. Furthermore, a normable FK(X)-space is called BK(X)-space. For example, (w(X),T.)
and m(X) and ¢(X) provided with a suitable topology 7o, are FK(X)-spaces. If X is a Banach
space, then m(X) and ¢(X) together with the obvious supremum norm are BK(X)-spaces. We
remark that the limit function lim : (¢(X),7e) — (X,7x) is continuous (see [5, Examp[e
2.3(c)])- In [5] distinguished subspaces of FK(X)-spaces are examined by the authors.

We recall the notion of weak sectional convergence. Let (E, 7g) be a K(X)-space containing ,
©(X). Then we consider the embedding map

e:X~—FE,a—(0,...,q,0,..)

where a stands in the i-th position, and for each z =7(z,,) € w(X) and n € IN the sequence

n

2 := (z1,...,2,,0,..) = > ew(zk)
k=1

which is called n-th section of z. Then . -
Wg := {z € El 2l 4 (a(E,E’))}
= {rm el vrer s 1 = 3 fenten) — s}
k=1

is the set of all members of E being weakly sectionally convergent. For a sequence space G over
X we define the 8 -dual of G by

GP .= {(Ak) € w(X") I V(zx) €G : ZA,,(:,,) converges }
k

and the space

M(G) := {(w)€w| V(z) €G : (war) €G }
of all (scalar) factor sequences of G .

Let A = (Aqi) be an infinite matrix with Anx € B(X,Y) for k,n € IN. Then
w(¥)a = { (z1) € w(X) I Vn€lIN : Y Ani(zx) converges in (Y,ry)} ,
. k

w(Y)a, = {(:ck) € w(X) l Vn€IN : Y An(zk) converges in (Y, 0(Y, Y'))}
k



Some New Classes In Topological Sequence Spaces 15

are called application domain of A and weak application domain of A, respectively. Therefore
the matrix map

A:w¥)s — wY),z=(2) — Az := (ZA"k(zk))
k

n

and the weak matrix map

CAuw fw(Y)a, —w(Y), 2= (2k) — Awz = (U(Y, Y')'ZAnk(zk))
P

n
are well-defined. f E is any sequence space over Y, then the domain of A and the weak
domain of A (with respect to E ) are defined by

E, = {zEw(Y)Al AzEE} and Eg4  := {zew(Y)Awl szEE},

respectively. In the special case F := c(Y) we call it simply domain. For the limit function
corresponding to the domain ¢(Y)4 of A we use the notation limg := limoA. From [1] and
(5} it is known that ¢(Y)4 is an FK(X)-space and limy : ¢(Y)4 — Y is a continuous linear
map. For the distinguished subset W(y), of the FK(X)-space ¢(Y)4 we write W4. In case of
Y := IK we write c4 instead of ¢(Y)4.

2. Questioning
The authors proved in [4] that in the classical case (that is X = IK = Y') the implication
MNWEgCF = MnWgCWp (1)

holds for every separable FK-space F', for every FK-space E containing the set ¢ of all finite
sequences, and for each sequence space M having suitable factor sequences. For this, they first
showed that (1) is true in the special case that F is the domain ¢g of any complex valued
matrix B. Then the general case was an immediate corollary of the following inclusion theorem
of G. Bennett and N. J. Kalton.

Proposition 2.1 (G. Bennett and N. J. Kalton (2, Theorem 5]). If ¢ C G < w, then
the following statements are equivalent:

(a) (G*,0(GP,G)) is sequentially complete.

(b) The inclusion map i:(G,7(G,GP)) — (F,7F),z — z is continuous for each separable
FK-space F with GC F.

(¢) The implication G C F => G C Wr holds for each separable FK-space F.
(d) The implication G Ccg => G C Wpg holds for each (infinite) matriz B.

We remark that in the proof of this inclusion theorem the assumption of the separability
of F is decisive since G. Bennett and N. J. Kalton used Kalton’s closed graph theorem.

Now, it is obvious to ask whether (1) remains true in the more general setting of sequence
spaces over an F-gpace and, in particular, for separable FK(X)-spaces. With the aim of providing
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a positive answer to this question the authors proved in [6], on the basis of the proof of the

corresnond

n. rlacaiaal %
correspen

ing classical result, that (1) remaius even true if F is the domain of an operator
valued matrix. To reformulate this theorem in detail we need the definition of a special class £*
of ‘(scalar) factor sequences’ and the ‘gliding humps property’ of sequence spaces (over IK), see

Definitions 2.1 and 2.2 in {6).

Definition 2.2 (see (4]) . Let y = (y&) € w, then, by definition, y € £* if
(Y —¥k41) €Eco and yx >0 (k€ IN)

and if there exist two index sequences (k;) and (k}) with the following properties (j,u € IN) :

0 if kg,,..] <k< k;y

k} <kj<kjur, yk:{l ifkgy < k< k3,41,

Ve <yn if k3, <k<n<ky and Yn Sye if k3, <k<n<kyqr.

Definition 2.3 (see [12] and [4]) . Let V be a sequence space containing ¢. Assume that
for each index sequence (p,) and for each sequence (yV)) in w satisfying y,(‘j) =0 for k ¢
[pj,pj+1] and (y9) bounded in bv, there exists a subsequence (y93)) of (y1)) such that the
pointwise sum 3. y%) is an element of V. Then V will be said to have the gliding humps
property.

Now, we recall the main result of [6] which generalizes Theorem 1 of [4].

Theorem 2.4 . Let M be a sequence space over X containing @(X) such that £* C
M(M) or such that M(M) has the gliding humps property. Then the implication

MhWECc(Y)B = MnWgCcWp

holds for every FK(X)-space E containing o(X) and each matriz B = (Bak) with B €
B(X,Y). '

Using Theorem 2.4 we may prove the validity of (1) in case of separable FK(X)-spaces
but the obtained theorem would not contain Theorem 2.4 since domains of operator valued
matrices are not necessarily separable FK(X)-spaces as the following simple example shows: the
domain ¢(m); of the identity matrix I (together with its FK(m )-topology) is not separable as
the BK-space m is not separable.

The main idea of the present paper is to find a class of K(X)-spaces containing both the
separable FK(X)-spaces and the domains of operator valued matrices and such that the inclusion
theorem presented in Proposition 2.1 remains true in the case of general sequence spaces and if
F is any member of this class. In the next section we will motivate and present such a class.

3. L.-K(X)-spaces and some related classes of K(X)-spaces

Kalton’s closed graph theorem [9] says that every closed linear map T : E — F is contin-
uous whereby F is a B,-complete locally convex space and E is a Mackey space such that
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(E',0(E',E)) is sequentially complete. Introducing the notion of L, -spaces, Jinghui Qiu gen-
eralized in [10] Kalton’s closed graph theorem and he proved that the class of all L, -spaces is
the maximal class of range spaces F in this result (see [10, Theorem 3]). A locally convex space
(E,7) is called L, -space if S NE' = E' for each o(E’, E)-dense subspace S of E’'. We recall
Qiu’s closed graph theorem and we will refine Qiu’s proof since some details of his proof seem
to be incorrect.

Proposition 3.1 (see [10, Theorem 1)) . Let (E,T) be a Mackey space such that the dual
(E',0(E',E)) is sequentially complete, (F,7r) be an L, -space and T : (E,r(E,E')) —
(F,7r) be a linear map with closed graph. Then T is continuous. o

Proof. Let D} := {fe F‘ foTE E’} and Dr:= DyN F'. Then Dt is o(F', F)-
dense in F' since T is clc‘)s_e(li The contmulty of T is proved if we can show Dr = F'. To that
end we will prove D} = D} thus Dr = DT N F' which implies D = F' since (F,7F) is an
L-space. Let f € F* be given and (f,) be a sequence in D} such that f, — f (o(F*, F)).
In particular, f, oT € E’' and there exists g € E* such that f,oT — ¢ (a(E‘,E))‘. Thus
(fnoT) is a o( E’, E)-Cauchy sequence which converges to g since (E’,o(E’, EY)) is sequentially
complete, therefore ¢ = foT € E', that is f € Dy. Altogether, D} = 'D_}l is proved B

Remérk 3.2. J. Qiu proved rDﬁT N F' = F' and derived from this fact that le is se-
quentially closed in (F*,o(F*, F)) which fails in general: Let (E,7):= (¢, r(cp,w)) (F,7r) =
(<,a, (¢, (p)) and let T : ¢ — ¢ be the inclusion map. Then obv:ously DT NF=F= @ and
DT = @ =w in (F*,0(F*,F)).

Furthermore, Jinghui Qiu proved in Theorem 2 of [10] that every separable B,-complete
space is an L, -space. Thus Proposition 3.1 generalizes Kalton’s closed graph theorem. As every
separable locally convex space is a subWCG-space (see [8]) these considerations are contained
in the following result. :

Theorem 3.3 . Every B, -complete subWCG-space is an L, -space.

Proof. Using a result of R. J. Hunter and J. Lloyd [8, Proposition 3-11) the proof is quite
similar to the proof for separable spaces. Let E be a B, -complete beWCG—space and S bea
o(E', E)-dense subspace of E’. We'll prove S NE' = E'. Note, § N'E' is a o(E’, E)-dense
subspace of E’.L{’Jet Ubea nelglll_lj)orhood of 0 in E and U° be the polarl‘of U in E'. If we
can show'that (S NE')NU° (= S NU°) is o(E', E)—closed, then we are done on account of
the B,-completeness of E. Let f be an fixed element in the o(E’, E)—closuré of LS'l NnU® in
E’. Then, because of [8, Proposition 3-11] we may choose a sequence (f,) in lS'l NU° being’
o(E', E)~convergent to f. From the definition of S and the fact that U° is o(E’, E)-closed
in E’ we conclude f € lS'l nUu° n

In Example 3.13 we will prove that the domain of an operator valued matrix is not nec-
essarily an L, -space. Therefore, the class of L, -K(X)-spaces is not the desired class described
at the end of Section 2. The way out is the consideration of topological sequence spaces closely
related to L, -spaces. The definition of these spaces is motivated by the following theorem.
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Theorem 3.4 . Let E be a K(X)-space. Then <p(X') and therefore E°PNE’ is o(E',E) -
dense in E'.

Proof. This statement is an immediate corollary of the fact that the polar of @(X')
equals {0} B

Definition 3.5 . Let (E,rg) be a K(X)-space.
(a) E has @ -sequentially dense dual [or B -sequentially dense dual ] if ¢(X') [or Eﬁ NE')is
sequentially o(E’, E)-dense in E’.
[
(b) E is called L,-spaceif p(X')NE'=E'.

—
Remarks 3.6 . (a) On account of Theorem 3.4 and ¢(X’) C E® C <p(X') we get the
following relations for K(X)-spaces containing o(X) :

(i) If E has p-sequentially dense dual, then E has B -sequentially dense dual.
(ii) H E has B-sequentially dense dual, then 'E is an L, —space.
(iii) If E is an L.-space, then E is an L,-space.

In Examples 3.12 — 3.14 we will learn that the inversion of each of these implications fails in
general.

—
(b) A K(X)—spa.ce is an L,-space if and only if it fulfls BN E' NE' = E’ (Thxs is an
—
immediate corollary of ¢(X’) C E? C ¢(X’) and of the definition of an L,-space.)

(c) I E is any separable (or even subWCG-) FK(X)-space, then E is an L, -space thus
an L » ~Space.

(d) Any subspace of an L —K(X)—space (E, 'r) conta.mmg <p(X) isan L, —K(X)—space
and E remains an L, -space if we replace T by any weaker K(X)-topology.

There is a characterization of spaces with §-sequentially dense dual which is closely related
to a result of K. Zeller [13] saying that each continuous linear functional on a matrix domain
may be represented by the limit functional of a suitable matrix. Furthermore, we get also a
similar characterization for K(X)-spaces with p-sequentially dense dual.

_Theorem 3.7 . Let E be a K(X)-space and let E° C E' (for ezample if E is an FK(X)-
space). Then the following statements are equivalent:

(a)v E has 8 -sequentially dense dual.
(b) Foreach f € E' there existsa seqﬁence (®n) in W(EPNE') such that &, — f (o(E', E)).

(c) For each f € E' there ezists a matriz B = (Byy) with By, € X' such that E C ¢(IK)p
and f =limg|g.

If EP ¢ E', then (a)<=> (b)== (c).
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Theorem 3.8 . Let E be a K(X)-space. Then the following statements are equivalent:
(a) E has ¢ -sequentially dense dual.
(b) Foreach f € E' there ezists a sequence (®,) in w(p(X')) such that &, — f (o(E', E)).

(c) For each f € E' there ezists a row finite matric B = (Bni) with Bax € X' such that
E C¢(IK)p and f =limp|E.

The proofs are straightforward and therefore we omit them.

Using the idea of the proof of the mentioned result of K. Zeller [13] we may prove that
domains of operator valued matrices and of row finite operator valued matrices are FK(X)-spaces
with B-sequentially dense dual and yp-sequentially dense dual, respectively.

Theorem 3.9 . Let A = (Anx) be a matriz with Anx € B(X,Y). Then ¢(Y)s has 8-
sequentially dense dual. If, in addition, A is row finite, then c¢(Y)4 has ¢ -sequentially dense
dual.

Proof. For a proof of the first statement we apply Theorem 3.7"(a)<==(c). Let F :=
c(Y)s and f € ¢(Y));. Then f has a representation

f(z) = p(lim 42) + " tn (Z Ank(zk)) +Y hi(z) (z€F) (2)
n k. . / k .

where (t,) € £(Y’), p €Y’ and (hi) € F? are suitably chosen (see [1) and [5, Theorem 2.15)).
If the matrix D = (Dy) is defined by

7 fork=n
Dug =< te fork<n
0 fork>n,

then we obtain

n-1

Da(y) = p(ya) + D _t(we) (vEc(Y))
k=1

for the n—-th row functional of D. Furthermore we put C := DA, that is

n—-1
Cri=poAni+ Y tioAy  (n,i€IN).
’ k=1

Thereby we get
Cu(z) = p(An(2)) + :g: t(Ax(z)) (z€F)
( Ax denotes the k-th row fl:nctional of A) and thus
limez = p(lim az) + Y_te(Ax(z))  (z € F).
k
So we proved F C ¢(Y)c . Finally, we define the matrix B = (Bn) by

hi forn=1
= k€IN).
Bk : {C,.-:,k +hi forn>1 (nk€IN)
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Obviously B has the desired properties and the first statement is proved.

annand cébodon s
To prove the second statement

we adapt the proof of ihe firsi siatement. For this, we
assume A to be row finite. Then we may choose a representation (2) of f with the additional
property (hi) € ¢(X). Therefore the matrix B constructed above is row finite and the second

statement follows from Theorem 3.8‘(a)<=(c)’ B

In the classical case it is known that the domain EA with respect to a separable FK-
space is a separable FK-space. Therefore, it is obvious to ask whether in the general case of
operator valued matrices the domain E4 with respect to an L,-FK(Y)-space E is an L,—
space. (Trivially, it is an FK(X)-space.) We are able to prove this supposition in case of an
FK(Y)-space E with -sequentially dense dual.

Theorem 3.10. Let A = (Aqx) be a matriz with A, € B(X,Y) and E be an FK(Y)-
space with [ -sequentially dense dual. Then the FK(X)-space E, is an L, -space.

Proof. Let f € E . We may choose g € E' and a € w(Y)Aﬁ with f=go A+ a
and, because EP is sequentially dense in (E’,a(E’,E)), a matrix B = (Bpx) with Bax € Y’
(n,k €IN), cg D E and g = limg|g. Therefore, for each z = (z;) € E4 we get

f(z) =limpAz + az = lim ) _ B (Z Ak-‘(I.‘)) + D ai(zi). (3)
x ; ;

For all n,r,i € IN we define C,(?) by Cf?) = z;=1 B, 0 Ag; . Obviously we get

ctn = (c) wEEL  (mrem).

On account of (3) for each n € IN the linear functional

€™ By — K, z = (2)) — imC™)(z) = 3~ B (Z} Ak;(z;))
k t

is well-defined and we obtain C(»") "=3 C(™) in (E/,0(E/, E4)) for each n € IN; in partic-
ular,
] (T
C™ e Ef and therefore C™ +ac Ef (n€IN).
Altogether, we get from (3) the statement C™ + a "=% f in (E/,o(E/, EA)) and thus
C L
feEf thatis Ef =E/ n

We complete Theorem 3.10 with the following

Remarks 3.11. (a) We don’t know whether Theorem 3.10 remains true if we (only)
assume that E is an L,-FK(Y)-space. If E is a separable FK(Y)-space (therefore an L,-
space), then the FK(X)-space E,4 is separable too and hence it is an L, -space.

(b) From Example 3.14 we will get that, in general, the domain E4 in Theorem 3.10 need
not have f-sequentially dense dual.

Now, we are going to give the counterexamples promised in Remark 3.6 (a).
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Example 3.12. P. Erdés and G. Piranian [7, Theorem 1] gave an example of a regular
real valued (row infinite) matrix A such that there exists no row finite regular matrix B with
ca C eg. (Thereby, a matrix A is called regular if ¢ C c4 and lim Az = limz for each z €¢.)
Thus, if we put E := c4, then beéause of Theorem 3.9 the FK-space E has f -sequentially
dense dual but, combining Theorem 3.8(c) in case of f :=lim4 and the argument of Erdés and
Piranian, we obtain that the FK~space E does not have p-sequentially dense dual.

Example 3.13. (a) The BK-space (m, || ||c) is not an L,—space thus not an L, -space.’
To prove this statement we consider the FK-space E := w and put G := mN Wg = m. From
the Mazur-Orlicz Theorem 2.4 and the Inclusion Theorem 2.1 we know that (G?,0(G?,G))
is sequentially complete (which is a well-known result). Thus 'q'a’ = GP = & implying that
(m, || lieo) is no L,-space thus no L,-space on account of Remark 3.6(a).

(b) The BK(m)-space c¢(m) has p—sequentially dense dual, but it is not an L, -space.
The first statement is an immediate corollary of the second statement in Theorem 3.9 because
¢(m) is the domain of the identity matrix. Furthermore, the BK(m )-space c(m) is not an
L, -space as the BK~space (m,|| ||l) may be embedded by e; isometrically isomorphically in
the BK(m )-space c¢(m) (see [10, Theorem 2]).

Example 3.14 . Now, we give an example of a domain E4 where E is an FK-space with
B—sequentially dense dual, E4 is-an L,-space which fails to have §-sequentially dense dual.
In case of the matrices M = (my;) with

g = {27 =2 1) Gine)
" 0  otherwise '

and
] 30000
001 1o o0
4=10 000 } 1

P. Erdés and G. Piranian [7, Theorem 1 and 5] proved the following statements:
(a) If C is any regular matrix such that cp C ¢c, then C is not row finite.

(b) If B is any regular matrix with ¢4 C ¢, then B is row finite and fulfils,
akoE IN Vk>ko VnelN : bn'2k+1 ='bn.2k+2;' ' ’ ’ (4)

We put E := ¢y and F := E4 = (cpm)a. The FK-space E hz;s B -sequentially dense dual
(Theorem 3.9) and the FK-space F is an L,-space (Theorem 3.10). The map

T:F—c,z=(z4) — Tz:= (Zmnkzak;z.)
k i n€lN

is well-defined, linear and continuous (with respect to the FK-topologies). Furthermore, we have
limr :=limoT € F' and limrz = lim z for each z € ¢. We are going to prove that there
does not exist any matrix B with :

FcCecp and limg|r = limr. : (5)
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(Thus, on account of Theorem 3.7 the FK-space F fails to have B-sequentially dense dual.) We
assume that B is a matrix satisfying (5). It is regular and because of c4 C F and the above
statement (b) it is row finite and fulfils condition (4). We consider the matrix B* = (bnx) with
bhk := 2bn2k-1 (n,k € IN). As B also B* is row finite and regular. Therefore, on account of
statement (a) there exists a y € car \ cp- . Putting z := (241,0,21,0,...) we get Az =y, thus
z € F. On the other hand,

y € cge and ank.'tk = Zb;kyk (n € IN)
k k

implies z & cp and alltogether z € F\cp. Therefore, the FK-space F fails to have 8-
sequentially dense dual.

Collecting the results of the present section, we state that the class of all L,-K(X)-spaces
contains both the separable FK(X)-spaces (see Remark 3.6) and the domains of operator valued
matrices (see Theorem 3.9).

4. A general inclusion theorem for K(X)-spaces

For the proof of the aspired inclusion theorem we need that matrix maps between suitable K(X)-
and K(Y)-spaces have closed graph. Furthermore, we need the continuity of the inclusion map
in case of special K(X)-spaces.

Lemma 4.1. Let X and Y be F-spaces and G be a sequence space over X containing
#(X).

(a) If Bx € B(X,Y) for each k € IN and T, Bi(z}) converges for each z = (zx) € G,
then

3:(G,7(G,G") — (Y,1v), (zx) — Y Bilzx)
*

is continuous. This statement remains true if we replace T, Bi(zx) by o(Y,Y’)-5; Br(zk).

(b) If F is a K(Y)-space, then each matriz map A : (G,7(G,GP)) — (F, ) has
closed graph. This is also true in case of weak matriz maps A,, .

Proof. The statements in (b) are immediate corollaries of the statements in (a) and the
property of F' to be a K(Y)-space. For a proof of the (weak) continuity of s it is sufficient to
show that for any f € Y’ there exists a g € G? such that g = fos. It is easy to verify that
g := (f o By)i is the desired member of G?. (Note, we have identified G® and the dual of
(G,7(G,G*)) in an obvious way.) B

Theorem 4.2 . Let F be an L,-K(X)-space, let G and H be subspaces of F and G*,
respectively, such that (H,o(H,G)) is sequentially complete and (G, (G, H)) is a K(X)-space.
Then the inclusion map i: (G,7(G,H)) — (F,7F), £ — z i3 continuous.

Proof. The proof is quite similar to that of the closed graph theorem of J. Qiu (see Propo-
sition 3.1). Let 4’ : F' — G* be the transpose of i and D; := (i)"}(H) = {f € F I foie H} .
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As an inclusion map between K(X)-spaces i has closed graph, that is E"FI'F) = F' (see (9,
Lemma 2:1]). For a proof of the (weak) continuity of i it is sufficient to prove D; = F’. To that
end let f € F* and a sequence (f,) in F* with f,o0i € H and f, — f in (F*,0(F",F))
be given. Then there exists ¢ € G* such that f,0i — g in (G*,¢(G*,G)). In particular,
(fa 0 i) is a o(H,G)-Cauchy sequence, that is g € H as (H,o(H,G)) is sequentially com-
plete. Thus ¢ = f oi which proves that D} = { fe€ F‘l foieH } is sequentially closed
in (F*,o(F*,F)). In particular, this implies LD‘.' N.F' = D;. Since F and (G,7(G, H)) are
K(X)-spaces we get ¢(X’) C HN F' (= D;). Using that F is an L,-K(X)-space we get
— D)
Fl= oX)NF'C DinF'=D; ®

Remark 4.3 . Similar to the argument in Theorem 3 of 10} we may prove that in Theorem
4.2 L,-space is the best assumption for the range space in the following sense: Let (F,7r) be
a K(X)-space. If the inclusion map i : (G,7(G,H)) — (F,7r), £ — z is continuous for
each subspace G of F and H of G* such that (H,o(H,G)) is sequentially complete and
(G, (G, H)) is a K(X)-space, then (F,rr) is an L,-space. (As a hint for the proof we remark
6? ¢ o(X) )

Now we are in a position to formulate and prove the announced inclusion theorem.

Theorem 4.4. If G is a sequence space over X containing ¢(X), then the following
statements are equivalent:

(a) (GP,0(GP,G)) is sequentially complete.

(b*) Each weak matriz map A, : (G,7(G,GP)) — (F,7F), 2 — Ayz is continuous whenever
(F,7F) is an L,-K(Y)-space, where Y is any F-space.

(b) Each matriz map A: (G, 7(G,GP)) — (F,7F),z — Az is continuous whenever (F,F)
is an L,—K(Y)-space, where Y is any F-space.

(c) The inclusion map i : (G,7(G,GP)) — (F,7F),z — z is continuous for each L,-
K(X)-space (F,7F) containing G .

(d) The implication G C F = G C WF holds for each L,-K(X)-space F.

(e) The implication G C ¢(Y)s => G C Wpg is true for each matriz B = (Byn) with
B, € B(X,Y) whereby Y is any F-space.

(f) The implication G C ¢g° => G C Wp is valid for each matriz B
Bnk € X'.

{Bgni) with

Proof. First of all, we prove the implications ‘(a) = (¢) = (d) = (e) = (f) = (a)),
then ‘(a) = (b*) = (b) = (c)"

‘(a) = (c)’ is Theorem 4.2 in case of H := G#. (Note that (G,7(G,GP)) is a K(X)-
space.)

“(c) = (d)’ is obviously true since the continuity of i implies the weak continuity and
" — z in (G,0(G,GP)) for each z € G.
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. ‘(d) = (e)’is trivially fulfilled as every domain is an L,-K(X)-space (see Theorem 3.9).
‘(e) = (1)’ since (f) is contained in (e). ' ,
Yf) = (a): Let (®,) with &, = (®,x) be a Cauchy sequence in (G#,0(G*?,G)). Then

the functional valued matrix_B = (®nx) fulfills G C cp and furthermore for each z € G we
get on account of (f)

lim < @n,z > = limpz = ) (limg o ex)(zk) = Y wa(z4) = < &,z > (z€G) (6)
k k

where @y := limp oex (€ X’) and @ := (¢x) € GP. By (6) the sequence (&,) is o(G?,G)-
convergent in G and altogether we proved (a).

‘(a) = (b*): Let (G,a(G,G*)) be sequentially complete, F be an L,-K(Y)-space and
Ay : (G,7(G,GP)) — (F,1F) be a weak matrix map. We have to prove the continuity of A,,.
Let Dy, := {f €EF | foA,€GP(= G’)} . Since A, is a closed map (see Lemma 4.1), D4,
is dense in (F',0(F',F)). Since (G#,0(G?,G)) is sequentially complete, D4, is o(F', F)-

R

sequentially closed (see 9, Lemma 2.2]). On the other hand @(X')NF' = F’ since F isan L, -
K(Y)-space. Therefore the weak continuity of A,, is proved if we can show ¢(X’) C D A, because
this implies D4, = F' (thatis ¥ o A, € G’ =GP forall ¥ € F'). Let ¥ = (¥,,) € o(Y’) and
let fe Fy be defined by

f(z):=(¥ o Au)z)= Zu: v, (U(Y, Y- Ank(xk))  (z€Fs,DG). .
k

n=1

Then for each z € F4, we get _
f2) = 3 Wa(Ank(z)) = 30 Un(Ank(zi)) = Y Bi(zs)
n=1 k& k n=1 o L

where By := Y ¥, 0 A, for each k € IN. Obviously, (By) € G#, thatis f = ¥o A, € G5.
' =1
Therefore we have shown ¥ € Dy, .
‘(b*) = (b) = (c)’ is obviously valid B

As an immediate corollary of Inclusion Theorem 4.4 we get the desired generalization of
the theorem of Mazur—Orlicz type presented in Theorem 2.4.

Theorem 4.5. Let M be a sequence space overr X containing <th) such that £* C
M(M) or such that M(M) has the gliding humps property. Then the implication

MnWgCF = MaWgCWr
holds for every FK(X)-space E containing ¢(X) and each L,-K(X)-space F.
Proof. If we put G := M NWg C F, then Theorem 2.4 says that statement (e) and

therefore (d) in Theorem 4.4 is true. But (d) is in the present case the statement of the theorem
being submitted

We don’t know whether we may replace in Theorem 4.4 (b) the matrix map by any linear
map with closed graph. But, the following theorem holds.
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Theorem 4.8 . Let G be any sequence space over X containing ¢(X) and let (F,rr)
be a K(Y) space and let T : (G,7(G,GP)) — (F,7F) be a continuous linear operator. Then T
is a weak matriz map, that is, there ezists a matriz A = (Aqi) with Apx € B(X,Y) such that
Tz = Ayz foreach z€G.

Proof. Let T,, := m, 0T (n € IN) where =, denotes the n—th projection from F to
Y . We define the Matrix A = (Anx) by Anx := Th o0 eg (n,k €IN). Since T, and e, are
weakly continuous, A, is weakly continuous and thus continuous, that is A, € B(X,Y).
Furthermore, we get

T(z) = (Ta(z)), = (a(Y,Y')— S (Two ek)(zk)) = A,z foreach z€G
k n :
from the weak continuity of T, and the AK-property of (G,o(G,GP)), thatis z = ¥} er(zx)
in (G,0(G,G")) u

We complete the paper with some remarks to the relation of the present paper to [6].

Remark 4.7 . The authors gave in Theorem 3.3 of [6] an inclusion theorem connected with
weak domains of operator valued matrices. Because the assumptions-as well as the statement (a)
in Theorem 4.4 of the present paper and in Theorem 3.3 of [6] are identical, we may complete
Theorem 4.4 by statements (b) — (e) of Theorem 3.1 of [6].

Example 5.1 and Remark 5.2 of [6] tell us that we cannot deduce the Mazur-Orlicz Theorem
3.3 of [6] from Inclusion Theorem 4.4 if we consider the natural topology on weak domains which
makes it to an FK(X)-space (see [3]).

It is obvious to ask for suitable K(X)-topologies on weak domains such that the domain
becomes an L, -K(X)-space and the limit map becomes continuous because in this case there is
a little hope that we can deduce theorems of Mazur-Orlicz type - and consequently consistency
theorems in case of weak domains — from Inclusion Theorem 4.4.

The authors wish to thank the referee for helpful hints. In particular, the example in
Remark 3.2 is due to the referee.
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